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Stable broken H' and H (div) polynomial extensions for
polynomial-degree-robust potential and flux reconstruction in three
space dimensions*

Alexandre Ernf Martin Vohralik?*
December 24, 2016

Abstract

We study extensions of piecewise polynomial data prescribed on faces and possibly in elements of a patch
of simplices sharing a vertex. In the H' setting, we look for functions whose jumps across the faces are
prescribed, whereas in the H (div) setting, the normal component jumps and the piecewise divergence
are prescribed. We show stability in the sense that the minimizers over piecewise polynomial spaces
of the same degree as the data are subordinate in the broken energy norm to the minimizers over the
whole broken H' and H(div) spaces. Our proofs are constructive and yield constants independent of
the polynomial degree. One particular application of these results is in a posteriori error analysis, where
the present results justify polynomial-degree-robust efficiency of potential and flux reconstructions.

Key words: polynomial extension operator, broken Sobolev space, potential reconstruction, flux recon-
struction, a posteriori error estimate, robustness, polynomial degree, best approximation, patch of elements

1 Introduction

Braess et al. [1, Theorem 1] showed that equilibrated flux a posteriori error estimates lead to local efficiency
and polynomial-degree robustness (in short, p-robustness). This means that the estimators upper-bounding
the error also give local lower bounds for the error, up to a generic conctant independent of the polynomial
degree of the approximate solution. These results apply to conforming finite element methods in two space
dimensions. They are based on flux reconstructions obtained by solving, via the mixed finite element
method, a homogeneous Neumann, hat-function-weighted residual problem on each vertex-centered patch
of the mesh. The proof of the p-robustness in [1] relies on two key components: p-robust stability of the right
inverse of the divergence operator shown in Costabel and McIntosh [9, Corollary 3.4] and p-robust stability
of the right inverse of the normal trace shown in Demkowicz et al. [12, Theorem 7.1]. In our contribution [19,
Theorem 3.17], we extended p-robustness of a posteriori error estimates to any numerical scheme satisfying a
couple of clearly identified assumptions, including nonconforming, discontinuous Galerkin, and mixed finite
elements, still in two space dimensions, while proceeding through similar stability arguments. A second
type of local problem appears here, where one is led to solve a homogeneous Dirichlet, conforming finite
element problem on each vertex-centered element patch, with a hat-function-weighted discontinuous datum,
yielding a potential reconstruction.

The present work extends the results of [1] on flux reconstruction to three space dimensions and refor-
mulates the methodology of [19] for potential reconstruction so that it can be applied in the same way in two
and three space dimensions. In doing so, we adopt a different viewpoint leading to a larger abstract setting
not necessarily linked to a posteriori error analysis. The two main results of this paper are Theorems 2.2
and 2.3. They concern a setting where one considers a shape-regular patch of simplicial mesh elements
sharing a given vertex, say a, together with a p-degree polynomial rp associated with each face F' of the
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patch (H! potential reconstruction setting) or p-degree polynomials rr and 7y associated with each face
F and element K of the patch respectively (H(div) flux reconstruction setting). These data, satisfying
appropriate compatibility conditions, are to be extended to functions defined over the patch, such that
the jumps across the interior faces are prescribed by 7z (H' setting) or such that the normal component
jumps and boundary values are prescribed by rr and the piecewise divergence is prescribed by rx (H(div)
setting). Crucially, we prove that the extension into piecewise polynomials of degree p that minimizes the
broken energy norm is, up to a constant only depending on the patch shape regularity, as good as the
extension into the whole broken H'! space with the same jump constraints. Similarly, our broken p-degree
Raviart-Thomas-Nédélec extension is stable with respect to the broken H (div) one.

Section 3 reformulates equivalently the above theorems as Corollaries 3.1 and 3.3 to show that best-
approximation of discontinuous or normal-trace discontinuous piecewise polynomial data by Hg(wg)- or
Hy(div, wq)-conforming piecewise polynomials (i.e., by continuous or normal-trace continuous piecewise
polynomials) is, up to a p-independent constant, as good as by all Hg(wg) or Ho(div,w,) Sobolev func-
tions. This section also sheds more light on the continuous level, uncovering that three different equivalent
formulations of our results can be devised using the equivalence principle of primal and dual energies. This,
in particular, allows us to make a link with the previously obtained results in [1, 19] and to describe the
application of our results to a posteriori error analysis in Section 4. In particular, p-robust local efficiency
for flux reconstructions is stated in formula (4.9) and p-robust local efficiency for potential reconstructions
is stated in formula (4.7).

The proofs of Theorems 2.2 and 2.3 are respectively presented in Sections 5 and 6. In contrast to [1],
where the work with dual norms was essential, we design here a procedure only working in the (broken)
energy norms. The proofs are constructive and therefore indicate a possible practical reconstruction of
the potential and the flux avoiding the patchwise problem solves. These are replaced by a single explicit
run through the patch, with possibly a solve on each element. The key ingredients on a single element
are still the right inverse of the divergence [9, Corollary 3.4] and the right inverse of the normal trace [12,
Theorem 7.1] in the H (div) setting, but this becomes the right inverse of the trace shown in Demkowicz et
al. [10, Theorem 6.1] in the H! setting. We combine these building blocks into a stability result on one
tetrahedron in Lemmas A.1 and A.3 in Appendix A. We find that they are of independent interest. Gluing
the elemental contributions together at the patch level turns out to be another rather involved ingredient of
the proofs in three space dimensions, and we collect some auxiliary results for that purpose in Appendix B.
A first difficulty is that the two-dimensional argument of turning around a vertex can no longer be invoked.
To achieve a suitable enumeration of the mesh cells composing the patch in three dimensions, we rely on
the notion of shelling of polytopes, see Ziegler [21, Chap. 8], which we reformulate for the present purposes
in Lemma B.1. Another difficulty is that we need to devise suitable functional transformations between
different cells in the patch. This is done by introducing two- and three-coloring of some vertices lying on
the boundary of the patch, possibly on a submesh of the original patch; how to achieve such colorings is
described in Lemmas B.2 and B.3.

For the sake of clarity of our exposition, we focus on discussing in details patches completely surrounding
the vertex a, corresponding to an “interior” vertex when considering a mesh of some computational domain.
Our technique, though, extends to the case where one considers a “boundary” vertex as well. Our main
results in this context are Theorems 2.4 and 2.5, whereas the reformulations as best-approximation results
on piecewise polynomial data can be found in Corollaries 3.7 and 3.8. The proofs of our main results
concerning boundary vertices are given in Section 7, with the description of the enumeration of boundary
patches presented in Appendix C. The aforementioned application to a posteriori error analysis (Section 4)
then also covers general inhomogeneous Dirichlet and Neumann boundary conditions.

Our results combine and extend those of [9, Corollary 3.4], [12, Theorem 7.1], and [10, Theorem 6.1].
In particular, we obtain stable H! and H(div) polynomial extensions on an arbitrary tetrahedron in Lem-
mas A.1 and A.3 and on an arbitrary patch of tetrahedra in Theorems 2.2 and 2.3. In a further extension [17],
we were recently able to employ them to construct p-robust H (div) liftings over arbitrary domains, not
being patches of elements. A natural extension of [17] would be to obtain the same type of results in the
H! setting. Another extension is to cover the H(curl) case, hinging on the single tetrahedron results of
Demkowicz et al. [11, Theorem 7.2]. Finally, we mention that application of the present results to the
construction of p-robust a posteriori error estimates for problems with arbitrarily jumping coefficients is
detailed in [8], to eigenvalue problems in [5, 4], to the Stokes problem in [7], to linear elasticity in [16], and
to the heat equation in [18].



2 Main results

This section presents our main results, once the setting and basic notation have been fixed.

2.1 Setting and basic notation

We call tetrahedron any non-degenerate (closed) simplex in R?, uniquely determined by four points in R?
not lying in a plane. Let a be a point in R?. We consider a patch of tetrahedra around a, say Tq, i.e., a
finite collection of tetrahedra having a as vertex, such that the intersection of any two distinct tetrahedra
in 7, is either a, or a common edge, or a common face. A generic tetrahedron in 7, is denoted by K and
is also called an element or a cell. We let w, C R3 denote the interior of the subset Uger, K. For the time
being, we focus on the case where w, contains an open ball around a. The main application we have in
mind is when a is the interior vertex of a simplicial mesh 7, of some computational domain 2. The case
where a is a boundary vertex of the mesh entails some additional technicalities that we detail in Section 2.4.

All the faces of the elements in the patch T, are collected in the set F, which is split into Fo = F,, U]:}{
with FL collecting all the interior faces (containing the vertex a and shared by two distinct elements in 7g)
and }"g collecting the faces located in dwg. For all faces F' € F,, np denotes a unit normal vector to F
whose orientation is arbitrary but fixed for all F € F. and coinciding with the unit outward normal to wq
for all F' € F2. We consider the jump operator [-]r for all F € F., yielding the difference (evaluated along
np) of the traces of the argument from the two elements that share the interior face F' (the subscript F is
omitted if there is no ambiguity). We also need to consider edges. Let &, collect all the edges in T, sharing
the vertex a; we refer to these edges as interior edges. Then, for each e € &,, the set F. collects all the faces
in F. sharing e, and the set 7 collects all the cells in 7, sharing e. For each e € &,, we fix one direction of
rotation around e, and indicate by ¢, either equal to 1 or to —1 whether nr complies with this direction
or not for all F' € F,.

We define the broken H'-space on the patch T, as

HY(Ta) = {v € L*(wa): v|x € H'(K), VK € Ta}, (2.1)
and similarly the broken H (div)-space on the patch T, as
H(div,Ta) := {v € L*(wa); v|x € H(div, K), YK € Ta}. (2.2)

For any v € H'(Tg), we can consider its piecewise (broken) gradient Vyv defined as (Vyv)|x = V(v|k),
and similarly for any v € H(div,7,), we can consider its piecewise (broken) divergence Vv defined as
(V7o) = V-(v|k), for all K € T,. For any v € H(7,), the jumps [v]r across any face F € F. are well
defined since the traces of v on F from the two cells sharing F' are in L?(F); similarly, the traces v| Fb are
well-defined. We note that any smooth enough function v € H'(7g) is such that

Z tre [V]rle =0 for all interior edges e € &, (2.3)
Fer

since the oriented sum of the jumps along a closed path around an interior edge is always zero. The definition
of traces is a bit more subtle when one considers a field v € H(div,T,). Let rp € L*(F) for all F € F,.
Then we say that

vnp=1rr VFE€ .7:2, (24&)
[vlmp =rr VYFe€F. (2.4b)
for a function v € H(div, 7,) if and only if
(Vrv,v)w, + (v, V), = Z (rp,v)p Yo € HY (wg). (2.4c)
FeFa

We will also need to prescribe the normal component of vector fields in a single cell K € T, with unit
outward normal ny. Consider a non-empty subset }"}g C Fk where Fg collects the faces of K. Given
functions rr € L2(F) for all F € FX, we say that v-ng|r = rp, VF € F¥, for a function v € H(div, K) if

(Vv,¢)k + (0,Vo)x = Y (re.d)r Vo € H'(K) st. ¢|p =0VF € Fx \ Fi. (2.5)
FeFR



Let p > 0 denote a polynomial degree. We use the notation P,(K) for polynomials of order at most p
in the element K € 7T, and P,(F) for polynomials of order at most p in the face F' € F,. We denote by
P,(7a) the space composed of all functions supported on the patch 7, whose restriction to any K € Tq is
in P,(K). Similarly, P,(F4) stands for the space composed of all functions supported on all faces from F,
whose restriction to any F' € Fq is in P,(F'). Analogous notation is used for any subset of F,. We denote
by rk the restriction of r € P,(7,) to K € T, and similarly by rg the restriction of r € P,(Fq) to F € Fg.
Let RTN,(K) be the Raviart-Thomas-Nédélec polynomial space of vector-valued functions of order p in
the element K € g, i.e., RTN,(K) := [P,(K)]® + P,(K)z. Finally, RTN,(7,) denotes the broken space
composed of all functions whose restriction to any element K € 7, is in RT N, (K).

For an element K € 7T,, its shape-regularity parameter g is defined to be the ratio of its diameter
to the diameter of the largest inscribed ball, and the shape-regularity parameter of the patch 7 is then
defined to be y7, := maxger, VK-

Remark 2.1 (Orientation). The orientation of np is irrelevant in (2.3). Indeed, changing the orientation
of np changes the sign of the jumps (evaluated along np) and at the same the sign of tp.. Similarly, the
orientation of np is irrelevant also in the left-hand side of (2.4b).

2.2 Broken H'! polynomial extension

Our main result for broken scalar extensions is the following.
Theorem 2.2 (Stable broken H' polynomial extension). Let p > 1. Let the interface-based p-degree
polynomial r € Pp(}'}l) satisfy the following compatibility conditions:

7| Frow, =0 on all interior faces F € F., (2.6a)

Z treTple=0 on all interior edges e € Eq. (2.6b)
FeF.

Then there exists a constant Cs, > 0 only depending on the patch shape-reqularity parameter vy, such that

min Vru <C, min Vrou 2.7

,,cuin IVTopllwa < Cst ein | V7vllwa s (2.7)
vplr=0 VFEFY, v|p=0 VFEFY,
[vplr=rr VFEF, wlr=rr VFE]—";

where the minimization sets are non-empty and both minimizers in (2.7) are unique.

The compatibility conditions (2.6) are natural since rg is used to prescribe interface jumps. Indeed,
these jumps necessarily vanish on the points of the interfaces located on dw, since the considered functions
vanish on Owg; moreover, (2.6b) follows from (2.3). The minimizers in (2.7) are respectively denoted by v;,
and v*, so that (2.7) becomes

IVTvpllwe < CstIVTV" |- (2.8)

Note also that since the minimization sets are non-empty and the left one is a subset of the right one by
definition, the inequality in the other direction, ||V7v*|l., < [|V7vs|lw,, is trivial.

2.3 Broken H(div) polynomial extension

Our main result for broken vector extensions is the following.

Theorem 2.3 (Stable broken H(div) polynomial extension). Let p > 0. Let the element- and face-based
p-degree polynomial r € P, (Ta) x Pp(Fa) satisfy the following compatibility condition:

> (r,Dx = > (re,1)p=0. (2.9)
KeTa FeF,

Then there exists a constant Cg, > 0 only depending on the patch shape-reqularity parameter v, such that

min [Vpllwa < Cit min 0] wa (2.10)
v, ERTN,(Ta) veH(div,Ta)
VpNE=TE VFE]-';’ VNF=TF VFE]"ﬁ
[vp]l- mp=rr VFEF] [v] np=rr YFEF,
vT"'—’le:T‘K VKeTq VT"U|K:T‘K VKET,

where the minimization sets are non-empty and both minimizers in (2.10) are unique.



The compatibility condition (2.9) is again natural here, since it follows from (2.4¢) with the test function
equal to 1 in we. The minimizers in (2.10) are respectively denoted by vy and v*, so that (2.10) becomes

V5 llwa < Cstlv™ |- (2.11)

Since the minimization sets are non-empty and the left one is a subset of the right one by definition, the
inequality in the other direction, [|[v*|l., < [|v}|e,, again is trivial.

2.4 Boundary vertices

We consider in this section the case where the patch domain w, does not contain an open ball around the
point a; typically, a is a mesh vertex lying on the boundary of some computational domain 2. In this case,
the patch domain w, only contains an open ball around a minus some sector with solid angle 8, € (0, 47).

The set F, collecting all the faces of T is now divided into four disjoint subsets: the set F. collecting
(as before) the interior faces containing the vertex a and shared by two distinct elements in Tg, the set
FP collecting the faces that are subsets of dw, that do not contain a, and the sets F2 and F) collecting
the faces that are subsets of dw, that contain a. Note that the faces in F2, F2, and FL' altogether cover
Owg . Faces in these three sets are assigned a unit normal vector ng pointing outward w,. The distinction
between the two sets FL and FY is introduced so as to handle different types of boundary conditions in
the context of a posteriori error estimates. We remark that F. can be empty (if 7, consists of a single
tetrahedron), that F. is always non-empty, and that either F. or FX can be empty, but not both at the
same time. Let us set dwb = Upc FoF. Finally, the set &, collects all the edges in 7, sharing the vertex a
(note that some of these edges are now located on Owg) and, for each edge e € &,, F collects all the faces
in F, sharing e (note that 7, is now a subset of F. U FL U FN).

Our main results for boundary vertices are the following.

Theorem 2.4 (Stable broken H'! polynomial extension). Let p > 1 and let Assumption C.1 hold. Let
r € P,(FL UFD) satisfy the following compatibility conditions:

rrlpnawy =0 VF € FyUF, (2.12a)

Z tFeTFle =0 Ve € &, such that F, N FY = (). (2.12b)
FeF

Then there exists a constant Cs, > 0 only depending on the patch shape-reqularity parameter v, such that

min V7 Upllwa < Cst min V7 Ullwas (2.13)
vp€P, (Ta) veEH (Ta)
vp|p=0 VFEFY, v|p=0 VFEFY,
vp|p=rp VFEFZ, v|p=rp YFEFD,
[['UP]]F:TF VFGJ:; [[’U]]F:T’F VFG]:;_

where the minimization sets are non-empty and both minimizers in (2.13) are unique.

Theorem 2.5 (Stable broken H (div) polynomial extension). Let p > 0. Letr € P,(Tq) x P, (FLUFLUFY)
satisfy the following compatibility condition:

Yotk k- Y. (e =0 ifF2=0. (2.14)

KeTa FeFLUFEUFN

Then there exists a constant Cs, > 0 only depending on the patch shape-reqularity parameter v, such that

i < O i _
UPGRI%R}}?(TQ) va”w”' - CSt UGHH(hlir\l/,Ta) ||vaa7 (2 15)
vy np=rp VFEFy vnp=rp VFEF,
vy np=rp VFEF, vnp=rp VFEFY
[vp]lmp=rr VFEF, [v]-np=rr VFeF.
Vrvp|lk=rx YKeTa Vrv|g=rkg YVKETq,

where the minimization sets are non-empty and both minimizers in (2.15) are unique.



3 Equivalent reformulations

We reformulate in this section Theorems 2.2 and 2.3 in an equivalent way as best-approximation results of
discontinuous piecewise polynomial data. This will in particular allow for a straightforward application to
a posteriori error analysis in the forthcoming section. For further insight, as well as to make a link with
previous contributions on the subject, we also give equivalent reformulations of the right-hand sides in (2.7)
and (2.10).

3.1 Reformulation as best-approximation results

Let us set
Hj(wg) := {v € H (wq); v|aw, = 0}, (3.1a)
Hy(div,wg) := {v € H(div,wq); v-ny., = 0}. (3.1b)
The result of Theorem 2.2 can be rephrased as follows.

Corollary 3.1 (H' best-approximation). Let the assumptions of Theorem 2.2 hold. Consider any 7, €
P,(Ta) so that 7,|p =0 YF € F2, and [rp]r = rp VF € Fi. Then the following holds:

min (IV7(mp — vp)lwg < Cs¢ min
vEH}

V7 (75 — ) |lw - (3.2)
vp €P (Ta)NHG (wa) 0 (wa) P )

Proof. Direct consequence of (2.7) upon shifting the minimization sets by 7,. Note that the existence of 7,
follows from the non-emptiness of the discrete minimization set in (2.7). O

Remark 3.2 (Minimizers). The unique minimizers in (3.2) are respectively s& € Py(Ta) N H (wa) such
that
(Vsp,Vp)w, = (Vrmp, Vop)w, Yo, € Py(Ta) N Hy (wa), (3.3)

and s* € H}(wq) such that
(Vs*, V), = (V71p, V), Yo € Hy(wa)- (3.4)
The minimizers in (2.7) are such that v, = 1, — sj; and v* = 7, — s%.
Similarly, in the H (div)-setting, Theorem 2.3 can be reformulated as follows.

Corollary 3.3 (H(div) best-approximation). Let the assumptions of Theorem 2.3 hold. Consider any
7p € RTN,(Ta) so that Tpnp =1p VF € Fb and [rp]'mp =rp VF € Fi. Then the following holds:

min T, +v < Cy min T+, . 3.5
vy €RT N, (T )NHo(div,wa) 17> + pllea y vEHo(div,wa) 17 + vl (3.5)
V~vp|K:TK—V7"Tp|K VKET, V-’L}lK:’I‘K—VT-Tp‘K VKETq

Proof. Direct consequence of (2.10) upon shifting the minimization sets by 7,, the existence of 7, following
from the non-emptiness of the discrete minimization set in (2.10). O

Remark 3.4 (Minimizers). The unique minimizers in (3.5) are respectively ot € RTN,(Tq4)NHo(div, wg)
with V-of|x = rx — V1| for all K € Tq such that

(01, Vp)wa = —(Tps Up) s Vv, € RTN,(Ta) N Ho(div,wg), Vv, =0, (3.6)
and 0% € Hy(div,wq) with V-o%|x = rx — Vr-1p|k for all K € Tq such that
(0%, V)0, = —(Tp, V), Vv € Hy(div,w,), V-v = 0. (3.7

The minimizers in (2.10) are such that v = T, + o and v* = T, + °.



3.2 Equivalent reformulations at the continuous level

We summarize here additional equivalence results on the continuous-level minimizations appearing in the
right-hand sides of (3.2) and (3.5). Let us first set

H(wa) := {v € H'(wa); (v, Dw, =0},
and let us define the following subspace of H (curl,wg,):
H, (curl,w,) := {v € H(curl,w,); (v,V¢),, =0, Vo € H}(wa)}-

We first show that the H{}(w,)-minimization of Corollary 3.1 is equivalent to evaluating a dual H (curl)-
norm of a suitable linear form defined from the data rp, and consequently to evaluating the energy norm
of its H,(curl, wg)-lifting.

Corollary 3.5 (H/(curl) form of the H'-minimization). Let the assumptions of Corollary 3.1 hold. Let
r® € H,(curl,wg) solve

(Vxr®* Vxv),, = — Z (renp, VXv)p Yo € H,(curl, wg). (3.8)
FeF;
Then
i - we = New, = , . 3.9
i V7 (1 = v)lln = VX, = | max > (remp, Vxv)p (3.9)

[Vxv]ug=1 \FEFS

Proof. Since (Vs® — V7T, Vv),, = 0 for all v € H} (wg), a distributional argument implies that the vector
field Vs® — V1, is divergence-free in wqa. The boundary dwg being connected, we infer that there is r* €
H (curl,wq) such that Vs® — V7, = Vxr?, and without loss of generality, we can take r® € H,(curl, wq)
since H(curl,w,) = H,(curl,w,) ® VH](w,) (the sum being L?-orthogonal) and fields in VH](w,) are
curl-free. We now observe that we have

(Vxr?, Vxv),, = —(Vr7y, VXv),, Vv € H,(curl,wyg). (3.10)
Indeed, we have, for any H, (curl,wg),
(Vxr®, Vxuv),, = (Vs* = V57, VXv),, = —(Vr1p, VXv)y,,

since s* € Hj(wq). Now, elementwise Green formula using the definition of 7, shows that (V77,, Vxv),, =
Y reri (rrnp, Vxv)p, so that (3.8) follows. Finally,

i V- — = ||V — s =||Vxr® = V- V x
veg?&a)” T(7p = Vllwa = IVT (15 = 8 lwa = || L [P veHr%}:%fl,wu)( TTps V) was
IV Xllwg=1

using (3.10) and noting that any function v € VH(w,) is automatically excluded from the maximization
set by the constraint |Vxwvl|,, = 1. O

Let us now show that the constrained Hy(div,wg)-minimization of Corollary 3.3 is equivalent to eval-
uating a dual H'-norm of a suitable linear form defined from the data rx and rp and consequently to
evaluating the energy norm of its H}(wg)-lifting.

Corollary 3.6 (H! form of the H(div)-minimization). Let the assumptions of Corollary 3.3 hold. Let
r® € H (wq) solve

(Vr®, Vo), = Z (re,v)kg — Z (rp,v)p Yo € H (wq). (3.11)
KeTa FeFq
Then
i It vl = 195y = max { > (v = 3 <TF,v>F}- (3.12)
v o(div,wgq veE Waq,
V-v|g=rkg—V7r-Tp|xk VKE€Ta V0]l wg =1 KeTa FeFa



Proof. Elementwise Green formula combined with the definition of 7, gives

Z (ric, v) K — Z (rr,v)p Z (rg,v)K — Z (Tp i, V)oK

KeTa FeFq KeTa KeTa
= Z (rg — VrTp,v) Kk — Z (19, VV) i,
KeTa KeTa

and we immediately see that (3.11) is the primal formulation of (3.7). As both formulations are equivalent,
0% = —Vr® —7,, cf. [19, Remark 3.15]. The equality (3.12) follows immediately from (3.11), writing the
maximum first for all v € H}(w,) with || Vv, = 1 and then noting that any function v constant on w, is
automatically excluded from the maximization set by the constraint |Vvl|,, = 1. O

Corollaries 3.5 and 3.6 allow us to draw insightful links with the literature. On the one hand, Corollary 3.5
explains how the right-hand side in (3.2) links to the continuous minimization used in [19, Lemma 3.13].
Therein, in two space dimensions, the field R+ (V77,) has been employed in the definition of the function
ra by formulas (3.19) and (3.32), where R = ({ 7)) is the rotation by Z; then ||Vra|lw, of [19] equals the
present min, ¢ g1, | V7 (75 — v)[lw,, and, in particular, we have

min ||V7 (7 —v)||lw, = max {— R (Vr1,), Vo .
i V(= o)l = max = (R(Vr7), V), |
IVollog =1

On the other hand, the maximization form in Corollary 3.6 has been used previously in [1, Theorem 7]
and [19, Lemma 3.12 and Corollary 3.16].

3.3 Boundary vertices

In this section, we reformulate Theorems 2.4 and 2.5 as best-approximation results on discontinuous piece-
wise polynomial data. The proofs are omitted since they are similar to the previous ones. In view of
application to a posteriori error analysis of model problems with non-homogeneous boundary conditions, it
is convenient to introduce some additional boundary data denoted by u? and ¢ in the H! and H(div)
settings, respectively.

Corollary 3.7 (H'! best-approximation). Let the assumptions of Theorem 2.4 hold. Let ul € P,(F2)n
CO(Owg) with dwl = UperpF. Consider any 7, € Pp(Ta) so that Tp|p = 0 VF € FL, mplp —ul|r = rp
VF € F2, and [1,]r = rr YF € FL. Then the following holds:

a’

min VT (Tp — vp)llwa < Cst min V7 (75 — vp) llwa (3.13)
Vp EP, (To)NH (wq,) vEH (wq)
vp| =0 VFEFD v|p=0 VFEF?
'Up|F:uE‘F VFE]:,JD ’U|F:u5|F VFGJ:E

Corollary 3.8 (H(div) best-approximation). Let the assumptions of Theorem 2.5 hold. Let o € P,(FL).
Consider any T, € RTN,(Ta) so that T,np =rp VF € F2, mpmp+oy = rp VF € FY, and [T, nr = rr
VF € F.. Then the following holds:

min ) 7 + Vpllw, < Cst min 75 + Vllwg - (3.14)
v, ERT N, (Ta)NH (div,wa) veEH (div,wq)
vy np=0 VFEFL vnp=0 VFEF?
vp-np:JE\F VFE]-';\I v~nF:a§|F VFE]—'aN
v"Up|K:7"K—VT'Tp|K VKETq V”Ul[(:T‘K—VT'Tp‘K VKeT,

4 Application to a posteriori error analysis

We show in this section the application of our results to a posteriori error analysis. For this purpose, let
Q2 C R? be a polyhedral Lipschitz domain (open, bounded, and connected set). Let 7, be a matching
tetrahedral mesh of €2, shape-regular with parameter v, > 0 that bounds the ratio of any element diameter
to the diameter of its largest inscribed ball. All faces of the mesh are collected in the set Fj, with faces



lying on the boundary of  forming two disjoint sets ;' and F covering two subdomains I'y and T'p of
0f). Consider the Laplace problem

—Au=f in Q, (4.1a)
u=up on I'p, (4.1b)
—Vung = on on I'y, (4.1c)

where, for simplicity, f € Ppy_1(Ts), up € Py (FP) N C%(Ip), and ox € Py_1(FY), for a polynomial
degree p’ > 1. If |I'p| = 0, we need to additionally suppose the Neumann compatibility condition (f,1)q =
(on, 1)aq. Weak solution of problem (4.1) is a function u € H*(2) such that u|r, = up and such that

(Vu,Vu)g = (f,v)a — (ox,V)1y Vv € H'(Q) such that v|r, = 0. (4.2)

For more general data f, up, and oy, data oscillation terms arise in the a posteriori error analysis, see [15]
and references therein for details.

Let up, € Py (Tr) be an approximate solution to the problem (4.1); uj, can be primal-nonconforming in
the sense that u, ¢ H'(Q) and up|r, # up, as well as dual-nonconforming in the sense that —Vyu, ¢
H(div,Q), V- (=Vyuy) # f, and (—Vyup-ng)|ry 7 on. The results of this paper have a direct application
to a posteriori error analysis since they allow us to construct two central objects leading to guaranteed
reliability and p-robust local efficiency. The first is a so-called potential reconstruction s, € Pp41(7p) N
H'(), equal to up on I'p. The second one is a so-called equilibrated flux reconstruction o, € RT N, (T5)N
H(div, ), such that V.o, = f in Q and o,-n|ry, = ox on I'x. When uy, & H*(Q) or up|r, # up so that
the potential reconstruction sy is necessary, we additionally need to suppose that Assumption C.1 below
on boundary patches enumeration is satisfied; this may request some conditions on the structure of the
boundary subsets I'p and I'y, like that they are locally connected (no checkerboard patters).

Collect all the mesh vertices in the set Vp, and for any mesh vertex a € Vy, let the patch T, C T be
given by the elements in 7} having a as vertex, whereas wq C 2 is the corresponding open subdomain of Q.
Let ¥4 be the “hat” function associated with the vertex a: this is a continuous function, piecewise affine
with respect to the mesh 7, which takes the value 1 at the vertex a and 0 at the other vertices. Its support
is thus the patch subdomain w,. We also split the vertex set as V;, = V}L U VE’, where V}L contains all interior
vertices and VP all boundary vertices. The faces of the elements in the interior patches T (i.e., associated
with an interior vertex a) are collected in F, = F. U F2, in conformity with Section 2.1. For a boundary
vertex a € VP, the split is Fp = FL, U FL UFY UFY, as in Section 2.4, where FJ, collects the interior faces
containing the vertex a and shared by two distinct elements in T, F2 the patch boundary faces from dw,
but not sharing the point a, F2 the Dirichlet boundary faces F2 from dw, N I'p and sharing the point
a, and FY the Neumann boundary faces from dwg N T'x and sharing the point @. To have a more unified
formalism between interior and boundary vertices, we conventionally define 72 and F. to be empty sets
for all @ € V.

We define the potential reconstruction following [6] and [19, Construction 3.8 and Remark 3.10] as
Sh = Y_qcy, Sh» Where sf is the discrete minimizer of Corollary 3.1 given by (3.3) for interior vertices and
similarly as the discrete minimizer of Corollary 3.7 for boundary vertices. We choose the polynomial degree
p of our theory to be p:=p’ + 1 and we set for all a € Vp,,

Tp = Yo Up, in we, (4.3a)
rr = Yaur]r onall F € .7:31, (4.3b)
rp =0 onall FeFP (4.3¢)
rp = Yq(up — up) onall FeFP, (4.3d)
uP = qup onall FeFP. (4.3¢)

By construction, the polynomial data satisfy the compatibility conditions (2.6) and (2.12a). Similarly,
following [13], [2, 1], and [19, Construction 3.4 and Remark 3.7], we define the equilibrated flux reconstruction
as op =, acy, Oh» where o is the discrete minimizer of Corollary 3.3 given by (3.6) for interior vertices
and similarly the discrete minimizer of Corollary 3.8 for boundary vertices, with the polynomial degree



p:=p’. Here we set, for all a € V},,

T, = Yo Vrup in wq, (4.4a)
ri = Yo (f + Agup) inall K €7, (4.4b)
rr = Ya[Vrur] nr onall F € .7:,;, (4.4c)
rp =0 onall F € FP, (4.4d)
re = ta(Vrupnpg +on)  onal FeFY, (4.4e)
o 1= 1hgon onall F e Fy. (4.4f)

Here, for all interior vertices and for those boundary vertices which are only shared by Neumann faces (i.e.,
.7:(]13 = (), the hat-function orthogonality

(VTuha v"ba)c% = (f7 wa>wa - (UN7wa>3waﬁFN (4-5>

is a necessary condition for the data compatibility conditions (2.9) and (2.14) to hold. This relation does
not hold, for example, for certain discontinuous Galerkin methods; a simple use of the discrete gradient
Vaup, from [14, Section 4.3] in place of the broken gradient Vyuy, allows to fix this, see [19, 15].

The above potential and flux reconstructions lead to the guaranteed a posteriori error estimate

IV (u—un)la < > (IVrun +onlli + V7 (un = sn)l1%), (4.6)

KeTy

see [19, Theorem 3.3] or [15, Theorem 3.3] and the references therein. The crucial use of our results is in
the proof of the p-robust local efficiency. Corollary 3.1 for interior vertices and Corollary 3.7 for boundary
vertices immediately give

IV (Yaun = 85)llwe < Cst min VT (Yaun = v)llwe < Cst inf V7 (Ya(un —v)w,-
vEH (wa) vEH (wa)
v|p=0 VFEFY v|p=up YFEFL

v|p=taup VFEFL

Indeed, the right inequality follows immediately as any function v € H'(wg), equal to up on the faces from
FP . belongs to the minimization set of the middle term above when multiplied by the hat function 1.
This means that the discrete fully computable estimator ||Vr(qun — si)|lw, is a local lower bound for
a g-weighted distance to the H'(w,) space (or an affine subspace if F2 # (}). We now make the weak
solution u of (4.1) appear in the bound. For @ € Vi, let @ := u — cq, where the constant ¢, is chosen so
that (i,1),, = (un,1),,. For a boundary vertex a € VP such that FY = (), let @ := u — cq, where the
constant ¢, is chosen so that ZFe]-‘aN (i, \)p = ZFeFaN (up,1)p. In the other situations, we let @ := w.
Then, proceeding as in [19, Lemma 3.13 and Section 4.3] while relying on the broken Poincaré-Friedrichs
inequality [3], we obtain

V7 (Ya(un — @))[lw, < [[Vialloowallun = tllw, + [¥alloowa [V (un — @) |lw,
<(1+ CbPF,wahwa”v‘/’aHOO,wQ)HVT(uh - u)”wa

1/2
+CbPF,wahwa||V1/faoo,wa{ > np M [ualllz + > hEIHH%(UhUDH%} :

FeF} FeFp

In particular, if the mean values of the jumps in uy, are zero, i.e., ([up],1)r = 0 for all the faces F € F)
and (up, 1) = (up, 1) for all the Dirichlet faces F € F2, we infer that

HVT(wauh - Sﬂ)”wa < Cstccont,bPFHvT(uh - U)Hwaa (47)

where the constant Ceont bpr = MaXgey, {1+Chpr w, fwe || V¥alloo,w, } 0nly depends on the shape-regularity
parameter vy, .
Let

H}(wa) == {v € H (wa); (v,1

a =0}, acV) oracVand FP =0, (4.8a)
H}(wq) == {v € H (wq

9 )wa
;v=0onall FeFP}, acVand FP #0. (4.8b)
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Then Corollary 3.3 for interior vertices and Corollary 3.8 for boundary vertices, in conjunction with Corol-
lary 3.6, yield

[YaVTun + o) llu, < Csy  max { > vk — Y (TF,U)F}

vEH} (wa)
* KeTa FeFa
Vollwg =1

= Ust max (f7 wav)wa - (VTuh7V(¢aU))wa - Z (UNadjav)F )

1

olla ) ren

using the definition of rx and rp in (4.4) above and the Green theorem. Thus, the fully computable
estimator |[¢qVrup + o], is a local lower bound for the local dual norm of the residual with 1)q-weighted
test functions. We now note that ¥,v, extended by zero outside of the patch subdomain wg, is a function
in H'(Q) which is zero on the Dirichlet part of the boundary I'n. Thus we can use the weak solution
definition (4.2) to replace the right-hand side by (Vr(u — up), V(¥a?))w, - Invoking the Cauchy—Schwarz
inequality and the (continuous) Poincaré—Friedrichs inequality in wg, we infer that

IV($av)llwa < (14 CPF wa P [IValloowa) [Vl

see [1] or [19, Lemma 3.12]. This finally gives
[VaVrun + 07 lue < CstCeont el V7 (u = tn)|wa, (4.9)

where Ceont pr = maxXqey, {1 + Cprw, hw, [|V¥alloo,w, } only depends on the shape-regularity parameter
YT+

5 Proof for broken H'! polynomial extensions

We prove here Theorem 2.2. In particular, we show in Section 5.1 the existence of the minimizers in (2.7),
in Section 5.2 their uniqueness, and in Section 5.3 the stability bound (2.7). Let p > 1 and let r € Pp(ffl)
satisfy the compatibility conditions (2.6). Define

Vo(Ta) := {v, € Py(Ta); vplr = 0VF € F2, [vp]r = rr VF € Fi}, (5.1a)
V(Ta) :={ve HY(T,); v|r =0VF € F2, [v]r = rr VF € F.}. (5.1b)

Then the stability bound (2.7) becomes

Uperrvlir(lTa)IIVTvpllwa < Cscvergi(ga)llvallwa- (5.2)
To prove it, we crucially consider the enumeration of the cells in the patch 7, from Lemma B.1 below
in the form Ki,..., K|7,|. Without loss of generality (see Remark 2.1), we orient all the interior faces
F =0K;N0K; € F, so that np points from K; to K; with j < i.

In what follows, we abbreviate as A < B the inequality A < ¢B with a generic constant ¢ whose value can
only depend on the patch regularity parameter ~r, ; it is thus in particular independent of the polynomial
degree p.

5.1 Existence of the minimizers

Let us first prove that the minimization sets V,,(7,) and V(7,) are non-empty; then the existence of the
minimizers immediately follows. Since V,(74) C V(7a), we only consider V,(7,). The proof is constructive
in that we build a function in V,(7,) by enumerating all the cells in 7, while prescribing suitable Dirichlet
data on some faces of each cell. For all 1 <i < |T,|, let us set FP := K, N Ow,, i.e., FP is the face of K;
lying on the patch subdomain boundary dwg. Consider a function w, € P,(7,) such that its restrictions

wy, = wy|K,, for all 1 <4 < |Tal, are defined by induction as follows:

(i) For i =1, wzlj is any function in

Vp (K1) = {vp € Pp(K1); vplpe = 0} (5.3a)

11



(ii) For all 1 < i < |Tq|, w}, is any function in
Vo(K:) 1= {vp € Pp(KG); vplpe = 0, 0plp = —rp +w)|p VF € FF}, (5.3b)

where j = j(i, F) is the index of the cell sharing F with K;, i.e., F = 0K; N 0K,. Recall that by

definition of the set of previously enumerated faces ]-'f in Appendix B, we have j < 7, so that wg; is

already known from a previous step of the construction.

Lemma 5.1 below shows that the (affine) subspaces V,(K;) are all non-empty, i.e., the above construction is
meaningful. Then, it is easy to see that any function w, constructed as above is in the discrete minimization
set V,(7Tq); in particular, we note that the prescription (5.3b) on the faces in F? implies that [wplr =

3

w£|p — ’LU;)|F =TFr.
Lemma 5.1 (Non-emptiness). For all 1 <i <|T4|, V,(K;) is non-empty.

Proof. The proof is carried out by induction.

(1) First, the linear space V(K1) is non-trivial. Its dimension is actually equal to the number of Lagrange
nodes of order p in the tetrahedron K that are not located on the face FP.

(2) Let now 1 < ¢ < |T4| and suppose that V,(K;_1) is non-empty. To prove that V,(K;) is non-empty, we
need to verify that the prescribed values on the faces of K; are continuous across the edges they share. Once
this is established, it will follow that V,,(X;) is an affine space whose tangent space has dimension equal to
the number of Lagrange nodes of order p in K; not located in the faces of K; where a value is prescribed.
We distinguish three cases.

(2.a) Case 1 < i < |Ta| and |F!| = 1, say F? = {F!}. There is one edge to consider, namely e = F> N F}.
The compatibility condition (2.6a) implies that rple = 0, and we have by construction w’|. = 0 since
e C Owg. Hence, the value we are prescribing on the face F}! restricted to the edge e is zero.

(2.b) Case 1 < i < |To| and |F| = 2, say F/ = {F}, F?} (note that |F/| < 3 if i < |74| owing to
Lemma B.1(ii), although we do not need to make use of this property here). There are three edges to
consider, namely e! = FP N F}, €2 = FP N F?, and e'? = F! N F2. For e! and €2, the reasoning is the
same as above. For e := e!2, we first use Lemma B.1(i), giving that K; is the last cell to be enumerated
in the rotational path of cells around e. Thus w), has been already defined in the previous elements by the
induction argument and the algebraic properties of the jump operator (see (2.3)) give

Z tpefwy] = wzl — wgf, (5.4)
FeFN\{F} F?}

where F! = 0K; N 0K;, and F? = 0K, N 0K},, with K;, following K; in the rotation direction around
the edge e. Second, employing in (5.4) [wy]p = rp for all F € F \ {F}, F?} and the compatibility
condition (2.6b), we conclude that

J1 _ apd2 — _ _ _
wp U]p = LF},erFil LF12767"FL_2 = ’I"Fil 7'Fi2

on the edge e; the last inequality also employs that ¢f1 , = —1 and ¢p2 . = 1 in the chosen notation (recall
that both normal vectors np1 and n g2 point inward ki as ji,ja < z) This provides the desired continuity
property on e. L '

(2.c) Case i = |Tq|. Then .7-"3 contains three faces, and the six edges of K\, need to be considered. The
reasoning is the same as above for the three edges located on dw, and the three edges inside w, (using again

Lemma B.1(i) and the compatibility condition (2.6b)). O

5.2 Uniqueness of the minimizers

The uniqueness of the minimizers in (2.7) results from the fact that V,,(7,) and V(7g) are convex sets (being
affine spaces) and that the functional we are minimizing is strictly convex on the tangent spaces of V,,(7q)
and V(7T,) (both tangent spaces are composed of functions vanishing on Owg, where the H!-seminorm
defines a strictly convex functional).
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5.3 Proof of the stability bound (2.7)

We now construct two functions ¢, € Py(7a) and ¢ € H'(Tg) such that their restrictions ¢} = (y|x, and
" =(|k,, for all 1 <i < |Tgl, are defined by induction as follows:

(i) For i = 1, we define the spaces

Vp (K1) = {vp € Pp(K1); Up|F1b =0}, (5.5a)
V(K1) = {v e H' (K1); v|py = 0}, (5.5b)
and consider the following unique minimizers:
C; = arg min | Vop| ,, ¢! = arg min||Vv| g, . (5.6)
vp €V (K1) veV (K1)

Note that these problems are actually trivial, so that we have C; =(¢'=0in K;.
(ii) For all 1 < i < |Tq|, we define the spaces
Vp(Ki) = {vp € Pp(K5); UpIFib =0, vp|r = —1F + CglFVF € .Ff}7 (5.7a)
V(K;) == {v € H'(Ky); v|pn =0, v|p = —rp + |p VF € F}}, (5.7b)

where j = j(i, F) is the index of the cell sharing F' with K;, i.e., F = 0K; N 0K;. Note that both
spaces are defined using the same Dirichlet data which are piecewise polynomials of degree p. Consider
the following unique minimizers:

¢, »= arg min ||V, ||x,, ¢ := arg min|| Vo
vp €V (Ky) veV (K;)

.- (5.8)

Note that the above minimization problems are well-posed since the minimization sets are non-empty.
Indeed, the Dirichlet condition is a continuous, piecewise polynomial, as established in Section 5.1.
Moreover, the set of faces where a Dirichlet condition is prescribed is always non-empty, so that the
minimized functional is strictly convex. We can also observe that the continuous minimizer (¢ €
H'(K;) is the weak solution of the problem

~A('=0 in K;, (5.9a)
(llp=-rp+Clp onalFeF}, (5.9b)
CHlp=0 on Fib7 (5.9¢)
—V¢ng,|p=0 onall F e F?, (5.9d)

whereas C; is its (spectral) finite element approximation.
We will show the following two statements for all 1 < i < |Tg| (the statements being trivial for ¢ = 1):
IVGlx S IV Ik, (5.10a)
V¢l S IVTV llwe + DIV I, (5.10b)

j<i

where v* € V(T,) is the global continuous minimizer in (2.7). Since the above inductive construction implies
that ¢, € V;,(7a), the global discrete minimizer vy € V,,(74) in (2.7) is such that

IV7Tpllea < IV TCllwa-

Moreover, combining (5.10a) with (5.10b) proves by induction that |V} ||x, < [[V7v*|lw, for all 1 <i <
|Tal, so that |[V7(pllw, S IVT0*]w,. Hence, [Vrvsle, S IV7v*||e,, and this concludes the proof of (2.7).

Proof of (5.10a). We apply Lemma A.1 on K = K; with FR = {FP} U }'f and the p-degree polynomials
given by 0 for F = Fib and —rp + Cg\p for all ' € Ff. The proof that these polynomials are continuous
over the edges shared by two faces in F2 has been given in Section 5.1. O
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Proof of (5.10b). We distinguish three cases.

(1) Case 1 < i < |Tq| and |.7-"f| =1, say ]-'f = {F}. Let K; € T, be the cell such that F' = 0K, N 0Kj;
the definition of .7-'? implies that j < i. Let T : K; — K, be the (unique) bijective affine map leaving F
pointwise invariant. Consider in the cell K; the function

vi=0v"g, — (V'K — CIJ)) oT L.

The crucial observation is that v € V(K;). Indeed, the properties v € H'(K;) and U\sz = 0 are straightfor-
ward to verify. Moreover, since j < i, we have v*|g, —v*|k, = [v*]F = rp, so that indeed v|p = —rp+(J|p.
Using the definition (5.8) of ¢* together with the properties of the map T which follow from mesh regularity,
we infer that

VS lx, < IVollx, < IVo* Il + V(0" ]k, = G) o Tl
S IV lr: + IV |k, = Gl < VOl + IV llk; + VG,

so that (5.10b) holds (recall that j < 7).

(2) Case 1 < i < |Tq| and |}"f| = 2, say .7-"? = {F1, F?} with e = F1 N F?. We consider the conforming
refinement 7 of 7, from Lemma B.2 applied with K, = K;. Recall that 7] contains K;, that all the
tetrahedra in 7! have e as edge with their two other vertices lying on Ow,, and that, collecting all the
vertices of 7. that are not endpoints of e in the set V!, there is a two-color map col : V! — {1,2} so that
for all k € T/, the two vertices of x that are not endpoints of e, say {a) }1<n<2, satisfy col(a)) = n. We
use the two-color map to define, for all k € T/, the (unique) bijective affine map T : kK — K; leaving e
pointwise invariant and preserving the color of the two other vertices of &, i.e., col(T,(al')) = n for each
n € {1,2}. Consider in the cell K; a function v defined from the global continuous minimizer v* in K; and
from its difference with the piecewise polynomial {, on the previously enumerated elements by

€
vl ), 0 Gl T (5.11)

reT /(K
where ¢, = 1 if the orientation of the vector ala? is compatible with the fixed orientation of rotation around
the edge e and ¢, = —1 otherwise. Note that the binary coloring implies that €, + €, = 0 if the two cells
and ' share an interior face. Let us verify that v € V(K;). The properties v € H*(K;) and v|p» = 0 are

again straightforward to verify. It remains to show that v|p = —rp + Cg|p for all F' € ff. We will do the
proof for the face F''; the proof for the face F? is similar. Let & € F', and assume without loss of generality
that the vertex of F'! that is not in e has color 1. Let F! collect all the interior faces in 7 whose vertex

that is not in e has color 1. Then, F! € F! and F? ¢ F!. Moreover, the definition of T}, implies that, for

€

all kK € T, k # K;, the point T, !(z) belongs to the face of x in the set F). Recall that ¢, has opposite
sign on the two cells sharing each interior face. As a result, we find that the function v in (5.11) satisfies

vl = vl e — (i, — G o Tl + Y er(v'lr — [Gle)lroTsY,  (5.12)
FeFI\{F'}

where K, is the cell sharing F' with K;, ie., F1 = 0K; N 0K, , whereas ep = €., /ex, = £1 where kp
is the element sharing F' having the lowest enumeration index. Since [v*]p = [(,]F for all F € F} (the
common value being rp if F is already a face in 7, or zero if F is a newly created face in 7.) and since
j1 < i, this yields

v|lp =0k P = (07K, = Gl = e e+ G

Hence, v € V(K;). In view of (5.11) and (5.8), we conclude that

IV¢ix, < IVolx STV i+ D IV e+ IVG I} < AT 21V 0 wg + 212 Y 1VG 5,3
KETI\{K:} j<i

observe that the partition 7, may add one element with respect to 7.
(3) Case @ = |Tq4|. Note that owing to Lemma B.1(ii), this is the only case where \}"f\ = 3 happens,
so that we need to work with all the three interior faces of the element K;. For this purpose, we apply
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Lemma B.3 with K, = K. Recall that 7, contains K;, that all the tetrahedra in 7, have a as vertex with
their three other vertices lying on Owg, and that, collecting all the vertices of 7. that lie on dw, in the set
V!, there is a three-color map col : V, — {1,2,3} so that for all k € 7, the three vertices of x that are not
a, say {al}1<n<s, satisfy col(al’) = n. We use the three-color map to define, for all x € 7, the (unique)
bijective affine map T} : kK — K; leaving a invariant and preserving the color of the three other vertices of
k. Consider in the cell K; the function

vi=0"g, + Z e—ﬁ(v*—cp)hoT;l, (5.13)

€K,

RETIN{K;} ¢

where, for all K € T/, €, = 1 if the vector ala?xala? points outward w, and €, = —1 otherwise. Let us

verify that v € V(K;). The properties v € H*(K;) and U|F‘bT = 0 are straightforward. It remains to verify

that v satisfies the appropriate boundary condition on the three faces in Fiﬁ7 i.e., on the three faces of K;
sharing the vertex a. We can call these faces F12, F'3 and F?3, where the superscripts refer to the two
colors of the two vertices of the face that are not a. Let us verify the boundary condition on F'2; the proof
for the two other faces is similar. Let F'2 collect all the interior faces in 7, such that their two vertices
which are not @ have colors 1 and 2. Since any interior face in F'? is shared by two cells in 7. having
opposite number ¢, and since any cell in 7/ has one interior face in F'2, we infer that

vlpiz = 0%k, = 0%k, — @)z 0 T+ S er(vlr - [GR)F o T,
FeFi2\{F12}

with er and kp defined as above and where ji» is the index of the cell sharing F'2 with K;. Since

[v*]F = [¢p]F (the common value being either rz or 0) and since ji2 < i, we conclude that v|p2 =
—rpiz|piz + (12| 2. Hence, v € V(K;). Finally, we can bound [|Vo||k, as above, and this completes the
proof. O

6 Proof for broken H(div) polynomial extensions

We prove here Theorem 2.3. In particular, we show in Section 6.1 the existence of the minimizers in (2.10),
in Section 6.2 their uniqueness, and in Section 6.3 the stability bound (2.10). Let p > 0. Let r € P,(Tqg) X
P, (Fe) satisfy the compatibility condition (2.9). Let us set

V,(Ta) := {v, € RTN,(T.); vpymp =rr VF € Fo, Vrvy|g = rx VK € Ta,

[vp]nr =7r VF € F}, (6.1a)
V(Ta) :={v e H(div,Tg); vnp =rp YF € F2, Vrv|g =k VK € Ta,
[v]np =rp YF € FL}. (6.1Db)

Then the stability bound (2.10) becomes

min_ ||vpllw, < Cq min ||v|e,. (6.2)
vp €V, (Ta) veV (Ta)
As in Section 5, we consider the enumeration of the cells in 7, from Lemma B.1 in the form K, ..., K|z,

Without loss of generality (see Remark 2.1), we orient all the interior faces F = 0K; N 0K; € F\ so that
nr points from K; to K; with j <.

6.1 Existence of the minimizers

Let us first prove that the minimization sets V,(7,) and V(7,) are non-empty, yielding the existence
of the minimizers. Since V,(T,) C V(7Ta), we only consider V,(7,). Recall that, for all 1 < i < |Tg/,
FP = 0K; N 0w, is the face of the element K; lying on the patch boundary Ow,. Consider a function
w, € RTN,(T,) such that its restrictions w), = wy|x,, for all 1 < i < [Tgl, are defined by induction as
follows:
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(i) For i =1, w, is any function in

V(K1) == {v, € RT'Ny(K1); vpnps =rpy, Vv, =7k, }. (6.3a)
(ii) For all 1 < i < |Tql, w}, is any function in

Vo(Ki) :=A{v, € RTNy(K;); vpnps =rpy, Vvp =Tk, VpMp = —Tp + wgnp VF € ff}, (6.3b)

where j = j(4, F) is the index of the cell sharing F with K;, i.e., F = 0K; N 0K;. Recall that by
definition of .7-'?, we have j < 1, so that wg is already known from a previous step.

Lemma 6.1 below shows that the (affine) subspaces V,(K;) are all non-empty, i.e., the above construc-
tion is meaningful. Then, it is easy to see that any function w, constructed as above is in the discrete
minimization set V,(74); in particular, we note that the prescription (6.3b) on the faces in ]—'iti implies that

[wp]nr = () —w))np =rep.
Lemma 6.1 (Non-emptiness). For all 1 <i <|T4|, V,(K;) is non-empty.

Proof. The proof is actually simpler than that of Lemma 5.1 in the H'-setting in Section 5.1, as Neumann
boundary data in (6.3) do not request any condition of continuity on edges between faces of each K.
Congruently, property (i) of Lemma B.1 is not used here. The only non-trivial property to verify is the
compatibility between the prescriptions of the normal component and the divergence whenever }'f U{FPF} =
Fx,, i.e., whenever the normal component is prescribed over the whole boundary of K;. Here, it is important
that this situation only happens when i = |Tg/|, i.e., for the last cell in the enumeration; this is indeed the
case owing to Lemma B.1(ii). Then the non-emptiness of V,,(K;) follows from classical properties of Raviart—
Thomas-Nédélec finite elements. Let thus i = |T,|. We need to check the Neumann compatibility condition

(ri; Vie = (rpe, Do + Y (rp —w)mp, D). (6.4)
FeF!

(Note that np points inward K; for all F' € F? since i = |Tg|.) Using the divergence theorem in each cell
K;, 1<j<|Ta|, we write

Z (rr;s Ve, = Z (Vow) Dk, = Z Z (w)nr,, 1)F

1<5<|Tal 1<5<|Tal 1<5<|Tal FEFK;

> (reps Dy + > (wplne e+ > (w)np,1)p

1<5<|7al FeFi\F! FeF!

Z (rF;),l)F}v—&- Z (re,Dp+ Z(wg-np,l)p,

1<j<|Tal FeFi\F! FeF!

where ng; is the unit normal pointing outward K. Then (6.4) follows by combining the above relation
with the compatibility condition (2.9). O

6.2 Uniqueness of the minimizers

As the affine subspaces V,(7,) and V(7,) are non-empty convex sets, the uniqueness of the minimizers
in (2.10) follows from the fact that the functional we are minimizing is strictly convex on the tangent spaces
(both tangent spaces are composed of divergence-free functions, so that the |||, = ||| rr(aiv,7,) for such
functions).

6.3 Proof of the stability bound (2.10)

We now construct two functions ¢, € RT'N,(Ta) and ¢ € H (div, 7,) such that their restrictions ¢} = ¢,
and ¢' = |k,, for all 1 <i < |T,|, are defined by induction as follows:
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(i) For i = 1, we define the spaces

V(K1) == {v, € RT'Ny(K1); vpynps =rpy, Vv, =7k, }, (6.5a)
V(K1) :=={v € H(div, K1); vnps =rpp, VU =7k}, (6.5b)

and consider the following unique minimizers:

¢ = argmin foylxy, ¢ = arg min o] x,. (6.6)
vp €V (K1) veV (Ky)

(if) For all 1 < i <|Tg|, we define the spaces
Vi(Ki) :=A{v, € RTNy(K;); vpnpe =rpo, Vv, =71k, vpnp = —Tp + ¢)mpVF € F, (6.7a)
V(K;) = {v € H(div, K;); vngp =rg, V-v=rk, vnp=—rp+npVF € Fi}, (6.7b)

where j = j(i, F) is the index of the cell sharing F' with K;, i.e., F' = 0K;NOK;. In (6.7b), the normal
trace is prescribed according to (2.5). Consider the following unique minimizers:

¢} == arg min ||v,|k,, ¢':= arg min ||v||g, (6.8)
vpEV,(K;) veV(K;)

The same reasoning as in Sections 6.1 and 6.2 shows that these minimization problems are well-posed. We
can also observe that the continuous minimizer ¢* of (6.8) is given by —V(?, where ¢* € H*(K;) is the weak
solution of the problem

—ACi = rg, in K,
~V{'np=-rp+¢np on all F e FF,

*V(i-npy =g on Fib,
Cp=0 01[1;3L11F€]-"f7

whereas ¢}, is its (spectral) mixed finite element approximation.
We will show the following two statements for all 1 <14 < |7g]:

Il < I¢ (6.92)
16K, S 10 e + 3 1€3 s (6.9b)

j<i

where the sum in (6.9b) is void for ¢ = 1 and where v* € V(7,) is the global minimizer in (2.10). With
these two bounds, we can conclude the proof as in Section 5.3.

Proof of (6.9a). We apply Lemma A.3 on K = K; with FX = {FP} U F?, the p-degree polynomial pre-
scribing the divergence being rg,, and the p-degree polynomials prescribing the normal components being
rgo for F = Fib and rp — Cg-np for all F € ff (recall that np points inward K; since F' = 0K; N 0K; with

J < 1). The compatibility condition for these polynomials on the last element follows by the same reasoning
as in Section 6.1. O

Proof of (6.9b). The principle of the proof is the same as that of (5.10b) in Section 5.3, the only salient
difference being that the pullback by the geometric map has to be replaced by the contravariant Piola
transformation. Let us exemplify this modification in the case where 1 < i < |T,| and |J’-'zti | = 1, say

]-'f = {F'}. Let K; € T, be the cell such that F' = 0K; N 0K}; the definition of ]—'f implies that j < 4. Let
T : K; — K; be the (unique) bijective affine map leaving F' pointwise invariant. Let J be the (constant)
Jacobian matrix of T and consider the transformation ¥ (v) = A(v o T') with A = det(J)J~!. Then ¥ is
an isomorphism from H (div, K;) to H(div, K), and also from RT N, (K;) to RTN,(K;). Consider in the
cell K; the function

v:=0v"

K, — ¥ (Vg — ¢)), (6.10)
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and let us prove that v € V(K;). It is clear that v € H(div, K;). Concerning the divergence, we use the
property V-p~1(v;) = det(J) ™ (V-w;)oT~! in K; for any function v; defined in K;. Applying this identity
to the function v; = v*|g; — Cg which is divergence-free (since j < i), we infer that Vv =V-v*
Let us now consider the normal component of v. Recalling (2.5) and that np points inward K;, we need to
prove that

(’U, véb)KL - _<7ﬁKia ¢)K, + (rFlb7¢)Flb + (TF - Cg'nF7 ¢)F7 (611)

for all ¢ € H'(K;) such that ¢|p = 0 for all F € F?. Let ¢ : wq Ok, = b, dlx, = poT,
and ¢ = 0 otherwise, and observe that ¢ € H Y(wq). Using ¢ as the test function in (2.4c) for the global
minimizer v*, we infer that

(,U*av¢)Ki + (U*,V(¢O T))KJ = _(TK17¢)KL - (rKj7¢OT)Kj + (rFiba(b)Fib + (TF;)7¢ © T)F]b + <TF7¢)F-

Considering the term (v, V¢)k,, the definition (6.10), changing variables in the last term in the right-hand

side, and employing ey = ‘i‘;(&)ﬂ = —1, we obtain

(v, Vo), = (v*, V)i, — (¥~ (v |k, — ¢}), Vo),
= (v*, V)i, + (v, V(oo T))k, — (¢, V(o T))k,
= (0 Vo), + (0" V(@ o T))k, + (1, ¢ 0 T, = (rpp, 90 T)pp — () np, @)r
—(Tki @)K, + (er7¢)Fb +(rr — C] np,P)r,

where we have used the Green theorem for the term ( g, V(¢oT))k, and used the prescribed properties of
Cg together with the above relation satisfied by v*. Hence, (6.11) holds, and v € V(K;) as announced.
The reasoning is similar when ff contains two or three interior faces of K;. Let us still briefly discuss
the case where 1 < i < |Ta| and |F| = 2, say F! = {F!, F?} with e = F' N F2. We consider the two-color
conforming refinement 7. of the rotational path 7. around e of Lemma B.2 below. Define in the cell K the

function .
> ;:11’21((”* = Gp)lw), (6.12)

RETIN{K:}

v ="

where we use the same notation as in Section 5.3, together with the contravariant Piola transformation 1,
built using the geometric map T}, with Jacobian matrix J.. We need to show that v € V(K;). It is again
clear that v € H(div, K;) and similarly, remarking that (v* — ()|, for all K € T/ \ {K,} are divergence-free,
we infer that V-v = V-v*|k, = rg,. We are thus left to prove that the normal components conditions
in (6.7b) are satisfied. Let F' = 0K; N 0K;, and F? = 0K; N 0K;,, where we remark that ji,j2 < i.
Using (2.5), we need to show that

(’U,ng))Kj = *(TKHQI))IQ + (rF;),qS)Flb + (’I"Fl - Cgl'nFlv(b)Fl + (’l"Fz — C;22~nF2,¢)F2 (613)

for all ¢ € H'(K;) such that ¢|r = 0 for all F € F?. Let now ¢ : wg — R be such that $|K1 = ¢,
Ole =0T, k€ TI\{K;}, and ¢ = 0 otherwise. Observe that ¢ takes value zero on the faces lying on the
boundary of the submesh 7] and sharing the vertex a and is continuous over the faces in 7. sharing the
edge e. Consequently, ¢ € H Ywq). Using as above & as the test function in (2.4¢), we see that

(U*vv¢)K7¢ + Z (’U*’V(QﬁoTn))n = - (TK”d))qu - Z (rméoTn)n+ (TFiPaQb)Fib
RETIN{ K} RETIN{K:}

+ Z (TFEWZ)OTR)F;"" Z(TF7¢OT/‘€F)F

K:En\{KL} FeF

(6.14)

with the obvious association of FP with Fjb and where kp € T/ is the element sharing F' having the lowest
enumeration index. Employing the definition (6.12), changing variables, noting that e.es_ is independent
of the two cells sharing F' € F while n,, changes orientation, and using that the jumps of ¢, on the faces
from F. other than F! and F? are given by rp whereas CIZ have no normal component jumps inside of the
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original simplices K; from 7., we deduce
* €r
(vvv¢)Ki = (’U 7v¢)Ki - Z -

€
RETN{K}

=W V), + Y, W V(@oT)— Y, ((V(eoTy))x

¥ (07 = Gl Vo)

K;

KETIN{ K} KETI\{K:}
=@, Vok,+ >, @\V(@oT))et+ >, (re¢oTy)s
RETIN{K:} RETIN{K;}
- Y pdoT)pm— Y. ([Glnr¢oT,)r
RET/\(Ki} FEFR\{F',F?}

- (Cgl'nF17¢OTHF1)F1 - (C]‘Zz.nF27¢OTK/F2)F2

= - (T’K“(ZS)Kl + (T.Fibagb)Fib + (TF1 7421'711:*1,(1))1:*1 + (TF2 7CgZ'nF2a¢)F27

where we have also employed that both np: and np: point inwards K;, and, in the last step, (6.14).
Thus (6.13) holds. O

7 Proofs for boundary vertices

In this section we prove Theorems 2.4 and 2.5. We only give details in the H' setting; the H(div) setting
can be treated similarly. Let a be a boundary vertex as specified in Section 2.4.

7.1 Existence of the minimizers

Let 7 € P,(FL U FP) satisfy the compatibility conditions (2.12). We denote respectively by V,(7,) and
V(Ta) the corresponding minimization sets in (2.13) and proceed as in Section 5.1. Let FP := F, N FL,
1 < i < |Tal, ice., FP is the subset of faces of K; lying in the (Dirichlet boundary) set F.. Consider a
function w, € Pp(Tq) such that its restrictions w!, = wy|x,, are defined by induction as follows (we again

orient all the interior faces F' = 0K, N 0K, € FL so that np points from K; to K; with j < 1):
(i) For i =1, wzlj is any function in
Vp(K1) = {vp € Pp(K1); vplpp = 0, vp|p =7F VF € FP1.
(ii) For all 1 < i < |Ta|, w, is any function in
Vo(Ki) = {vp € Pp(K:); vplpn =0, vp|p =1 VF € FP, vplp = —rp + w)|p VF € FF}.

We now present the version of Lemma 5.1 for a boundary vertex a, ensuring existence of such piecewise
polynomial w,,. Here we crucially rely on the enumeration of boundary patches of Assumption C.1:

Lemma 7.1 (Non-emptiness). For all 1 <i <|T4|, V,(K;) is non-empty.

Proof. (1) First element, ¢ = 1. The condition (2.12a) requests any possibly prescribed Dirichlet datum rpg
on F € FP to vanish on the edge(s) shared with the face FP. Thus, if FP # ), the boundary conditions
prescribed in the space V,,(K7) are compatible (continuous).

(2) For 1 < i < |Tq|, we only need to verify that the values prescribed in the definition of the spaces V,(K;)
on the faces of the element K; are continuous across any edge e they share. Note that there is always one
face FP, that 7P can be empty, and that Assumption C.1(iii) gives that ]-'f contains one or two faces when
1 < i < |Tq| and possibly three faces when i = |Tg|.

(2.a) “Boundary-interior” or “boundary-Dirichlet edges” e, i.e., edges between the face FP C dwP and
a face from FP or }'f. The continuity is always ensured here, as all the conditions take the value 0 on
OwP. Indeed, by (2.12a), all the data rp vanish on dw?, and by induction, wg; prescribed in the previously
enumerated elements also vanishes on Jw?.
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(2.b) “Interior edges” e, i.e., edges between two faces in the set ]-"f; note that Assumption C.1(i) gives in
this case J. N FN NFL = (). This setting is exactly the same as in Lemma 5.1, case (2). The compatibility
condition (2.12b) is crucial.

(2.c) “Dirichlet edges” e, i.e., edges between two faces F' and F? in the set FP. The compatibility
condition (2.12b), noting that tp1 . + tp2. = 0 as mp1 and np2 are unit exterior normals of the same
simplex K, immediately gives here rpi|. = rpz/ec.

(2.d) “Interior-Dirichlet edges” e, i.e., F! € ]-'f and F? € FP, covering the remaining possibilities. Here we

need to ensure '
(—rp +wi|p)|e = rp2le  VF' € FLVF? € FP e = F' 0 F2

Now we employ property (vi) of Assumption C.1, stating that in the previously enumerated elements, none
has a Neumann face sharing the edge e. This yields that ZNFY = () (note that 7 NFL # §)). Consequently,
we can employ condition (2.12b) and prove the desired continuity as in Lemma 5.1, case (2). Properties (ii)
and (vi) of Assumption C.1 are central here, showing that when taking the elements K, from 7. sharing
the edge e in decreasing order according to their number, 1) all the polynomials wg/ are already defined; 2)
on the last last element K, we come to a Dirichlet face F', where the value of w{;” has been fixed by the
Dirichlet value rf. O

7.2 Uniqueness of the minimizers

The uniqueness of both minimizers in (2.13) follows as in Section 5.2.

7.3 Proof of the stability bound (2.13)

The proof of the stability bound (2.13) proceeds as in Section 5.3, with the definition of the spaces V,,(K;)
from Section 7.1 and similarly for V(K;). In particular, in place of problem (5.9), ¢! € H*(K;) is the weak
solution of the problem

~AC'=0 in K,
Ci‘F:_rF‘Fg;ﬂF onallFE]:f,
Ci‘F:() on Fib,

Ci‘F:TF on allFE.ED,
~V¢ing,|r =0 on all F € F,
—V(ing,|p =0 onall F e FNN Fg,,

¢} is its (spectral) finite element approximation, and we need to show (5.10). Here (5.10a) again immediately
follows from Lemma A.1, so that (5.10b) is crucial. Let K; € Tg, 1 < i < |Tq|, be a given simplex, let (5.10)
hold on all K; € Tq, j < 4, and consider the different cases that can appear taking into account that 7 is
a boundary patch and that there are possibly additional Dirichlet conditions on the faces in the set FP:
(1) |]-"f| =1 and FP = (). Here case (1) from Section 5.3 can be used.

(2) |]-'ltj | =2 and FP = (). Immediately, the last face of the element K; different from F} is a Neumann face
from F? or from Fy N Fg,, so there is no Dirichlet boundary condition to be ensured on this face in the
space V(K;). Noting that Assumption C.1(i) implies that the edge e common to the two faces in }"f lies in
the interior of 7T,, we can apply case (2) from Section 5.3.

(3) |.7-"f| =1 and |FP| = 1. Similarly to case (2) in Section 5.3, we need to employ a procedure involving all
clements K € 7, sharing the edge e common to the faces F* € F? and F2 € FP. Properties (i) and (vi)
of Assumption C.1 are central here; the latter namely states that there is no Neumann face from FY in 7.
Here, as |FP| = 1, one can always color the vertices of elements in 7, not lying on e by two colors; thus no
refinement 7. of 7. is necessary. We now use (5.11) with 7/ = 7. and notice that 1) (v*|k,)|r2 = rpz as
v* € V(T,); 2) the mapping from the neighbor (through the face F'') K; of K; makes appear the requested
boundary condition —rp1 +(J| g1 on the face F''; 3) concerning the other mappings on the faces F'' and F?,
one maps a) either a difference of jumps, which is zero as in case (2) in Section 5.3; b) or the polynomial
('K, — C£)|F for j <iand F € }'JD, which is also zero as the Dirichlet boundary conditions on the face
F in the spaces V(7Tq)|k; and V,(K}) are the same. Thus the function v defined in (5.11) belongs to the
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space V(K;) and one shows (5.10) as in Section 5.3, case (2).

(4) \.7-'}\ = 1 and |FP| = 2. Note that F? = (), whence K; is the last element in the patch 7, by the
property (iii) of Assumption C.1. Moreover, property (vi) allows to conclude that there is no Neumann
boundary condition imposed in the entire patch T, i.e., Fo = (). We define a function v by (5.13) as in
case (3) in Section 5.3; three coloring is typically easier here and no submesh is necessary. As above in
step (3), we see that 1) v* takes the correct value on the two Dirichlet faces in FP; 2) the neighbor through
F! € F? maps the correct contribution on the face F; 3) a) any interior face F € Fi, being shared by two
elements, generates a difference of jumps which is zero; b) any Dirichlet boundary face F' on an element K;
generates the zero contribution (v*|x, — (J)|p.

(5) |]~"f| =2 and |FP| = 1. Note that as above, i = |T,| and FY = (). We proceed as in step (4), using (5.13)
and three coloring, possibly on a submesh 7 of T,. Note that the given boundary patch 7T, can be always
completed to a patch 7. containing an open ball around the vertex a. Then Lemma B.3 with K, = K,
can be applied to T, yielding a three-color refinement of 7. Now removing the added elements outside of
Wa, We obtain a three-color refinement 7, of 7o, with a shape regularity parameter 7 equivalent, up to a
bounded factor, to yr,.

(6) |.7:f| = 3, so that FP = (). Here again i = |T,| and FY = (). Thus setting (5.13) and proceeding as above
is possible.

Acknowledgments. The authors are grateful to F. Meunier (CERMICS) for insightful discussions on the
results of Appendix B.

A Stable polynomial extensions on a tetrahedron

In this section, we reformulate and extend some recent results by Demkowicz, Gopolakrishnan, and Schéberl
[10, 12] and by Costabel and McIntosh [9] on stable polynomial extensions on a single tetrahedron. We first
consider H'-stable extensions in the polynomial space P,(K).

Lemma A.1 (H!'-stable polynomial extension on a tetrahedron). Let K be a tetrahedron with FR C Fk a
possibly empty subset of its faces. Let r be a p-degree piecewise polynomial on FX, p > 1, with restriction
to each F € FR denoted by rr. Assume that r is globally continuous over the Dirichlet boundary given by
FY. Then there exists a constant C > 0 only depending on the shape-reqularity parameter vy such that

min Vvl <C min IV k- (A1)
vp €EPp (K) veH (K)
vp|F=TF VFEJ:B v|p=rp VFE}'B

Remark A.2 (Equivalent form). Consider the following problem: find (x such that

—ACk =0 in K,
(klp=rp onalF e FR,

—Vikng|lr=0 on all F € Fr \ FR,
i.e., in weak form, (i € HY(K) is such that (x|p = rp for all F € FR and
(VCk,Vo)gk =0 Yo e HY(K), v|p =0VF € FR.

Similarly, the (spectral) finite element method of order p finds (p xk € Pp(K) with (p x|p = rp for all
F € FR such that

(Véx, V) =0 Yo, € Py(K), vy|p =0 for all F € FR.

As ( k and Cx are, respectively, the unique minimizers from (A.1), Lemma A.1 can be rephrased as a
stability result for (spectral) finite elements on a single tetrahedron, i.e., |V{k ||k < ||V rllx < C|VCk| k-

Proof. (1) Let us start by noting that in the case Fr = (), both (, x and (x are zero. Let us henceforth
suppose that FL # 0.
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(2) We first establish (A.1) on the unit tetrahedron, say K ; to this purpose, we proceed in three substeps.
(2.a) Case K = K and FR = Fk, ie., the Dirichlet condition is prescribed on the whole boundary OK.
Then [10, Theorem 6.1] shows that there exists a polynomial (,(r) € P,(K) such that (,(r)[sx = r and
1o (M)l 15y < Coaslirllgiz ok, where |[7]| g1/2 5k is defined using the Sobolev-Slobodeckij seminorm as

follows: r(y )‘
r =|r +/ / 7‘1 dy,
11/ 08y = 171220050 o |z — g%

recalling that d = 3. Since there exist constants C 1,2 and Cpi/2 of order unity so that
QHI/Z m}n ||UHH1(K) S ”r”Hl/z(@K) S CH1/2 m}n HU”Hl(K)a (AQ)
veH(K) veH (K)
vlox=r vlox=r

and since ||(,(7)|| g1 (x) > min||vy|| g1 (k) over all v, € P,(K) such that v,|ax = r, we infer that

~

min v 1 <C min vl g1 A3
i Il <€ min ol (A3
Vp|lp=rr VFEFR v|p=rr VFEFR

with with C' = CpgsCli/2 and ||U||%{1(K) = ||v]|% + || Vv||%. Note that we are using the H'-norm in (A.3),
and not the H'-seminorm as in (A.1).
(2.b) Case K = K and FR # Fg. Let us set

(k= argmin |v||g1 (k). (A.4)
veEHY(K)
v|p=rp FG]"B

Note that C~K solves in strong form —AC~K+§K =0in K, C~K\F =r|p for all F € F2, and —VfK'nK|p =0
for all F € Fr \ FR; note also that f & is well defined since F¥ is assumed to be non-empty. Define a new
function 7 € H/ 2(0K) as the trace of 5 x on 0K ; this extends the boundary data r originally defined only on
the faces in FR to the whole K, not necessarily by polynomials on the faces in Fx \F%. The definition (A.4)
of (i combined with (A.2) yields 71 205y < CH1/2||§K||H1 (k). Let us now order the faces of K with
the faces in F2 first and consider only the summands corresponding to the faces in FZ instead of the full
extension operator of [10, equation (6.1)], applied to the function 7. Following [10, Theorem 6.1], we obtain
a polynomial (,(7) € P,(K) such that ¢,(7)|r = rp for all F € FR and [|¢,(7) ||z (k) < Coes||Fll iz o)
Combining with the above bound on ||7:HH1/2(3K) and since ||, (7)|| g1 (k) > min||vy|| g1k over all v, €
P,(K) such that v,|r = 7 on all F € F2, we infer that (A.3) also holds if F2 # Fx with C = CpasClri/e.
This completes the proof of (A.3).

(2.c) Let us prove that (A.1) holds when K = K. Let ¢ € R be arbitrary and let us set r/ := r + ¢; note
that r’ is also a p-degree piecewise polynomial on FX that is globally continuous over FR. Still assuming
that K is the unit tetrahedron and applying (A.3) with the datum 7/, we infer that

min Vv < min v, + ¢ = min v
vp P, (K) ” pHK - vpEP,(K) H P ||H1(K) vp€P, (K) || P”Hl(K)
vp|F=TF VFE]:I[; vp|F=rF VFE]:}I; ’Up‘F:’I‘;; VFG]—'II()
<C min vl (k) = C min lv 4 cll 1 (ks
veH(K) veH (K)
v|p=rf VFEFR v|p=rp YFEFR

where the first bounds follows by dropping the L?-norm of v, + c¢. Taking the infimum over ¢ € R on the
right-hand side and using the Poincaré inequality 1nf06R [v+cllx < 2hi||Vol|x < c||Vol|x with a constant
¢ of order unity, we infer that (A.1) holds when K = K.

(3) Finally, we use a scaling argument to prove (A.l) in any tetrahedron K. Let (, x and (x be the
two minimizers in (A.1) (see Remark A.2). Let T be the geometric map from the unit tetrahedron K to
K. Then the pullback by T defined as ¥(v) = vo T is an isomorphism from H'(K) to H'(K) and also
from P,(K) to Pp(l?). Moreover, we have |[V(¥(v))||z < Cyl|Vollx and [|[V(0 1))k < Cp-1]|VD| %
with constants such that CyCy-1 is uniformly bounded by the shape-regularity parameter of K. Let now
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]-"I% = {Z3 € Fg; T(F) € FR} and let us introduce the piecewise polynomial 7 such that 7z = r o (T'|z) for
all F' e ]—'I%. Applying the result of Step (2¢) to K with polynomial data 7 and subset .7-'}%, and introducing

the two corresponding minimizers, Zp,f( and Z[A{v we infer that ||V6pﬁ||f{ < 5||V6f< | z with C of order unity.
Finally, we have

IVGkllx < IV@(E, 2)llk < CyilIVE, zllz < Cu1ClIVERIIR
< Cy1 O V(LK) g < CpCy1ClIVCklIk,

since ¢_1(Ep #) is in the minimization set defining (, x and ¢ ((x) in that defining Z}? O

Let us now consider H (div)-stable extensions in the polynomial space RT'IN,,(K). The following lemma
rephrases the first two steps of the proof of [1, Theorem 7], while merging them together and extending
them to three space dimensions. Recall that the normal trace of a field in H (div, K) is prescribed according
to (2.5).

Lemma A.3 (H(div)-stable polynomial extension on a tetrahedron). Let K be a tetrahedron with unit
outward normal ng. Let }-11\{1 C Fk be a possibly empty subset of its faces. Let r be a p-degree piecewise
polynomial on .7-",1}1, p > 0, with restriction to each F € fIN< denoted by rr. Let ri be a p-degree polynomial
in K. If F¥ = Fk, assume that Yorer, (T, V)F = (rk,1)k. Then there exists a constant C' > 0 only
depending on the shape-reqularity parameter yi such that

min lopllx <C min o]k (A5)
v, ERT N, (K) veH (div,K)
vy |p=rr YFEFN vng|p=rp VFEFx
Vvp=rg V.v=rg

Remark A.4 (Equivalent form). Consider the following problem: find (x such that

—Alk =TK in K, (A.6a)
(klp =0 on all F € Fi \ Fg, (A.6b)
—Vixng|lp=r1p on all F € FX, (A.6¢)

i.e., in weak form, (i € HY(K) is such that (x|p =0 on all F € Fg \]-"Il\g, (Cx, ) =0 if FR = Fk, and

(V¢k, Vo) = (ri. @) — Y (rr.d)p Vo € H'(K) with ¢|p = 0 VF € F \ Fi. (A7)
FeFl

The dual weak formulation looks for €k € H(div, K) with V-€x = rx and Exnilp =rF on all F € .7-}1\(]
such that
(€x,v)k =0  Yov e H(div,K) with V-v =0 and v-ng|r =0, VF € F¥,

and it is well-known that

€x = arg min lvllxk = —V(k. (A.8)
vEH (div,K)
vng|p=rp VFEJ:II\(I
Vv=rg

Similarly, the dual (or, equivalently, mized) finite element method (here, a dual spectral method) finds
& .k € RTN,(K) with V-€, k =7k and &, k- nk|p =rp on all F € FX such that

(épx )k =0 Vo, € RTN,(K) with V-v, =0 and v, nk|r =0, VF € Fx.

As &€y ik and €k are, respectively, the unique minimizers from (A.5), Lemma A.3 can be rephrased as a
stability result for mized finite elements on a single tetrahedron, i.e., €k ||k < ||€p.xllx < Cll€k| K-

Proof. We first establish (A.5) on the unit tetrahedron, say K ; to this purpose, we proceed in three steps.
Then, we establish (A.5) on any tetrahedron by using the contravariant Piola transformation.

(1) Case K = K and F¥ = (. We infer from [9, Corollary 3.4] that there is &, (rx) € RTN,(K) such that
V-&p(ri) =i and [|€, (k) ||k < Coml|rk ||m-1(k) Where ||rKHH_1(K) = max(rx, d)x over all ¢ € H}(K)
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such that ||Vé|lx = 1. Furthermore, since a Dirichlet boundary condition is prescribed over the whole
boundary of K in (A.6) when FX = (), we infer that (x € H}(K) is such that (V(x,V¢)x = (1, ¢)x for
all € H3(K). Then, we have by (A.8),

min __|vl|x = [€xllx = [VCxllx = max (r,d)x = rxlla-1x)-
) peH; (K)

veEH (div,K 5
Vs IVolix=1
Altogether,
i < <C - <C i :
upeRH’Il“IJI\}p(K)HUp”K <& (re)llx < Cemllrklla-1(x) < Com ve,}r(lé?v’m”””ff
Vvp,=rg V-v=rg

(2) Case K = I/(\', FR #£0, and rx = 0. We further distinguish two cases.

(2.a) Assume first that FX = Fg. Since a Neumann boundary condition is prescribed over the whole
boundary of K in (A.6), (x € H'(K) is such that ((x,1)x = 0 and (V(k,Vo)x = (r,¢)ax for all
¢ € HY(K) such that (¢,1)x = 0. Since (r,1)9x = 0 by assumption, [12, Theorem 7.1] shows that there
is €,(r) € RTN,(K) (actually, in [P,(K)]®) such that V-&,(r) = 0, &,(r)nk|r = rr for all F € F,
and (&, (") (aiv,x) = 1€p(M)llx < Cpaslrl|g-1/2(9K)- Here, H~'/2(0K) is the dual space of H'/?(0K)
equipped with the norm ||7(| -1/29x) = max(r, ¢)ax over all ¢ € H'/?2(9K) such that Ml 12 0m) = 1-
On the unit tetrahedron, we can the lower bound in (A.2) and the Poincaré inequality in the space {¢ €
HY(K); (¢,1)k = 0} to infer that there is a constant Cp-1/2 of order unity so that

(Ta d))aK
||THH*1/2(8K) S OH*1/2 sup 7v .
$eH (K) Vol x
(¢,1) k=0
Owing to (A.8), we infer that
Il g-1/2(05) < Cr-12]|VCkllx = Cg-1/2 veHH(%R/,K) vl
vng|p=rr VFEFK
V-v=0
Altogether,
min v < r < ( - < CpasCh- min V| k.
vy ERTN, (K) vpllx < 1€p(r) I < Coas|irlla 120Ky < CpasCp-1/2 veH(éiv,K) lv|l &
vpni|p=rr VFEFK vng|p=rr VFEFK
V-v,=0 V.v=0
(2.b) Assume now that ) # FX C Fy. Let us set
(k= arg min IV k,

veH (K)
—Vong|p=rr VFEFR

i.e., in weak form (V(gk,V@)x = ZFE]:II\(I(TFV(ZS)F for all ¢ € H'(K) such that ¢|p = 0 for all F €

Fr \ FX. Since K is a convex polyhedron, elliptic regularity implies that (k € H?(K), so that the
normal derivative V(g -ng can be given a pointwise meaning on 0K . Let us call # this normal derivative.
We infer that ||F||g-1/2(9K) < C||VCk k. Let us now order the faces in FY first and consider only the
summands corresponding to the faces from FY instead of the full extension operator of [12, equation (7.1)],
applied to the function 7. Following [12, Theorem 7.1], we obtain a polynomial ¢,(7) € [P,(K)]® such that
¢p(F)nk|p = rp for all F e Fg and [|¢y(7)lx < Coesl|Fllg-1/2(55)- Combining the above bounds and
reasoning as above, we infer that (A.5) holds.

(3) Proof of (A.5) when K = K. Since K is the unit tetrahedron, we can use the bounds established in
Steps (1) and (2). Let &, x € RTN,(K) be the discrete arg min with only divergence prescribed by 7
but no boundary flux prescribed. Using the result of Step (1), we infer that

! = min v <(C min vl <C min vl =C
€l =, _min ol <C_min Wl <C_min ol = Clili
Vvp=rKg Vw=rg vng|p=rr VFEFY
Vv=rg
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where the last inequality follows by restricting the minimization set and introducing the unique minimizer
€k defined in Remark A.4. Let now & ;- € RT'N,(K) be the discrete arg min with divergence prescribed
to zero and boundary flux prescribed to rp — &), r-nk|r for all F € FX. In the case where FX = F, the
compatibility condition on the prescribed fluxes holds since

Y =& pnkle, )p= Y (rp,)r = (V€ 0, Dk = > (re,1)p — (ri, 1)k =0,

FeF} FeF} FeF}

by assumption. Step (2) implies that

v = min v <C min v x.
1€, x Il L [vpllxc < L. vl x
'up-nK\F:rF—&;’K-nK\F VFE]:II\(I ’LJ~'ILK|F:TF7£;7K"ILKIF VFGJ:IIE
V-v,=0 V-v=0

Furthermore, a shift by 5;7 x allows to rewrite equivalently, and then bound by the triangle inequality, the
last minimum above as follows:

. Y < . / _ /
i lo—gadis_min ol 1€l = [l + 1l
vng|p=rr VFEFX vng|p=rp VFEFx
Vv=rg Vv=rg

so that [|€] llx < C(l€xllx + 1€, x| x). Now &, 5 +& i belongs to the discrete minimization set in (A.5)
and [|€), i + & i llxc is bounded by [|{|/x. This proves (A.5) on the unit tetrahedron.

(4) Proof of (A.5) on a general tetrahedron K. We are given a subset Fx of the faces of K, a p-degree
piecewise polynomial 7 on F%, and a p-degree polynomial r in K such that, if F} = F, ZFE]:K (re,D)p =
(rx,1)k. We are going to prove (A.5) on K by mapping the minimization problems to the unit tetrahedron
K. Consider an affine bijective map T : K — K with Jacobian matrix J (note that J is a constant (and
invertible) matrix in K since T is an affine (bijective) map). Let }"g collect the faces of K that are images

by T~ of the faces of K in FY. Let us set
i i=det()| T Tnpllerr o T|p), YF € FX, 7z = det(J)(rx o T),

where n s is the unit outward normal to K on the face F. Then, 7 defined by its restrictions to the faces
F e .Fg is a p-degree piecewise polynomial on .Fg, and 7' is a p-degree polynomial on K, and in the case
where ]—'[1\; = Fg, we additionally have

N Frlp= > (rroT|pdet(D)| T Tnple) s

ﬁE]:E ﬁe]—'}?
= Y eslrp,)p =es(ri, i = (rx o T, det(I)) z = (F, D,
FeFk
with ey = Iiitt(d))‘ = +1. Here, we have used the following classical formulas to change the surface measure
and the volume measure: ds = |det(J)|||[J " "ng[;2ds and dz = |det(J)|dZ. Let us now consider the

contravariant Piola transformation such that ¥ (v) = A(v o T) with A = det(J)J~!. Then ) is an
isomorphism from H (div, K) to H(div, K), and also from RTN,(K) to RT'N,(K). Moreover, we have
the following key properties:

Vw=rgin K<<= V-(¢(v)) =7% in K, (A.9a)
vnglp =rp onall F € Fy <= 4(v)ns =77 onall F e FY, (A.9b)

~ ~

with K = T(K) and F = T(F). The first equivalence results from V-(¢(v)) = det(J)(V-v) o T and the
definition of 7. To prove the second equivalence, recalling (2.5), the left-hand side means that

(©,VO)k + (Vu,8)x = Y (re,d)r,

FeF}
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for all ¢ € H'(K) such that ¢|p = 0 for all F € Fx \ FX. Changing variables in the volume and surface
integrals, the above identity amounts to

(W), Vo) g + (V-4(0), )z = > 5 0)p:

i N
FE}'R\

where $ = ¢ o T. Since the pullback by the geometric map T is an isomorphism from {¢ € H(K); ¢|r
OVE € Fx \ Fi} to {¢ € H'(K); ¢|z = OVF € Fj \Fg}, the above identity means that ¥ (v)ngz =
on all F € .7-}\(1.

Let now &, x and £k be the unique minimizers in (A.5) using the polynomial data r and rg; similarly,

ol

let §p # and E 7 be the unique minimizers for the minimization problems posed on K using the polynomial

data 7 and 7. We infer from Step (3) that ||§p 7z < 6’||§f<||f< with constant C' of order unity. Since

o~

w’l(fp #) is in the minimization set defining £, x and since 1(§x) is in that of é\f(, we have

1€p.xcllxc < 71 (E, Rk < N e, oo)llE, zllz < 197 lewe 0 CliéR 2

< Mz, rClv )z < 19l ee,zoy v oe, 12)Clléx |

where ||| z(z2,2) and ||t~ £ (12, 12) are the operator norms of ¢ and ¥ ~! as linear maps between L*(K)

and L?(K). This completes the proof since the factor |9 z(r2,12)l|9 || £(12,12) is bounded by a constant
only depending on the shape-regularity parameter . O

B On cell enumeration and vertex coloring in patches

We collect in this section some auxiliary results on cell enumeration and vertex coloring in simplicial patches,
corresponding to the setting described in Section 2.1. For any cell K € 7Ty, its interior faces are collected
in the set Fi. := Fr N FL. Let us first observe that any enumeration of the elements in the patch 7, in
the form K7, ..., Kjr,| induces a partition of each of the sets }-}(u 1 < ¢ < |Tal, into two disjoint subsets,

.7-}( = ]—'ib U ]—'f, where .7-'? collects all the interior faces of K; shared by an already enumerated cell K; with
j <, ie., ff ={F e F,, F=0K;N 0Kj, j < i}, and F? collects all the other interior faces of Kj, i.e.,

7
F={F € F.,,F = 0K, N 0Kj, j > i}. Note that |F| + |F!| = 3. An immediate consequence of this
definition is that F} = i, and ]:f = () on the first element, whereas ]:\bTal = () and ]:\ﬁTal = }"}(‘Ta‘ on the
last element.

Lemma B.1 (Patch enumeration). There exists an enumeration of the elements in the patch T, so that

(i) For all1 < i < |Tal|, if there are at least two faces in ]:iﬁ, intersecting in an edge, then all the elements

sharing this edge come sooner in the enumeration, i.e., if |.7-'f| > 2 with {F}, F?} C ff, then letting
e:=F'NF? K; € T.\{K,} implies that j < i.

(it) For all 1 < i < |Tq4|, there are one or two neighbors of K; which have been already enumerated and
correspondingly two or one neighbors of K; which have not been enumerated yet, i.e., |}'f| e {1,2}

simultaneously with |F?| € {2,1}, for all but the first and the last element. In particular, ]—'f contains
all the interior faces of K; if and only if i = |Tq|.

Proof. One can see that the requested properties on the enumeration are satisfied if for all 1 <1 < |Tg|, the
boundary of the set (U;<; K ;) NOwq is connected and contains only vertices of degree two (i.e., each vertex is
connected by an edge to exactly two other vertices also belonging to this boundary). In turn, this property
is satisfied if one considers a shelling of 7, seen as a polytopal complex, see [21, Definition 8.1]. O

Lemma B.2 (Two-color refinement around edges). Fiz a cell K. € T, and an edge e of K. having a as
one endpoint. Recall that T collects all the cells in Tq having e as edge. Then there exists a conforming
refinement T, of To composed of tetrahedra such that

(i) T contains K,;
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(i) All the tetrahedra in T, have e as edge, and their two other vertices lie on Owg,;

(#ii) Collecting all the vertices of T, that are not endpoints of e in the set V., there is a two-color map
col : V. — {1,2} so that for all K € T], the two vertices of k that are not endpoints of e, say

{al}1<n<2, satisfy col(ay) =n.

Proof. Tf |T,| is even, we can just take 7. = 7, since the vertices of 7, that are not endpoints of e then form
a cycle with an even number of vertices that can be colored using alternating colors. If |7.| is odd, we pick
one tetrahedron in 7. \ { K.} and subdivide it into two sub-tetrahedra by cutting it along the median plane
containing e. By doing so, we obtain a conforming simplicial refinement 7. of 7. that has all the desired
properties. U

Lemma B.3 (Three-color patch refinement). Fiz a cell K, € Tq. There exists a conforming refinement T,
of Ta composed of tetrahedra such that

(i) T2 contains K.;
(i) All the tetrahedra in T, have a as vertex, and their three other vertices lie on Owg;

(#ii) Collecting all the vertices of T, distinct from a in the set V., there is a three-color map col : V) —
{1,2,3} so that for all k € T, the three vertices of k distinct from a, say {a'}1<n<s, satisfy col(a}}) =
n.

Proof. Since all the cells in 7, and in 7 have a as vertex and their three other vertices lie on Owg, we will
reason on the trace of 7, on Owg. Using a homeomorphism, we can map Uger,\{x,}{K' N O0wa} to an
interior triangulation, say T, of the unit triangle 7 in R? with the particularity that the three sides of T" are
edges of cells in T (these three triangular cells are the images by the above homeomorphism of the trace on
Owg of the three tetrahedra sharing a face with K,); see Figure 1. We now devise a conforming triangular

Figure 1: Left: original patch 75 N dw, locally around K, N dw, (highlighted in dark grey), the three
triangles K’ N dw, for which the tetrahedron K’ shares an interior face with K are highlighted in light grey,
and the triangles K’ N Owg for which the tetrahedron K’ shares only an interior edge with K are dashed;
Right: mapping by the homeomorphism to a triangulation of the unit triangle 7' in R?; the polygon at the
heart of T is the image by the homeomorphism of all the triangles K’ Ndwg where K’ only shares the vertex
a with K.,.

refinement of ¥ that does not refine the three sides of 7" and such that all the vertices in this refinement
are connected to an even number of other vertices (the number of connections is called the degree of the
vertex). The existence of a three-coloring map on the vertices of this refinement will then follow from [20].
To this purpose, we proceed in several steps. Let us call {z1, 22, 23} the three vertices of T. The three
triangles in T supported on the three edges of T are denoted by {71, 72,73} in such a way that 7,, does not
touch the vertex z,, for all n = 1,2,3. Let 2/, denote the barycenter of 7,.

(1) We subdivide all the triangles in ¥ by barycentric subdivision into six sub-triangles. By doing so,
we create new vertices, namely the barycenter of each triangle in ¥ (with degree 6), and the midpoint of
each edge in ¥ (with degree 4). Moreover, all the original vertices of T have now even degree, except for
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{21, z2, 23} which have odd degree. To avoid refining the three edges of T, we remove for all n € {1,2,3}
the connection between the barycenter z;, and the midpoint of the edge of T supporting the triangle 7,,. By
doing so, the degree of the three barycenters {z], 25, 25} changes from six to five. At this stage, we have
a conforming, triangular refinement preserving the three sides of 7', but which contains six vertices of odd
degree, namely {z1, z2, 23} and {z1, 25, 2 }.

(2) We subdivide the triangle with vertices {21, 24, 23} into three triangles by joining its barycenter, say 24,
to the three vertices. The degree of 2z, 25, and z3 is now even as desired, but we have created the new vertex
2! with degree three. This new triangulation is illustrated in the central panel of Figure 2 in a slightly
simplified setting with respect to Figure 1 since we have reduced to one the number of original dashed
triangles at each of the three vertices of T' (see the left panel of Figure 2 for the original triangulation).

(3) We now subdivide all the triangles having z; as vertex, except the newly created one, into two sub-
triangles as depicted in the right panel of Figure 2. The vertices 2§ and z; now have even degree, and
we have created additional vertices at some edge midpoints that all have degree four while we have also
increased by two the degree of some vertices.

(4) Finally, we use a similar process, as depicted also in the right panel of Figure 2, so that the vertices
z} and z§ now have even degree, while we create additional vertices at some edge midpoints that all have
degree four. We now have a triangulation where all the vertices have even degree. O

Figure 2: Left: original triangulation in the simple case where there is only one dashed triangle at each
of the three vertices {z1, 22, z3}; Center: refined triangulation at the end of Step (2) showing the newly
created barycenters {z{, 25, 25} and z4; Right: final refined triangulation where now all the vertices have
even degree.

C On boundary patches enumeration

Let a be a boundary vertex as specified in Section 2.4. Decompose F} L= ]-'Z-b U]—"iti as in Appendix B; note,
however, that |F?|+ |ff| # 3 here in general; there rather holds |F?| + | F?| + | Fx, N FP| + | Fx, N FY| = 3,
where all the sets are disjoint. We now give a variant of Lemma B.1 on enumeration of the cells in the patch
Ta. We state it as assumption to cover as general as possible geometrical situations but note that it can be
immediately verified in most cases of practical interest. We also note that two of the three properties below
are only requested in the H! setting; in particular property (vi) seems to request that the interior of the
Dirichlet set F2 is connected and that, when both FY and FLY are non-empty, the enumeration is started
in a simplex K € T, containing a Dirichlet face from F2, with a neighbor containing a Neumann face from
7N,

Assumption C.1 (Boundary patch enumeration). There exists an enumeration of the patch Tq so that

(i) For all 1 < i < |Tgl, if there are at least two faces in ff, intersecting in an edge e, then this edge lies

wn the interior of the patch wg, i.e., if |.7-'f| > 2, then . N FNNFD = .
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(ii)

(iii)

(iv)

(v)

(vi)

(H' setting only) For all 1 < i < |Tg|, if there are at least two faces in ]-"iﬂ or if there is at least one
face in ]:f and at least one face in Fx, NFY, intersecting in an edge, then all the elements sharing this
edge come sooner in the enumeration, i.e., if | F|+ |Fx, N FP| > 2 with {F}, F?} C ff U(Fk, NFD),

then for all e := F! N F?, K; € T. \ {K;} implies that j < i.

For all 1 < i < |T4l, there are one or two neighbors of K; which have been already enumerated and
one or two neighbors of K; which have not been enumerated yet, i.e., | FF| € {1,2} and |F?| € {1,2},
for all but the first and the last element. In particular, F! is empty if and only if i = |Ta|.

?

(H* setting only) The last element contains at least one (Neumann) face from FY if FN is not empty,
i.e., FN () implies FK 7 NFY #0.

(H (div) setting only) The last element contains at least one (Dirichlet) face from F2 if F2 is not
empty, i.e., F2 # () implies FKipy N FD £,

(H! setting only) For all edges e having a as vertex, all the elements sharing this edge and containing
a (Dirichlet) face from the set F2 come sooner in the enumeration than elements sharing e and
containing a (Neumann) face from the set Y, i.e., for alle € &g, if Kj € T. is such that Fk, NFD #0

and K; € Te, K; # Kj, is such that Fr, N FY # 0, than j < i.
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