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UNDERSTANDING THE TIME-DEPENDENT EFFECTIVE
DIFFUSION COEFFICIENT MEASURED BY DIFFUSION MRI: THE
INTRA-CELLULAR CASE*

HOUSSEM HADDAR', JING-REBECCA LI, AND SIMONA SCHIAVIf

Abstract. Diffusion Magnetic Resonance Imaging (dMRI) can be used to measure a time-
dependent effective diffusion coefficient that can in turn reveal information about the tissue geometry.
Recently a mathematical model for the time-dependent effective diffusion coefficient was obtained
using homogenization techniques after imposing a certain scaling relationship for the time, the bi-
ological cell membrane permeability, the diffusion-encoding magnetic field gradient strength, and a
periodicity length of the cellular geometry. With this choice of the scaling of the physical parameters,
the effective diffusion coefficient of the medium can be computed after solving a diffusion equation
subject to a time-dependent Neumann boundary condition, independently in the biological cells and
in the extra-cellular space. In this paper, we analyze this new model, which we call the H-ADC
model, in the case of finite domains, which is relevant to diffusion inside biological cells. We use both
the eigenfunction expansion and the single layer potential representation for the solution of the above
mentioned diffusion equation to obtain analytical expressions for the effective diffusion coefficient in
different diffusion time regimes. These expressions are validated using numerical simulations in two
dimensions.

Key words. Diffusion MRI; time-dependent ADC'; homogenization; effective medium;

AMS subject classifications. 35B27, 35Q99, 65M32, 65Z05

1. Introduction. Diffusion Magnetic Resonance Imaging (AMRI) encodes water
displacement due to diffusion via the application of diffusion-encoding gradient pulses
and is a powerful tool to obtain information on the tissue microstructure. A major
application has been in detecting acute cerebral ischemia minutes after stroke [28, 42].
DMRI has been used to detect and differentiate a wide range of physiological and
pathological conditions in the brain, including tumors [25, 37, 40] and myelination
abnormalities (for a review, see [21]). It also has been used to study brain connectivity
(for a review, see [20]) and in functional imaging [22] as well as in cardiac applications
[5, 6, 35].

In particular, we are interested in an important quantity measured by dMRI
called the “Apparent Diffusion Coefficient” (ADC') which is based on a measure of the
mean diffusion displacement inside an imaging voxel. The mean squared displacment
of spins during a diffusion time tp is defined as:

(1) MSD(tp) = fp()lio)dxo / / p(x0) ((x — xo) - ug)2 u(x, X, tp)dx dxg.

where u(x,Xg,tp) is the proportion of spins starting at xo when ¢ = 0 ending up at
position x after a time tp, p(xg) is the density of spins at x¢, and ug is a unit vector
in R? (ug is called the diffusion-encoding direction). In the same vein, we can define
an effective diffusion coefficient in the direction ug by the following expression:

2) iMSD(tD).
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2 H. HADDAR, J. R. LI, AND S. SCHIAVI

Since the mean squared displacement in a heterogeneous medium is not necessarily
linear in tp, effective diffusion coefficient typically depends on tp.

The M SD can be measured by dMRI using a sequence of magnetic field gradient
pulses (called a diffusion-encoding sequence). A commonly used sequence is the Pulse
Gradient Spin Echo (PGSE) experiment [36]. In this paper, we will focus on the
PGSE time profile to simplify the presentation.

The PGSE sequence contains two rectangular pulses of the diffusion-encoding
gradient magnetic field Bgig = gug - x, where g is the strength of the gradient and
ug is the gradient direction. Each pulse has a duration d, with the delay between the
start of the two pulses denoted A, and there is also a radio-frequency (RF) pulse to
affect a 180 degree spin reversal between the pulses (see Figure 1).

90 180
|-| |—| Echo
RF i
g g
G(t)
TE
—4
Glb d—éhb
f(t)

Fig. 1: The Pulsed Gradient Spin Echo (PGSE) sequence. The effective sequence
time profile shown here takes into account the 180 degree pulse.

In the ideal case, where the pulse duration is very short compared to the delay
between the pulses, § < A, called the narrow pulse case, it is easy to relate the
magnetization of spins to the diffusion propagator u(x,xg,¢p). Let us consider spins
initially located at xg. After the first pulse, the complex phase of these spins is
€978%0 where v = 42.576 MHz/Tesla is the gyro-magnetic ratio of the water proton.
Because the gradient magnetic field is turned off after the first pulse, the spins move
but the phase of the spins does not change. The phase remains e?®¥8*0 until the
application of the RF pulse resulting in a 180 degree spin reversal. After the 180
degree RF pulse, the complex phase becomes e~ *978%0, Again, spins move but the
phase of the spins stays the same until the application of the second pulse, after which
the complex phase due to spins ending up at position x¢ becomes 78 (xs=%0)  §o the
magnetization at position x and the echo time TFE, which is the time that the MRI
signal is acquired, some time after the end of the second pulse ( i.e. TE > A+ 9), is:

(3) M(x,TE) ~ / p(xo) u(x,x9,A) ! 079ug (X=%0) gy
X0

where we used the assumption that 6 < A. The dMRI signal S is the total water
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UNDERSTANDING THE TIME-DEPENDENT ADC: INTRA-CELLULAR CASE 3

proton magnetization in an imaging voxel V:

(4) S = /ev M(x,TE) dx.

Because the diffusion displacement is usually much shorter than the size of the
imaging voxel size we can ignore spins that enter and leave the voxel during the signal
acquisition and thus take domain of integration in Eq. (4) to be R3. Using properties
of the Fourier transform, we obtain

S
Js.

®) 9 (6v9)"

~ MSD(A),

dv9=0

in the case of the narrow pulse PGSE sequence, where Sy is the signal at ¢ = 0 (a
derivation of this statement can be found in [23]).

Without the narrow pulse assumption, Eq. (3) does not hold exactly. Rather,
M (x,t) is governed by the Bloch-Torrey equation, which is a complex-valued diffusive
PDE:
(6)

L M(x,t) = —iygug - xf(t)M(x,t) + div(Do(x) VM (x,t)) in |JQ; x [0,TE]

[[D()VM . V]]Fi]' =0 on Fij X [O,TE]
DovM . Z/|F,ij = K,[[Mﬂrij on Fij X [O,TE]
M(-,0) =p in UQ;
where )y is the extra-cellular space and each of §2;, j =1,--- , N, is a biological cell.
The vector v is the exterior normal to the biological cells; [-]r,;, i,j = 0,--- , N, i # j,

is the jump (the limit value in compartment ¢ minus the limit value in compartment j5)
on I';;, the interface between £2; and €2;; « is the membrane permeability coefficient;
¢ is the imaginary unit. The function f(t) gives the normalized time profile of the
diffusion-encoding magnetic field gradient pulses. For the classic Pulsed Gradient
Spin Echo (PGSE) sequence [36], simplified to include only the parameters relevant
to diffusion (the imaging gradients are ignored),

1 te<t<ts+39,

0 ts +0 <t <ts+ A,

-1 ts+A<t<ts+A+0,
0 elsewhere,

(7) ft)=

where t, is the start of the first pulse and we made f(t) negative in the second pulse
to include the effect of the 180 degree spin reversal between the pulses. For simplicity,
since ts does not play a role in the results of this paper, we set t; — 0. For the same
reason, we set T = 0 + A in this paper.

We note that the Bloch-Torrey equation needs to be supplemented by additional
boundary conditions on the sides of the imaging voxel. For example, periodic bound-
ary conditions on the boundary of the voxel would be an acceptable choice.

In the case of unrestricted diffusion in a homogeneous medium with a diffusion
coefficient Dy, the integral of the solution of the Bloch-Torrey equation, in other
words, the total magnetization, takes the following exponential form [4, 16] :

(8) S = Sye~Pob,
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4 H. HADDAR, J. R. LI, AND S. SCHIAVI
with the b-value defined as:
TE
(9) b=n?e? [ Flerat
0
where
t
(10) Ft) = / f(s)ds.
0

In particular, for the PGSE sequence,

t te <t <ty+9,
) te+0<t<tys+A
(11) F(t) = srostshAa
A+6—t ti+A<t<ts+A+9,
0 elsewhere.
To adapt the definition of the effective diffusion coefficient to the non-narrow
pulse case, we make the following mathematical definition:

1 0 S
(12) DY = ————————n <)|
V2 fo F(t)2dt99°  \So/|

In the dMRI community, the above quantity is fitted using the experimental MRI
signal at several b values and the obtained value is called the “apparent diffusion
coefficient” (ADC). The ADC is widely used medical applications, for instance, ADC
maps of brain have been used to identify tumours (see [21, 41]). The Dflfgf defined
in the above formula depends on the gradient direction ug and the temporal profile
f(t) but not on the gradient amplitude. In this paper, with the phrase “diffusion
time-dependent” we actually mean dependent on A and 9.

The motivation of our work is the experimentally observed phenomenon (see [33]
and the references contained there) that the ADC depends on A (and ¢ in the non-
narrow pulse case), leading to the need to characterize the time-dependent ADC' in
terms of tissue-related quantities over a wide range of diffusion time regimes. The
ultimate goal is of course the estimation of these tissue-related quantities from the
measured dMRI signal.

In this paper, we focus on the case of finite domains, where the membrane per-
meability is small enough to have negligible effect on the effective diffusion coefficient,
which is related to the first order moment of the dMRI signal in the b-value (Eq. 12).
We note that this does not exclude the permeability from having an effect on the
higher order moments of the signal. For the case where the permeability does affect
the fo;, the analysis is more difficult and we refer the reader to [7, 15, 19, 38, 39]
for results on periodic media and to [3, 8, 30, 31, 32] on more general heterogeneous
media, not necessarily periodic.

Now we summarize some existing results concerning the effective diffusion coeffi-
cient for finite domains where the membrane permeability is negligible. In the short
time regime, the effective diffusion coefficient is reduced from the free diffusion coeffi-
cient Dy by the presence of the cell membranes that affects only the molecules in the
adjacent layer. The thickness of this layer is of the order of the diffusion length /Dot
[17], where Dy is the bulk diffusion coeflicient. Calculations in [26, 27] show

4 S
1 Deff =Do(1-——=/D
( 3) short(t) 0 ( 3dﬁV 0t> 5

=0

This manuscript is for review purposes only.
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UNDERSTANDING THE TIME-DEPENDENT ADC: INTRA-CELLULAR CASE 5

where d is the spatial dimension and S/V is the surface to volume ratio. This result
was extended to include higher order terms accounting for permeable membranes,
surface relaxation and mean curvature [18, 30]. It was also shown that, in the case of
anisotropic media subjected to a linear gradient with direction ug, one should replace

v 2 X . . . .
% above by fm(u‘gfl)d [1, 9]. In the long time limit, the spins explore the whole

available space of the finite domain and then their mean square displacement saturates
while the effective diffusion coefficient decreases as A increases. For an isolated cell
of a typical size R the diffusion becomes Gaussian as was shown in [29, 34]. In the
case of the PGSE sequence in the narrow pulse limit one gets

R2
eff ~
long (A) ~ CK’

where C is a geometrical constant (for example, C' = 1/4 for the reflecting cylinder
and C = 1/12 for a 1D configuration [4, 9]).

Finally, an approach that is closely related to the work of this paper is the “ma-
trix formalism” approach used to describe restricted diffusion in bounded domains[2,
9, 10, 11]. There one considers the applied diffusion-encoding magnetic field as a per-
turbation of the Laplace operator and the magnetization is decomposed on the basis
of Laplacian eigenfunctions.

In contrast to the “matrix formalism” approach, the homogeneous model [14]
which we call the H-ADC model and which is the focus of this paper, was derived
using a certain scaling of the membrane permeability with respect to other physical
parameters and thus is not limited to impermeable domains. Our derivation of the
H-ADC model justifies neglecting the membrane permeability for the choice of scal-
ing that we have made. In addition, since we have formulated the time-dependent
effective diffusion coefficient as the solution of a diffusion equation rather than di-
rectly in the eigenfunction basis, we have the freedom to analyze the solution of the
resulting diffusion equation using both the eigenfunction representation as well as the
layer potential representation according the relevant time regime under consideration.
Finally, we note that we preferred the term “apparent” to the term “effective” in nam-
ing the H-ADC' model due to the more common usage of the term ADC' in the MRI
community.

This paper is organized as follows. In Section 2 we describe the H-ADC' model
derived in [14]. In Section 3 we represent the solution of the relevant diffusion equa-
tion of the H-ADC model using the eigenfunction basis as well as by single layer
potentials and discuss the regime where each representation is advantageous. In
Section 4 we provide formulas for the effective diffusion coefficient that is averaged
over diffusion-encoding gradient directions that are uniformly distributed in the unit
sphere. In Section 5 we validate our analytical results with numerical simulations on
two-dimensional geometries. Section 6 contains our conclusions.

(14) D

2. Effective diffusion coefficient in finite domains. In a previous work [14],
we obtained an homogenized model by starting from the Bloch-Torrey equation using
the following scaling relationship between the time (A and 4), the biological cell
membrane permeability (x), the diffusion-encoding magnetic field gradient strength
(g9), and a periodicity length of the cellular geometry (L):

L= 0(6)7 K= O(E)v 9= 0(672)7 {Aa 5} = 0(62)7

where € is a non-dimensional parameter. It was shown that with this choice, there
is no coupling between the different geometrical compartments in the ¢ term which

This manuscript is for review purposes only.
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6 H. HADDAR, J. R. LI, AND S. SCHIAVI

gives rise to the effective diffusion coefficient. The total effective diffusion coeffi-
cient is the sum of the effective diffusion coefficient in each geometrical compartment
weighted by its volume fraction. Thus, in this paper we are justified in considering
each compartment separately.

According to [14], with the definitions of F'(¢) given in (11), the effective diffusion
coefficient in the compartment €2 can be obtained in the following way:

D TE
(15) Def =Dy — fOTEF(zt)th/o F(t) h(t) dt,
where
(16) h(t) = ﬁ /Q ug - Vw(x, 1)

is a quantity related to the directional gradient of a function w that is the solution
of the homogeneous diffusion equation with Neumann boundary condition and zero
initial condition:

%w(x, t) — V (DyVw(x,t)) =0, x €,
(17) DoVw(x, ) - v(x) = DoF(t)ug - v(x), x €9,
w(x,t) =0, x €,

v is the outward normal and ¢t € [0, TE]. We can see that if h(¢) is close to F'(t), then
Dﬁg is close to 0. The above set of equations, (15)-(17), comprise the homogenized
model that we call the H-ADC' model.

In our previous work [14], we imposed periodic boundary conditions on the bound-
ary of the voxel. In this paper, we are interested in analyzing (15)-(17) for spatially
finite compartments, which is relevant to diffusion inside biological cells. It will not
be necessary to impose periodic boundary conditions on the sides of the imaging voxel
if we consider only cells that do not touch the sides.

3. Solution of the model. Defining the right hand side of the Neumann bound-
ary condition as

(18) Bly,t) := DoF(t) ug - v(y),

we will use the following two equivalent expressions for h(t):

(19) h(t) = |ﬁl|/§lug -Vw(x,t)dx = ﬁ /Fw(yJ) (ug - v(y)) dsy,

where the second expression can be obtained by applying the divergence theorem to
(16). We observe that the first expression uses values of the gradient of w inside
the domain while the second uses the values of w on the boundary. Each expression
will have advantages depending on whether we use the eigenfunctions of the Laplace
operator or layer potentials to represent w.

3.1. Eigenfunctions representation. Writing w as the sum

(20) w(x,t) =w(x,t)+ F(t) x-ug,x € Q, t €[0,TE|

This manuscript is for review purposes only.



UNDERSTANDING THE TIME-DEPENDENT ADC: INTRA-CELLULAR CASE 7

215  where W(x,t) satisfied the diffusion equation with a forcing term and homogeneous
216 boundary condition:

217 (21) %@(x, t) — V(DyViu(x,t)) = —f(t)x - ug, xeQ, tel0,TE],
218 (22) DoVa(x,t) - v(x) =0, xel, te|0,TE],
339 (23) w(x,1) =0, x €,

221 it is well-known that @(x,t) can be expanded in the basis of Laplace eigenfunctions.
222 Let ¢, (x) and A, be the L? normalized eigenfunctions and eigenvalues associated to
223 the Laplace operator with homogeneous Neumann boundary conditions:

224 — VDo (Vou(x)) = Anon(x), x EQ,
338 DoV (x)-v(x) =0, x el

227 We can write @(x,t) in the basis of the eigenfunctions as

o0
205 (24) B(x,t) = —agpo(X)F(t) + D (—an)pn(x / ~DoAn(t=9) £(5)ds
n=1
229  where the coefficients are
230 (25) ! / d / on(x)d
2 ap = ——= | x-Ugdx, a,= [ X ugd,(x)dx,
231 Ve[ Ja Q
232 which coincide with the first moments of the eigenfunctions in the ug direction.
233 Finally, the solution to the diffusion equation is

234 (26)  w(x,t) = (x ‘ug — \/ﬁa()) F(t)+ Z(—an)dln(x)/ e PoAnt=5) £(§)ds

235 and using properties of the eigenfunctions:
VI =0
236 (27) / On(x { e,

237 and the divergence theorem:
(28)

238 /Q/\nqbn (ug - x)dx = /QquSn(x)-ug dx—/FDngzSn(x)-y ug-vdsx = /glVgZ)n(x)ng de

239 we obtain

t
. 7D0)\n(t75)
240 (29) )+ Z |Q‘ /0 e f(s)ds.

241  This leads to the final formula:

22 (30) Dyl = i _(an)*Dorn__ / TE F(t) ( / L Pats) f(s)ds> dt.
=) [TE FR()dt Jo 0

This manuscript is for review purposes only.



8 H. HADDAR, J. R. LI, AND S. SCHIAVI

243  We remark that this formula is the same as the one obtained with the matrix formalism
244 in [9]. In particular, if we consider PGSE sequence, we can rewrite (15) using the
245 contribution of each of the three intervals as

(31)
5 A A+6
246 Dﬁﬁ:Do— &/ th(t)dt+&/ 6h(t)dt+&/ (A+6—1t)h(t)dt |,
& A Jo A Js A Ja
I II IIT

247  where

TE 5
218 (32) A:i/ fﬂamtﬁ<A3>,

0

249 and in the first pulse

Dys® 1 & 52 e~ Pornd  o=Dornd _ 1
250 (33) I= 24 + A Z (an)? <_ _ _ 7

252  between the pulses

(34)

Dod?(A — —4( an —DornA —DoAn(A—6 -
25: II = ( 0An A _ 0An ( ) —DoAnd 1) ’
253 1 |Q|A Z e e +

255 and in the second pulse

Do — 2 52D\,
257 (35) I = =0+ Z Do, A)| a <5 = g = GeT P g g P (B0
- +26—D0>\nA _ 1 + e_DO)\n6 _ e_DOAn(A+6) _ e—’DoAn(A—ts))
25
259 DoAn,

260 In the end, we obtain

261

262 (36) Deff = i —(an)? [e*D“’)‘"(AM) + e~ PoAn(A=0)
DN (A=) 19|

263 -2 (’DO)\n(S + e~ PoAnd 4 g=PornA _ 1)] .

265 In the narrow pulse case (6 < A), we obtain

266 (37) Deff i (an)” (1— e Pornd)
Ug A ’

n=1

267 which confirms that D‘fg approach its long time limit as proportional to 1/A inside
268 finite domains. In particular, for a 1D configuration of length L, a; = % and for a

269 reflecting cylinder of radius R, a1 = %2, which confirm the results in [4, 9].
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UNDERSTANDING THE TIME-DEPENDENT ADC: INTRA-CELLULAR CASE 9

3.2. Layer potential representation. The solution of the diffusion equation
can be also represented using layer potentials [13]. This representation is more efficient
than the eigenfunction representation at short diffusion times. Since the PDE has a
Neumann boundary condition, we choose to represent the solution w(x,t) = S[u](x, )
as a single layer potential with a density p defined on T,

(38) Sl (x,t) / /Do (x—y,t—1)uly, 7)dsydr,

where G(x,t) is the fundamental solution of the heat equation in free space given by

(39) G(x,t) = (4nDyt) "2 e I)<WW2>

and d is the space dimension. At short times, there is an unavoidable square root
singulary in ¢ in the single layer potential, therefore in what follows, we separate out
the integrand in (38) in the following way,

(40) s[u](x,t,7)dr,

! 1
t) :/0 \/4D07r(t—7')B

where
(41) Bs[u](x,t,7) := /FDm/élDOﬂ'(t —7)Gx—y,t—7)p(y,7)dsy

is analytic in time if g is. The single layer potential satisfies

(12) 2 Slux, 1)~ V(DoVS[ul(x,1) =0, x € .t € [0,TE)

(43) S[ul(x,0) = 0, x € Q.

Then the density p is chosen to be a causal function and is determined by imposing
the Neumann boundary conditions:

lim DyVS[u](x,t)-v(x) = B(x",t), x°eT,tel0,TE],

x—x%el

where 3(x,t) is defined in (18). Using the jump properties of the traces of double
layer potentials, the integral equation to be solved for u is then the following:

D,
(44) S2uE ) + DK (", 1) = B 1), x0Tt € [0, TH],
where
(45) K*[p)(x°,t) / p](x°,t, 7)dr,
\/ 47TDO t — 7'
with

Brclp) (x", ¢ T) =

(46) —2(x% —y)
- AR )
/F Dot —7) Do/41Do(t — 7)G(x° — y,t — T)pu(y, T)dsy

This manuscript is for review purposes only.
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10 H. HADDAR, J. R. LI, AND S. SCHIAVI

being analytic in time if p is.
To compute h(t) from (19) we only need to evaluate w(x%,t) = S[u](x°,¢) on the
boundary I'. We write the density p as the solution of (44):

2 _
(47) M(Xoat)zpi(1+2K*) 1B(X07t), XO EF,tE [OaTE]a
0

and expand the operator (1 + 2K*)71 for short time ¢ (corresponding with 2K* being
a contraction) as

2
(48) u(xo,t):D—(1—2K*+4(K*)2+...)6(x0,t),
0
to obtain
0 2 0 4 * 0 .
(49) p(x",t) = —pB(x",t) — — K*[B](x", t) + higher order terms.
Dy Dy

This means in particular that

S0 = 5 | 28] (0,0) 4.5 |- 5o K°181]

+ higher order terms.

(50)

We will now compute the first term on the right hand side of the above equation
to get an approximate expression for w(x?,t) = S[u](x",t) and we will compute the
second term to get an expression for the error.

We note here that asymptotic results for small values of (¢t — ) concerning Bg[]
and Bk [p] for a density u that has a Taylor expansion in both the space and the time
variables have been obtained in [12, 24], but only in two dimensions. However, we
expect that the generalization to three dimensions should be straightforward. In par-
ticular, the curvature term and higher order spatial derivatives need to be generalized
to analogous quantities in three dimensions.

Here, we summarize the results derived in [12, 24] for two dimensions. Suppose a
local parametrization for I' around x° of the form

I'= {(S,y(S)),SZ—OO“-OO},

having translated and rotated the x and y-axes so that the origin is at x° and the
tangent of I' at x° is parallel to the z-axis, with the end points extended to Foo
because such an approximation facilitates the computation of the integrals and the
resulting error is exponentially small. Let y(s) be oriented counter-clockwise, with
the following expansion in terms of the curvilinear abscissa s :

1 1 1
(51) y(S) = 5’75552 + 6735553 + ﬂ’YSSSSSZl 4+ ...,

For the operator S, it was shown in [12, 24] that:

XO 2
Bl ) = e, 0) + (200, 0) 4 0 62,0)) (0 7)

(52)
+0((t—1)°)

This manuscript is for review purposes only.
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UNDERSTANDING THE TIME-DEPENDENT ADC: INTRA-CELLULAR CASE 11

and for the operator K* it was shown that:
(53)

Brlu(x°,t,7) = 7“2 )

1
PO 1) 4 2 16750 (X7 (57 1) + 12755 (%7 s (7, 1)

+ 475 (XO>Nt(XO7 t) + (G'Yssss (XO) — 157ss (X0)3) :u(xov t) (t - T)
+ O ((t — 7)2) .

Specifically 7,5 is the curvature of I' at the point x° and in what follows we will
indicate it as k(x"). In three dimensions, it should be easy to see that the constant
term in Bg[u](x°,t,7) would not change, and the constant term in By /[u](x°,t,7)
would contain spatial derivatives on a two dimensional manifold.

For the PGSE sequence, 3(x°,t) assumes the following three expressions in the
three time intervals:

¢ 0<t<,
(54) B(x%,t) = Doug - v(x°) 4 & S§<t<A,
A+d—t A<t<A+6.

First, using the definition (40) and the result (52) we obtain

) t3/2
S Dioﬂ (x°,t) = 4(?:/);/2ug v(x%) { #3/2 — (t —0)3/2
. 13/2 — (£ — 0)3/2 — (t — A)3/?
(55) (#/2) if 0 <t<é,
col(Br—- 5)5/2) if <t <A,
2= (1= 07— (t - A7) ifA<t<A+e

Similarly, using the definition (45) and the result (53) we obtain
(56) K*[B](x%,t) = ai(xo)as(t) + O(as(t))
where

3/2
(DO):)»;() (0.

t3/2 if0<t<sé,

=132 — (t—§)*? if 5 <t <A,
(57) B2 (=5 — (1= A2 A <t<A44,

t5/2 if0<t<§,

=152 — (t — §)°? if§<t<A,

52— (=6~ (t—A)? fA<t< A4S
To computeS AK [m} (x0, 1), we first observe that S [f [5]} (x,) = — S [K*[3] (Xo,t).l
Moreover, to compute S[K*[8]] (xY,t) we cannot use the result (52) because ag and
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a3 do not have a Taylor expansion in ¢. Following the idea in [12], we explicitly
compute the lowest order terms of S[K*[3]](x°,¢) in two dimensions by

(58) S[K*[8]](x0, t K*[0)](x0,t, 7)dT,

/ \/4777)0 t—T

where

Bs[K"[8]](x0,,7)

(59) o ettt ~ it

7)+ O(as(7)))v/1 )2ds.
\/471"1)0 t—T

Note for simplicity, we replaced a1 (xg) by a1(s) to indicate the local parametrization
of I around xg, as described previously.
To compute the above spatial integral we note the dominant contribution of the
2

. — i . _ s .
Gaussian e 4Po and make the change of variables r o= to obtain

% +oo DO _p2 _’y(T”U)2
Bs[K*[A]](x0,t,T) = ﬁe e w2

i o 5) oo~ ) v

where v = /4Dy (t — 7). We would like an asymptotic expansion of the above integral
: _ 1 2,2 3,3 (P0)*k(x) 0

in v. We note y(rv) = 5k(xo)r“v® + O(r°v’) and a;(0) = f( g v(x0)).
The order O(v) term only occurs in ay and we do not need to take it into account

_',42

due to the anti-symmetry of e™" r. So we compute the space integral to obtain

—+o0
Do _,

- e 2‘<(oz1(0)+0(7“2112)) (t_g))+0(a3 (t_;;())))dr

(t _ 47;) (Doa1(0) + O(v*)) + O ( (t B 41);0»

We now take the above expression and put it into the time integral to get
S[K*[B]](x0,1):

) (Doa1(0) + O(t — 7)) + O(az(7))) dr.

/ \/4777)0 (t—r7)

Using the following property of the beta function (the Euler integral of the first kind)

IF'p+ 1w +1)
T(w+p+2)

i

¢
/ (t —7)% 7P dr = Pttt
0
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we can compute / \/ti 7)dT exactly:
—7)
3
/t T2 dr — 3jt27
0 t—T1 8
) 3 t 3 3
T2 T — (1 —0)2 3T, 4 9
dT+/ dr = —@* = (t —9)7)
(60) /Q t—1T1 F} \/t — T 8
¢ 3 Ari_(r—0)3 brs —(1—08)% — (r—A)2
/ dT+/ dr —|—/ dr
0o Vt—T s Vi—T A t—T
3
= S (=02~ (t-A))
Therefore, the dominant asymptotic terms are
(61)
t2

4 D2

=~ Tokee) (g () §

t2—(t—0)>2—(t— A%

(t%) if0<t<é,
+ 04 (= (t—6)%, if § <t <A,
(BB—t=0P—(t—A)?) fA<t<A+S,

where we computed the error term by evaluating

/‘¢t_7
[, o=
| iy

)(t — 7)d7, we have

t 3
T2 ™
t —71)dr = —13,
0 \/t—T( ) 16
5 3

0

6 [ ey [T
/0 . +/§ =" (=)
+/AT2(T522_T(TA)2(tT)dT
= (= (=9~ (t - &)
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¢
1
For/ ————ag3(7)dr, we have
0

tor3 om 3
/ dr = —t°,
0 \/t — T 16

Vit—T Vit—T 16

o 73 Ak (r—0)t trd_(r=0)8 = (r—A)3
/ T dr 4 T (t—90) dT+/ T (t—90) (t—A) dr
0 t—rT S5 t—T1 A t—T1

5
=T -0 — (- A

Replacing the various expressions in (50) with the calculations we did above, we
obtain the approximation with the error bound:

t3/2

A(D 1/2
Sl 1) = g () 3 642 — (1 7
g 132 _ (f = 5312 — (t — A)3/2
(64)
t2
D
- Tgk(xo)(ug w(x) {#2 — (t—06)? + higher order terms.

22— (t—08>—(t—A)?

Now using (64) we compute the approximate expressions of h(t) in each time-interval
with the corresponding errors in time.
In the first interval, we obtain

= L w(X Ug ' V(X Sx = 3/2 2

(65) W) = 17 [ w600 (g VG0 ds = P2 40 (Put?).
where

1 4 ,
(66) P=ir | (572 VPolug - v60)?) s

D,
(67) P = _TSI : k(x) (ug - v(x))?dsy
and
Dy J _ 2DoP 52

©®) 1= macy /0 A0 dt = O 0 (Doperr4 e g)> .

Between the pulses, we obtain
(69)

h(t) = ﬁ/rw(x,t) (g - V(%)) dsx = P (872 = (= 8)2) + O (Pure(#? = (t = 6)2))

D, (A 2 DoP (572 = 8%/ 4 (8 = 5)°%5)
’ 52 (A -35)
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During the second pulse, we find

IQI / ) (ug - v(x)) dsx = P (1972 = (¢ = 6)%/2 — (¢ — A)*/2)
(71) O (P (2= (=62 — (t— A)?))
and

DO A+6
3
2 DoP 3, A2 2 3 7/2
T ((24% + A% — 8262+ 55%) VA =3 +2(A +9)
3
A — 1g2
(72) C4ATI? AP/ 257/2) i) (DO (ﬁ)) .
-3

Finally, adding up the above expressions, we obtain that using the layer potentials
representation,

(73) Dyl = Do

1-— ém ((A + 5)7/2 9 (57/2 +A7/2) H(A— 6)7/2>]
3

A2
(74) + 0 <D0 err 5) )
A—-3

with P and Pe,, defined in (66) and (67), respectively.
We observe that, in the narrow pulse limit, § < A, the expression (73)

4 J(ug - v)2dsy
D =Dy (1 - —=\/DyALE_ LX) 4 O(DyPorc A
ug 0( NG 0 0] >+ (Do )

reduces to the formula given in [1, 9]. If © is an isotropic domain, then

fr(ug -v)2dsy T

(75) = o
9] Q|

which is the ratio of surface to volume divided by the space dimension d, exactly
the quantity contained in the formula in [27]. Hence our new formula in (73) is a
correction of the results in [1, 9, 27] because it takes into account the contribution of
0. This makes the new formula applicable for cases where the narrow pulse assumption
0 < A does not hold. Of course, this description still hold only for short times due
to the nature of the asympotic expansions for layer potentials.

3.3. Mixed approximation. When the pulses are short but the delay between
the pulses is not short (with respect to diffusion in ), we use the single layer potential
representation in the first and third intervals and the eigenfunction representation
between the pulses.

In the first pulse, ¢t € [0,4], we have the same results as in the previous section,
namely,

8 3/2 7/2/ N2 6
(76) I= 21A|Q|IDO ) F(ug v)“dsx + O 7(A_%) .
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Between the pulses, ¢ € [0, A], the Neumann boundary condition in (18) is
(77) DoVw(x,t) - v =Dydug - v, on Tl x [§,A]

and the initial condition is

(78) w(x,8) = S[20ug - V] (x,t) + O(6?), xin Q.

The function w(x,t) = w(x,t) — 0x - ug satisfies homogeneous Neumann boundary
condition and the initial condition

(79) w(x,0) = S[(20ug - V)] (x,6) — dx - ug.

This means

(80) Bx,t) =co+ »_ cpe P00 (x)

n=1

where

(81) Sag + b ‘5/ d+1/(6)d)
co = —da =—— | x-ugdx+ — [ w(x,d)dx),
N (T [

(82) cn = —da, + b, = —(5/ X - Ug¢p(x)dx —I—/ w(x, 8)pn(x)dx

Q Q

with again ¢,, and \,, the Neumann eigenfunctions and eigenvalues associated to the
Laplace operator (n =1,2,...). Thus, for t € [, A],

(83) w(x,t) =co + Z cne M P9 g (x) + 0% - ug + O(6%),
n=1
and
G W 52
A _ N OnAnln 3 D) o
(84) h(t) ; o +o+0 (),
and
o l s CpQp, = AnDo(A=0) DO(SQ(A — (S) 6(A — (S)
(85) H_A; o (1-e )+ +0 a5

During the second pulse, ¢t € [A, A + §], we keep the solution from the previous
interval in Eq. (83) which satisfies homogeneous boundary conditions and just add a
single layer potential to match the Neumann boundary condition. We obtain

(86) w(x,t) =co+ Z cne M P96 (%) + 0% - ug

n=1

+8[(=2rug - v)] (x,t — A) + O((t — A)?),
where t € [A,A + ¢]. The density in the single layer potential is —27ug - v with
7 € [0, 0] from a shift in time 7 = ¢t — A. Similar reasoning as in the previous sections
gives

S[(—2rug - V)] (x,t — A) = VDo (t — A)*? /F(ug )+ 0((t = A)°?),

4
37
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which leads to

Cn 7,\D0t 5)/\ 7L D thg/Z/u'llzdS
Zm‘ 3ﬁ|Q|ﬁ( ) F( g V)
(t— Ay
covo (U,
and
777 = Pogs —ndn__ (o=2uDo(A=8)(Dy ), 6 — 1) + e MDod
) 112 300+ g ( (Pu =) 7 02)

16 3/2/ 2 7/2 _
e ([ (v vras) 670 a-9)

The effective diffusion coefficient for the compartment 2 assumes thus the form

Dod 8D>/253/2
(89) D= ST / (ug - v)2ds+
N

58~ 3) - 35\FIQI(A ¢

B Z 24 apb, 5 e’A"D(’A(l — e)‘"DU‘s)
|Q|52 5) AnDo

n=1

In the narrow pulse limit, we get

- (dan, — by)an ~AnDoA
(90) Dl m Y ~h T (1 — e M Pod)
,; 218(A ~ §)

which again tells us that D‘ff: approaches its long time limit as 1/A, because b,, =

0(53/ 2) for all n > 1 due to the maximum principle for heat equation applied to
w(x,t) in the first pulse:

(91) lwx, t)|| < w2, 8)|| = Ot*?) vxeQ,x’el,te]o,d)

4. Averaging D°% over multiple gradient directions. If we average the
effective diffusion coefficient Dlelfi over all the possible gradient directions ug, we can
obtain a new formula that is independent of the orientation of the biological cells. We
define the orientionally averaged effective diffusion coefficient as

eff
(92) pet o Jo- 1D <

ave de .

We recall that

Dy

eff __ o
(93) Dyt =Do— g

TE
F(t) / ug - Vwy, (x,t)dx dt
0 Q
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18 H. HADDAR, J. R. LI, AND S. SCHIAVI

where wy, (x,t) solves the problem (17). Because of the linearity of the Neumann
problem, for every direction ug = [u1, ..., uq] we have that

d
(94) Wug (X? t) = Z UjWe, (Xa t)a

where e; is the i-th vector of the canonical basis of R%. As a consequence

D TE
ng =Dy — A|S(')2| F/ (ure1 + -+ + ugeq) - (u1Vwe, + -+ - + ugVwe, ) dx dt
Q

TE
=Dy — AlIDS(')ZI Z /61 Vwe,dx + Z uluj/e1 Vwe dx | dt
0

7]
1,7=1

and thus, if we want to average over all the possible directions, we are interested in
the integrals

fsd—l UZQdU- . fgd—l uiujdu .. . .
95 = i=1,...,d d =>——— =1,....d .
( ) de,1 du y 2 9 ) an de,1 du y 4, ) ; Ay 1 7&]
We observe that, for all i,j =1,...,d and i # j,
96 u;u;da = 0.
(96) j
Sd*l

Therefore, what remains in the average are just the terms

L uid
(97) ng‘l “ u/ei-Vweidx,
Q

i=1 Sdl

i.e. simply the average over d perpendicular directions and then

TE
(98) ave 0 ZdA|Q| (t)/ng Vwy, i (x,t)dx dt

where ugi,i = 1,...,d are d orthogonal directions. In short, averaging over all the
possible directions is equivalent to average only over d orthogonal normalized direc-
tions.

We use the fact that

(99) Z ftug’ oV dox _ [}

d

and we define

(100)

d ; d ; 2

Z a,)” — (Jox - ug'dn(x)dx)” dug

- m - d9]

i.e. the mean over d orthogonal directions of the square of the first moment along
these directions, and

(101)

d . d i
R s (Jg g (5,08 () (f X - ug 0 (x)dx)
In = Z} dQ g dIQ '
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UNDERSTANDING THE TIME-DEPENDENT ADC: INTRA-CELLULAR CASE 19

In summary, the eigenfunction expansion in (36) gives

(o]

k
102) D — n { ~Dorn(A+6) 4 ,~Dorn(A—0)
( ) ave ZD%ATL252(A7%) € €

n=1

92 (DO)\n(S + e—DoAné + e—’DOAnA _ 1)]

The single layer potential representation gives

Deff
(103) =D, — 6 D [(A 6P (A+6) -2 (57/2 + M?ﬂ 1L
T 3582(3A—6) T d|Q
+O(A).
The mixed approximation in (89) gives
per _ Db 8D)?6Y2 )
WEG(A=3)  35y7(A-3)dQ
— Oky + jn e~ DoA(] — AnPod
(104) 3 2 Jr < 5_ ( ))
n=1 5 (A ) )\nDO

L0 (max{ (Aéj 5y’ i(AA—_f;)) }> |

5. Numerical results. In this Section we numerically validate the approximate
formulas we derived in the previous sections. To compute the reference quantities we
solved the diffusion equation in (17) using the Matlab PDEToolbox. The eigenvalues
and eigenfunctions of the Laplace equation with Neumann boundary conditions were
also computed with the same software. The convergence between the H-ADC model
and the Bloch-Torrey equation was shown previously in [14].

First we show the three approximations of h(t). We consider a 2D geometry of one
vertically orientated ellipse with semi-axes of 19um and 9um. The intrinsic diffusion
coefficient is set to Dy = le >mm?/s and we vary the values of §, A and ug. To
compute the reference solution h(t) we solved the problem (17) on the finite element
mesh shown in Fig. 2. The eigenvalues and eigenfunctions are also computed on the
same finite element mesh. The projections a,, and b, are computed according the the
formulas in (25) and (81).

For this particular geometry the first four non-zero eigenvalues are

A1 =0.0097, Ao =0.0325, X3 =0.0383, \;=0.0644,

and their numerically calculated projections a; are reported in the table below.

Clearly, among the four eigenvalues, in the direction ug = [1,0], all but A3 have
negligible contribution, and in the direction ug = [0, 1], all but A\; have negligible
contribution.

In the following plots we always indicate the reference quantity with a line, the
single layer approximation with squares, the eigenfunction approximation with circles
and the mixed approximation with asterisks.

In Figure 3 we considered ¢ = 5ms, A = 10ms and ug = [1,0]. As we can see
the single layer approximation (squares) fits very well the reference quantity (contin-
uous line) in all three time intervals. We also notice that the mixed approximation
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FE mesh

-10+

-15+

-20 -10 0 10 20
pam

Fig. 2: Finite elements mesh of an ellipse with semiaxes of 19um and 9um, orientated
vertically along the y-axis.

Ug aq az as a4
[1,0] 389  —25.7 —4.62¢™ —0.97
[0,1] 1.07e*S  1.75 —4.49  —5.58

Table 1: The first moments of the eigenfunction associated with the first four non-zero
eigenvalues in the two directions ug = [1,0] and ug = [0, 1].

[ potential approx
(O eigenfunc approx with 1 eigenvalues
# mixed approx with 1 eigenvalues |

6 8 10 12 14
time (ms)

Fig. 3: h(t) and its approximation (using the three different formulas found) with
respect to the gradient directions ug = [1,0] for an ellipse of semi-axes 19um and
9um. Intrinsic diffusion coefficients Dy = 1 x 10~>mm? /s, pulses duration § = 5ms
and time-delay between pulses A = 10ms.
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—h(t)
[ potential approx

(eigenfunc approx with 1 eigenvalues
s mixed approx with 1 eigenvalues

time (ms)

Fig. 4: h(t) and its approximation (using the three different formulas found) with
respect to the gradient directions ug = [1,0] for an ellipse of semiaxes 19um and
9um. Intrinsic diffusion coefficients Dy = 1 x 10~*mm? /s, pulses duration § = 5ms
and time-delay between pulses A = 50ms.

(asterisks) works sufficiently well during the two pulses but not between them. For
the eigenfunctions approximation, the fit is far from the reference quantity.

In Figure 4 we considered 6 = 5ms, A = 50ms and ug = [1,0]. As we can see the
single layer approximation fits well the reference quantity during the first pulse and
until ¢ &~ 25ms, but after that, the approximation is no longer good. The eigenfunction
approximation is not good during the pulses but it becomes accurate at the end of
the interval between them. The mixed approximation fits well during the pulses and
is the same as the eigenfunction approximation between the pulses.

In Figures 5a and 5b we show the behaviour of D*f computed for two different
directions of the gradient (ug = [1,0] and ug = [0,1]) but the same parameters
(6 = 5ms and thirty different values of A equally distributed in the interval [8, 80]ms).
In Figure 5¢ we show the average of DS, /Dy along the two perpendicular directions.
Clearly, the single layer formula works well for at short A + §, the eigenfunctions
formula for long A + 6.

To conclude, in Figure 6 we report the absolute error

|Deff . Dapprox|

for the same parameters as before in the two orthogonal directions. As we can see,
the single layer approximation is better at short times and the eigenfunctions approx-
imation is better at long times. The time at which the switch between the short and
the long diffusion time approximations occurs at around ¢ = 50ms in the direction
[1,0] and it occurs at around ¢ = 25ms in the direction [0, 1].

6. Conclusions. Diffusion Magnetic Resonance Imaging (dAMRI) can be used to
measure a time and direction dependent effective diffusion coefficient which can in turn
reveal information about the tissue micro-structure. Recently a new mathematical
model for the effective diffusion coefficient, the H-ADC model, was obtained using
homogenization techniques after imposing a certain scaling relationship between the
physical parameters. The resulting model depends on the solution of a diffusion
equation subject to time-dependent Neumann boundary conditions.
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Jx10-t uy =[1,0]

— D7
[ Potential approx
(O Eigenfunction approx with 1 eigenvalues

* Mixed approx with 1 eigenvalues )

=)

34
Q
gt .
ol UG o B R e
Ong 0
O
Uo
O
. [Pog
0 20 30 40 50 60 70 8 90 100
A (ms)
(a) Gradient direction ug = [1, 0]
» u =[01]
1010 9 :

T
— DeIT

[0 Potential approx
O Eigenfunction approx with 1 eigenvalues|
* Mixed approx with 1 eigenvalues

®
- 8 [
)
T iy
6
)
5 1 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
A (ms)
(b) Gradient direction ug = [0, 1]
x10~*
T T T
—average D/
8 O Potential approx
OEigenfunction approx with 1 eigenvalues| |
Q() % Mixed approx with 1 eigenvalues
e

average D/
[=2]

A (ms)

(c) Average over both directions

Fig. 5: D with respect to two different gradient directions as well as DT | the
average over both direction, compared to approximations using the three different
formulas, for an ellipse of semiaxes 19um and 9um. Intrinsic diffusion coefficients
Dy = 1 x 1073mm? /s, pulses duration § = 5ms and thirty different values of the

time-delay between pulses in the interval [8, 80]ms.

In this paper, we analysed the H-ADC model in the case of finite sub-domains.
In particular, we obtained three representations of the effective diffusion coefficient
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9 xMr"
O Potential approx
(O Eigenfunction approx with 1 eigenvalues O
1.5 * Mixed approx with 1 eigenvalues o ] b
5 O
: =
|1F O O 4
3 o0
2 O o
%O ]
0.5y QQ . O O
@@Q O
“eepelens
,[B000000 0 PIRPRDRPPRRDOD
20 40 60 80 100 120
A +06 (ms)

(a) Gradient direction ug = [1, 0]

—4
L4 X120

) Pr;tential appro;(
1.2 HOEigenfunction approx with 1 eigenvalues 0o = ]
* Mixed approx with 1 eigenvalues OO ob
1 A=l ]
. o0
= O
& 0.8F o 1
_ |
| O U
~ 0.6L od |
a2 1% o
*(1.4**@8@55 1
%
02507 P e000eese 1
®®®®®®®®®®®®
U L L L L L
20 40 60 80 100 120
A+ 6 (ms)

(b) Gradient direction ug = [0, 1]

Fig. 6: Absolute error |D*f — DaPProX| ysing the three different formulas found with
respect to two different gradient directions for an ellipse of semi-axes 19um and 9um.
Intrinsic diffusion coefficients Dy = 1 x 10~3mm? /s, pulses duration § = 5ms and
thirty different values of the time-delay between pulses in the interval [8, 80]ms.

that are appropriate in different diffusion time regimes. In the short time regime, we
proposed using a representation based on the single layer potential. In the long time
regime when the pulse duration is not short, we proposed using a representation based
on the eigenfunctions expansion of the Neumann Laplace operator. In the long time
regime when the pulse duration is short, we proposed a representation that combines
the single layer potential during the pulses with the eigenfunction expansion between
the pulses. In particular, in the short time regime, our representation corrects an
existing formula by correctly accounting for the pulse duration. Our work helps to
make more precise how parameters of the tissue micro-structure such as the surface to
volume ratio or the dominant eigenvalue and its projection affect the effective diffusion
coefficient.
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