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Abstract. A theoretical foundation is developed for active seismic reconstruction of fractures endowed
with spatially-varying interfacial condition (e.g. partially-closed fractures, hydraulic fractures). The
proposed indicator functional carries a superior localization property with no significant sensitivity to
the fracture’s contact condition, measurement errors, and illumination frequency. This is accomplished
through the paradigm of the Fy-factorization technique and the recently developed Generalized Linear
Sampling Method (GLSM) applied to elastodynamics. The direct scattering problem is formulated in
the frequency domain where the fracture surface is illuminated by a set of incident plane waves, while
monitoring the induced scattered field in the form of (elastic) far-field patterns. The analysis of the well-
posedness of the forward problem leads to an admissibility condition on the fracture’s (linearized) contact
parameters. This in turn contributes toward establishing the applicability of the Fy-factorization method,
and consequently aids the formulation of a convex GLSM cost functional whose minimizer can be computed
without iterations. Such minimizer is then used to construct a robust fracture indicator function, whose
performance is illustrated through a set of numerical experiments. For completeness, the results of the

GLSM reconstruction are compared to those obtained by the classical linear sampling method (LSM).

Keywords: Linear sampling method, inverse scattering, seismic imaging, elastic waves, fractures, specific

stiffness, hydraulic fractures.

1. Introduction

Most recent advancements in the waveform tomography of discontinuity surfaces reside in the context of
acoustic and electromagnetic inverse scattering. Spurred by the early study in [22], such developments
include: i) the Factorization Method (FM) [8, 13]; ii) the Linear Sampling Method (LSM) [19, 11] and
MUSIC algorithms [30, 20]; iii) the subspace migration technique [32], and iv) the method of Topological
Sensitivity (T'S) [18, 7, 31]. In general, the LSM and FM techniques are applicable to a wide class of
interfacial conditions and inherently carry a superior localization property — potentially leading to high-
fidelity geometric reconstruction. These methods, however, may suffer from the sensitivity to measurement
uncertainties. In contrast the TS approach, that is inherently robust to noisy data, fails to adequately
recover the shape of a scatterer at long illuminating wavelengths. The subspace migration methods offer
another alternative for a high-fidelity reconstruction, even from partial-aperture data, while requiring some
a priori knowledge about the geometry of a discontinuity surface. Among the aforementioned methods, the
LSM has been applied to the problem of elastic-wave imaging of fractures with homogeneous (traction-free)
boundary condition [9], while the TS approach was recently extended to cater for qualitative elastodynamic
sensing of fractures endowed with a more general class of contact laws [5, 33]. In geophysics, major
strides [35, 36, 27, 28, 17] have been made toward a robust reconstruction of fractures via seismic waveform

tomography. So far the proposed methods, often reliant upon a rudimentary parameterization of the fracture
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geometry (e.g. planar fractures) and nonlinear minimization, entail a number of impediments including: i)
high computational cost; ii) sensitivity to the assumed parametrization; iii) computational instabilities [28],
and iv) major restrictions in terms of the seismic sensing configuration [17, 27], namely the location of sources
and receivers relative to the (planar) fracture surface. One recent study aiming to mitigate such limitations
can be found in [36] that makes use of focused Gaussian beams emitted from the surface source/receiver arrays
to non-iteratively assess the orientation, spacing, and compliance of systems of parallel planar fractures.
This work aims to develop a non-iterative, full-waveform approach to 3D elastic-wave imaging of
fractures with non-trivial (generally heterogeneous and dissipative) interfacial condition. To this end, the
sought indicator map — targeting geometric fracture reconstruction — is preferably (i) agnostic with respect
to the fracture’s interfacial condition, (ii) robust against measurement errors, and (iii) flexible in terms of
sensing parameters, e.g. the illumination frequency. This is pursued by drawing from the theories of inverse
scattering [12, 14] and, in particular, by building upon the Factorization Method [21, 8] and the recently
developed Generalized Linear Sampling Method (GLSM) [2, 3] which completes the theoretical foundation of
its LSM predecessor. First, the inverse problem is formulated in the frequency domain where the illuminating
wavefield is described by the elastic Herglotz wave function [16] with its inherent compressional (P) and
shear (S) wave components. On characterizing the induced scattered wavefield in terms of its far-field P-
and S-wave patterns [25], the far-field operator F is then defined as a map from the Herglotz densities to
the far-field measurements. In this setting, the GLSM indicator functional is introduced as in [3] on the
basis of (i) a custom factorization of the far-field operator, and (b) a sequence of approximate solutions to
the LSM integral equation, seeking Herglotz densities whose far-field pattern matches that of a point-load
solution radiating from the sampling point. The latter sequence is essentially a set of penalized least-squares
misfit functionals — aimed at producing nearby solutions to the LSM equation, where the penalty term is
constructed using a factorization component of F. Minimizing this class of cost functionals in their most
general form requires an optimization procedure [3]. Thanks to the premise of a linear contact law, however,
this study takes advantage of the so-called Fy-factorization [21, 8] of the far-field operator to formulate
the penalty term. This results in a sequence of conver GLSM cost functionals whose minimizers can be

computed without iterations.

2. Problem statement

With reference to Fig. 1(a), consider the elastic-wave sensing of a partially closed fracture I' C R3 embedded
in a homogeneous, isotropic, elastic solid endowed with mass density p and Lamé parameters p and A\. The
fracture is characterized by a heterogeneous contact condition synthesizing the spatially-varying nature of
its rough and/or multi-phase interface. Next, let € denote the unit sphere centered at the origin. For a
given triplet of vectors d € ) and q,,,q, € R3 such that q, || d and g, L d, the obstacle is illuminated by a

combination of compressional and shear plane waves
w(€) = qelvEd 4 g e 1)

propagating in direction d, where k, and k, = k,+/(A+2u)/u denote the respective wave numbers. The
interaction of uf with I" gives rise to the scattered field v € H (R3\I')3, solving

V(C:Vv) + pw?v = 0 in R3\T, @
2
n-C:Vv = Z([v]) - t' on T,
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Figure 1. Direct scattering problem. The fracture boundary I' is arbitrarily extended to a piecewise
smooth, simply connected, closed surface 9D of a bounded domain D.

where w? = k211/p is the frequency of excitation; [v] = [vT— v~] is the jump in v across I, hereon referred
to as the fracture opening displacement (FOD);

C = )212®Is + 2uly (3)

is the fourth-order elasticity tensor; I, (m = 2,4) denotes the mth-order symmetric identity tensor;
t'=n-C:Vu'is the free-field traction vector; m = m~ is the unit normal on T', and . : H'/?(I')? —
H1/2 (T')? represents a heterogeneous bijective contact law over the fracture surface, physically relating the
displacement jump to surface traction. In many practical situations, the fracture’s contact law is linearized

about a dynamic equilibrium state as

Z([v]) = K(&)[v], el (4)

where K = K (&) is a symmetric (due to reciprocity considerations) and possibly complex-valued matrix of
specific stiffness coefficients.

Remark 1. In what follows, the analysis is based on the linear contact condition (4) over I'. Under the
premise of bijectivity, most of the ensuing developments (except for the Fy factorization method) can be

adapted to handle nonlinear contact laws; such extension, however, is beyond the scope of this study.

The formulation of the direct scattering problem can now be completed by requiring that v satisfies
the Kupradze radiation condition at infinity [24]. On uniquely decomposing the scattered field into an

irrotational part and a solenoidal part as v = v, + v where

1 1
vp = M(A +k)v, vy = W(A + kv, (5)
the Kupradze condition can be stated as
% —ikpv, = 0(7"_1) and (?;;S —iksvs = o(r_l) as r:= €] = oo, (6)

uniformly with respect to & := &/r.

Dimensional platform. In what follows, all quantities are rendered dimensionless by taking p, p, and R —
the characteristic size of a region sampled for fractures — as the respective scales for mass density, elastic
modulus, and length — which amounts to setting p = u =R =1 [4].
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Function spaces. To assist the ensuing analysis, the fracture surface I' is arbitrarily extended, as shown in
Fig. 1(b), to a piecewise smooth, simply connected, closed surface 9D of a bounded domain D such that the
normal vector n to the fracture surface I' coincides with the outward normal vector to 0D — likewise denoted
by n. We also assume that ' is an open set (relative to dD) with positive surface measure. Following [26],

we define L
H*2(T) :

{flp: feH*3(0D)}, -
HE2(I) = {feHi%(aD): supp(f) C T'},

and recall that H~'/2(I') and H~Y/2(T') are respectively the dual spaces of HY?(I') and H'/?(T).
Accordingly, the following embeddings hold

[SIE

H*(T) c H*(T) c L*T) c H *() ¢ H™2(I). (8)

Remark 2. In the context of fracture mechanics, it is well known that [v] (&) — 0 continuously asT'5€ — OT
(typically as d*, a}% where d is a normal distance to OT when O is smooth), which lends credence to the
assumption [v] € H'/?(T) used hereon.

3. Well-posedness of the forward scattering problem

Serving as a prerequisite for the inverse scattering analysis, this section investigates the well-posedness of
the direct scattering problem (2)—(6). Let R>0 be sufficiently large so that the ball Bg of radius R contains
T, and consider the Dirichlet-to-Neumann operator 7z : H'/2(0Bg)> — H~'/2(0Bg)? associated with the
scattering problem in R3\ Bg. Formally, one has

Tr(@)(€) ==& C:Vuy(§), ¢ € 9Bp,

where u, € H} (R3\Bg)? is the unique radiating solution, satisfying (6), of

V-(C:Vu,) + pw'u, = 0 in R*\Bg,

u, = ¢ on OBg.
The scattering problem (2)—(6) can now be equivalently written in terms of v € H'(Bg\I')? as

V- (C:Vv) + pw’v = 0 in R3\T,
n-C:Vv = K-[v] -t on T, (10)
n-C:Vv = Jg(v) on OBg,

where n(£) = € on dBg. This problem can be written variationally in terms of v € H'(Bg\I')? as

—pwz/ w-vdVe + /BR\FVUJ: C:VodVe + (K-[v],[w])r — "
(Tafo)w)on, = [Tl t4Se Ve H'(BATY

where (-, ) and (-, ), denote respectively the <H’1/2(F)3,ﬁ1/2(I‘)3> and (H~1/2(0Bg)3, H'/?(0BR)?)
duality products that extend L? inner products. For simplicity, we will also use a short-hand notation for
the vector norms where e.g. || - || g1/2(r)s is written as || - [ g1/2(r) and so on. In this setting, the analysis
of the forward scattering problem is based on the following properties of the Dirichlet-to-Neumann operator
IR (see also [10]).
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Lemma 3.1. There exists a bounded, non-negative and self-adjoint operator T3 : H'Y?(0Bg)*> —
H=Y2(0BRr)? such that Tp + 73 : HY/?*(0Bg)® — H~'/2(0BRr)? is compact. Moreover,

S (Tr(@), @)op, >0 Vo € HY2(0BR)? : ¢ #0. (12)

Proof. Let R, > R and ¢, € H'/2(0Bg)>. Multiplying the first equation in (9) by W and integrating by
parts on Bg_ \Bpg yields

Viy: C: Vu,dVg +/ Uy - t(p) dSe,
0B,

(Tl Blop, = p* [ wgupdve - [
BRr,\Br B

Ro\BR

where t(¢)(€) 1= £ - C: Vuy(€) for &€ € dBg,. Using the well-posedness of (9) and the Riesz representation
theorem, we define .73 by

(TR(@),%) 5, ::/ Viy: C: Vu, dV.
Br,\Br
On demonstrating that [[(Tr + TR)(@)lg-12) < CllupllL2BraBr) + IEH(P)lL2(58,,)) for some
constant C' > 0 independent of ¢, the compactness of T + J3 then follows from the compactness of
mapping ¢ — u, (resp. ¢ — t(p)) from H'/2(0Bg) into L?*(Br\Bg) (resp. L?>(0Bg,)) thanks to the
compact embedding of H*(Bg\Bgr) into L?(Bg \Br) and the standard regularity results for scattering
problems [26], which can be recovered from the boundary integral representation of u, in R*\Bp in terms
of boundary data on 0Bg. As shown in Appendix A, the sign of the imaginary part of 95 is a consequence
of the asymptotic behavior of u,, at infinity [24] which implies

S (Tn(@) Plop, = S lim W, t(p) dSe = lim {koO0+20) s 2 + kopefu, P} dSe. (13)

ROHOO aBRO ROHOO 8BRO

The sign-definiteness of the imaginary part is a consequence of the Rellich lemma [14] applied to uf, and

u;,, which requires that u, = uf, + u, = 0 whenever I (JTr(¢),¥)yp, = 0. [ ]

Theorem 3.2. Assume that t' € H=Y/?(T)? and that K € L>(T)3*3 is symmetric such that SK <0 onT,
i.e. that 0-IK(£)-0 <0,V0 € C? and a.e. onT'. Then problem (11) has a unique solution that continuously
depends on t' € H~'/2(T')3.

Proof. Since t' € H~'/2(T'), the antilinear form |}, [w] - *dSe may be understood as a duality pairing (-, -)p..
The continuity of this form comes from the continuity of the trace mapping w — [w] from H!(Bg\I')? into
]7{1/2 (1‘*)3

On the basis of the adopted dimensional platform i.e. p = p = 1 (see Section 2), the sesquilinear form

on the left hand side of (11) can be decomposed into a coercive part

VYw € H'(Bg\I')?, (14)

A(v, w) :/B \Fﬁ-vdVg + Vw:C:VodVg + (T5(v),w),,
R

Br\Il

and a compact part

B(v,w) = —(1+k?) w-vdVe + (K-[v],[w])p — ((Tr+ TR)(v),w),, , Ywe H (Br\I)".
Bgr\I'

(15)
The coercivity of A(v,w) follows from the Korn inequality [26] and the non negative sign of 73 (Lemma

3.1). Now, in order to prove that the antilinear form B defines a compact perturbation of A(v,w), one may



observe that

B(v,w)| < c2{ [vlle2sar) 1wz + Iollezw) wlliczm b+ 1 (Tr+T8) () [ m-1/208 | W | g21/2 085

for a constant co independent of v and w. The claim then follows from Lemma 3.1, the compact embedding
of HY(Bg\I') into L?(Br\I') and the compactness of the trace operator v — [v] as an application from
HY(BR\T') into L2(T") where the latter comes from the compact embedding of H/2(T") into L3(I).

Problem (11) is then of Fredholm type, and is therefore well-posed as soon as the uniqueness of a solution
is guaranteed. Assume that ¢ = 0. Then

S(Tr(v),v)yp, = (SK-[v],[v])p < 0

by premise of the Theorem. Thanks to Lemma 3.1, this requires that v=0 on dBg and thus v=0 in Bg\I'

by the unique continuation principle. [ ]

4. Elements of the inverse scattering solution

This section is devoted to the introduction of the far-field operator — relevant to the scattering problem (2),
and the derivation of its first and second factorizations. In the sequel, we assume that the hypotheses of
Theorem 3.2 hold.

Elastic Herglotz wave function. For given density g € L?(Q)3, we consider the unique decomposition
g9 :=9,%9, (16)
such that g,(d) | d and g,(d) Ld, d € Q. In dyadic notation, one has
g,(d) = (d©d)-g(d) and g,(d):=(I-dod)-g(d). (17)

Next, we define the elastic Herglotz wave function [16] as

ug(¢) = / g,(d) "€ dsy & / g,(d)e**¢ dSy, EeR? (18)
Q Q
in terms of the compressional and shear wave densities g,, and g,.

The far-field pattern. As shown in [25], any scattered wave v € HJ (R3\I')® solving (2)-(6) has the
asymptotic expansion

eik,,r

v(§) = mv?(é) +

eiksr

0o (¢ -2 ._
@ + 007 as = fE oo, (19)

where é is the unit direction of observation, while v;® and vg° denote respectively the far-field patterns of
v, and v, — see (5), which satisfy v° || € and v L €. In this setting, we define the far-field pattern of v by

v =0 G vl (20)

By way of the integral representation theorem in elastodynamics [6] and the far-field expansion of the

elastodynamic fundamental stress tensor (see Appendix B), one can show that if v € H (R3\I')® satisfies (2)-



(6), then
0@ = — ik [ {Aoln+ 2u(nd) [l & e as,
) ) (21)
vR(€) = —iki€ x /F {N(H”HX‘%)(né) + p(nx é)([[v]]é)}e*iksﬁ'm ds,,.
The far-field operator.
Definition 1. We define the far-field operator F : L?(Q)3 — L*(2)3 by
Flg) = v, (22)

where v is the far-field pattern (20) of v € H}, (R*\T')? solving (2)-(6) with data u' = ug, see (18).

When the contact law Z([v]) on I is linear as in (4), the far-field operator can be expressed as a linear
integral operator. To examine this case, consider an incident plane wave (1) propagating in direction d € 2
with amplitude g = q, ® q,, and denoteA the induced far-field pattern (20) by vg°(d,-) = vy, ®vg. Next,
let us define the far-field kernel W™ (d, &) € C°*6 so that

W(d.é)-q = vy(d.8). (23)
Then one easily verifies that
Flo)) = [ W(d.& 9(a) dsia (24)
Lemma 4.1. The far-field kernel W™ (d, €) satisfies the reciprocity identity
W>(d, &) = W (=¢, —d), vd, €€ Q. (25)
Proof. See Appendix C. [ ]

5. Key properties for the application of sampling methods

Factorization of the far-field operator F. Consider the Herglotz operator 2 : L?(Q)% — H~/%(T")? given
by
H(g) = n-C:Vug on T, (26)

where ug is the Herglotz wave function (18). Next, define ¥: H~1/2(I')® — L%(Q2)? as the map taking the
traction vector t' over I' to the far-field pattern, v>°, of v € HL _(R3*\I')? satisfying (2)-(6). Then from
Definition 1, the far-field operator (22) becomes

F = 9% (27)

Lemma 5.1. With reference to decomposition (20), the adjoint Herglotz operator #*: H'/?(T')® — L?(Q)3
takes the form

@@ = — (& [ {Mam) + 2unE)ad} e as,
) A (28)
® ik € X/F {i(ax &)(n-€) + p(n x &)(a-g)} e &V ds, ).

Proof. see Appendix D. ]
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On the basis of (21) and (28), map ¢ can be further decomposed as ¥4 = #*T where the middle
operator T: H='/2(I")3 — H'/?(T) is given by

T(t)(€) = [v(&I, el (29)

such that v € HL _(R3\I')® satisfies (2)-(6) or equivalently (11). Thanks to this new decomposition of ¢, a
second factorization of F': L?(Q)% — L%(Q)3 is obtained as

F = 0"TH, (30)
which provides the key ingredient for the ensuing analysis.

Properties of the Herglotz operator F€.

Lemma 5.2. Operator 2* : H'/?(T')® — L*(Q)® in Lemma 5.1 is compact and injective.

Proof. Integral operator .#* has a smooth kernel and is therefore compact from H'/2(I')? into L?(Q)3.
Next, suppose that there exists a € H'/?(I')® such that .#*(a) = 0. On the basis of (19), (21) and (28),
one finds that #* is nothing else but the far-field operator stemming from the double-layer potential

V(a)(€) = / aly) T(€y)dS,  T(Ey) = n(y) SEy).,  EcBa\L, (31)

where X(&,y) is the (third-order) elastodynamic fundamental stress tensor, see Appendix B. Thanks to
definition (19), the vanishing far-field pattern of V(a) implies, by the Rellich Lemma and the unique
continuation principle, that V(a) = 0 in R*\I'. Owing to the fundamental jump property of double-layer
potentials by which [V] = a, one obtains a = 0 which guarantees the injectivity of J2*. ]

One additional property that is needed for the analysis of the sampling methods is the densness of the
range of JZ*, i.e. the injectivity of . Unfortunately the latter cannot be guaranteed in general, and one

needs to impose this property as an assumption on I' and w.

Assumption 1. We assume that T' and w are such that the Herglotz operator 7 : L*(Q)? — H~1/2(T")% is
injective, i.e. that #*: HY/2(I')® — L2(Q)? has a dense range.
The following lemma indicates why we expect that for a given fracture geometry I, Assumption 1 holds

for all w>0 possibly excluding a discrete set of values without finite accumulation points.

Lemma 5.3. Assume that T' contains M > 1 (possibly disjoint) analytic surfaces Ty CT, m =1,... M,
and consider the unique analytic continuation OD,, of T, identifying “interior” domain D,, C R3. Then
Assumption 1 holds as soon as for any such m, w >0 is not a “Neumann” eigenfrequency of the Navier

equation in D,,, i.e. as long as every function u € H*(D,,)? satisfying

V-(C:Vu) + pw?u = 0 in Dy,
(32)
n-C:Vu = 0 on 0D,,

vanishes identically in D,,. Further if Dy, is bounded, the real eigenfrequencies of (32) form a discrete set.

Proof. Let T'y, denote the mth analytic piece of I. Recalling (18) and invoking the analyticity of n-C': Vug
with respect to the surface coordinates on dD,,, we deduce that if n-C':Vug =0 on I',,, C 0D,, then

n-C:Vug =0 on dD,,.
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This means that ug = 0 in D,, since w is not a “Neumann” eigenvalue of the Navier equation in D,,. The
unique continuation principle then implies that ug = 0 in R3. Accordingly, we deduce that the Herglotz
density vanishes, i.e. that g = 0 as in the scalar case [14]. The proof of discreteness of the set of real

eigenfrequencies characterizing (32) when D,, is bounded can be found in [24], Chapter 7, Theorem 1.4. W

Properties of the middle operator T'.
Lemma 5.4. Operator T: H~Y/2(I')® — HY2(I')® in (29) is bounded and satisfies

S(p,Te)p <0 VoeH )P : p#0. (33)

Proof. The boundedness of T stems from the well-posedness of problem (11) and classical trace theorems.
Next, let ¢ € H='/2(T")? and consider v satisfying (11) with ¢' = . Taking w = v in (11) we get

S(p,Te)r = (SK-[v],[v])r — S(Tr(v),v)sp, - (34)

By virtue of (34), the claim of the theorem follows immediately from Lemma 3.1 and the earlier hypothesis
that SK < 0. ]

Lemma 5.5. Operator T: H='/>(T')3 — HY/?(T")? can be decomposed into a compact part T, and a coercive
and self-adjoint part T, such that T = T, + T,. The coercive part T,: H=/2(I')> — HY/2(T)3 is defined by

T,(p) = [u] on T, (35)
where w’ € H*(Bg\I') is a solution to
Aw’,w) = (@, [w])r  Yw € H'(BR\I'), (36)

with A being the coercive sesquilinear form given by (14).

Proof. We first observe from (14) that

V-(C:Vu°) —u® =0 in Bgr\l,
n-C:Vu® = —¢ on T, (37)
n-C:Vu® = Sr(u°) on OBpg,

where /g : HY/?(0Bg)*® — H~'/?(0Bg)® is a Dirichlet-to-Neumann operator, .Zg(1) := m - C: Vuy,
stemming from the elastostatic problem in Br \Bpg with Dirichlet data uy = 1 on 0Br and homogeneous
“Neumann” data n - C':Vuy, = 0 on 0Bp,.

Using standard trace theorems for vector fields with square-integrable divergence [29], one finds that
<|n-C:Vu|

el -4 gy =lm-C:vwll, oy i-top) < ¢ (IV(CVU)2 o) + (C:Vuw)lln)) (38)

for a positive constant ¢ independent from w°. Thanks to the first equation in (37) we then deduce
Il -3y < e llwllan o)

for some ¢; >0 independent from u°. On taking w = w° in (36), deploying the coercivity of A, and recalling
from (14) that SA(v,v) = 0, we find

o Tpd = Aw'su) > e [l y (39)
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for a positive constant ¢y independent from ¢, which establishes the coercivity of T,. The self-adjointness
of T, follows immediately from that of A.
To complete the argument, consider the compactness of T,: H~1/2 ()? — I~{1/2(1")37 given by

c o

Te(p) = [v], v =v—u®> onT

where v solves (11). On subtracting (36) from (11) with ' = ¢, one finds that
A(v°,w) = —B(v,w) Yw € H' (BR\TI')?,

where A is coercive while B, given by (15), is compact on H'(Bg\I')?. As a result, the induced mapping
v — v¢ from H'(Bg\I')? into H'(Bgr\I')? is compact, whereby the compactness of T, follows directly from
the continuity of v € H'(Bg\I')® with respect to ¢ € H~2(I')® and the trace theorem. |

Lemma 5.6. Operator T: H-'/2(I')3 — HY2(T')® has a bounded (and thus continuous) inverse.

Proof. The idea is to show that T, given by (29), is injective and Fredholm of index zero. The second
claim follows immediately from Lemma 5.5. To demonstrate the injectivity of (29), one may recall a
double-layer potential representation of elastodynamic fields solving (2)-(6) which demonstrates that for
any @ € H-Y/2(T'), one has

o()(€) = / T(¢) T(€.y)dS,,  T(.y) = n(y) SE.y).  £cRAT,

where [v] = T'(¢) on T' thanks to the fundamental property of double-layer potentials. Thus, on assuming
that there exists ¢ € H~'/2(T") so that T(¢) = 0, one finds that v =0 in R3\I" and consequently, by the
second of (2) and trace theorems, that ||¢||g-1/2r) = [[n-C: Vv g-1/2(r) = 0. [ |

Lemma 5.7. Operator T: H=Y/2(T')3 — HY?(I')? is coercive, i.e. there exists constant ¢ >0 independent
of @ such that
: Vo € H-V3(I)3, (40)

> 2
o TNl > cllelly-y

Proof. Lemma 5.4 demonstrates that the duality product (¢, T(¢)) € C \ (—o0,00) for all nonzero
pE H‘l/Q(F)?’. Due to Lemma 5.5, on the other hand, decomposition T" = T, + T, exists where T, is
compact and T, is such that (¢, T,(¢)) € R satisfies the coercivity condition (39) Y € H~/2(I')3. With
such results in place, claim (49) follows immediately by Lemma 1.17 in [21]. ]

6. Application of sampling methods

6.1. Linear sampling method (LSM)

The essential idea behind the LSM [11] and also the factorization method (FM) [8] for geometrical obstacle
reconstruction stems from the particular nature of an approximate solution, g = g, ® g,, to the far-field
equation

Fg = &%, F = 9# = #*TH, (41)

where ®7° is the far-field pattern of a trial radiating field, see Definition 2. In this setting, the behavior of
g in the sampling region is exposed by characterizing the range of & or 7#*, which then forms the basis for
approximating the characteristic function of a scatterer. This section presents an adaptation of the key LSM
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results for the problem of elastic-wave imaging of heterogeneous fractures, which provides a foundation for
the GLSM developments in Section 6.3.

Definition 2. With reference to (28), for every admissible FOD profile a € HY/?(L) specified over a smooth,
non-intersecting trial fracture L C Bg, the induced far-field pattern ®7°: ﬁIl/2(L) — L2(Q)3 is given by

27@)@) = - (& [ {Mam) + mndad}e oy as,
y A (42)
@ ik & X/L {n@x&m-8) + pinx &(a-d)} e ™ as,).

and n 1s the unit normal on L.

Remark 3. On the basis of Definition 2, one may interpret the LSM reconstruction philosophy as follows.
Let L C R3 (containing the origin) denote a reference fracture surface whose characteristic size is small
relative to the length scales describing the forward scattering problem, and let L = z+ RL where z€ R? and
R e U(3) is a unitary rotation matriz. Given an admissible FOD profile a € H/2(L), solving the far-field
equation (41) over a grid of trial pairs (z,R) sampling R?x U(3) is simply an effort to probe the far-field
kernel (23) — through synthetic rearrangement of the illuminating plane waves — for fingerprints in terms
of ®7°. As shown by Theorems 6.2, 6.7 and 6.9, such fingerprint is found in the data if and only if L C T.
Otherwise, the norm of any approzimate solution to (41) can be made arbitrarily large, which then provides

a criterion for reconstructing L.

Theorem 6.1. Assume that w is not a “Neumann” eigenvalue of the Navier equation (32) for some m,
and that K~ 'e L>°(T"). Then for every smooth and non-intersecting trial crack L C Bgr and some FOD
profile a(€) € H'/?(L), one has

®° € Range(H#*) <— LCT.

Proof. Consider the following;:

o If L C T, then H'/?(L)* c H/?(T)3. By extending the domain of @ € H'/?(L)? from L to T' through
zero padding, one immediately obtains ®7° € Range(s¢*) thanks to (28) and (42).

e Assume that L ¢ T and that ®° € Range(#*). Then there exists be H'/2(I')? such that
2@ = — (k& [ {3+ 2md)bd}e v as,
@ik &x [ {nx&md) + nnx o} e as,),
associated with the layer potential
21O - [b@) TEw)IS,  TEw - ) SEy. el ()
On the other hand, owing to Definition 2 of ®3°(£), potential ® (&) should coincide with
w(©) = [aw) TEvdS,  EcbaL (44)
over £ € BR\(LUT'). Now, let T" Z £° € L and let %, be a small ball centered at £€° such that Z.NT = (.

In this case @ is analytic in A, while ¥, has a discontinuity across %, N L — which by contradiction
completes the proof.
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On the basis of the above result, one arrives at the following statement which inspires most of the

LSM-based indicator functionals.
Theorem 6.2. Under the assumptions of Lemma 5.3 and Theorem 6.1,

o If LCT, there exists a Herglotz density vector gt € L*(Q)* such that |Fgt — ®7°||12(0) < € and
limsup || g5 || gr-1/2(p) < o0.
e—0

o IfL¢T, thenVgle L?(Q)? such that |Fgt — ®7°||12(0) < €, one has lin(l) | #gE | zr-1/72(r) = o0.
e—

Proof. Let us first assume L C T, whereby ®7° € Range(s*) thanks to Theorem 6.1. Then, by
definition, there exists a” € Range(T) such that J#*a’ = ®3°. By invoking Lemma 5.6 on the
boundedness i.e. continuity of 7-! and Lemma 5.2 which (by the injectivity of #*) guarantees the
range denseness of 7, one finds that Ve > 0, 3gX € L*(Q)3 such that | T-tat —#gL lz-172(r) < €
Thanks to (i) the continuity of .2#*T and (i) the fact that a € H'/?(T')3, this establishes the first part
of the claim.

Next, consider the case where L ¢ T' and consequently ®7° ¢ Range(s*) by Theorem 6.1. Then,
thanks to Lemma 5.3 which implies the range denseness of J#*, for every ¢ >0 and some regularization

parameter o = a(e) (1111(1) o = 0), a nearby solution a’ € H2(I')® can be built e.g. via Tikhonov
e—

regularization (23] such that ||®3°—2*al||12(q) < € and lin% |lal | 7r1/2(ry = 00 — due to the compactness
e—

of * established in Lemma 5.2. At this point, the same argument as in the first part of the proof —

deploying the continuity of T~' and the range denseness of # — can be used to establish the second

claim.
[ |

6.2. Factorization method (FM)

To facilitate the ensuing developments, we recall elements of the factorization method [21] as they pertain

to our inverse problem.

Definition 3. The self-adjoint operator Fy: L*(Q)® — L*(Q)? is defined by

F,:= |RF| + QF, (45)

where F: L2()3 — L?(Q)3 is given by (24), and
RF = L(F+F"), QF = L(F-F"). (46)
Remark 4. In line with decomposition (30) of the far-field operator F, there exists factorization
Fy = ATy (47)
of (45), where the middle operator Ty: H—'/?(I')®> — H'Y?(T')? is given by
Ty = RT(Q*— Q) + ST (48)

Q7T and Q™ are bounded projectors such that QT +Q~ = 1; QT — Q™ is an isomorphism, and Q~ has a finite
rank. See Theorem 2.15 in [21] for derivation.
Theorem 6.3. Under the assumptions of Theorem 6.1, operator Fy in (45) has the following properties:

o Operator Fy is positive.

o The ranges of J*: H'/?(I')® — L2(Q)3 and Fﬁ1/2: L?(Q)3 — L2()? coincide.

o BT € Range(Fﬁl/z) <~ LcCT.
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Proof. The first two claims follow directly from Theorem 2.15 in [21], its extended version (Theorem 3.2)
in [8], Lemma 5.2 Lemma 5.4, and Lemma 5.5. With such result in place, the last claim is immediately
established by Theorem 6.1. |

Lemma 6.4. Operator Ty: H=Y/2(T')3 — HY*(T)3 in the factorization (47) has the following properties:
o Ty has a bounded (and thus continuous) inverse.

o Ty is selfadjoint and is positively coercive, i.e. there exists a constant c>0 independent of ¢ so that
S 2 -1/2(1)3.
(e T() sy = cllellyoy oy Ve HVA(I) (49)

Proof. See Appendix A in [8] and the proof of Theorem 2.15, part E in [21]. |

On the basis of Theorem 6.2, one sees that Ful/ % can be used to characterize I' from the far-field
measurements. In what follows, it is in particular shown that the GLSM cost functionals based on F} (i) are
convex, (ii) have closed-form minimizers, and (iii) enable fast and robust reconstruction of I' — especially
when the data (and thus the far-field operator) are contaminated by noise.

6.3. Generalized Linear Sampling Method (GLSM)

Theorem 6.2 of the linear sampling method poses two fundamental challenges in that: i) the featured anomaly
indicator ||#°gL||g-1/2(r) inherently depends on the unknown fracture support I, and ii) construction of
the Herglotz density vector g& € L%(Q)? is implicit in the theorem [3]. Conventionally, these issues are
addressed by replacing || gL || gr-1/2(r) with || g&||12(q) which is, in turn, computed by way of Tikhonov
regularization [23]. Such treatment, however, has proven to be particularly sensitive to perturbations in the
data due to e.g. measurement errors.

To help meet the challenge, the GLSM takes advantage of the second factorization (30) of the far-field
operator and the mathematical properties of its components to properly construct a stable approximate
solution to the far-field equation (41). This is accomplished through a sequence of penalized least-squares
problems where the principal ingredient of the penalty term is ||5Zg%|| -1 /2(ry, reformulated in a computable
way in terms of the far-field operator F'. More specifically, by invoking factorizations (30) and (47), one may

observe that
(gF, Fgl)12) = (gl T gr)

r"
(95 Fr9)rei) = (Hgl, Ty Agl),  Vgi € LX(Q)°
where (-,-)r2(q) := (-,-)12(0)s denotes the usual L? inner product on Q. Then, thanks to the coercivity

of the middle operator T' (see Lemma 5.7), quantity |(gZ, Fgl)2(a)| — which is computable without prior

knowledge of I' — may be safely substituted for || #gr ”%{*1/2(1‘) in constructing a penalty term for the

GLSM cost functional. Similarly, the positive coercivity Ty (See Lemma 6.4) and factorization (47) of Fj

2
H-1/2(T")

birth to a conver GLSM cost functional whose minimizer can be computed without iterations. This shines

demonstrate that (g%, FygL)r2a) = || Fﬁl/QgeL |2 may serve as a replacement for || gL || giving

light on the GLSM approach to elastodynamic reconstruction of heterogeneous fractures, whose specificities

are presented next.

GLSM cost functional.

e Unperturbed (noise-free) operators. Let a>0 be a regularization parameter, and consider the far-field
pattern ®3° € L?(2)3 as in Definition 2. Then the GLSM cost functional is defined by a sequence of
penalized least-squares misfit functionals J,(®%°; -): L?(Q)% — R, namely

1
Jo(®T: 9) = |Fg — ®F|° + a||F gl g € L*(Q)°, (50)
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whose minimizers gL' € L?(Q2)? can be computed non-iteratively by solving

1

F'(Fgk — ®%) + a(F?)'Fi gl = 0. (51)

[

For completeness, a more general form _7,(®7°; -): L*(Q)®> — R of the GLSM cost functional, namely

Sa(@719) := ||[Fg — @7 + al(g, Fg)l, g € L*(Q)°, (52)

is also considered. Note that (52) does not demand Fy to be applicable (see Theorem 6.3), and thus
may cater for a wider class of contact laws, Z[v], over the fracture surface in (2).

Remark 5. In general, Z.(®7’; g) does not have a minimizer; however, one may define

Jo(®T) 1= geigl(fmsfa(‘h ; 9)-

Thanks to the range denseness of F' (see Lemma 6.6), one has that j, — 0 as a — 0. Accordingly, an

optimized nearby solution can be constructed by following the algorithm described in [3].

e Perturbed operators. When the measurements are contaminated with noise (e.g. sensing errors,

fluctuations in the medium properties), one has to deal with noisy operators F° and Fﬁ5 satisfying
s 5
IF° = F[| < 6, IFy — Byl < 6, (53)

where § >0 is a measure of perturbation in data — independent of " and Fj. Assuming that F9and Fﬁ‘S
are compact, a regularized version JO(®%°; -): L?(Q2)® — R of the GLSM cost functional is defined in
spirit of the Tikhonov regularization method as

Jo@75g) i= |[Fg — 7P+ a(1(F)2 gl” + Sllgll*), g € L*(Q)°. (54)
Note that J is again convex and that its minimizer gg, s € L*(2)? solves the linear system
FOU(Fgs — OF) + () () g, + 095s) = 0. (55)
In this vein, the (regularized) cost functional affiliated with the general form (52) may be recast as

(@ g) = ||F'g — @I + a(l(g, F'g)l + dlgll?). g€ L*(Q)’. (56)

Remark 6. In (54) and (56), 0 signifies both a measure of perturbation in F and a regularization
parameter that, along with o, is designed to create a robust fracture indicator functional via a sequence
of the GLSM minimizers (see the proof of Theorem 6.9).

With the above definitions in place, the main GLSM theorems are based on the following lemmas.

Lemma 6.5. Operator 4 = *T: H~'/2(I")3 — L?(Q)3 is compact over H=/2(T")3.

Proof. The claim follows immediately from Lemmas 5.2 and 5.4 establishing, respectively, the compactness
of #* and the boundedness of T. [ ]

Lemma 6.6. The far-field operator F: L2(2)% — L?(Q)3 is injective, compact and, under the assumptions

of Lemma 5.3, has a dense range.

Proof. Injectivity. Let F(g) = 0. Then, recalling the factorization F' = S#*T 5 and the injectivity of J¢*
and T (due respectively to Lemma 5.3 and Lemma 5.6), one finds that J##(g) :==n-C:Vug =0 on I
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Under the assumptions of Lemma 5.3, this requires that ug = 0 in R3, i.e. that g = 0 which establishes the
first claim.

Compactness. The compactness of F' follows immediately from the compactness of 57* — and thus that
of 7 (Lemma 5.2), and the boundedness of T' (Lemma 5.4).

Range densenes. This claim is conveniently verified by establishing the injectivity of F*. To this end,
recall (24) and consider the L?-inner product

(Pl9).) oy = [ @@ -5, @0a5; = [ gl [ W(d&)-al@)dsgass (57

Q

where a € L?(Q)3. Thanks to the reciprocity identity (25), inner product (57) exposes the adjoint far-field
operator as

F*(a)(d) = /ﬂW“*(d,é»a(é)ng = QW“(&—d)-a(—é)ng = F(a)(-d), deQ, ()

where a(€) := @(—£) on Q. Owing to the injectivity of F, one finds from (58) that setting F*(a) = 0
necessitates a = 0 and thus a = 0. |

We are now in position to establish the main result of the GLSM approach, given by Theorem 6.7 and

Theorem 6.9, catering for the elastodynamic reconstruction of heterogeneous fractures.

Theorem 6.7. Consider the GLSM cost functional Jo unifying (50) and (52) with unperturbed operators
F9 and th, namely

Ja(®T:9) = |Fg — @72 + @l(g.Bg)l. g€ L*(Q)°, (59)
where a > 0 and B, denoting either F' or Fy, admits the factorization
B = T, T =TT (60)
Since Jo = 0, define the infimum

jo(®T) 1= Ja(®T59),

geér"’l(fﬂ)?’
and let gk € L*(Q)® denote a nearby solution such that
Ja(@7598) < Jal(®F) + pa,
u > 0 being a constant independent of a. Then,
®7 € Range(A™) {ligljgp (g, Bga)|l < oo <= liminf|(g, Bgg)| < 00}-

Proof. See the proof of Theorem 3 in [3], synthesized in Appendix E using present notation. |

Lemma 6.8. Consider the regularized GLSM cost functional 32, unifying (54) and (56) with perturbed
operators F° and Fﬁ‘s, namely

W(®F:g) = [F'g — ®F|* + a(|(g,B°g) + 5lgl?), g€ L*(Q)? (61)

where a,3 > 0 and B® denotes either F° or Ff. Assuming that B is compact, 3‘; has a minimizer
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gé’é € L*(Q)3 satisfying
lim lim sup 32 (®5°; gks) = 0. (62)

a=0 5.0

Proof. Eristence of a minimizer. For any a,6 > 0 and ®7° € L%*(Q2) given by (42), any sequence (g")
constructed to minimize J° is bounded in L?(Q)3, and thus weakly convergent to some gg’(; € L2(Q)3.
Thanks to the lower semi-continuity of a norm with respect to the weak convergence and the postulated
compactness of B, one has

Ja(®7i9a,5) < lminf 3(PF59") < _inf 3o(2F:g), (63)

which proves that g% ; is a minimizer of 33, (®7°;g) in L?(Q)3.
Limiting behavior. Let us first observe from (53), (59) and (61) that

Jo(®T39) < Ja(@T39) + 0{2algl® + dllgl? + 2/Fg — 27| llgll}. Vg e L2(Q)°.  (64)

For any 6 >0 (a fixed), on can chose g, 5 such that [Jo(®77;9,.5) —Jo(®T )| < 0. Then by the definition
of gk 5 one finds via triangle inequality that

J(®T1906) < TP 90,s) < ial(@F) + {1+ 20lgqsl* + 8llgasl® + 21Fga s — BT gal}-

The proof of (62) is now completed by noting that (i) given «, the term inside the brackets is bounded for
any d, and (ii) limoja =0. |
a—r

Theorem 6.9. Under the assumptions of Theorem 6.7 and an additional hypothesis that B® (denoting
either F° or Fﬁ‘s) is compact, one has

7° € Range(H*) +— {limsuplimsup(|(g§,5735g£’5)| + 5||g§_’5||2) < 00

a—0 6—0

— lminflimint (|(g5 5, B9% 5)| + 6lgksl*) < oo},

a—0 §—0
where 9575 is a minimizer of the perturbed GLSM cost functional (61) in the sense of (62).

Proof. See the proof of Theorem 5 in [3], also summarized in Appendix E. |
6.3.1. The GLSM criteria for imaging heterogeneous fractures On the basis of Theorem 6.9, a robust

GLSM-based criterion for the elastic-wave reconstruction of heterogeneous fractures can be designed as

1
VI 5. B2gE )| + 51 gE 5|1

I%(L) := B’ = F° F}, (65)

where gi 5 1s a minimizer of (61) in the sense of (62). In this setting, it is particularly instructive to focus
on the case where B® = Fﬁ‘;, since gg’ 5 in this case can be obtained non-iteratively by explicitly solving (55).
Accordingly, the GLSM indicator functional used is the sequel is taken as

1

= n .
VIED gk 5112 + 61l gE |7

I(L) (66)

For future reference, let us also recall the classical LSM/FM solution g~ € L2(Q2)? (see Theorem 6.2) obtained
by way of Tikhonov regularization [23], namely

I3 . S 00 (|2 2
i= F°g — ® + 67
g. geILHQI(I}?)S { | F°g ol Bllgll }7 (67)
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where [ is a regularization parameter computable by the Morozov discrepancy principle.

Remark 7. It is worth noting that the GLSM characterization of T from the far-field data (via the range
of F) is deeply rooted in geometrical considerations, so that the fracture indicator functionals (65) and (66)
may exhibit only a minor dependence on its heterogeneous contact condition — given by the distribution of K
on T'. This behavior can be traced back to Remark 3, where the opening displacement profile a € H'/? (L) -
intimately related to the interface law — is deemed arbitrary (within the constraints of admissibility). This
quality makes the GLSM imaging paradigm particularly attractive in situations where the fracture’s contact
law is unknown beforehand, which opens up possibilities for the sequential geometrical reconstruction and

interfacial characterization of partially-closed fractures.

7. Computational treatment and results

To illustrate the theoretical developments, this section examines the performance of (66) through a set of
numerical experiments and compares the results of the GLSM reconstruction to those obtained by two
alternative approaches, namely the linear sampling method (LSM) [11] and the method of topological
sensitivity (TS) [33]. In what follows the synthetic sensory data, namely the far-field patterns (21) over
the unit sphere, are generated by way of an elastodynamic boundary integral method [33].

Testing configuration. The sensing setup, shown in Fig. 2, features a “true” cylindrical fracture I' of
length L = 0.7 and radius R = 0.35. The fracture is endowed with a piecewise-constant (“zebra”) distribution

of interfacial stiffness K (&) on I, alternating between K7 and Ko, where
K1 = (1—0251)n®n + (4—2i)€1®€1 + (4—2i)82®€2, K2 =0

in terms of the orthonormal basis (e1,e2,m) shown in the figure. The shear modulus, mass density, and
Poisson’s ratio of the background solid are taken as p = 1, p = 1 and v = 0.35, whereby the shear and
compressional wave speeds read ¢, = 1 and ¢, = 2.08, respectively. The interaction of I' with incident (P-
and S-) plane waves, propagating in direction d, gives rise to the scattered wavefield v solving (2) — whose
far-field pattern v is then computed on the basis of (21).

Far-field operator. For both illumination and sensing purposes, the unit sphere 2 is sampled by a uniform
grid of Ny x N, observation directions, specified by the polar (0, j = 1,... Ng) and azimuthal (¢, k =
1,...Ny) angle values. With reference to (C.1), note that both the polarization vector g = q,® q, of an

o'}
q

nontrivial components. In this setting, the discretized far-field operator F is represented as a 3Nx 3N matrix

incident plane wave and the far-field pattern vy® = v® @ vy® of the scattered wave each have only three
M .

A d

zebra patten of K (&)

— K,

€1

sampling
region

K1 n

Figure 2. Elastic-wave sensing setup (left), position of the cutting plane (middle), and “zebra” pattern of
the fracture’s heterogeneous contact condition (right).
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(N =NyN,) with components
F(3k+1:3k+3,3j+1:3j+3) = W>(d;, &), J,k=0,...N—1, (68)

where
A W Wi Wi
Woo(djagk) = W Wy Wi (djvﬁk)7 (69)
Wiy Wiy Wiy
and W2 (4,k=1,2,3) are specified in (C.1). Unless stated otherwise, we assume Ny = 50 and Ny = 25.
Noisy data. To account for the presence of noise in measurements, we consider the perturbed far-field
operator
F’ := (I + N,)F, (70)

where I is the 3N x 3N identity matrix, and N, is the noise matrix of commensurate dimension whose
components are uniformly-distributed (complex) random variables in [—¢, €]2. On the basis of definition (53),
one has § =||N.F|| which in the sequel takes values of up to 20%. With reference to Remark 3, the region
of interest

Trial far-field pattern. With reference to Remark 3, the GLSM indicator map (66) is constructed by
solving (55) for the minimizer of (54) over a grid of trial infinitesimal fractures L = z+ RL, where z
denotes the sampling point and R is a unitary rotation matrix. In what follows, this is accomplished by
taking L to be a vanishing penny-shaped fracture with unit normal n,, i.e. by setting the FOD in (42) as
a(y) = 6(y — z)|L|"'Rn,. Writing for brevity n = Rn,, one in particular finds that

(&) = — (kp€[A+2u(m &4 @ 2k, € x (nx &) (n-§) e €7, (71)

Recalling (C.1), one may note that for each observation direction £,, (71) has only three non-trivial
components in the reference (£}, 8y, ¢,) orthonormal basis, which are for consistency with (69) arranged as
a 3N x 1 vector

ikp [ A+ 21 (n-ék)z]e_ikpék‘z
B, (Bk+1:3k+3) = | 2ipks(n-0;)(n-§,)e 8= |, k=0,...N—1. (72)
QiNkS(n'¢k)(n'ék) e~ hatp=

Accordingly, the far-field equation (41) takes the discretized form

Fg,, = &

z,n’

thus forming the basis for computing GLSM and LSM indicator functionals.

7.1. Fracture indicators

As shown in Fig. 2, the search area i.e. the sampling region is a cube of side 2 where the featured (GLSM and
LSM) indicator functionals are evaluated. The resulting distributions are plotted either in three dimensions,
or in the mid-section of the “true” cylindrical fracture (see Fig. 2).

Sampling. In what follows, the search cube [—1,1]> C R? is probed by a uniform 40 x 40 x 40 grid of
sampling points z, while the unit sphere — spanning possible fracture orientations — is sampled by a 24x6 grid
of trial normal directions n = Rn,. Accordingly, the fracture indicator map is constructed by solving (73)
for a total of M = 64000 x 144 trial pairs (z,n).

GLSM indicator. With reference to (55) and (68)-(73), a discretized version of the GLSM solution vector,
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g5, is computed by solving the linear system

(F7"F + asn (B3 (! + 2001 ) 925 = F7 @3, (74)
where (-)* is the Hermitian operator; Fg is evaluated on the basis of definitions (45) and (46); and,
following [3],

Qzp 1= _Nlzam (75)

CIE
Here 7, n is a regularization parameter of the classical LSM solution (77), computed via the Morozov

discrepancy principle [23]. With reference to (66), the GLSM indicator function is then obtained as

GLSM

1
Igﬁ(z) = T )
VIED ggrsn 2 + 5 ggrom)2

:= argmingesu [|gZM [72(q), n € Q. (76)

LSM indicator. To gain better insight into the effectiveness of the proposed approach, the GLSM
reconstruction is compared to a corresponding LSM map. The latter is computed on the basis of a Tikhonov-

regularized solution gz} to (73), namely

g = argming, {19, 0 — ®Zalfe) + 7 192nliee) } (77)
where the regularization parameter 7, , is obtained by way of Morozov discrepancy principle [23]. On the
basis of (77), the LSM indicator functional is constructed following [11] as

LSM

1
(=) : g™ ¢ = argminggen [ gL 3oy n € . (78)

R
7.2. Results

In the sequel, the arclength (£/=0.55) of a “true” cylindrical fracture in its mid-plane, see Fig. 2, is used as
a reference length to gauge the illuminating shear wavelength \; = 27 /k;.

Density of the sensing grid. Taking As/¢ = 0.7, Fig. 3 illustrates the sensitivity of the GLSM
indicator (76) to the spatial density of sensory data, given by Ny x N, incident/observation directions over
the unit sphere. This is done by gradual downsampling of the default 50x 25 sensing grid. From the panels,
it is apparent that for satisfactory geometric reconstruction, the sensing grid should carry at least 100 test
directions over Q. In what follows, the (full-aperture) reconstructions are implemented using a 50 x 25 grid.

Sensitivity to measurement noise. Assuming full-aperture illumination and sensing, the GLSM and
LSM indicators are next compared in terms of their robustness against noise in the far-field data. With
reference to (70), the levels of “white” noise used to contaminate the boundary integral simulations of the
forward scattering problem are taken § =| N.F|€ {0,0.1,0.2}||F||. On focusing the comparison on the
mid-section IT of a “true” fracture, the results are shown in Figs. 4, 5, and 6 assuming the illuminating
wavelengths of A\s/¢ = 1.3, 0.7, and 0.3, respectively. Note that 6% := ¢/||F|. As can be seen from the
display, the GLSM indicator (76) inherits the superior localization ability of its LSM predecessor (78), while
carrying far greater robustness to noise in the sensory data.

Effect of the sensing aperture. The ramifications of an incomplete aperture on the quality of fracture
reconstruction are illustrated in Figs. 7 and 8, where only the “upper” half of  in Fig. 2 is available for the
purposes of illumination and observation. More specifically, Figs. 7 and 8 depict the GLSM and LSM fields
in the mid-section of I" at “long” (As/f = 1.3) and “short” (As/¢ = 0.3) excitation wavelengths, respectively,
constructed from the half-aperture sensory data. While the loss of resolution in both GLSM and LSM maps
is clear relative to Figs. 4 and 6, it is noted that (for the problem under consideration) the GLSM indicator
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Figure 3. Full-aperture GLSM reconstruction of a cylindrical fracture in its mid-section, II, for As/¢ = 0.7:
effect of density of the Ngx Ny sensing grid of illumination/observation directions spanning the unit sphere.

offers far better robustness to noise, providing acceptable reconstruction of I" for § as high as 0.1||F|].

3D reconstruction. For completeness, Fig. 9 illustrates the full-aperture GLSM reconstruction of T’
inside the sampling region [—1,1]?, assuming \,/¢ = 1.3 and §% = 10 (top panels) and \,/¢ = 0.7 and
% = 5 (bottom panels). For clarity, the indicator maps are thresholded by 10%, i.e. only the sampling
points whose 1% (z) values are higher than ten percent of the global maximum value are shown (left panels).
Then, a scattered interpolant is constructed based on thus obtained 3D cloud of points, giving an optimal
reconstruction of the fracture surface. The latter is generated by (i) projecting the thresholded GLSM
map onto a reference plane (the X — Y plane in this example), and (ii) defining a suitable grid of points
covering the projected area. This forms the sought-for input for the scattered interpolant providing a 3D
reconstruction of the fracture interface, as shown in the middle panels of Fig. 9. Due in part to a scattered
nature of the interpolant, thus obtained fracture surface will suffer from some artificial roughness — that
depends for example on the density of sampling points and an ad-hoc thresholding parameter. This issue
may be mitigated by implementing a suitable spatial (e.g. moving average) filter, as shown in the right
panels of Fig. 9.

8. Conclusions

The Generalized Linear Sampling Method (GLSM) combined with the Fy-factorization technique form a fast,
yet robust, platform for the geometric reconstruction of heterogeneous (and dissipative) discontinuity surfaces
from scattered wavefield data. It is illustrated that the GLSM indicator possesses little sensitivity to (the
reasonable levels of ) measurement noise — that is comparable to the robustness of T'S, while inheriting the top-
tier localization property of the classical LSM, which guarantees a high-quality geometric characterization of
the fracture — notwithstanding the frequency regime of excitation and the unknown (generally heterogeneous)
interfacial stiffness K. Such attributes carries a remarkable potential for developing a GLSM-based hybrid
approach for not only geometric reconstruction of hidden fractures, but also identification of their interfacial
condition (e.g. retrieval of K in the present work) from scattered field data. Furthermore, this approach may
be naturally and rigorously extended to other sensing configurations and to more sophisticated background-
domain geometries. It should also be noted that the analysis in this study does not require the fracture
surface to be connected, so one should be able to use the GLSM for simultaneous imaging of multiple fractures
in the medium.
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Figure 4. Sensitivity to measurement noise for A\s/¢ = 1.3: Full-aperture reconstruction of a cylindrical
fracture, mid-section II, by the LSM indicator (top panels) and its GLSM counterpart (bottom panels).
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Figure 5. Sensitivity to measurement noise for As/¢ = 0.7: Full-aperture reconstruction of a cylindrical
fracture, mid-section II, by the LSM indicator (top panels) and its GLSM counterpart (bottom panels).
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Figure 6. Sensitivity to measurement noise for A\s/¢ = 0.3: Full-aperture reconstruction of a cylindrical
fracture, mid-section II, by the LSM indicator (top panels) and its GLSM counterpart (bottom panels).
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Figure 7. Half-aperture reconstruction of a cylindrical fracture, mid-section II, for As/¢ = 1.3: sensitivity
of the LSM indicator (top panels) and its GLSM counterpart (bottom panels) to noise in the measurements.
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Figure 8. Half-aperture reconstruction of a cylindrical fracture, mid-section II, for As/¢ = 0.3: sensitivity
of the LSM indicator (top panels) and its GLSM counterpart (bottom panels) to noise in the measurements.

Figure 9. Full-aperture 3D GLSM reconstruction for {\s;/¢ = 1.3,6% = 0.1} (top) and {Xs/¢ = 0.7,6% =
0.05} (bottom): GLSM indicator (76) thresholded at 10% (left), fracture surface as reconstructed from the
3D cloud of points (middle), and fracture reconstruction after the application of a mean filter (right).
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Appendix A. Proof of equation (13)

As shown in [24], the irrotational (up) and solenoidal (ug) parts of a radiating wavefield u = u,, solving (9)

exhibit the following asymptotic behavior as r := |€]| — oo:
Mo ik, =067, up=067)
dus _ iksus = O(r2), u, = O(r 1), (A1)
or
£-C:Vu, — ik,(A + 2u)u, = O(r~2), £-C:Vu, — ik, pug = O(r~2), u, - =0(r )

For brevity, an auxiliary decomposition t = é -C':Vu = tP +t° is adopted in the sequel, where t¥ = é’-C :Vu,
and t° = £-C': Vu,. In this setting, one finds that

1 .
S 1 - - — | To4+T0) - (P + %) — (PP
Sjim [ wetdse= o lim aBT{(up—kus) (P +t) — (up+uy)- (& +t)}dsE
—  lim {kp(x+2ﬂ)(|up\2+m(up.fus)) n ksu(|us\2+m(up.fus))} dSe.

r—o JaB,

= lim/ {kp()\—|—2u)|up‘2 + ksu|us|2} dSe,
0B,

T—>00
(A.2)
which completes the proof.
Appendix B. Elastodynamic fundamental stress tensor
In dyadic notation, the elastodynamic fundamental stress tensor [e.g. 1] can be written as
Y(z,y) = Efj(w,y) e;Re; ey, z,yeR® zx#y (B.1)

signifying the Cauchy stress tensor at x due to point force ey acting at y, where

A 2
S(w,y) = M[G(’% e dis — 151G kpr) = Glksr)ije + [Glksr)]i 05e + [G(ksr)] 5 die (B.2)
and o 5
relemyl G Ul gt

As shown in [1], the far-field approximation of (B.2) as |x| — co reads

4,00 4, l,s
i (@y) = Bl (ey) + B (2, y), (B.3)
where ol
iky|x o 2‘u A
E[,p = ik Ap ¢ —ikp®-y Ap — |: AiA‘ (51 ~
ij (w’y) 1Rp il 47T|Il}| € ’ ijl )\+2ILL$ Lj + )\_'_2# j| T (B 4)
05 T TP s . . . '
N (@ y) = ks Afy Az e T, vie = Oty + 0jpd; — 28358y
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Appendix C. Proof of Lemma 4.1

Consider the orthonormal bases (e =€, e, e3) and (h;:=d, ho, h3), where € and d denote respectively the
directions of observation and plane-wave incidence. On representing the far-field pattern vg® = vgz vy
(resp. the polarization vector ¢ = q, @ gq) in the e— (resp. h—) basis, definition (23) of the far-field

kernel W™ (d, £) can be written in matrix form as

- - we(d,g) 0 0 0 W(d.€) Wis(d.€) ] -
1)00'61 11( 75) 12( 75) 13( ?5) q 'hl
& 0 000 0 0 P
0 0
0 0 0 0 O 0 0 0
vg'(d.§) = 0 = 0 000 0 0 0 (C.1)
. 0 000 0 0 .
v, € 2 2 o p g, N2
L Wi(dg) 0 0 0 WEdg Wi || "
€3 0 ¢ e p e ¢ L 9s°
. L Wgr(d,§) 0 0 0 Wg(d,§) Wsz(d§) | ’
In this setting, the reciprocity statement (25) can be rewritten as
W;;o(df) = W;’f(—& —d), 1,7 =1,2,3. (C.2)

This section aims to extend Lemma 1 in [15] to cater for the scattering problem (2)-(6) with its particular
boundary condition, (4), at the fracture interface I'.  With such result in place, the distilled reciprocity
claim (C.2) follows immediately as a consequence of Theorem 1 and its corollaries in [15]. To this end,

consider two distinct total fields
Yr=up v, Yy =uh+
where v; € HL (R3\I')? satisfies (2)-(6) with u' = u} (j=1,2). On adopting Twersky’s notation [34]
(Wrtbabs = [ {uby-tabs) — by 0h1)} S

Lemma 1 in [15] states that {¢,¥5}op, = 0, where Bp is a ball of radius R sufficiently large so that
I'C Br. By substituting the Navier equation

V(C:VY;) + pw’p; =0 in R\, j=1,2

into Betti’s third formula [24] written for domain Bg\T', one finds that
{1 ¥2}oBrur = /B . {¢1' [V'(Civ¢2)] - Py [V'(C:vwlﬂ} dSe = 0 (C.3)
R
where, thanks to the jump condition on I' in (2) and contact law (4), one has

(1, 5)r = /F ([1] - £(3s) — [s] - £(t6)} Sk
(C.4)

= [ {1l Kol - ol K-l s

Due to symmetry of K, one has {¢, %, }r = 0 and consequently {1, 15}op, = 0 thanks to (C.3). [ |
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Appendix D. Proof of Lemma 5.1

With reference to the Herglotz operator #: L?(Q)? — H~'/2(I")3 given by (26) and a fracture opening
displacement (FOD) profile a € H'/?(T"), consider the duality product

(#(g),a) = /Fd-t(ug) dSy. (D.1)

Thanks to (18) and the linearity of ¢, the right-hand side of (D.1) can be recast as

/F a-t(ug) d // ) (d®d) eF4Y) dS, dSq
// ) (I —d®d) e*?¥) dS, dSg.
On recalling that for arbitrary smooth surface S
tfu) = n-C:Vu = AnV-u + 2un-Vu + unxVxu on S

where C'is given by (3) and m is the unit normal on S, one finds that

a-t(g(d)-(dod) @) = g(d)- (—ik,)e *rdv {2u(a.d)(n.d) + /\(a~n)}d,

a-t(g(d)-(I-d@d) ") = g(d)-(<ik)e @ dx {u(a-d)(nxd) + p(n-d)(axd)}.

As a result,

/ a t(uy) dS, = /g(d d/ {)\ an) + 2u(n-d)(a- d)}e—i’%d‘y ds, dSq &
T Q T

/g( dx/ {u (axd)(n-d) + p(nxd)(a- d)}e*iksd'y S, dSq.
Q r
By virtue of (16) and (20) which verify (g,v>) = (g, v;°) © (g,,v5°), one finds that

<%(g)’ a’> = <g’ %*<a)>

which establishes (28). |

Appendix E. Proofs of Theorem 6.7 and Theorem 6.9

Proof of Theorem 5.7. Consider the following:

e Let ®7° € Range(s*). By definition, 31 € Range(T) such that s#*¢ = ®7°. Then, by recalling the
continuity of T~! (Lemma 5.6) and the range denseness of 5 (Lemma 5.2), one may find g, € L?(2)3
for every a > 0 such that ||5#g, — T~ !4 ||> < a. Now, let us observe that

i) by the continuity of 4 = J#*T (Lemma 6.5), one has
I1Fg, — @I < al¥]*
ii) the boundedness i.e. continuity of ¥ (see Lemma 5.4 and (48)) implies that

(9., Bg.)| < I=IIZg.|° < 2] (o + [T~ 4l);
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iii) thanks to the definitions of j,(®%°) and g%, one has
Ja(®T195) — no < Ja(®F) < |[Fg,— @7 + al(g,, Bg,)|
As a result, it immediately follows that
al(gs, Bgi)l < Ja(®T395) < pa+ al9)? + 2afIT) (o + [T79)), (E.1)

whereby limsup |(g%, BgL)| < oo which implies liminf |(gZ, BgZ)| < occ.
a—0 a—0

e Next, let ®7° ¢ Range(s*). Let us by contradiction assume that ligljgf|(g§,Bg§)\ < o0; then,
for some constant ¢ > 0 independent of «, one has |(gZ, BgL)| < ¢ for an extracted subsequence of
gL. The coercivity of T then implies that #g~ is also bounded. As H~'/2(I")3 is reflexive, one may
suppose that up to an extracted subsequence, %”gé weakly converges to some T 't € H‘l/z(F)?’.
In fact, T~ !4 € Range(/) since the latter set is convex. Now, since ¢ is compact, G gk
strongly converges to 9T 1 = #* as a — 0. Recalling the definition of J,(®7°;g%) and
the fact that jo(®7°) — 0 as o — 0 thanks to the range denseness of F', one may observe that
| Fgl — @ |2 < Jo(®7;9L) < ja(®T) + pa — 0 as o — 0. Thus, #*p = @ which is a
contradiction. Accordingly, ®7° ¢ Range(J£*) necessitates lianjglf|(g§,Bg§)| = oo which in turn

implies limsup |(g%, BgL)|= .
a—0
]

Proof of Theorem 5.9. The logic of this proof follows that of Theorem 6.7, and entails the following steps.

o Let ®7° € Range(H*) so that 77*) = ®7° for some 1 € Range(T). Define for every a> 0 independent
of §, density g, € L?(Q)3 such that ||5#g, — T~ !4||?> < a, and set § > 0 sufficiently small so that

3{2allg,|I* + dllg.I* + 2lFg, — 27| llg.lI} < o
With reference to (64), one finds
W(@T5gls) < WU®Tig) < Ju(®Tig) + o (E2)
On recalling the bound in (E.1) on J,, this yields
a(l(gasB°ges)l +dllgasl®) < Ja(@Figas) < (utla+ a9 + 20T (a + [T 9)?),

which guarantees that lim sup limsup (|(g% 5, B°g% ;)| + 0 |lgZ 5/* ) < oc.
a—=0  §—0 ' ' ’

o Let ®7°¢ Range(#*), and assume to the contrary that lim inf lign i(r)1f (I(gL 5. BogE 5)|+0lgL 5]1?) < <.
a—r — ’ ’ )

Using the coercivity of ¥ and triangle inequality, one finds

5
c ||%9§,5H2 < |(9§,5739§,5)| < |(9([1,573 95,5)\ + 5||9§,5||2,

whereby limsuplimsup || #°gL ; ||*< co. Then, there exists a subsequence (o/,(a’) < a’) such that
a—=0  §—0 ’

o' — 0 and H%gé, 5(a,)||2 is bounded independently from «'. In light of Lemma 6.8, one may design
this subsequence such that Si(,a/)(i)zo;gi, 5(ary) — 0 as @’ — 0, and thus || Fogt, sy — L l= 0 as
o’ — 0. The compactness of 5#* and boundedness of T imply that a subsequence of F*T.# gé, 5(a)
converges to some .7 *1 in L?(2)3. The uniqueness of this limit implies that /#*1 = ®7°, which is a

contradiction.
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