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Abstract— In this paper, we present a Nonlinear Model
Predictive Control scheme, which is able to generate walking
motions in multi-contact situations. Walking up and down stairs
with an additional hand support is a typical example, which
we address in simulation. Computing such a nonlinear control
scheme is usually done with a Newton method, a potentially
time-consuming procedure involving iterative linearizations. We
propose here a Newton method which is specifically designed to
provide at each iteration a feasible solution, always satisfying
the (nonlinear) dynamic balance constraints. This results in a
significant reduction in computation time, by minimizing the
number of necessary iterations to reach a feasible solution.

I. INTRODUCTION

The main difficulty in legged locomotion is the dynamic
constraints on the linear and angular momentum of the robot,
due to its dependance on external contact forces to control
them [1]. This is particularly evident in the Newton and Euler
equations of motion of the robot, which can typically be
expressed in the following form:[

m(c̈+ g)

mc× (c̈+ g) + L̇

]
∈ C, (1)

where m ∈ R is the mass of the robot, c ∈ R3 is the position
of its Center of Mass (CoM) in a world frame, L ∈ R3 is
its angular momentum with respect to the CoM, −g ∈ R3

is the acceleration due to gravity, and C ⊂ R6 is the cone
of available contact wrenches (forces and torques), which
depends on the existing contacts between the robot and its
environment.

The standard approach to computing, and controlling
motions satisfying such contraints is through Model Pre-
dictive Control (MPC) [1], [2]. When walking on a flat,
or moderately uneven ground, as long as hand contacts
are not necessary, the constraint (1) can take a linear form
under classical assumptions [3], and very efficient numerical
methods can be employed, to compute the corresponding
MPC scheme in a fraction of milli-second.

Hand contacts with the environment can be important how-
ever, to improve stability, energetic efficiency, to interact with
the environment, or to simply realize otherwise infeasible
motions [4], [5], [6], [7], [8]. In this case, the constraint (1)
is generally nonlinear, and we have to resort to a Newton

method to obtain a solution, a potentially time-consuming
and uncertain procedure involving iterative linearizations.

In an MPC scheme, we have to solve a sequence of closely
related optimization problems, one at each sampling time.
Using tools from parametric optimization and continuation
methods, it is possible to obtain very good approximate
solutions to these nonlinear problems, with very few, or even
only one iteration at each sampling time [9]. The problem,
however, is that these approximate solutions may not always
be feasible and satisfy exactly the nonlinear constraints.

This is the problem that we tackle in this paper, by
proposing a Newton method based on carefully crafted linear
approximate models, which ensure that the nonlinear con-
straint (1) is always satisfied exactly. Our approach is based
on a linear approximation which is made robust to polytopic
uncertainties, following the same procedure as in [3], and
constraining each iteration of the Newton method to fall
within the limits of the specified polytopic uncertainty. A
specific form of the constraint (1) is used, where a Center of
Pressure (CoP) is introduced for foot contacts on the ground,
while other external forces are considered as a generic force
fe ∈ R3 and torque ne ∈ R3 acting on the CoM, as
proposed in [8]. Simulation results show that we can very
efficiently compute walking motions up and down stairs with
an additional hand support, which satisfy exactly the balance
constraint (1).

This paper is organized as follows. Section II presents the
proposed MPC scheme for generating walking motions with
additional hand support. The dynamic model of the legged
robot, the kinematic and dynamic feasibility constraints for
balance, and the objective function of the Optimal Control
Problem (OCP) are presented. Section III presents our propo-
sition for making sure that every iteration of our Newton
scheme is always feasible, satisfying exactly the nonlinear
constraint (1). Section IV finally presents an evaluation of
the proposed scheme in the case of a walking motion up and
down stairs, with statistics on the computational efficiency
of the approach along with a comparison with other state of
the art methods.



II. MODEL PREDICTIVE CONTROL OF WALKING

A. Introducing the CoP

Let’s consider the contact forces fi ∈ R3 between the feet
and the ground separately from the rest of external forces
and torques in the Newton and Euler equations of motion,
as proposed in [8]:

m(c̈+ g) = fe +
∑
i

fi, (2)

mc× (c̈+ g) + L̇ = ne + c× fe +
∑
i

si × fi, (3)

where si ∈ R3 are the positions of the contact points between
the feet and the ground, and everything else is as in (1). In the
following, superscripts x, y and z indicate the corresponding
components of a vector.

In the proposed approach, dynamic feasibility can be
safely checked every 100 ms only, so with short enough dou-
ble support phases, we end up checking dynamic feasibility
only during single support phases [10]. In that case, we can
safely assume that every time we check dynamic feasibility,
all contact points between the feet and the ground actually
have the same height, szi = sz for all i, even when walking
up and down stairs, and gravity is orthogonal to the ground,
gx = gy = 0.

Dividing the Euler equation by the z component of the
Newton equation, we obtain

mc× (c̈+ g)− c× fe − ne + L̇

m(c̈z + gz)− fze
=

∑
i si × fi∑

i f
z
i

. (4)

Focusing on the x and y components of this equation, we
can introduce the CoP

p =

∑
i s

xy
i fzi∑
i f

z
i

= cxy − (cz − sz)(mc̈xy − fxye )

m(c̈z + gz)− fze
− Ω ñxy

m(c̈z + gz)− fze
,

(5)

where ñ = L̇− ne =
∑

i(si − c)× fi is the torque exerted
by the contact forces fi with respect to the CoM, and

Ω =

[
0 1
−1 0

]
.

Note that the CoP is a linear function of the x and y
components of motion (cxy , c̈xy , fxye , ñxy), and a nonlinear
function of the z components (cz , c̈z , fze ).

B. Constraints

Since the contact forces with the ground are usually
unilateral, fzi ≥ 0 for all i, the CoP must lie within the
convex hull of the contact points sxyi :

p ∈ S(sxyi ). (6)

The maximal reachable region for the CoM with respect
to the center of the support foot sf ∈ R3, is typically
approximated by a convex polytope [3]:

A(c− sf ) ≤ b. (7)

Finally, external forces and torques are also bounded. We
follow here the approach proposed in [7] and consider
constraints:

fe ≤ fe ≤ fe, ñ ≤ ñ ≤ ñ. (8)

C. Objectives

Our first objective is to keep the height of the CoM as
close as possible to a reference c̄zs ∈ R chosen above the
kinematic limit (7),

o1 = ‖(cz − sz)− c̄zs‖
2
. (9)

Then, robustness of the walking motion to perturbations is
improved by minimizing also the deviation of the CoP from
the center of the support foot sxyf ,

o2 =
∥∥∥p− sxyf ∥∥∥2 . (10)

Finally, motion smoothness is improved by minimizing ad-
ditionally the jerk of the CoM and the external wrench,

o3 = ‖...c ‖2 , o4 = ‖fe‖2 , o5 = ‖ñ‖2 . (11)

All these are standard objectives when generating walking
motions.

D. Optimal Control Problem

In the end, to find trajectories of the CoM with the
corresponding external wrench, an OCP is formulated on a
finite time horizon Th:

minimize...
c ,fe,ñ

∫ Th

0

5∑
i=1

wioidt

subject to (6), (7), (8), ∀t,
(12)

where oi are the objectives (9), (10), and (11), and wi are
corresponding weights.

III. ALWAYS FEASIBLE NEWTON ITERATES

The following Section presents our proposition for making
sure that every iteration of the Newton scheme always
satisfies exactly the nonlinear constraint (1).

A. Robustness to polytopic uncertainties

Observing that equation (5) is linear with respect to the x
and y components of motion, and nonlinear with respect to
its z component, walking motions were generated in [3] by
adopting a Linear MPC scheme on the x and y components,
that was made robust to the nonlinearity on the z component,
bounded as a polytopic uncertainty. We propose to follow a
similar approach here, with the additional capacity to use
hand support.

Equation (5) can be reformulated as follows,

p(ζ1, ζ2) = cxy − ζ1
(
c̈xy − fxye

m

)
+ ζ2Ω ñxy, (13)

by introducing

ζ1 =
m(cz − sz)

m(c̈z + gz)− fze
, ζ2 =

1

m(c̈z + gz)− fze
. (14)



Note that this equation is linear with respect to ζ1 and ζ2.
Let’s consider now that these variables stay between some
bounds:

0 ≤ ζ
1
≤ ζ1 ≤ ζ1, 0 ≤ ζ

2
≤ ζ2 ≤ ζ2. (15)

If we make sure that the constraint (6) is satisfied for
all extreme values of ζ1 and ζ2, we can conclude that it is
satisfied for all values in between, by a simple convexity
argument:

{p(ζ
1
, ζ

2
), p(ζ

1
, ζ2), p(ζ1, ζ2), p(ζ1, ζ2)} ⊂ S(sxyi ) (16)

⇓
p(ζ1, ζ2) ∈ S(sxyi ).

Since the constraint (16) is defined with fixed, extreme values
of ζ1 and ζ2, we can see from (13) that it doesn’t involve
anymore the z components of motion, and is simply linear
with respect to its x and y components.

On the other hand, the combination of (14) and (15)
imposes linear constraints on the z components of motion:

ζ
1
(m(c̈z + gz)− fze ) ≤m(cz − sz) ≤ ζ1(m(c̈z + gz)− fze ),

(17)

ζ
−1

2 ≤m(c̈z + gz)− fze ≤ ζ
−1

2
. (18)

This way, if we make sure that the x and y components
of motion satisfy the linear constraint (16) while the z
components satisfy the linear constraints (17) and (18), we
can conclude that the 3D motion satisfies the nonlinear
constraint (6).

B. Constraining Newton iterates

Each iteration of a Newton scheme involves computing the
solution to a linear approximation of the nonlinear problem.
The key to our approach is to constrain each of these
iterations, to satisfy the linear constraints (16), (17) and (18),
in order to make sure that the nonlinear constraint (6) is
always satisfied exactly.

Instead of considering fixed bounds on ζ1 and ζ2 in (15),
that would require to be finely tuned as in [3], we propose
here to adapt them at each iteration in the following way,
based on the value of the parameters ζ1 and ζ2 at the previous
iteration:

ζ(j)
1

= ζ
(j−1)
1 − kµ1, ζ

(j)

1 = ζ
(j−1)
1 + kµ1, (19)

ζ(j)
2

= ζ
(j−1)
2 − kµ2, ζ

(j)

2 = ζ
(j−1)
2 + kµ2, (20)

with positive constants k, µ1 and µ2.

IV. SIMULATION RESULTS

The proposed approach is evaluated on a walking motion
up and down stairs, with an external force generated by
hand supports at two predefined time intervals, as shown
on Figure 1. This motion is generated for a simulated HRP-
4 [11], using the parameters provided in Table I.
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Fig. 1. An example of walking motion climbing up and down stairs,
generated online with the proposed Nonlinear MPC scheme. Footprints are
represented with yellow rectangles, while their sequence is indicated with
a red broken line. The trajectory of the CoM is indicated in blue, and the
corresponding external force appears as black arrows.

TABLE I
SIMULATION PARAMETERS

Sampling period 0.1 s
Length of the MPC horizon 1.6 s
Target height for the CoM c̄zs = 0.9 m

Mass of the robot m = 37.84 kg
Size of the feet 3.6×13.6 cm2

Bounds on fe fe = −25 N, fe = 25 N
Bounds on ñ ñ = −25 Nm, ñ = 25 Nm

Polytopic uncertainty µ1 = 0.01 s2, µ2 = 0.0005 N−1
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Fig. 2. Comparison between CoM trajectories in the frontal plane (y, z)
with (blue line) and without (dashed red line) additional hand support.
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Fig. 3. Evolution of the norm of the external force fe (top) and torque ñ
(bottom).
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Fig. 4. Semi-log graph showing the convergence of the CoP trajectory
over iterations of the Newton scheme.
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Fig. 5. Semi-log graph showing the convergence of the CoM trajectory
over iterations of the Newton scheme.

TABLE II
WEIGHTS FOR THE DIFFERENT OBJECTIVES

Distance between cz and its reference w1 = 1
Distance between p and its reference w2 = 1

CoM jerk norm w3 = 1.5 ∗ 10−4

External force norm w4 = 10−7

External torque norm w5 = 10−4

A. Generated motion

We can see in Figure 2 how the presence of an additional
hand support during the steps up and down stairs affects
the motion of the CoM in the frontal plane (y, z). The
weighted sum of objectives o1, o2 and o3 naturally decreases
when the external wrench is employed, since it represents an
additional degree of freedom for the OCP. Figure 3 shows
the corresponding evolution of the norm of the external force
fe and torque ñ during the two predefined moments. Since a
minimization of the norm of the wrench is performed, higher
weights, w4 and w5, on fe and ñ generate lower values of
the resultant wrench. We use a higher weight for the external
torque (w5 > w4) in order to reduce the rotational motion
around the CoM. The proposed weights wi are given in
Table II.

We can see in Figures 4 and 5 how the CoP and the
CoM converge over iterations of the Newton scheme for a
given preview horizon. We can observe that the first iteration
already provides a very good approximate solution, only a
few millimeters away from the optimum. More importantly,
the method we propose makes sure that it satisfies exactly
the nonlinear constraint (6).

B. Nonlinear constraint and polytopic uncertainty

Figure 6 shows how the CoP always stays inside the
quadrilateral defined by the four extreme points p(ζ

1
, ζ

2
),

p(ζ
1
, ζ2), p(ζ1, ζ2) and p(ζ1, ζ2) due to argument (16),

while all the extreme points are kept inside the support
polygon S(sxyi ) by the corresponding constraints. Four dif-
ferent computations are shown, with a range of polytopic
uncertainty {µ1, µ2} multiplied by four different coefficients,
k ∈ {1, 0.6, 0.4, 0.2}. We can see how the choice of a larger
range leads to much more conservative constraints. Figure 7
shows how this more conservative constraint affects the value
that can be reached for the objective function. It appears
clearly that a smaller range leads to better results.

Note that the range of values for the polytopic uncer-
tainties was chosen empirically, as inappropriate values can
quickly lead to infeasible problems, what would require a
relaxation of constraints.

C. Computational efficiency

Solutions are computed with qpOASES [12]. Without
using hotstart, on a relatively slow Intel Core i5-4200U
@ 1.60GHz, the solutions are obtained in approximately
8 ms (average time over the whole trajectory generation).
This result can certainly be improved significantly with
hotstart. As a comparison, the computation time reported for
a similar problem in [13] is 5.5 s for 85 iterations, which
gives approximately 65 ms for each iteration, on a much
faster CPU. Not only is our Newton scheme much safer,
by providing iterates which are always feasible, it appears
also to be an order of magnitude more efficient in terms of
computation time.
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Fig. 6. The trajectory of the CoP (blue line) is always kept inside
the quadrilateral defined by the four extreme points p(ζ
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p(ζ1, ζ2) and p(ζ1, ζ2), which are all kept inside the support polygon
S(sxyi ) (black rectangle). The range of polytopic uncertainty µ1 and µ2 is
multiplied here by four different coefficients, from top to bottom: k = 1,
k = 0.6, k = 0.4, k = 0.2.
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Fig. 7. Mean value of the objective function over the whole motion w.r.t.
the coefficient k. The objective function is impacted by the choice of the
coefficient k, by as much as 6%.
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Fig. 8. Whole body motion with two hand contacts to help climb up a
16 cm high step. Blue and cyan curves indicate trajectories of the right
and left hands respectively. Green and red dots correspond to inactive and
active contact points. Arrows represent normalized contact forces at the
contact points.

D. Whole body motion

Simulations of the resulting whole body motion are per-
formed (see Figure 8), using a standard inverse dynamics ap-
proach [14], [15]. Our whole body motion controller employs
PD controllers to track the reference trajectory of the CoM
produced by the MPC scheme, and the trajectories of the
feet and hands generated using cubic polynomials. Positions
of the hands are controlled only during the short intervals
when they are approaching the contact points – during the
rest of the simulation the reference configuration of the
arms is maintained with PD controllers instead. The whole
body motion controller obeys contact friction constraints and
constraints due to dynamics and kinematics of the robot.
These constraints include the joint torque limits, which,
however, are never reached in our simulations.

These simulations are illustrated in the accompanying
video [16], which consists of four parts: the first two illustrate
walking on a flat ground, while the last two demonstrate
walking up and down stairs. Due to the fact that the reference
external wrench acts directly on the CoM, we have a relative
freedom in choosing the contact configurations. In order to



demonstrate this we generate the reference external wrench
using a single hand contact in the first and third parts of
the video, while in the second and fourth parts we produce
exactly the same external wrenches using two hand contacts.

In the case of walking on a flat ground, tuning of the
MPC and whole body motion controller amounted to finding
kinematically feasible contact point positions, which can be
relatively easily parameterized with the CoM position. We
experienced more difficulties while working on walking on
stairs. Most of them were related to infeasibility of the
reference trajectories due to the mechanical limits of the knee
(going up) and ankle (going down) joints. The latter appears
to be a particularly severe limitation, which makes walking
downstairs with flat feet a much more challenging task than
going upstairs. We alleviated the issues with the joint limits
by tuning the swing foot trajectories and the constraint on the
maximal distance between the feet and the CoM. In addition,
we considered relatively low stairs when going downstairs
(8 cm), instead of much higher ones when going upstairs
(16 cm).

V. CONCLUSION

We have proposed a Newton method which provides fea-
sible iterates, always satisfying the nonlinear constraint (6),
for a Nonlinear MPC scheme generating walking motions in
multi-contact situations. It is based on a linear approximation
which is made robust to polytopic uncertainties, constraining
each iteration of the Newton method to fall within the
limits of these polytopic uncertainties. The simulation of
a walking motion up and down stairs with additional hand
support demonstrates the applicability of our method, with
remarkable computational efficiency. This approach works as
well for different multi-contact situations, since the generated
external wrench is not dependent on the specific contact
configuration.

The proposed method relies on predefined footsteps and
hand supports. Automatic footstep placement on horizontal
surfaces could be included easily using the methods intro-
duced in [10], but more complex cases of uneven ground and
multi-contact situations require much more advanced plan-
ning methods [6], [17], [18], [19]. Our next steps however
are to validate the proposed approach on a real robot, and to
evaluate how a lexicographic approach could be introduced,
to automatically decide when it is necessary to use the
additional hand support, as in [20].
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