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Abstract



Seismic survey

Figure 1: Schematic of overall field setup for a seismic survey®.
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Basic numerical m ds

Table 1: Generic properties of the most widely used numerical methods?.

Numerical Complex High-order
method geometries  accuracy and
hp-adaptivity

Conservation
laws

Elliptic
problems

FDM [ ]

FVM ([ ]

FEM

DG-FEM




Trefftz method

DG-FEM :

Adapted to the complex geometries ;
High-order accuracy and hp-adaptivity ;
Explicit semi-discrete form ;

Conservation laws ;

‘ Higher number of degrees of freedom

comparing to the methods with continuous approximation.



Trefftz method

Trefftz method 3 :

Given a region of an Euclidean space of some partitions of that region, a
Trefftz Method is any procedure for solving boundary value problems of
partial differential equations or systems of such equations, on such
region, using solutions of that differential equation or its adjoint,
defined in its subregions.



Trefftz method

Time-harmonic formulations :
O.Cassenat, B.Despres (1998);

C.Farhat, I.Harari, U.Hetmaniuk (2003); G.Gabard (2007);
T.Huttunen, P.Monk, J.P.Kaipo (2002);

R.Tezaur, C.Farhat (2006);

Time-domain formulations :

F.Kretzschmar, A.Moiola, |.Perugia (2015);

F.Kretzschmar, S.M.Schnepp, |.Tsukerman, T.Weiland(2014);
H.Egger, F.Kretzschmar, S.M.Schnepp, T.Weiland (2014).



Trefftz method

Expected advantages of Trefftz method :

Better orders of convergence ;

Flexibility in the choice of basis functions ;

Low dispersion ;

Incorporation of wave propagation directions in the discrete space ;

Adaptivity and local space-time mesh refinement.



Mathematical formulation.
Fluid case



Acoustic system. Problem equation

QF C R" - space domain ;
I =(0, T) - time domain ;
QF =QF x 1

nQ, = (ny,,ng,) - 0.p. unit normal vector on JQF ;

Acoustic system

1

B T +d1vvf =1, in QF;
ovs .
E +Vp=0, in QF;

Vf('vo) = Vfo, p(70) = Po, On QF;
Vf:ng, on 00 x I.
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Acoustic system. Variational formulation

Ke C QF (cr, pr = const. in Kg) ;
nk. = (mk,, i) - 0.p. normal vector on 9KF ;

Ve, P E Hl(KF) )
wr, g € HY(KF) ;
Space-time integration

Bw,c 1 8(] .
— . _—_ — 114 d
/KF(vf (pr B +Vq)+p(cgpf 5 + divwy))dv+

; |
+ / (P V) e e e e e e e ) // fadv.
OKFr Cfpf Kr
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Acoustic system. Space-time DG discretisation

Mesh and DG-notation

Th - mesh on Qf == QF x |

Fh = UkreT,OKF - mesh skeleton :

XL XR

:= union of the internal Q-like faces, (t = const.) ;
]—",’f := union of the internal /-like faces, (x = const.) ;
}—,?F = Qf x {0} ;
]:,,TF:: QF x{T};
FPF = 8QF x [0, T] - union of the Dirichlet boundary faces.
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Acoustic system. Space-time DG formulation

Seek (vsp, pn) C V(Tr) C HY(Th)?, s.t. for all Ke € Th, (wr, q) € V(Th)
it holds:

DG formulation
Cfpf 8t P 51‘

1 . . N R
+/ [(Tphq + prVin - wr)nk, + (Bawr + VEaq) - "?F} ds = fqdv.
OKr - CFPf Ke

13



Acoustic system. Trefftz-DG formulation

Trefftz space

Te(Th) = {(wf, q) C HY(T)?, s.t. inall Ke € T

ow 1 0
pf7f+Vq:0, 2——"

divwy = 0}.
t Crpf ot + diver

14



Acoustic system. Space-time Trefftz-DG formulation

Seek (vrp, pn) C V(Th) C HY(Th)?, s.t. for all Ke € Th, (wr,q) C V(Th)
it holds:

Trefftz-DG formulation ( f =0 )

L . N R
/ [( 5—Phq + PfVip - Wf)”f(,: + (Bhwr + Vinq) - Nk, |ds =0
OKEg Cfpf
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Acoustic system. Space-time Trefftz-DG formulation

Numerical flux v;, and g, :

s (5)-
on FJF: )
')
')
')

{ven} + Blpslx
{pn} + afvesl

(
()
[
(

;O-) >

")
v )

gbr
ph‘l'Oé(th_gDF)'n);(F ’

(o € L=(FF UFPF), B € L=(FF) - positive flux parameters)

> 5 >
ke

on ./T",?F:

[
on F,F: <
¢

® 5 >

on JT"hDF: (

16



Acoustic system. Trefftz-DG formulation

Trefftz-DG formulation :

1
B + prvep w ]ds
Lo Lz Wkt prve” e

+ [, [{oadlerd+ {ura}lal + alvdelirls + Slonlal.| s

l
F
']:h

+/ [ Lot }d 1/ [ L ]d
Pnq fVip - Wr|dS — = Pnq fVip - Wr | as
e Legpe 19T P 2 Jpor LEpe TP

+/ |:Wf - (pnk, + av,ch)} ds =
FrF

h

1/{1 T }d+/[( )] d
3 5 Pnq fVfp - Wr|ds gpslawr —q - n S.
2(}_3,: C%pf P h ]—'hDF F Kr
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Acoustic system. Trefftz-DG formulation

Seek (vep, prn) C V(Tn) C TE(Th) s.t. for all (wr, g) C V(Tp) it holds:
Trefftz-DG formulation

Arpee ((Ven, pr)i (wr, q)) = L1pee(wr, q)-

18



Acoustic system. Analysis of Trefftz-DG formulation

Trefftz-DG formulation in terms of L?(7,)-norms

Arpe: ((wr, q); (wr, q)) :=

1 1
il /2
)t

2 2

1 ¢
+ 5 o7 e

L2(FF)

18"/ 14l

L2(F,F)

+ Hal/z ﬂwf]]x

2
L2(FF)
2

2
ot
r(F)
2 1 1
=P
12(FF) - 2‘ pe v

1 1
e
21 (G B
1 2
e

L(FF)
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Acoustic system. Analysis of Trefftz-DG formulation

Norm ||| - |[|rpg: in Tr(7h)
2 .71 l/2
|H(wfaq)|HTDGF Y (czp ﬂq]]t 7o) 2 Pf 2(FF)
/
el g ol
1/2 1‘ 1, 2
C?,of 7 LZ(f[F)+2 PEr ] oy

1/2 D)
g e
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Acoustic system. Analysis of Trefftz-DG formulation

Coercivity of Trefftz-DG formulation

Arpe, ((wr, q): (wr, 9)) = lll(wr, 9)ll[7pe,» V(wr, q) € Te(Th).

21



Acoustic system. Analysis of Trefftz-DG formulation

Add-on norm ||| - |||7pg: in TF(Th)
ll(we, )lliFoe: =lll(wr, a)lllFoe;
Yo —12 1
+||pf wf ||L2(]:?F)+ H(%) q ||L2(]_-

1
HIBHwrHZ, e, + o LG}

1
+||Oé /waHiz(]:hDF)'
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Acoustic system. Analysis of Trefftz-DG formulation

Continuity of Trefftz-DG formulation

| Arpe, ((ve, p); (wr, @))| < 2||[(ve, Pl o6z || (we, @) o6 »

1
/2 2 Iy 2 /2
7060 (or, )| < V2 [llo* ol e, + 1z ) mol e |
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Acoustic case. Analysis of Trefftz-DG formulation

Well-posedness

_ _ <3 inf _ _ .
[|(ve = ven, p — pu)lll TDGr < (whq')fév(mm(vf wr, p— q)l|Toe;

24



Mathematical formulation.
Solid case




Elastodynamic system. Problem equation

Qs C R" - space domain ;
I = (0, T) - time domain ;
Qs :=Qs x 1 ;

ngs = (nés, nz)s) - 0.p. unit normal vector on 9Qs ;

Elastodynamic system

%2 _ ¢ 0in Q
Ot *:g(vs) =Vin {s;
Ps 88‘;5 — divg =0in Qs;

Vs('vo) = Vs0, g(vo) :go on Qg;

Vs = gpg on 0Qs x .

26



Elastodynamic system. Problem equation

Qs C R" - space domain ;
I = (0, T) - time domain ;
Qs :=Qs x 1 ;

ngs = (nés, nz)s) - 0.p. unit normal vector on 9Qs ;

Elastodynamic system

222 0in Q@

:E*Q(Vs)— n {s;
o]

Ps 8:5 — divg =0in Qs;

Vs('vo) = Vs0, g(vo) :go on Qg;

Vs = gpg on 0Qs x .

27



Elastodynamic system. Variational formulation

Ks C Qs (A, ps = const. in Ks) ;
nks = (nk,, n,) - 0.p. unit normal vector on 9Ks ;

Vs, O € HY(Ks) ;
ws, £ € HY(Ks) ;

Space-time integration

29

—/KS {g : (éa—? — g(ws)) + vs - (ps% - divi)} dv

—|—/ [(ég:§+psvs-ws)~nf<s—(vs-§+g-ws)-n’[<s}dszo.
OKs =

28



Elastodynamic system. Space-time Trefftz-DG formulation

Trefftz space

Ts(Th) = {(ws,g) C HY(Th)?, s.t. inall Ks € Ty

uws 2%
Ps—a, ot lef 57; - é(ws) = 0}'

29



Elastodynamic system. Space-time Trefftz-DG formulation

Seek (vsp,a,) C V(Th) C HY(Tr)?, s.t. for all Ks € Tp, (ws, &) C V(Th)
it holds: -

Space-time Trefftz-DG formulation

| [, €+ povin ) - nic = (g + Gyw0) - s =0
oKs -~ = =
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Elastodynamic system. Space-time Trefftz-DG formulation

Trefftz-DG formulation

/]_.95 {ég,f €] +psv5h*|[ws]]t] ds
- /f e, Yl + (en} e — Ylverllioal — bz, gl s

17
Jr/ {Ag :£+psvsh.ws}d57*/ [AQ :€+Psvsh.ws}ds
T5 ==h = 2 os Ag, §
JF, .

N ./]—‘DS {é(vsh ks — 52/7)} ds =

h

-/f? [::h S bt “S}d” /f e [gos(ws~n¢<5+5£)]ds

h

N =
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Elastodynamic system. Space-time Trefftz-DG formulation

Seek (vsp,a,) C V(Th) C Ts(Th) s.t. for all (ws, &) C V(7p) it holds:

Trefftz-DG formulation

Arpes((ven, @, )i (ws, €)) = €rpes (ws, §)-

32



Elastodynamic system. Analysis of Trefftz-DG formulation

Norms in Ts(7,)

s, OlIFroc, =5 (A Vzmt . 2]ps/[[ o
+|o 2
h 2
EH(é)l/zé 2(;[5)+1 :/Zws 12(F]5)
+H51/2£ i?(f,f’S)'
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Elastodynamic system. Analysis of Trefftz-DG formulation

Norms in Ts(7,)

[1l(ws, O)lllFpe;

::|H(W57£)|||2TDGS

1 _ 1,

o w7 12, 0 + 10A) /27 IR,
_1 _1

152w 2, e, + 17 HEV I, e

_1
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Elastodynamic system. Analysis of Trefftz-DG formulation

Coercivity of Trefftz-DG formulation

Arpes (e, €); (e, )) = ll(ewe, Ol ooy (ws, €) € Ts(Th).
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Elastodynamic system. Analysis of Trefftz-DG formulation

Continuity of Trefftz-DG formulation

| A7p6s ((vs, @) (ws, €))] < 21[[(vs, @)l roeg [ (ws, )l mD6s 5

1
/2
7064 (5, < V3 [Ip47v501R, e, + 1A 25 2, )]
2 L2(F,°)
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Elastodynamic system. Analysis of Trefftz-DG formulation

Well-posedness

it = vz = g lroes <3 f, (s~ = Do

37



Mathematical formulation.
Fluid-solid case




Coupled system

Representation of the acoustic medium as a limit case of an
elastic isotropic medium with shear modulus p

tending or equal to 0 ?

39



Coupled system

Advantages of the numerical coupling:

Computing 1 unknown scalar pressure instead of 6 components

of stress tensor ;

Avoiding presence of the numerical artifacts caused of
the slow S-waves appearance.

40



Coupled system. Problem equation

Acoustic system

1 Op .
——— — +di c
Cfpf 9t ivig = f, in QF

Ovr .
pr +Vp=0, in QF;

Vf = gDg, ON 89/—‘ X /;

Elastodynamic system

toXes
Aa—f —g(vs) =0in Qs;

pS% — leO’ =0in Qs;

Vs = gps on 08s x I;

41



Coupled system. Problem equation

Fluid-solid transmission conditions through the [ £

Ve - NG = Vs - gy on [gs;

ang = —png on [gs.

42



Coupled system. Space-time Trefftz-DG formulation

Trefftz space

T(T) i= {(wr, a,ws,8) C HA(TR)", 5.t

8w,r 1 (9q g
i = — 1 g = K
PF oy +Vg=0, Zor Bt + divwr =0, VKg € Th,
Ows 0AE
s— — 1 — 9 —_—— s) = 5 K .
pept —divE=0, —= () =0, ¥ seTh}

43



Coupled system. Space-time Trefftz-DG formulation

Seek (vep, ph, Vsn, a,) C V(Th) C T(Th), s. t. for all K, Ks € Th,
(wr, g, ws, &) C V(Tp) it holds :

Trefftz-DG formulation ( f =0 )

1 . N .
/ [(Tphq + prvin - wr)nk, + (Bawr + VEpq) - nf@} ds =0,
OKEg Cfpf

| (4G, &+ paen we) - i = (v + Gy0) - s =0
OKs - -

a4



Coupled system. Space-time DG formulation

Numerical flux vz, V4, pp and &, through F7°:

on F/° :

X

0 nKF

X
nKS

Vsh * Nip
p+ a(th - Vsh) . n);(F
Vsh — (2, — Pn) * Mig

X
—PhNiks
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Coupled system. Space-time Trefftz-DG formulation

Seek (vep, Ph, Vs, @,) C V(Th) C T(Th) s.t. V (wr, q,wsé) C V(Tp) it
holds:

Trefftz-DG formulation

ATDG((tha Ph; Vshvgh); (wﬁ q,Ws, 5)) = ETDG(wfa q, ws)é)

46



Coupled system. Analysis of Trefftz-DG formulation

Norms in T(7;)

1
1(wr @ s, )II3o6 = llwr, D306 + ll1(ws, E)lIFoss + 21828 e zrs)

2 2 > 1 1 5
ll(wr, g ws, OlIfroe~ :=l|(wr, @)lIfTox + [l(ws, O)llITo6z + 5116 /2§||L2(f,fs)
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Coupled system. Analysis of Trefftz-DG formulation

Coercivity of Trefftz-DG formulation

»ATDG((Wf,G’:Waé); (Wﬁ%wag)) - |H(wf7q7w57 )HlTDG

Continuity of Trefftz-DG formulation

| Arpe((ve, p, vs, @); (wrs g, ws, )| < 2[[[(ve, p, vs, @)l 706 [|(wr, gws, )l 706,

(€06 (wr, g, s, &)1 < V2 lloy* violZy por +\|( V2ol por

1
1 5 5 /2
+ /20l s, + 114 “goumss)} ~
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Coupled system. Analysis of Trefftz-DG formulation

Well-posedness
[|(ve = ven, P — phsvs — van, @ — o, )|l 7o6

<3 in D — B U — 8 & — .
= (wf,q,w's,g)evm)m(w wr,p = G ve — wn, g = §)llloe

49



Implementation of the algorithm.
Acoustic system




Implementation of the algorithm

T
ht KF
0

XL hx XR X

Figure 2: Rectangular mesh on QF := [x., xg] X [0, T].
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Implementation of the algorithm

Ne | [Ne+1] - UK I K=0-1)Nc+i

N

Figure 3: Element numbering.

52



Implementation of the algorithm

Seek (vep, prn) C V(Tn) C Te(Th) s.t. for all (wr, g) C V(T5) it holds:

Treftz-DG formulation

/:ZF { lp pr Lqle + prven~ ﬂwf]]}
T LT IR 1 NS % B 0 R P W P

1 1
+ [ Phq + pfVep - wf}ds— [ Poq + prVro - wf}d'
FF c? FPf Fr c? fPf
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Implementation of the algorithm

Treftz-DG formulation. 1° layer

[Vk—1 - Lva + Pr—1-Lp] + [vk - Cva + Pk - Cp] + [vk+1 - Rva + P41 - Rp)
[Vk—1-Lv+ pk—1-Lpg] + [vk - Cv + pk - Cps]| + [vk+1 - Ry + pr+1 - Rpg]

Lva LP Cva CP Rva RP

l-v LPﬁ Cv CPB Rv RPﬁ

" Left” block ” Central” block "Right” block
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Implementation of the algorithm

Treftz-DG formulation. 1° layer

[Vk—1 - Lva + Pr—1-Lp] + [vk - Cva + Pk - Cp] + [vk+1 - Rva + P41 - Rp)
[Vk—1-Lv+ pk—1-Lpg] + [vk - Cv + pk - Cps]| + [vk+1 - Ry + pr+1 - Rpg]

L C R

" Left” block ” Central” block "Right” block
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Implementation of the algorithm

C R L U, u?
C R U, uj
L C R U; ug
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Implementation of the algorithm

32Ny x 32Ny 1 x 32N 1 x 32Ny
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Implementation of the algorithm

Fort = 1:N;

2.Propagation

- [

U’ - U]:

end

58



Implementation of the algorithm

icond=sinus, order=2, a=b=0.0 cond=hat, order=2, a=b=0.5

,// N ’
0.5 ,"' N
\ 01

-1 \\ // \
Figure 4: Exact and approximate Figure 5: Exact and approximate
solution for velocity solution for velocity
ve(x,t), t = At x 1, on the first ve(x, t), t = At X 1, on the first
time-layer (a = 8 = 0.5). time-layer (« = 8 = 0.5).
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Implementation of the algorithm

order=2, a=b=0.0 icond=hat, order=2, 2=b=0.0

0

£l

a0
05

20

o

1000 200 00
soace 0.0l (reo00) space0,10] (nx=100)

tima [0,1.0] (rt=100)

o

Figure 6: Time propagation of the Figure 7: Time propagation of the
approximate solution for velocity approximate solution for velocity
ve(x,t) (e = B = 0.5). vi(x,t) (e = B =0.5).

60



Implementation of the algorithm

icond=sinus, a=b=0.5 icond=hat, a=b=0.5

Toglern order=0 Toglern order=0
0882786 + 0 410463| 05398125 + -2 185576|
10]| © leatern order=1 10]| © leglem) order=1
2176007 + 1 552026 17914825 + -0.693162|
© loalerr) order=2 o logler) order=2
— 3.650639x + 1.458728| |— 2164249 + -1 108157
o] © tatern order=2 ol © lster order=3
—— 5018500, +2 266181 —— 2473000x + -0.316452]
- - —§—— o
f a——
— - 3 -
P o
20 20
0 30
- s 3 2 g s - 3 2
=logla)

4
x=logla)

Figure 8: Convergence of numerical  Figure 9: Convergence of numerical
solution for velocity v¢(x,t) in solution for velocity v¢(x,t) in
logarithmic scale (o = 8 = 0.5). logarithmic scale (o = 8 = 0.5).
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bilayer medium

Ax1=0.01, At1=0.01, c1=1.0, Ax2=0.02, At2=0.01, c2=2.0

08F

time [0,1.0]

0.4+

] 0.z 06 [VR:] 1

0.4
space [0,1.0] (layerl=[0,0.6], layer2=(0.6,1.0]

Figure 10: Mesh for heterogeneous case (bilayer medium).
Axi = 0.01, At; = 0.01, ¢; = 1.0, Axo = 0.02, At, = 0.01, ¢; = 2.0.
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Implementation of the algorithm

bilayer mediurm, dirichist boundarias
100 1
08
I . T e A
o5 o
& o8
[ o 0z
£
0
o /
E s 0z
04
13 1000 o 02 0s 0E 08 1

200 400 500 00
space [0,1.0] (layerl=[00.6], layer2=(0.6,1.0])

Figure 11: Approximate solution for Figure 12: Approximate solution for
velosity v(x, t). velocity v(x,t), t = At x 51.
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Conclusion




Conclusion

On-going work :

Numerical implementation of the method for 1D AS ;
Different choice of the basis functions ;

Analysis of efficiency of the method / algorithm / code.
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Conclusion

Perspectives :

. Numerical implementation of the method for ES 1D,2D,3D ;
Numerical coupling 1D,2D,3D ;
Coupling Trefftz-DG in solid with FVM in fluid,
integrating of the transmission layer.
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Questions?



Implementation of the algorithm

Polynomial waves basis functions
e Generating functions g"(x, t) and g”(x, t) - solution of wave equation if
2 _ 42
a“=b
i(bx+acrt)

g"(a, b, x,t) = ePFEet) P53 b x t) = —cre

e Taylor expansions for g¥(x, t), g°(x, t) (a* = b?):

Iax+bc;t) Z Z Qn kk X, t n— kbk

n=0 k=0,k<2

—ce i(bx+acrt) E Z Q kk(X t n— kbk.

n=0 k=0,k<2

ik (X 1) = R(Qu_r k(x, 1)), s (x, 1) =
Ry k(x:t) = R(QE_ (x, 1)), )
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Implementation of the algorithm

Polynomial waves basis functions 1D

o1 =0 2.2 2 =1 95 =x 2.2 X:Cft33
2 crt 3 xcit crt 2
v _ _X f v v _ _X f v _ f xcft
Pg =%~ 5 Pg=—crxt b7=—% "5 8=~ 2
¢ = —cf ¢ =0 , =t A=—ax
2 2t 33 x2cet 3 xcs t
9§ = cixt b =cr(G +5) ¢E=c(Fo+755) df=cr( +—5)
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Implementation of the algorithm

Polynomial waves basis functions 2D

p=0
V)

=0 ¢y =0 1=—c
VX vy __ P _
;=1 ¢y =1 P=0
p=1
- W P _
3 =X Y =y 5 = —cr(crt)
XX:Cft Zy:X ZI*C{X
X vy __ P _
Py =y ¢5 = crt P = —cry
p=2

2 2 22
VX xt _ oy~ _°f o P _
7 =3 3 7 7 = =Xy ., P = cr(crtx)

2 2 G
VX vy X Y f P _
og = —xy b =5 -5 -5 ¢g—cf(cft)’)
v _ wo_ P
g = —Cfty g = —cCftx 6 = cr(xy) \s
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