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Equivalences des systémes linéaires fonctionnels

Résumé : Dans I’approche de la théorie des systemes linéaires par 1’analyse algébrique, nous étudions le prob-
leme d’équivalence des systemes linéaires fonctionnels, c’est-a-dire le probleme de caractériser quand toutes les
solutions de deux systemes linéaires fonctionnels sont en bijection. Pour cela, nous donnons tout d’abord une nou-
velle caractérisation de I’'isomorphisme entre deux modules de présentation finie en terme d’extensions de leurs
matrices de présentation. Nous prouvons ensuite différents isomorphismes qui sont des conséquences du prob-
leme de complétion unimodulaire. Nous les utilisons alors pour compléter et raffiner des résultats existants sur
le probleme de la réduction de Serre. Finalement, différentes conséquences de ces résultats sont données. Tous
les résultats obtenus dans ce papier sont algorithmiques pour des anneaux sur lesquels les techniques de bases de
Grobner existent et les calculs peuvent étre obtenus par les packages Maple OREMODULES et OREMORPHISMS.

Mots-clés : Théorie des systemes linéaires, probléme d’équivalence, théorie du controle, analyse algébrique,
calcul formel
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1 Introduction

Mathematical systems which are studied in control theory, mathematical physics, and engineering sciences can
usually be modeled by systems of functional equations, namely, equations whose unknowns are functions. These
functions can depend on one or more continuous or discrete variables. Standard examples of functional equations
are ordinary differential (OD) or partial differential (PD) equations, (partial) difference equations, differential time-
delay equations, ... Functional systems can be studied by a large amount of mathematical theories as functional
analysis, numerical analysis, differential geometry, ... In this paper, we focus on linear functional systems, i.e., on
the case where the functional equations are linear. In particular, we use the algebraic analysis approach to linear
systems theory to study built-in properties of linear functional systems. Algebraic analysis has been developed by
Malgrange, Bernstein, Sato, Kashiwara, ... For more details, see [[14}/15,/17,{19,21] and the references therein.

We shall study here linear functional systems which can be written as 7 = 0, where R is a ¢ X p matrix
with entries in a (noncommutative) polynomial ring D of functional operators (e.g., OD or PD operators, shift
operators, difference operators, OD time-delay operators) and 7 is a vector of unknown functions which belong to
a functional space (e.g., smooth functions, distributions, hyperfunctions). More precisely, if F is a left D-module
(see, e.g., [16L[24]]), then we can consider the following linear system

kerz(R.) :={n € FP| Rn =0},

also called a behavior in control theory (see [19] and the references therein). The algebraic analysis approach to
linear systems theory (see [3}/1319}|21}[23]] and the references therein) is based on the fact that the linear system
kerz(R.) can be studied by means of the factor left D-module M := D*P /(D% R) finitely presented by the
matrix R. Indeed, Malgrange’s isomorphism [/17] states that we have

kerr(R.) = homp(M, F),

where homp (M, F) denotes the abelian group (i.e., Z-module) of all the left D-homomorphisms (i.e., left D-
linear maps) from M to F (see Section [2] for more details). Hence, module properties of M and F are connected
to system-theoretical properties of ker (R.). Using constructive methods of homological algebra [24]] for Grobner
rings D (namely, (noncommutative) polynomial rings for which Grébner bases can be computed for all admissible
term orders by means of Buchberger’s algorithm [3]]) [3/6,]21]], we can effectively characterize module properties
of M which are important in control theory (see [3,/13,/19,/21,/23]] and references therein). The corresponding
algorithms are implemented in dedicated packages of computer algebra systems (e.g., OREMODULES [4] and
OREMORPHISMS [7] developed in Maple, and OREALGEBRAICANALYSIS [12] developed in Mathematica).

The purpose of the paper is to use the algebraic analysis framework to consider the following three important
issues in mathematical systems (resp., module) theory:

1. Equivalence problem: Recognize whether or not two linear systems (resp., modules) are isomorphic.

2. Unimodular completion problem: Inflate (if possible) a given (rectangular) matrix into a unimodular, namely,
an invertible, (square) matrix.

3. Serre’s reduction problem: Find an equivalent system defined by fewer equations and fewer unknowns.

The first contribution of the paper (see Theorem|I)) provides an explicit characterization of isomorphic finitely
presented modules in terms of inflations of their presentation matrices. This characterization yields a general
characterization of equivalent linear systems which do not necessarily have the same number of unknowns and
equations. A constructive version of the classical Schanuel’s lemma (see, e.g., [24]]) on the syzygy modules of
these modules can then be found again as a direct application of Theorem [I] If D is a stably finite ring (e.g., a
noetherian ring) (see, e.g., [16]) and one of the presentation matrices has full row rank, then this result yields a
characterization of isomorphic modules in terms of the unimodular completion problem (which also characterizes
Serre’s reduction problem [1]]). The second contribution (see Theorem Q]) is to show how the completion problem
induces isomorphisms between the different modules finitely presented by the matrices appearing in the inflations.
This result can be seen as an extension of a result obtained for Serre’s reduction problem in [1] (extension for non
necessarily full row rank matrices). The results are illustrated by explicit examples where all the computations can
be performed using the packages OREMODULES [4]] and OREMORPHISMS [7].

RR n° RR-9000



4 Cluzeau & Quadrat

The paper is organized as follows. In Section 2] we briefly review the algebraic analysis approach to linear
systems theory. In Section [3] we recall useful results of [[§] on homomorphisms and isomorphisms of finitely
presented left D-modules. In Section[d] we give an explicit characterization of the inverse of an isomorphism and
a characterization of isomorphic finitely presented modules in terms of inflations of their presentation matrices.
Interesting consequences of this result in linear systems theory are then given. In Section[5] we give our second
main result on the different isomorphisms induced by a solution to the unimodular completion problem. Finally,
this result is applied to Serre’s reduction problem to refine a result obtained in [[1].

2 Linear functional systems and finitely presented left modules

In this section, we show how a linear system defines a finitely presented left D-module and conversely. This corre-
spondence plays a fundamental role in what follows as linear systems will be studied by means of the corresponding
modules.

Let D be a noetherian ring and R € D?*P a matrix defining the linear system

kerz(R.) :={n e FP| Rn=0}

for a certain left D-module F (see Section . Using the matrix R € D?*P, we can define the following multipli-
cation map:
.R: D¢ — Dtxp
A — AR

Since D is a (noncommutative) ring and not a (skew) field, D'*? and D'*P are (left/right) D-modules. We
recall that a module is an algebraic structure defined by the same conditions as those for a vector space but where
the scalars belong to a ring and not a (skew) field (see, e.g., [[16,24])). If M, and M, are two left D-modules, then a
homomorphism f from M to M, which is denoted by f € homp(M;, Ms),is amap f : My — M, satisfying
the following condition:

A dl, dy € D, le, me € My : f(d1 mi + do mg) =d; f(ml) + ds f(mg)
For all A\;, Ay € D'X9 and for all d1, ds € D, we have
(R)(dl A1+ ds )\2) =d; (/\1 R) + do ()\2 R) =d; ((Rl)(Al)) + do ((RQ)()\Q)),

ie., .R € homp(D'*? D'*P), Similarly, we can define homomorphisms for right D-modules. The image
imp(.R) := {u R | p € D*9} of .R, also simply denoted by D'*? R, is the left D-module formed by all the
left D-linear combinations of the rows of the matrix R. The cokernel of . R is defined by the following factor left
D-module:

M = DY*?/(D'**1 R).

Two vectors A\, Ay € D*P are said to belong to the same residue class, which is denoted by m(A\1) = m(A2), if
we have A\| — Ay € D'X9 R, i.e., if there exists € D'*9 such that \; = Ao + p R. The left D-module M is then
defined by all the m(\)’s for A € D**? with the following two binary operations:

V)\l, Ay € DIXp, deD: ’/T()\l +>\2) = 71'()\1) +7T()\2), ’/T(d)\l) = de()\l)

We can check that (A1) 4+ 7(A2) and d (A1) do not depend on the choice of the representatives A1, Ay of the
residues classes (A1) and w()\y), which shows that the two above binary operations are well-defined on M and
7 € homp (D'*P, M) is called the canonical projection onto M.

The left D-module M is said to be finitely presented and R is called a presentation matrix [16,24]. Let us
explicitly describe M by means of generators and relations. If { fi } j=1,...,p denotes the standard basis of D*p,
namely, f; is the row vector of length p formed by 1 at the 4™ position and 0 elsewhere, and y; = =(f;) for
j = 1,...,p, then we claim that {y;},;—1 ., is a generator set for M. Indeed, an element m &€ M is of the

form m = m()) for a certain A := (A ... ;) = X0 A f; € DVP, which yields m = >27_, \;jy;
since 7 € homp(D**P, M). A left/right D-module which admits a finite set of generators is said to be finitely

Inria



Equivalences of linear functional systems 5

generated. The y;’s are not left D-linearly independent since, if ;o denotes the i row of R, using the fact that
Rie € D4 Rand m € homp(D'*P, M), we then obtain:

P P
Vi=1,..,q, Y Rijyj=Y Rijn(f;)=m(Ri)=0. (1)

j=1 j=1
Hence, the set of generators {yj } j=1,...,p satisfies the left D-linear relations . If wenotey := (y1 ... yp) €

MP, then (I) can be rewritten as Ry = 0.
If F is a left D-module, then we can define the following behavior

kerz(R.) :={n e F¥| Rn =0},

i.e., the space of F-solutions of Rn = 0. We claim that there is an isomorphism (namely, an injective and a
surjective homomorphism) between ker z(R.) and homp (M, F), which is denoted by ker z(R.) = homp (M, F).
Let us describe this isomorphism. If ¢ € homp (M, F), {y;},=1,... » the set of generators of M defined above,
and 7); := ¢(y;) for j = 1,...,p, then, using (1), we get

p p p
Vi=1...,q, Y Ryni=> Rijo(y;)=0[> Rijy; | =¢(0)=0,
=1 =1 =1

ie,n:= (m ... )T € kerr(R.). Conversely, if n = (m1 ... np)T € kerr(R.), then we can define
¢y 2 M — F by ¢p(m(N)) := Anforall A\ € DY*P. If w(X) = w()), then there exists u € D**7 such that
A =X + p R, which yields A = X 7 since R = 0, which shows that ¢, (7())) = ¢, (7(X")), i.e., ¢, does not
depend on the representative A of w(\). Clearly, we have ¢,, € homp (M, F). Now, if n € ker z(R.), then we get
on(y;) = on(w(f;)) = fj n = n;, which shows that the additive map

X : kerg(R.) +— homp(M,F)

n o o,

@

is injective. It is also surjective since, for every ¢ € homp (M, F), we can define n := (¢p(y1) ... ¢(y,))T €
kerz(R.) and we have

p p
VAEDYP, gy(r(N) :=An=> Ny =0 D Ny | =d(x(N),
j=1 j=1

which shows that ¢ = ¢,, = x(n) and finally proves that we have the isomorphism:
kerr(R.) =2 homp (M, F).

Remark 1. We note that ¢4, (7(\)) = Adn is usually different from d A\ = d ¢, (7 (X)) when D is a noncom-
mutative ring, i.e., x is not a left D-homomorphism. It is only an abelian group (i.e., a Z-module) homomorphism
between abelian groups (i.e., Z-modules). If D is a k-algebra, where k is a field, then homp (M, F) inherits a
k-vector space structure and x is then an isomorphism of k-vector spaces.

Hence, the behavior ker z(R.) is the “dual” of the finitely presented left D-module M := D*?/(D'*4 R)
[14,/15]. We pass from a finitely presented left D-module M (the algebraic side of a linear system) to a behavior
kerz(R.) (the analytical side of a linear system) by applying the contravariant functor homp( -, F) (see, e.g.,
[24]). In particular, the algebraic study of M yields information on the behavior ker+(R.). For more details,
see [3116,/13L/19,21]] and the references therein.

The algebraic analysis approach to linear systems theory is very general. In mathematical systems theory and
control theory, we usually focus on particular classes of linear functional systems such as linear OD systems or
DTD systems. In this case, we consider an algebra D of functional operators such as skew polynomial rings, Ore
algebras, Ore extensions, ... For more details, see [3}/5,/12}/18]] and the references therein. Let us give an explicit
example.

RR n° RR-9000



6 Cluzeau & Quadrat

Example 1. Let us consider the following linear DTD system

E1(t) = z2(t) + u(t),
. 3)
Z2(t) =x1(t —3h) +21(t — 2h) + u(t),

where h is a non-negative real, i.e., h € R>o. Let us consider the differential operator 0 z(t) := Z(¢) and the

time-delay operator d z(t) := z(¢t — h) which satisfy
(00)z(t) =0z(t—h)=z2(t—h)=(0) 2(t),

i.e., on the level of operators, we have 00 = 0 0, where the product stands for the composition of operators. Let
D := QJ9, 4] be the commutative polynomial algebra formed by the operators in 9 and § with coefficients in Q.
An element d € D is of the form d = -, ., a;; ' 67, where r € N, a;; € Q, and 9" 2(t) = 2 (t) (resp.,
8t 2(t) = z(t —ih)) is the i™ composition of J (resp., of §). Then, can be rewritten as Rn = 0, where

n:=(r; w2 wu)l and:
0 -1 -1
R:= e D?*3,
( -82(0+1) o -1 )

We consider the finitely presented D-module M := D'*3/(D**2 R), {f;};=1,2,3 is the standard basis of D'*3,
x1 = 7(f1), 22 := 7(f2), and u := 7(f3), where 7 : D'*3 — M is the canonical projection. Then, as
previously shown, {x1, z2, u} is a set of generators of M which satisfies the following D-linear relations:

0r1 —x9 —u =0,
Oxg — 62 (6 +1)x; —u=0.

It is important to note that x;, x5, and u are not functions but only the “abstract” generators of M. To get
functions, i.e., elements of a functional space F having a D-module structure (e.g., F := C*°(R)), we have to
consider homp (M, F) = kerz(R.) = {n = (z1 22 u)T € F* | Rn = 0}. Dualizing M with coefficients in F,
the generators of M are then mapped to functions, i.e., x1 — x1(+) € F, x2 — x2(-) € F and u — u(:) € F,
satisfying (3).

For more examples, see [3,/6,21]] and the references therein.

Finally, let us shortly introduce a few basic concepts of homological algebra (see, e.g., [24]) which will
be used thereafter. A sequence of left/right D-modules {M;};cz and of left/right D-homomorphisms {f; €
homp (M;, M;_1) }iez are called a complex of left/right D-modules if we have f; o ;11 = 0foralli € Z, i.e., if
we have im f; 1 C ker f; for ¢ € Z. The complex is then denoted by:

fiya fit1 fi fi—1

—— My —M,— M, —— ...

The above complex is said to be an exact sequence if ker f; = im f; ;1 for all i € Z. For instance, using the fact
that cokerp(.R) := DY*P /imp(.R) = M, we get the following exact sequence

.R

0 — kerp(.R) ——= D4 DIxp T 0f 0,

where i is the standard injection and kerp (.R) := { € D**9 | u R = 0} is the left D-module, called the second
syzygy module of M, generated by all the D-linear combinations among the rows of R. If the rows of R are
D-linearly independent, i.e., kerp (.R) = 0, then we say that R has full row rank.

An exact sequence of the form 0 M’ d M2

M 0, i.e., where g is surjective (im g =
ker0 = M"), ker g = im f, and f injective (ker f = im 0 = 0), is called a short exact sequence. For instance, if
R has full row rank, then we have the following short exact sequence of left D-modules:

0—=Dxa B_plxp_ T pr o @)

Inria



Equivalences of linear functional systems 7

Example 2. We consider again Example [I} Let us check that R has full row rank. We have u := (1 p2) €
kerp(.R) if and only if

M1 = —p2,

—p1 + 20 =0,
M1 T M2 s (D4+1) =0,

f110 — p2 6% (6 + 1) =0,
— {
p1+ p2 =0,

which yields py = 0 since D := Q[0, 4] is an integral domain (i.e., D does not contain nonzero zero-divisors), and
thus we get ;© = 0. Hence, we have the short exact sequence (@) with p = 3 and ¢ = 2.

If D is a Grobner ring, then elimination techniques (e.g., Grobner bases, Janet bases, ...) can be used to
compute kerp (.R) (see [3,21] and the references therein). Indeed, a set of generators of kerp (. R) corresponds to
a set of generators of the compatibility conditions p ( = 0 of the inhomogeneous linear system R 7 = (. Thus, we
have to eliminate n from R7n = ( to get a set of generators for kerp(.R). For more details, see, e.g., [3,21] and
the OREMODULES package [4].

Example 3. We consider again (3)) with the output y(t) := x1(¢) + z2(t), i.e.:
0 -1 u(t)
t
2@+ 9 w® ) _
1 1 ()

To simplify (for instance, for an observability test), let us suppose that we have v = 0 and y = 0 so that we get
the following linear DTD system:

B 1 t
—2(+1) ( 7(f) ) —0. )
1 1

Let R € D3*? be the above matrix of DTD operators and M := D'*2/(D'*3 R) the D-module associated with
(3). Using elimination techniques (see, e.g., [3}[21]]) and their implementations in the OREMODULES package [4]],
we can check that we have kerp(.R) = imp(.R3), where:

Ry:=(0+0*(6+1) 9+1 —3*+82(6+1)) € D4

The row vector Ry generates the D-module kerp(.R) formed by the D-linear relations among the rows of R.
We can check again that Ro ( = 0 generates the compatibility conditions of R = (. We note that .Rs €
homp (D, D1*3) is injective since v Ry = 0 yields v (9 + 1) = 0, and thus we get v = 0 since D is an integral
domain. Then, we obtain the following long exact sequence of D-modules

-R2 .R

0 D D'x3

D1x2 L>M*>0,

called a finite free resolution of the D-module M (see, e.g., [3}121124]).

In Example[3] the D-module kerp(.R) is a finitely generated D-module because kerp (.R) is a D-submodule
of the noetherian D-module D'*3 (which is a direct sum of the noetherian ring D := Q[0, §]). For more details,
see, e.g., [[16,24]. In what follows, we shall assume that D is a noetherian ring, namely, every left/right ideal of D
is finitely generated as a left/right D-module (see, e.g., [16L[24]). Then, for every matrix R € D?*P, there always
exists Ry € D"*7 (possibly reduced to 0) such that kerp (.R) = imp(.Rz).

3 Homomorphisms of behaviors/finitely presented left modules
Let R € D7P and R’ € DY *?' be two matrices respectively defining the linear systems R = 0 and R’ ' = 0.

In this section, we review results on transformations which map the F-solutions of the first system to F-solutions
of the second one.

RR n° RR-9000



8 Cluzeau & Quadrat

As learned in Section [2} we can define the two finitely presented left D-modules M := D*?/(D'*4 R)
and M’ := DY¥P /(D'X9 R’) which are associated with the above linear systems. Now, composing ¢’ €
homp(M’, F) = kerx(R'.) with f € homp (M, M’), we obtain the following commutative diagram

ML

(z)/
¢k\ J/

JT_'

and we get f*(¢') := ¢’of € homp (M, F) Zkerr(R.). If {y; := 7(f;)}j=1,...p @esp., {y}. = 7(f}) k=1, p)
is the set of generators of M (resp., M) defined as in Section , a solution " := (¢'(v}) ... qﬁ’(y;,/))T of

R'n' = 01s sent to the solution 17 := (¢'(f(y1)) ... ¢'(f(yp)))" of Rn = 0. To get an explicit description of 7
in terms of 7, we have to explicitly know f € homp (M, M’), i.e., how f sends the y;’s to the y}.’s, i.e., to know
the elements P}, of D such that:

p/
Vi=1,....p, fW;)=Y_ Pirvi (©6)
k=1

Since f is a homomorphism, we have f(0) = 0. Using , fori=1,...,q, we get:

/

1 k=

FAD - Ry | =D Rij flys) =
j=1 j=1

<

p p
D R [ D Py

= 1

p’ p

Z Z Rijpjk y;c =0.

k=1 \j=1

Using the fact that v}, := «'(f}), where 7’ : DY s M is the canonical projection and { f; }r=1,.. p is the
standard basis of D! Xp/, we get

’
p

p p p
71'/ ZR” le ZR” Pjp’ :Z ZR”PJIC y;c :O,
=1 j=1 k=1 \j=1
which shows the existence of row vectors QQ; € Dlxq/, 1 =1,...,q, such that:

P p
Vizl,...,q, ZRUPJIZR”PJP’ :QiR/-
Jj=1 J=1

If we note P := (Pjx)1<j<pi<k<p € DP*P and Q := (QT ... Q)T € D77 then we obtain the following
identity:
RP=QR. (N

Hence, we get that f € homp (M, M) is defined by (6) where the P;;.’s satisfy (7).
Lemma 1 ([6]). Let M := D'%? /(D4 R) (resp., M’ := D'*?'/(D'*4 R')) be the left D-module finitely

presented by R € D9*P (resp., R' € DY *?") and « : DY*P —s M (resp., 7 : D**?" —s M’) the canonical
projection.

1. The existence of f € homp (M, M) is equivalent to the existence of two matrices P € DP*?" and Q
D% satisfying the following identity:
RP=QR.

Inria



Equivalences of linear functional systems 9

Then, f € homp (M, M’) is defined by f(m(\)) = 7' (XA P) for all X\ € D'*P, and we have the following
commutative exact diagram

pixa R plw TN 5

i.Q l‘P J/f
pixd B pixp 7 g 0,

namely, every square commutes, i.e., .Po.R=.R' o.Qand fowr =70 .P.

2. Let Ry € D92*%" be such that kerp(.R') = imp(.R}) and let P € DP*?" and Q € D19 be two matrices
satisfying R P = Q R'. Then, the following matrices

P=P+ZR, Q:=Q+RZ+ZR),

where Z € DP*? and Zy € DI%% gre two arbitrary matrices, satisfy the relation RP = Q R' and
f(x(\) =7 (AP) = «'(\P) forall \ € D'*P,

For algorithms to compute the matrices P and () for different classes of linear functional systems, we refer
to [[6] and the OREMORPHISMS and OREALGEBRAICANALYSIS packages [[7,/12].

Example 4. We consider again Example [3| Let M’ := D/(D'*2 R') be the D := Q|d, §]-module finitely
presented by the matrix R’ := (0% —§% (§+1) 9+ 1)T, which corresponds to the following linear DTD system:

{ 5(t) — 2(t —3h) — z(t — 2h) = 0,

5(t) + 2(t) = 0. ®

Let 7’ : D — M’ be the canonical projection. A homomorphism f : M — M’ is defined by f(7w(}\)) =

7/(A P) for all A € D'*2, where
0 0
P! Q=] 10
B o ) = )
0 1

since we can easily check that we have RP = Q R'.

Coming back to n := (¢'(f(y1)) ... ¢'(f(yp)))T, using @, we get
' ' P’
n =0 (FW) =0 | D P | =D Pid'(Wh) =D _ Pixli,
k=1 k=1 k=1

which shows that n := P 1/ € kerz(R.) for all ’ € kerz(R'.).
Corollary 1. With the notations of Lemmall| if F is a left D-module, then we have:

P.:kerg(R'.) — kerz(R.)

9
n — n:=Pry. ©)

The contravariant functor homp( -, F) (see, e.g., [24]) transforms finitely presented left D-modules (resp.,
homomorphisms of finitely presented left D-modules) into JF-behaviors (resp., homomorphisms between JF-
behaviors in the reverse direction).

Example 5. We consider again Examplesand@ Using f € homp (M, M), we have (@), where P := (1 9)7,

i.e., the additive mapping
t) = 2(t),
o(t) s { =20 (10)
s (t) = (1),
sends F-solutions of (8) to F-solutions of (5), where F is a D := Q[8, 6]-module.
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10 Cluzeau & Quadrat

Let f : M — M’ be a homomorphism of left/right D-modules. Then, we can define the kernel, image,
coimage, and cokernel of f as the following left/right D-modules:

ker f:={meM|f(m)=0}, imf:={m' eM|3meM: m = f(m)},
coim f := M/ ker f, coker f := M'/im f.

Finally, let us explicitly characterize the latter modules.

Lemma 2 ([6]). Let M := D'*?/(D'*4R) (resp., M’ := DlXp//(Dlqu R")) be the left D-module finitely
presented by R € DI*P (resp., R' € DY P ). Moreover, let f € homp(M,M') be defined by P € DP*? and
Q € D9 satisfying (7).

1. Let S € D™P and T € D" be two matrices such that
kerp(.(PT R™T)T) =imp(.(S —1T)),

L € D" g matrix satisfying R = L S and a matrix So € D"*" such that kerp(.S) = imp(.S2). Then,
we have:

ker f = (D'*" §)/(D'*4 R) = D'*"/ (Dlx(q+r2) ( S@ )> .
2
2. With the above notations, we have:

coim f = DVP /(D" §) = im f = (D“(W’) ( }]; >) /(D™ R).

3. We have coker f = DlXp'/ (DIX(H‘]/) (PT R'T)T). Thus, coker f admits the following beginning of a

finite free resolution:
P
A\ @
_—

4. We have the following commutative exact diagram

S8 1) pixe+d) DY? —— coker f ———0. an

D1><r

where f* : coim f — M’ is defined by f*(k(\)) = 7' (A P) for all \ € D**P.

We note that M := D'*P/(D*4 R) is the zero module if and only if we have D> R = D*? ie., if and
only if there exists a matrix 7' € DP*? such that T'R = I, i.e., if and only if the presentation matrix R of M
admits a left inverse. Using this result and Lemma we can now characterize when f € homp (M, M’) is the
zero homomorphism, injective, surjective or defines an isomorphism.

Lemma 3 ([6]]). With the notations ofLemma f € homp (M, M) is:

Inria



Equivalences of linear functional systems 11

1. The zero homomorphism, i.e., f = 0, if and only if one of the following equivalent conditions holds:

(a) There exists Z € DP*4 such that P = Z R/. If R, € D%*4" s g matrix satisfying kerp(.R') =
imp (.RY,), then there exists Zo € DY*% such that:

Q=RZ+ Zy RS.
(b) The matrix S admits a left inverse, i.e., there exists X € DP*" such that:
XS =1,
2. Injective, i.e., ker f = 0, if and only if one of the following equivalent conditions holds:

(a) There exists F € D" such that S = F R. Then, if p : M — coim f is the canonical projection,
then we have f = f*op, where f* € homp(coim f, M) is defined in 4 OfLemma and the following
commutative exact diagram shows that p is an isomorphism:

0 0
pixa L pixp Ty 0
O
DI 5. DIxp _* o coim f — 0.

T

0 0

(b) The matrix (LT ST)T admits a left inverse.

3. Surjective, i.e., im f = M', ifand only if (PT R'T)T admits a left inverse. Then, the long exact sequence
splits (see, e.g., [24]), i.e., there exist four matrices P’ € pr'xe z! ¢ pr'xd 7 € DPX" and
V € DY %" such that:

P'P+Z' R =1,

PP +US =1,
PZ —UT =0,
R'P —-VS=0,

RZ +VT=I,.

In this case, we have the following commutative exact diagram:

0
Dixr 5. plxp % coim f ——=10
I S
z;xq’ L ;w’ ”’fﬁ ;\4’ 0
0

4. An isomorphism, i.e., M = M', if and only if both matrices (LT SI)T and (PT R'™)T admit a left
inverse. The inverse f~1 of f is then defined by

VN e DY i (X)) = (N P,
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12 Cluzeau & Quadrat

where P' € DP'*P is a matrix as defined in 3. Moreover, we have the following commutative exact diagram:

pDixa _B_pixp ™ _ar

et e

’
pxd Lo puo' T .

Algorithms for checking whether or not a homomorphism of finitely presented left D-modules is injective,

surjective, or defines an isomorphism (and if so, compute its inverse) are implemented in the OREMORPHISMS
package [7].

Example 6. Let us check that the homomorphism f defined in Example [ is an isomorphism by characterizing
ker f and coker f, and then let us explicitly compute its inverse f~*. Using elimination techniques, we can first
check that f is surjective, i.e., coker f = 0, since (P’ Z') :== (0 —1 0 1) is a left inverse of the matrix
(PT  R'™)T. We also have kerp (.(PT  R'™T)T) =imp(.(S - T)), where:

1 1 0 1
0 J+1 0 0
S = , T :=
0 &2(5+1)—1 0 2(0—-1)
0 0 _0—1 -5 +1)

Moreover, the identities of 3. of Lemma[3]are satisfied with:

1 0 00 0 -0+1 1 0
U .= , V= .
01 00 0 -1 00

Let us now check that f is injective. We have R = L S and kerp (.S) = imp(.S2), where:

B -1 0 0
e | —eeeny 11 o o (0 2@ +1)—1 —9—-1 0
- 72 o 0 o 1)
1 0 0 0

The matrix (LT S¥)T admits the following left inverse defined by

0 0 1 0 0
-1 0 ) 00
1 1 62@06+1)—-0 0 0 |’
0 0 0 0 1

which shows that ker f = 0 and proves that f is an isomorphism, i.e., M = M’. Hence, for every D-module
F, we get kerr(R.) = kerz(R'.), i.e., there exists a 1-1 correspondence between the F-solutions of (5) and the
F-solutions of (8) or, in other words, the linear DTD systems () and (8) are equivalent. More precisely, using 4
of Lemma 3] we obtain that f~* : M’ — M is defined by f~1(7/(\)) := m(\ P’), where P := (0 —1). In
terms of behaviors, the following homomorphism

P’ :kerr(R.) — kerg(R.)

z1(t) .
( (1) > — 2(t) = —xa(t),

is the inverse of the homomorphism of behaviors P. defined by (I0).

4 Characterization of isomorphic modules

We characterize the existence of a left/right/two sided inverse of a homomorphism.

Inria



Equivalences of linear functional systems 13

Lemma 4. With the notations of Lemmal2] we have:

1. f admits a right inverse g € homp(M’', M), i.e., f o g = idps, or equivalently we have M = ker f & M’,
if and only if there exist three matrices P' € DP *P, Q' € D1 >4, and Z' € DP *? satisfying:

RP=QR PP+ZR=1I,.
Then, for any matrix Ry, € D" %4 such that kerp(.R') = imp (.R}), there exists Z, € D9 *"" satisfying
QQ+RZ +ZyRy = 1.
2. f admits a left inverse g € homp(M', M), i.e., g o f = idyy, or equivalently we have M’ = M & coker f,
if and only if there exist three matrices P' € DP *P, Q' € D1 *9 and Z € DP*9 satisfying:
RP =QR PP +ZR=1,
Then, for any matrix Ry € D"*9 such that kerp(.R) = imp(.Ra), there exists Zo € D" satisfying
QQ +RZ+ZyRy =1,
3. f is an isomorphism, and thus M = M’ if and only if there exist 4 matrices P' € DV *P, Q' € D7 >4,
Z € DP*4, and Z' € DP %9 satisfying:
RP =QR PP +ZR=1, PP+ZR =1, (12)
Then, for Ry € D™ (resp., Ry € D" *9) such that kerp(.R) = imp(.Ry) (resp., kerp(.R') =
imp (.RY)), there exist matrices Zy € D", Z, € DT X" Yo € DP *", Y] € DP*" such that:
QQ +RZ+ Zy Ry =1, QQ+RZ +Z)R, =1, (13)
7'Q — P'Z =Ys Ry, PZ —ZQ=Y.R),.
Proof. 1. The existence of g € homp(M’, M) is equivalent to the existence of two matrices P/ € D *? and
Q' € D7 such that R' P’ = Q' R (see 1 of Lemma . Composing the following two commutative exact
diagrams

pixa R pixp Ty 0 DY —E- PP T M —— 0
i-Q l-P lf T.Q’ T.P’ TQ
pixd B pixp T yp 0, D¢ R po T 0,

and noting x := idy; — f o g, we get the following commutative exact diagram:

D1><q’ R’ Dlxp’ w’ M 0
T.(Iq/—Q’ Q) T.(Ip/—P’ P) Tx
pixd I pra' T ap 0.

By 1.aof Lemmaf3} y = 0if and only if there exists Z’ € D' %% suchthat I, —P' P = Z' R,i.e., P' P+Z'R' =
Iy. According to 1.a of Lemma there then exists a matrix Z5 € D’ satisfying the relation Iy — Q' Q =
R Z'+Z4 Ry, ie.,Q Q+R Z'+Z5 Ry = I, where R, € D" % is such that kerp (.R') = imp (. R}). Finally,
M = ker f & M’ is well-known to be equivalent to the splirting of the following short exact sequence

0——=%kerf —>M_—=M ——0,

(see, e.g., [24]), i.e., it is equivalent to the existence of a left inverse g of f.
2 can be proved similarly as 1. The first points of 3 are direct consequences of 1 and 2. Finally, let us prove the
third and fourth identities of (13). Using the identity Q' R = R’ P’ and (12), we have

(Z2/Q' ~P Z)R=(Z'R)P -~ P (ZR)= (I, — P'P)P'— P'(I,— PP') =0,
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14 Cluzeau & Quadrat

which yields imp (.(Z' Q' — P’ Z)) C kerp(.R) = imp(.Ry) and shows that there exists Y5 € D? %" such that
Z' Q' — P'Z = Y5 R,. Similarly, using Q@ R’ = R P and (12), we have

(PZ'—ZQ)R =P(Z'R)—(ZR)P=P (I, —P' P)— (I, — PP)P =0,

which yields imp (.(P Z' — ZQ)) C kerp(.R') = imp(.R}) and shows that there exists Y5 € DP*"" such that
PZ'—-ZQ =Y]R,.
O

Remark 2. We note that the existence of a right (resp., left) inverse g of f € homp (M, M’) implies that f is
surjective (resp., injective) since we then have m’ = f(g(m')) (resp., g(f(m)) = m) for all m’ € M’ (resp.,
m e M).

Example 7. We can check again that the D-module M and M’ defined in Examples and are isomorphic by
considering the matrices P and @ defined in Example |4|and the matrix P’ defined in Example @ Then, we have:

o 1 =460 +1) 0 0 1
fi= 7 = 7' = 1).
@ (1 0 -0 ’ -1 0 o)’ © 1)

We can check that wehave QQ'+ RZ =13, Q Q+ R Z' =1,,2'Q' — P'Z =0,and PZ' — Z(Q =0, i.e.,
Z2:O,Z§:0,Y2:0,andY2’:0.

Let us introduce a few definitions.
Definition 1. 1. We denote the general linear group of degree r over D by:

GL.(D):={U € D™ |3V eD™ :UV=VU=1}

2. Two matrices R, R’ € D9*? are said to be equivalent if there exist U € GL,(D) and V' € GL,(D) such
that:

R =URV.

In module theory, Fitting’s theorem states that two finitely presented modules are isomorphic if and only if
their presentation matrices R and R’ can be inflated by zero and identity matrices in a way that the new matrices
are equivalent. More precisely, Fitting’s theorem states that M := D'*?/(D'*4 R) = M’ := D'*?" /(D'*4" R)
if and only if the following two matrices

R 0 0 0

r—| % W r_ | 00 ¢ Dla+p +p+d)x(p+p")
0 0 |’ I, 0 ’
0 0 0 R

are equivalent. For a constructive version of Fitting’s theorem, see [8]].
In this paper, we give another characterization of isomorphic finitely presented modules in terms of inflations
of their presentation matrices.

Theorem 1. Let R € D?*P and R' € DY > be two matrices with entries in a noetherian ring D. Then, the
following assertions are equivalent:

1. M :=DY?/(D'*4 R) =~ M’ := D' /(D'*4" R).
2. There exist 12 matrices

PeDrx¥ Qe Di*d P eDV*r Q eDI*%1, Ze DX, 7' e DV'*d
Zy € DT, Yy € DV X7, Y] € DP*" | 7} € DY*7' Ry € D™4, Rl € D" X4
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Equivalences of linear functional systems 15

satisfying the following two identities

R —-Q Z P Zs

( Pl Z/ ) < _Q/ R/ ) + ( }/2 ) (R2 0) = q+p’s (14)
Z P R —Q Yy L

( _Q/ R ) ( P > + ( Zé ) (O RQ) = ipt+q’> (15)

where the matrices Ry € D"*% and R}, € D" %" are such that:

kerp(.R) = imp(.Ry), kerp(.R') =imp(.RS).

Proof. By 3 of Lemma , M = M’ if and only if there exist P’ € Dr' <P, Q € DY%4 7 € DPX4 and
7' € DP %7 satisfying l) Using and l| we get

R —-Q Z P\ _ [I,—ZRy, 0
Pz -Q R | ~YoRy I
Zs
:]qup’—<Y2 ) (Ry 0),
Z P R -Q\ (I, -YiR,
-Q R Pz ) \ 0 I,—Z,R,
Y/
= dpt+q — ( ZZ > 0 R/2)7

ie., and hold. Conversely, if and hold, thenwehave RP = QR ,R'P' = Q' R, PP'+ZR =
I,,and P’ P + Z' R’ = I, which shows that M = M’ by 3 of Lemma O

Example 8. We consider again Examples [3|and 4] We first can check that we have kerp(.R) = imp(.R2) and
kerp(.R') = imp(.RY), where:

Ry=(0+6>(0+1) 9+1 —9*+6*(6+1)),
Ry=(0+1 —9>+62(0+1)).

Hence, R and R’ are not full row rank matrices. Using Example [7, Theorem |1|yields:

0 -1 0 0 0 0 1 1

—2(5+1) 8 -1 0 -1 0 B, 0 _,
1 1 0 -1 —0 -1 9 —62(5+1) 9*—62(5+1) | "
0 -1 0 1 -1 0 B d+1

Note that (15) is a consequence of the above identity since D is a commutative ring.

Example 9. We consider the following linear system of PDEs

0?y(z1, 2) . 0%y(x1, x2) B Oy(xr,72) 0
0x? > 02 2 Oxy 16)
0?y(xq, 1) 0?y(x1, 1)
8x18x2 e 8;3% - O’

which is studied in probability theory [2]. Let D := Q(5)(z1,x2){01,02) be the noncommutative ring of PD
operators in 01 := 3%1 and O := 3%2 with coefficients in the field Q(3, x1, x2) of rational functions in z1, 2,
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16 Cluzeau & Quadrat

and 8. The ring D is called the Weyl algebra in two variables and it is usually denoted by B2(Q(8)). Let us
consider the matrix of PD operators associated with (T6)

R.— 312_552‘922_§32 € D¥*1,
28182—}-3318%

and the left D-module M := D/(D*? R) finitely presented by R. It can be shown that M is D-finite, namely,
M has a Q(8, x1, x2)-finite dimensional vector space structure (see, e.g., [5]]), and thus it can be written as an
integrable connection, i.e., we can find a first-order realization of @ (see, e.g., [6]). We can show that @]) ie.,
Rn =0, is equivalent to R’ ' = 0, where

o 0 -1
81 0 %Il
-2 o —T2
(B+3)x
R — 80 01 8 O + 162—4;2 c Ds;x47
,  —
g2 0 -1
82 %:Cl
0 0 62 _ 22ﬂ+6

i.e., we have M = M’ := D'*4/(D'*8 R'). This first-order realization can be computed by means of the ORE-
MODULES package [4]. Let us compute the matrices appearing in (I4) and (I3)). By construction, the isomorphism
f € homp(M, M') is defined by f(w(\)) := 7/(AP), where 7 : D — M (resp., ©’ : D4 — M’) is the
canonical projection, A € D,and P:= (1 0 0 0) satisfies , where the matrix () is defined by:

Q= 0, 0 1 0 —x282—§ -2 0 0 c D2x8.
0 2 0 0 z210+20 xr1 0 0

Since f is surjective, the matrix (P7  R'")T admits a leftinverse (P’ Z’), where P := (1 92 o 822)T
and:

0 0 0 0 O 0 0 O
7 0O 00O -1 0 00O c DA%8,
-1 0 0 O 0 0 0 O
0 0 0 0 -9 -1 0 O
Moreover, we have R’ P/ = Q' R, where the matrix @)’ is defined by
0 0
0 3
1 0
_ 2251?1;92 *251’2232:961 o
[ xr1“—4x2 xr14—4x2 €D8X27
@ 0 0
0 0
0 3
40, —201+x1 02
I1274I2 ZE127412

and f=1(7'(\)) :== w(N P’) forall \' € D*4,
Using , we can check that PP’ = 1,i.e.,, Z = 0,and Q Q' = I, ie., Zo = 0 (see ). We also have
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Equivalences of linear functional systems 17

kerp(.R) = imp(.Rs) and kerp(.R') = imp(.R%), where
Ry:= (22102 +40,0, —20? 421203 + (4+ B)0y),

/A
RS =
—s 1 0 0 o 0 -1 0
0 *4%232 72$132 4$27$12 0 *$1ﬁ+4x281 261:21 0
0 —2721 0y —498, 0 0 2216, —-28 40, —4 30 + 212 ’
0 2(B+1)0 0 (42 —x12)024+4 0 —2(B+1)01 0 (x12 —422)01 + 211

and, using (13), we get:

0 0 0 0

0 0 0 0

0 0 0 0

_ 2:1)161 _ 1 O O
o r12—4 1o r12—4 x5 8x4
Zy = 0 0 0 0 € D°7%.

0 0 0 0

-1 0 0 0

40, 1
T12—4 o 0 w%74:c2 0

Using again, we get Yo = 0 and Yy = 0, and thus we finally obtain:

R -Q Z P Z P R —-Q 0 o
(P/ VA )(_Q/ R/>Iﬁa<_Q/ R/><Pl 7 >+<Zé>(0 RQ)—IQ.

For applications of D-finite multidimensional systems in control theory, see [20].

A consequence of Theorem [T] connects isomorphisms of finitely presented modules to the unimodular com-
pletion problem, and therefore to the so-called Serre’s reduction problem studied in [1,/9}/11]] (see Sections E] and

).
Corollary 2. With the notations and the assumptions of Theorem/|l| let us assume that we have ¢ +p' = p+ ¢'.

1. Then, we have:

R —-Q 7 P g A P R —Q g
P’ 7! 7Q/ R = lgtp 7Q/ R P’ ! = ipt+q’-

2. If R or R’ have full row rank, then the fact that M = M’ is equivalent to the existence of matrices P €
DrXP Qe DI%?, P e DP*P, ) € DI >4, Z € DP*4, and Z' € DP *9 such that:

R -Q A P g
Pz -Q' R = lg+p’'-

Proof. 1is a consequence of g + p’ = p + ¢’ and the fact that D is a noetherian ring, and thus a stably finite ring,
namely, a ring for which U V' = I,. for two matrices U, V € D"*" yields V U = I, (see, e.g., [[16,24]]). Note that
a commutative ring is stably finite since U V' = I,. implies that det U is a unit of D.

2 is a direct consequence of 1 and Theorem|[I|with Ry = 0 or R = 0. O

Example 10. Let R, R’ € D?*P be two equivalent matrices, i.e., they satisfy

R =Q'RP,
for certain P € GL,(D) and Q € GLy(D). If we note M := D'*?/(D'*4 R) and M’ := D'*?/(D'*1 R’),
then f € homp(M,M’), defined by f(m(A)) := «/(AP) for all A € D'*P, is an isomorphism and f~1 €
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18 Cluzeau & Quadrat

homp (M’, M) is defined by f~1(7'(\)) := w(N P~1) for all N € D'*P, where 7 : D'*P — M (resp.,
7' . DYP" — M) is the canonical projection. This result can be proved again since we have

R -Q 0o P 0o P R —Q
(A0) (o ) (0 £) (A )

and Theorem 1] then yields again the isomorphism M = M’

Remark 3. If R is a full row rank matrix, then it is known that M is a free left D-module of rank p — ¢, i.e.,
M = DY (P=9 _if and only if there exist P’ € Dw=0xp p e prx(P=9) and Z € DP* such that

(f,)(z P)=1,

i.e., if and only if there exists P’ € DP~®*P guch that (RT P'T)T € GL,(D). For more details, see [22]. This
result corresponds to the extreme case of Corollarywhere ¢ = 0 (and thus, p’ = p — ¢) and M’ = DI*(P=a),
i.e., to the case of the following commutative exact diagram:

0 Dxa B pe T N 0

T

0 Dix(p—q) L> M —0.

In particular, wehave P’ P =1,_,, PP'+Z R =1I,,and RP = 0. Wethenget R—RZ R = (RP) P' =0, 1ie.,
(I — RZ) R = 0 which yields R Z = I since R has full row rank. Then, wehave PP'Z =Z — Z (RZ) =0,
and thus (P’ P) (P’ Z) = 0, i.e., P’ Z = 0, which shows again that we have the following split exact sequence
(see, e.g., [221124]):

00— Dl%q R DLxp P Dlx(p—q) ——)
Z P’

Let us consider again Theorem I]and the following two short exact sequences
0 ——imp(.R) LAY ) N .y gu—}
0 ——=imp(.R) SN )} E AN (— 0,
where i (resp., i’) denotes the canonical injection into D' *? (resp., DlXp,).
In module theory, Schanuel’s lemma (see, e.g., [24]) asserts that M = M’ yields:
imp(.R) ® D = imp(.R') & D, (18)

As a consequence of Theorem[I] we obtain a constructive proof of Schanuel’s lemma in which the isomorphism
(18) and its inverse are explicitly described.

Corollary 3. With the notations and the assumptions of Theorem|l| if we note

U L - €GL, (D), U™ I,=PP P
= +p’ ) = 5
P I,-PP pre -P I,

then the following homomorphism of left D-modules

w: DI R@ D™ — D¥Pg DR

(19)
(WR N) — (R X)U,
is an isomorphism and its inverse v~ " is defined by:
-1. plxp D1><q’ R — DxaR D1><p’
U 2 2] (20)

AN WR) — (A /RYUL
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Proof. Let f € homp(M, M) be an isomorphism. With the notations of Theorem and P, := (), we then have
the following commutative exact diagram:

Dixr -Ra D1xq R Dixp _T M 0
|2 -7 i f
D1><r/ Ry D1><q/ R’ Dl><p/ w’ M’ 0.

Using Re R = 0, RP = P2 R’ yields (Ry P) R = (RyR)P = 0, ie,, imp(.(R2 P2)) C kerp(.R') =
imp(.Rj), and thus there exists P3 € D"*" such that Ry P, = P3 R),. Similarly, with the notation Py := @,
there exists P; € D" *" such that R}, Pj = P} Ry and we get the following commutative exact diagram:

D1><7" Rz D1><q R D1><p m M 0

.PéT .PQ’T .P’T f‘lT

) A 4 oo
D1><7 D1><q D1><p M! 0.

R -P, , Z P
V= 5 V= )
Pz ~P, R

then we have (Ry 0)V =—P5(0 Rj)and (0 R5)V’'=—Pj{(Rs 0). Hence, if we note

Now, if we note

L:=DX@?) (D7 (R, 0)), L' := D@+ /(DX (0 RY)),

then we have the following two commutative exact diagrams

Dixr (B2 0;) D1><(q+p') "L >0 Dlxr M DlX(Q+Pl) L — 5
l.Ps \LV lg T.—Pé TV/ h]
D1><T/ (0 Rlz) D1><(p+q/) w! L’ 07 D1><T/ (0 Rl2) D1><(P+q/) ! L/ 07

where g € homp (L, L") and h € homp (L', L) are respectively defined by:

g:L — L
K N) — W(uR+NP =P+ N Z'),
h:L' — L
WA 1)~ s((AZ = Py AP+ R)).
Then, and show that h o g = idy, and g o h = idy/, i.e., g is an isomorphism, h = ¢!, and L' = L.

Now, note that we have cokerp(.Ry) 2 imp(.R), cokerp(.Ry) = imp(.R'), L = imp(.R) & D*¥' and
L' = DY™P @ imp(.R’), where the last two isomorphisms are defined by:

L % imp(.R)® D™V r N DY™P @imp(.R')
p((p X)) — (pR X)), (A W) — (A R

The isomorphisms u := 3o goa ! andu™! = a o h o 37! are then defined by:

imp(.R) & DV’
(WRX)

D™? & imp(.R')

(WR+ NP (—uPy+NZ)R),
imp(.R) & DV’

(NZ — W/ PY)R AP+ i R).

DY™? @ imp(.R)

[ A
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Using P, R = R P, (12), and P} R = R’ P’, we obtain
(—pPy+ N Z)R = —(uR)P + X (I, — P' P),
(\Z— i PR =A(I,— PP')— (W R) P,
which finally yields (I9) and (20). O

5 The unimodular completion problem

The unimodular completion problem consists in studying the possibility to inflate a matrix Ry € D?*P into a
unimodular V' € GLy4(D), where ¢ + ¢ > p. The next theorem shows that a solution to this problem induces
different isomorphisms between the modules finitely presented by the matrices appearing in the inflations.

Theorem 2. Letp, q, s,t € Nsatisfy g+t = p+ sand Ry € DI*P, Ry € DI%5, Q, € DP*t, Q3 € D%t
S, € DP*4. Sy € DX, Ty € D'¥P, and Ty € D'** matrices such that:

Ri R S1 @
( Ty Ty > < Sz Q2 ) = late D
Then, we have:
cokerp(.Ry) = cokerp(.Q2), kerp(.R1) = kerp(.Q2),
cokerp(.S1) = cokerp(.Tz), kerp(.51) = kerp(.T3), 22)
cokerp(.Q1) = cokerp(.Ra), kerp(.Q1) = kerp(.Ry),
cokerp(.11) = cokerp(.S2), kerp(.T1) = kerp(.S2).

Right D-module analogs of hold, i.e., we have:
cokerD(Rl.) = COkeI‘D(QQ.), kerD(Rl.) = keI‘D(C22.)7 PN

Proof. By 1 of Corollary 2] the identity (Z2I) yields the following identity:

S1 G R Ry \ _
( Sz Qo ) ( T T ) = lots @3

From , we get Ry Q1 = — Ry Q2 which yields the commutative exact diagram

0 —> kerp(.R:) Dxa T pixp T okerp(.Ry) —= 0

b e e

0 — kerp(.Qs) Dixs 92 pixt %2 okerp(.Qs) —— 0,

where o and o) are respectively defined by:

aq :cokerp(.R1) — cokerp(.Q2) oy :kerp(.R1) — kerp(.Q2)

(24)
(A1) = Ka(A Q1) p —  —p1 Ro.
Similarly, from 23), we get Q2 Ty = —S> Ry which yields the following commutative exact diagram
0 — > kerp(.Qs) DY P2 pixt 2 cokerp (.Q2) —— 0
T
0 ——=kerp(.Ry) Dixa T pixp ™ cokerp(.Ry) — 0,
where a and o, are respectively defined by:
ag : cokerp(.Q2) — cokerp(.Rq) ob i kerp(.Q2) — kerp(.Ry) 25)

ko(v2) +— mi(reTh), 0y — —6555.
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Using (2T) and 23), we get Ty Q1 = Iy — T2 Q2 and Q1 Ty = I, — Si Ry, which yields

(a1 0 ag)(ka(re)) = ka(ve Ti Q1) = Ka(va) — Ka((ve T2) Q2) = Ka(v2),
(agoar)(mi(A)) =m (M Q1 Th) =71 (A1) — (A1 S1) Ri)) = mi( M),

and shows that 1 is an isomorphism, cokerp(.Q2) = cokerp(.Ry), and cre = al_l.
Now, using (23) and (Z1), we get Sy Ry = I, — Q2 T> and Ry Sy = I, — Ry Sy, which yields

(o) 0 ay)(0a) = 02 (S2 Ra) = 02 — (02 Q2) T = 0a,
(g 0ai)(p1) = p1 (Re S2) = i — (1 R1) St = pua,

for all 5 € kerp(.Q2) and for all g € kerp(.R1), which shows that o is an isomorphism, i.e., kerp(.Q2) =
kerp(.Ry), and oy = o, .

In the above arguments, we can exchange the role played by Ry (resp., (2) by that of Sy (resp., T») in the
identities (ZT) and (23) to get the following isomorphisms

b1 : cokerp(.S1) — cokerp(.T3) Bfl :cokerp(.Tp) — cokerp(.Sh)

o01(C1) = &2 Ra), £2(§2) = 01(§29), (20

B, kerp(.S1) — kerp(Tx) B, ':ikerp(Ty) —s kerp(.S1)

27
Y = =91 Q, wy +— —wy 1,

where o1 : D'*9 — cokerp(.S1) (resp., g2 : D'** — cokerp(.T%)) is the canonical projection, i.e., we have:
cokerp(.S1) = cokerp(.Tz), kerp(.Sy) = kerp(.Ts).
Using (23)), we get Q1 T> = —S1 Ro, which yields the following commutative exact diagram

Q1

K1

0 ——=kerp(.Q1) D'xp Dxt cokerp(.Q1) ——=0

| is i‘TQ |

0 ——=kerp(.Ry) Dixa T2 pixs T cokerp(.Ry) — 0,

where 77 and 7 are respectively defined by:

1 : cokerp(.Q1) — cokerp(.Ra3) 71 s kerp(.Q1) — kerp(.Rs)

(28)

Hl(Vl) — 7T'2(l/1 112)7 91 — —01 Sl.

Using (2I)), we get Ry Q2 = —R1 Q1, which yields the following commutative exact diagram
1x R 1xs "2
0 ——kerp(.Rg) D4 D cokerp(.Ry) —0
o e e
0 — > kerp(.Q1) DY L Pt " ke p(.Q1) —— 0,
where 2 and ~/, are respectively defined by:

v : cokerp(.Ry) — cokerp(.Q1) 5 tkerp(\R2) — kerp(.Q1) 29)

m(A2) > K1(A2 Q2), po > —po Ry,

Using (1)) and 23), we get T Q2 = I; — T} Q1 and Q2 T> = I, — S2 Ry, which yields

(v2071)(K1(11)) = Kk1(1 (T2 Q2)) = k1 (v1) — k1 (1 T1) Q1) = K1 (1),
(71 072)(m2(A2)) = m2(A2 (Q2 T2)) = m2(A2) — m2((A2 S2) Rz2) = m2(A2),
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and shows that +y; is an isomorphism, i.e., cokerp (.Q1) = cokerp(.Rz), and v5 = 75 '
Using (23) and 1), we get Sy Ry = I, — Q1 Ty and Ry Sy = I, — Ry So, which yields

(Vo 071)(01) = 01 (S1 Ry) = 01 — (61 Q1) Ty = 01,
(71 072)(12) = p2 (R1 51) = p2 — (p2 R2) S2 = po,

1%

for all #; € kerp(.Q1) and for all us € kerp(.R2), which shows that 4/ is an isomorphism, i.e., kerp(.Q1)
kerp(.Rp), and v = 7, .
Finally, we can similarly show that we have the following isomorphisms

01 : cokerp(.1y) — cokerp(.S2) (5{1 : cokerp(.Sy) —  cokerp(.1y)

30
(&) — o261 5), 02(C) — e(GRy), G0

8 kerp(\Th) — kerp(.S2) 87! ikerp(.Sy) — kerp(.Ty)
3D

wy +— —wy s, Oy — —02Q2,

where €1 : DY*P — cokerp(.T1) (resp., o2 : D'*9 — cokerp(.S2)) is the canonical projection, i.e., we have:
cokerp(.11) = cokerp(.S2), kerp(.11) = kerp(.S2).
Right D-module analogs of can be proved similarly. O

Remark 4. When s < gandt = p — (¢ — s) > 0, Theorem [2| shows that we have M := cokerp(.Ry) =
cokerp(.Q2), where Q2 € D***, which yields ker z(R;.) = kerx(Q5.) for all left D-modules F, i.e., the linear
system Ry n = 0 is equivalent to the linear system Q3 ( = 0 defined by fewer equations and fewer unknowns.
Such a reduction is called Serre’s reduction and is studied in detail in [[T,[OL[T1]]. Theorem [2]is an extension of
Theorem 4.1 of [|1] for a non necessarily full row rank matrix R;.

Example 11. With the notations Ry := R, Ry := —Q, Ty := P, Ty := 7', 581 := Z, Sy := —-Q', Q1 := P,
and Q2 := R/, in Example we proved the identity . By Theorem we find again that M := cokerp(.R) &
M’ := cokerp(.R'), where R and R’ have not full row rank (see Example[8), and kerp(.R) = kerp(.R'). We
also have cokerp(.Z) = cokerp(.Z’) and kerp(.Z) = kerp(.Z’) (see (26) and (7)), cokerp(.Q) = cokerp(.P)
and kerp(.Q) = kerp(.P) (see and (29)), cokerp(.P’) = cokerp(.Q’) and kerp(.P’) = kerp(.Q’) (see
and (31)).

Example 12. We consider again Example [L0] Theorem [2] shows that M := cokerp(.R) = M’ := cokerp(.R’),
cokerp(.P) = cokerp(.QQ) = 0 and kerp (.P) = kerp(.QQ) = O since P € GL,(D) and Q € GL4(D).

Example 13. We consider again Example [9] where S; := Z = (0 0) and 75 := Z’. We can check that
cokerp(.Z’) is a free left D-module of rank 5 and cokerp(.Z) = D1*2 is a free left D-module of rank 2. Hence,
the isomorphisms of Theorem [2] only hold when we have and not when and hold.

We can give a system-theoretic interpretation of Theorem [2] The hypotheses of Theorem [2] show that we can
inflate the linear system R; 7; = 0 into the larger linear system R; 11 + Ro 1o = 0 which is flat (see [3}[13]21]]
and the references therein), i.e., which is associated with the free left D-module E := cokerp(.(R; Rz)) of rank
t = p — q + s (see Remark E]) Then, we know that the flat system admits an injective parametrization, i.e., we
have kerz((R;  Rs).) = imz((QT Q1)T.), where T} Q1 + T> Q2 = I;. For more details, see [3,[22]. Hence,
we get

m=@Q1&,
2 = @2,

for a certain & € F* which is such that & = T 1, + T 2. Now, setting 1o = 0, we get that for 7, € ker F(Ry.),
there exists a unique £ = Ty 7y € F! such that:

m=@Q1§ Q286=0.

Within systems theory, we find again the first isomorphisms of and (25).

For instance, the linear OD system @(t) = Az(t), with A € R™*", is equivalent to an ODE with constant
coefficients in one unknown if and only if there exists B € R™ such that the control (inflated) linear system
z(t) = Az(t) + Bu(t) is flat, i.e., if and only if it is controllable. For more details and extensions, see [9].

Rim+Remp=0 <& {
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Remark 5. We can give another (pictorial) proof of the first point of Theorem[2] i.e., of cokerp (.R1) = cokerp(.Q2)
and kerp(.R;) = kerp(.Q2). Identities and are equivalent to the following split short exact sequence of

lelt D—mOduleSZ
Ry Ro ( Q21 )

0——= DX ——= pXts) —=Dpixt — . (32)

S (Ty  Tz)
( Sa )

For more details, see, e.g., [21,24]. With the above notations, we then have the following commutative exact
diagram:

0 33)
0 kerp(.R1)
O%Dlx{l :Dlx{l %O
S1
< Ss ) (R1  R2) Ry
0 1) (17 0m)"
0 DlXS%Dlx(pﬁ‘S) pixp
(0" IST)T (Ip 0)
.(Tl Tz) ( 3; ) ™1
0 — kerp(.Q2) pixs % _pua My 0
0 0 0

Let us denote

L := cokerp(.Q2) = D' /(D'* Q,), M := cokerp(.R;) = D'*? /(D" R,),

and ko : DY — L (resp., m; : D'*P — M) the canonical projection. Then, using , we obtain the
following isomorphism:

6L — M
K/Q(VQ) _— 1 <I/2 (Tl TQ) ( I(;) )) =7T1(Z/2T1),

o' M — L

71'1()\1) > K2 </\1 (Ip 0) ( g; >> ZKQ(/\l Ql)

A chase in the commutative exact diagram (33) (see, e.g., [24]]) yields the following isomorphism

v:kerp(.Q2) — kerp(.Ry) v likerp(\R1) — kerp(.Q2)
O +—— 025, w1 —>  pa Ra,
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i.e., we have kerp(.R;1) = kerp(.Q2). Finally, the other isomorphisms stated in Theorem [2] can be proved
similarly.

Corollary 4. The following two assertions are equivalent:

1. The matrices R € D?P and R' € D7*P are equivalent, namely, there exist P € GL, (D) and Q € GL4(D)
suchthat R' = Q'R P.

2. There exist Q € GLy(D) and U € GL,14(D) having R as lower q X p corner such that:
(R —QU=(I, 0).

Proof. 1= 2.1f R and R’ are equivalent, then 2 is proved in Example [10| (see (17)).

2 = 1. Let us note:
A P R -
U = < _Q/ R/ ) ’ U_l = ( P/ ZC? > :

In particular, we have RP = QR’,ie., R = Q ' RP since Q € GL4 (D). Now, yields cokerp(.P)
cokerp(.Q) = 0 and kerp(.P) = kerp(.QQ) = 0 since Q € GL,4(D), which shows that P € GL,,(D) and proves
1. Finally, using P’ P+ Z' R’ = I,, we get (P’ + Z’ Q~! R) P = I, which shows that we have:

P'=P+Z2' Q'R
m

Finally, let us give an application of Theorem [2]for the study of doubly coprime factorizations (see, e.g., [23])).
To keep the standard notations used within the fractional representational approach [25]], we now denote the ring
D by A.

Corollary 5. Let A be an integral domain, namely, a commutative ring with no non-zero divisors,
n
K = {E|O#d,n€A}

the quotient field of A, P € K", and P = DN =ND"1q doubly coprime factorization of P, namely,
D e AT*9, N € A1*", D € A™", and N € A?*" satisfying the following identity

D -N X N ;
Y X y D) "

for some matrices X € A1, Y € A™*9 X € A™%", and Y € A"*9. Then, we have the following isomorphisms
of A-modules:

coker 4(.D) = coker 4 (. D), ker4(.D) = kery(.D) =
coker 4(.X) = coker 4(.X), ker 4(.X) = k A( X),
coker 4 (.N) = coker 4 (.N), ker 4(.N) = ker4(.N),
coker 4 (\Y) 2 coker 4 (.Y), ker4(.Y) = ker4(.Y).

Similar results hold for right matrix multiplication, i.e., we also have:

coker 4(D.) = coker 4 (D.), kers(D.) = kery(D.) =0, ...
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