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Abstract

The combinatorial stochastic semi-bandit problem is an extension of
the classical multi-armed bandit problem in which an algorithm pulls
more than one arm at each stage and the rewards of all pulled arms are
revealed. One difference with the single arm variant is that the dependency
structure of the arms is crucial. Previous works on this setting either used
a worst-case approach or imposed independence of the arms. We introduce
a way to quantify the dependency structure of the problem and design an
algorithm that adapts to it. The algorithm is based on linear regression
and the analysis develops techniques from the linear bandit literature.
By comparing its performance to a new lower bound, we prove that it is
optimal, up to a poly-logarithmic factor in the number of pulled arms.

1 Introduction and setting

The multi-armed bandit problem (MAB) is a sequential learning task in which
an algorithm takes at each stage a decision (or, “pulls an arm”). It then gets a
reward from this choice, with the goal of maximizing the cumulative reward [I5].
We consider here its stochastic combinatorial extension, in which the algorithm
chooses at each stage a subset of arms [2, Bl 6] ©]. These arms could form,
for example, the path from an origin to a destination in a network. In the
combinatorial setting, contrary to the the classical MAB, the inter-dependencies
between the arms can play a role (we consider that the distribution of rewards
is invariant with time). We investigate here how the covariance structure of
the arms affects the difficulty of the learning task and whether it is possible to
design a unique algorithm capable of performing optimally in all cases from the

*V. Perchet is partially funded by the ANR grant ANR-13-JS01-0004-01, benefited from
the support of the "FMJH Program Gaspard Monge in optimization and operation research"
and from EDF, and also from the support of the CNRS.



simple scenario with independent rewards to the more challenging scenario of
general correlated rewards.

Formally, at each stage t € N, ¢ > 1, an algorithm pulls m > 1 arms among
d > m. Such a set of m arms is called an “action” and will be denoted by
A, € {0,1}%, a vector with exactly m non-zero entries. The possible actions are
restricted to an arbitrary fixed subset A C {0,1}%. After choosing action A;, the
algorithm receives the reward A X;, where X; € R? is the vector encapsulating
the reward of the d arms at stage t. The successive reward vectors (X;);>1
are i.i.d with unknown mean pu € R? We consider a semi-bandit feedback
system: after choosing the action Ay, the algorithm observes the reward of each
of the arms in that action, but not the other rewards. Other possible feedbacks
previously studied include bandit (only A X; is revealed) and full information
(X is revealed). The goal of the algorithm is to maximize the cumulated reward
up to stage T' > 1 or equivalently to minimize the expected regret, which is the
difference of the reward that would have been gained by choosing the best action
in hindsight A* and what was actually gained:

T
ERy =E» (A" Tp—Alp).

t=1

For an action A € A, the difference Ay = (A*Tp — AT ) is called gap of A.
We denote by A; the gap of Ay, so that regret rewrites as ERy = E Zle Ay
We also define the minimal gap of an arm, A; yin = mingac a:ica} Aa.

This setting was already studied [5], most recently in [7, [12], where two
different algorithms are used to tackle on one hand the case where the arms
have independent rewards and on the other hand the general bounded case.
The regret guaranties of the two algorithms are different and reflect that the
independent case is easier. Another algorithm for the independent arms case
based on Thompson Sampling was introduced in [I1I]. One of the main objectives
of this paper is to design a unique algorithm that can adapt to the covariance
structure of the problem when prior information is available.

The following notations will be used throughout the paper: given a matrix
M (resp. vector v), its (i,j)th (resp. ith) coefficient is denoted by M) (resp.
v®). For a matrix M, the diagonal matrix with same diagonal as M is denoted
by EM

We denote by n; the noise in the reward, i.e. 7, := Xy — . We consider a
subgaussian setting, in which we suppose that there is a positive semi-definite
matrix C' such that for all ¢t > 1,

T T
Vu € RY Efe* ™] < ez Cu

This is equivalent to the usual setting for bandits where we suppose that the
individual arms are subgaussian. Indeed if we have such a matrix C then each
nt(i) is v O(#)-subgaussian. And under a subgaussian arms assumption, such a
matrix always exists. This setting encompasses the case of bounded rewards.



We call C' a subgaussian covariance matrix of the noise (see appendix A of
the supplementary material). A good knowledge of C can simplify the problem
greatly, as we will show. In the case of 1-subgaussian independent rewards, in
which C' can be chosen diagonal, a known lower bound on the regret appearing in
[7] is % log T', while [12] proves a dfm log T lower bound in general. Our goal here
is to investigate the spectrum of intermediate cases between these two settings,
from the uninformed general case to the independent case in which one has
much information on the relations between the arm rewards. We characterize
the difficulty of the problem as a function of the subgaussian covariance matrix
C'. We suppose that we know a positive semi-definite matrix I" such that for all
vectors v with positive coordinates, v Cv < v T, property that we denote by
C =<4 T'. T reflects the prior information available about the possible degree of
independence of the arms. We will study algorithms that enjoy regret bounds as
functions of I'.

The matrix I' can be chosen such that all its coefficients are non-negative
and verify for all 4, j, T'®) < v/I'G)TG5). From now on, we suppose that it is
the case. In the following, we will use ¢; such that n; = C"2¢, and write for the
reward: X; = p+ C'/?¢;.

2 Lower bound

We first prove a lower bound on the regret of any algorithm, demonstrating
the link between the subgaussian covariance matrix and the difficulty of the
problem. It depends on the maximal off-diagonal correlation coefficient of the
covariance matrix. This coefficient is v = maxy(; j)e[d),i%j} \/% The
bound is valid for consistent algorithms [13], for which the regret on any problem
verifies ER; = o(t*) as t — +o0 for all a > 0.

Theorem 1. Suppose to simplify that d is a multiple of m. Then, for any A > 0,
for any consistent algorithm, there is a problem with gaps A, o-subgaussian arms
and correlation coefficients smaller than v € [0,1] on which the regret is such
that

202(d — m)

limianE—R:t > (1+~vy(m-1)) A

t—+oc log

This bound is a consequence of the classical result of [I3] for multi-armed

bandits, applied to the problem of choosing one among d/m paths, each of which

has m different successive edges (Figure . The rewards in the same path are

correlated but the paths are independent. A complete proof can be found in
appendix B.1 of the supplementary material.

3 OLS-UCB Algorithm and analysis

Faced with the combinatorial semi-bandit at stage ¢t > 1, the observations from
t — 1 stages form as many linear equations and the goal of an algorithm is to
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Figure 1: Left: parallel paths problem. Right: regret of OLS-UCB as a function
of m and v in the parallel paths problem with 5 paths (average over 1000 runs).

choose the best action. To find the action with the highest mean, we estimate
the mean of all arms. This can be viewed as a regression problem. The design
of our algorithm stems from this observation and is inspired by linear regression
in the fixed design setting, similarly to what was done in the stochastic linear
bandit literature [16], 8]. There are many estimators for linear regression and we
focus on the one that is simple enough and adaptive: Ordinary Least Squares

(OLS).

3.1 Fixed design linear regression and OLS-UCB algorithm

For an action A € A, let I4 be the diagonal matrix with a 1 at line 7 if A®) =1
and 0 otherwise. For a matrix M, we also denote by M4 the matrix T4 M1 4.
At stage t, if all actions Ay, ..., A; were independent of the rewards, we would
have observed a set of linear equations

T, Xo =Ia,p+1Tam

Ty, Xoqv=1Ia,_ p+1a,_ m—1

and we could use the OLS estimator to estimate p, which is unbiased and has a
known subgaussian constant controlling its variance. This is however not true in
our online setting since the successive actions are not independent. At stage ¢,
we define

t—1 t—1 t—1
n) =3 Hie A, i =Y Hie AJI{je A} and D, = Ia,
s=1 s=1 s=1

where ngi) is the number of times arm 4 has been pulled before stage ¢t and Dy is

a diagonal matrix of these numbers. The OLS estimator is, for an arm i € [d],

t—1
~ (7 1 I3 i - 1 [
iy = ® > xP=u (D7 E_IIASC/Q%)()-

s<t:i€As



Then for all A € A, AT (ji;—u) in the fixed design setting has a subgaussian matrix
equal to D, 1(22;11 Ca.)D;". We get confidence intervals for the estimates and
can use an upper confidence bound strategy [13, [3]. In the online learning setting
the actions are not independent but we will show that using this estimator still
leads to estimates that are well concentrated around p, with confidence intervals
given by the same subgaussian matrix. The algorithm OLS-UCB (Algorithm
results from an application of an upper confidence bound strategy with this
estimator.

Algorithm 1 OLS-UCB.

Require: Positive semi-definite matrix I', real parameter A > 0.
1: Choose actions such that each arm is pulled at least one time.
2: loop: at stage t,

3: Ay = argmaxy AT ji; + Ei(A)

with B,(A) = /2 {0\/ATD; ' (ASe D, + X121 Ta, ) Dy A.

4: Choose action Ay, observe 14, X;.
5: Update iy, D;.
6: end loop

We now turn to an analysis of the regret of OLS-UCB. At any stage ¢t > 1 of

. (i9) . .
the algorithm, let v = max(; jye A, i%j) \/ﬁ be the maximal off-diagonal
correlation coefficient of I' 4, and let v = maxyycr); ¢ be the maximum up to

stage T'.

Theorem 2. The OLS-UCB algorithm with parameter A > 0 and f(t) =
logt+ (m+2)loglogt+ 3 log(1+ %) enjoys for all times T' > 1 the regret bound

) logm 2
< _ =R
E[Ry] 716f(T)Z A (5(>\+1 v){ TG w + 45ym
i€[d] ’
8dm? max; {CUY} A ax
+ A2

min

+ 4Amax )

where [x] stands for the smallest positive integer bigger than or equal to x. In
particular, [0] = 1.

dmlogT
A

This bound shows the transition between a general case with a regime

dlog®Z mlog T
A

and an independent case with a upper bound (we recall that the

lower bound is of the order of %). The weight of each case is given by the
maximum correlation parameter v. The parameter A\ seems to be an artefact of
the analysis and can in practice be taken very small or even equal to 0.

Figure [I] illustrates the regret of OLS-UCB on the parallel paths problem
used to derive the lower bound. It shows a linear dependency in + and supports
the hypothesis that the true upper bound matches the lower bound with a
dependency in m and 7y of the form (1 4 v(m — 1)).



Corollary 1. The OLS-UCB algorithm with matrix T' and parameter A > 0 has
a regret bounded as

2
E[Rz] < O(, | dT log T max{T()) (5(/\ +1-7) mgtﬂ n 45'ym>) .
1€ .

Proof. We write that the regret up to stage T is bounded by AT for actions
with gap smaller than some A and bounded using theorem [2] for other actions
(with Apin > A). Maximizing over A then gives the result. O

3.2 Comparison with other algorithms

Previous works supposed that the rewards of the individual arms are in [0, 1],
which gives them a 1/2-subgaussian property. Hence we suppose (Vi € [d],C (1) =
1/2) for our comparison.

In the independent case, our algorithm is the same as ESCB-2 from [7], up to
the parameter \. That paper shows that ESCB-2 enjoys an O(W#) upper
bound but our analysis tighten it to O(W).

In the general (worst) case, [12] prove an O( %) upper bound (which

is tight) using CombUCBI, a UCB based algorithm introduced in [6] which at
stage t uses the exploration term /1.5logt ;. 4 1/4/ ngi). Our exploration term

always verifies Ey(A) < \/f(t) D ,cal/ ngl) with f(t) ~ logt (see section.
Their exploration term is a worst-case confidence interval for the means. Their
broader confidence intervals however have the desirable property that one can
find the action that realizes the maximum index by solving a linear optimization
problem, making their algorithm computationally efficient, quality that both
ESCB and OLS-UCB are lacking.

None of the two former algorithms benefits from guaranties in the other
regime. The regret of ESCB in the general possibly correlated case is unknown
and the regret bound for CombUCB]1 is not improved in the independent case.
In contrast, OLS-UCB is adaptive in the sense that its performance gets better
when more information is available on the independence of the arms.

3.3 Regret Decomposition

Let H;; = {\ﬂgz) — @ > QA—T;} and H; = UL | H;,. H; is the event that at
least one coordinate of fi; is far from the true mean. Let G; = {A*Tp >
A*Tfi; + E;(A*)} be the event that the estimate of the optimal action is below
its true mean by a big margin. We decompose the regret according to these
events:

T T T
Ry <Y AGLH Y+ Y MG + > AJ{H,}
t=1 t=1 t=1



Events G; and H; are rare and lead to a finite regret (see below). We first
simplify the regret due to G; NH; and show that it is bounded by the "variance"
term of the algorithm.

Lemma 1. With the algorithm choosing at stage t the action Ay = arg maxa (AT i+
Et(A)), we have AtH{Gt,Ht} S 2Et(At)H{At S Et(Af)}

Proof in appendix B.2 of the supplementary material. Then the regret is cut
into three terms,

Ry <2 i Ey(A)[{A; < 2E(Ar)} + i AI{G} + i AI{H,}

t=1 t=1 t=1
The three terms will be bounded as follows:

e The H; term leads to a finite regret from a simple application of Hoeffding’s
inequality.

e The G; term leads to a finite regret for a good choice of f(t). This is where
we need to show that the exploration term of the algorithm gives a high
probability upper confidence bound of the reward.

e The E;(A;) term, or variance term, is the main source of the regret and
is bounded using ideas similar to the ones used in existing works on
semi-bandits.

3.4 Expected regret from H;

Lemma 2. The expected regret due to the event H, is E[Zle AN{H Y] <
8dm? max; {CUDIA
AZ :

min

The proof uses Hoeffding’s inequality on the arm mean estimates and can be
found in appendix B.2 of the supplementary material.

3.5 Expected regret from G;

We want to bound the probability that the estimated reward for the optimal
action is far from its mean. We show that it is sufficient to control a self-
normalized sum and do it using arguments from [I4], or [I] who applied them to
linear bandits. The analysis also involves a peeling argument, as was done in
one dimension by [I0] to bound a similar quantity.

Lemma 3. Let §, > 0. With f(6,) = log(1/8,)+mlog logt+7% log(1+4%) and an

algorithm given by the exploration term E (A) = \/Qf(ét)\/ATD;l()\Zth + 3 T4, ) DA,
then the event Gy = {A* T > A* 7 fi, + Ey(A*)} verifies P{G,} < &, .

With 01 = 1 and 6; = o for t > 2, such that f(6;) = f(t), the regret due
to Gy is finite in expectation, bounded by 4Amax-




Proof. We use a peeling argument: let > 0 and for a = (a1, ...,a,) € N™, let
D, C [T] be a subset of indices defined by (t € D, < Vi € A*, (14 n)* < ngl) <
(14 n)*+1). For any B; € R,

P{A T (n—fir) > B} <3 P{A T (u— 1) > Bilt € D, } .

The number of possible sets D, for ¢ is bounded by (logt/log(1 + n))™, since
each number of pulls ngl) for i € A* is bounded by t. We now search a bound of
the form P {A*T(u — i) > Byt € Da}. Suppose t € D, and let D be a positive

definite diagonal matrix (that depends on a).
Let Sp =S 1 e, Vi=Y'1C dr = 111817
t s=1 LAnA* €sy Vit —1 Ca,na- and Iy, 4 p(e) 2 [ t||(vt+D)—1'

S

Lemma 4. Let 6y > 0 and let f(dt) be a function of §;. With a choice of D
such that [4«D =< A 4+ Dy for all t in D,

P{A*T(u—ﬂt)z\/2f(6t)A*TDtI(AZth—H/;)Dt1A*

Proof in appendix B.2 of the supplementary material.

The self-normalized sum Iy, (¢) is an interesting quantity for the following
reason: exp(3 Iy, (€)) = max,cga Hi;ll exp(u' Ia,na-C"?es —u Ca,na-u). For
a given u, the exponential is smaller that 1 in expectation, from the subgaussian
hypothesis. The maximum of the expectation is then smaller than 1. To control
Iy, (e), we are however interested in the expectation of this maximum and cannot
interchange max and [E. The method of mixtures circumvents this difficulty:
it provides an approximation of the maximum by integrating the exponential
against a multivariate normal centered at the point V;lSt, where the maximum
is attained. The integrals over u and € can then be swapped by Fubini’s theorem
to get an approximation of the expectation of the maximum using an integral
of the expectations. Doing so leads to the following lemma, extracted from the

proof of Theorem 1 of [1].
Lemma 5. Let D be a positive definite matriz that does not depend on t and

Mt(D) = 1/%GXP(I\G+D(E)). Then E[Mt(D)] S 1.
We rewrite P {IVHFD(E) > f(ét)} to introduce My(D),

teDa} <P {Ivt+p(e)2f(6t)|teDa} .

P {IWD(E) > f(ét)|teDa} =P {Mt(D) > ! exp(f(ét))‘teDa} .

~ /det(I; + D=2V, D)

The peeling lets us bound V;. Let D, be the diagonal matrix with entry (i,%)
equal to (1 +n)% for 1 € A* and 0 elsewhere.

Lemma 6. With D = A\S¢D, + Iigp a-, det(Ig+ D™"2V,D=2) < (14 Hmym



The union bound on the sets D, and Markov’s inequality give

P AT (u— i) > \/2f (6:)\/ NA*TSeD Y A* + AT D7V, D7 A
t t t

<SP {300) 2 1+ D el 6 € P

logt mn 147, o F
< (i) (s D el (5)

For n=e—1 and f(&t) as in lemma |3} this is bounded by §;. The result with T’
instead of C'is a consequence of C' <, T'. With §; = 1 and 6, = 1/(tlog?t) for
t > 2, the regret due to Gy is

T T

ED AI{GH}] < Amax(1+ )

t=1 t=2

1
t log2 t

) < 4Amax .

3.6 Bounding the variance term

The goal of this section is to bound E;(A;) under the event {A; < Ey(A4;)}. Let
7: € [0,1] such that for all i,j € A; with i # j, T < 4, v/T(E#TG), From the

Cauchy-Schwartz inequality, ntij ) < ngi)ngj ), Using these two inequalities,

t—1 (6) (i) ) (i)
_ _ n, 2T\ r T
A:Dt 1(§ FAS)Dt 1At = E : t(i) (5) < (1 - ’)’t) E (1) +7t( E D) )2 .
s=1 ijeA, T Ty icA, Tt icA, ¥ T

We recognize here the forms of the indexes used in [7] for independent arms (left
term) and [12] for general arms (right term). Using A; < E;(A:) we get

A? e ()
SA+1—7) ) — +nl )7 (1)
S0 2Pl DRl

The strategy from here is to find events that must happen when holds and
to show that these events cannot happen very often. For positive integers j and
t and for e € {1,2}, we define the set of arms in A; that were pulled less than

. ) (i4)
a given threshold: S}, = {i € A, ngl) < aj,eWL with ge(m, ;) to
) t

be stated later and (c;,e)i>1 a decreasing sequence. Let also SP, = Ay (S7.);>0
is decreasing for the inclusion of sets and we impose lim;_, ;- a;. = 0, such

that there is an index jp with Sf’we = (). We introduce another positive sequence
(Bj.e)j>0 and consider the events that at least mf3; . arms in A; are in the set S7
and that the same is false for k < j, i.e. for t > 1, A} . = {[S] .| > mpB; ;Vk <



Js |Sf,e| < mPe}. To avoid having some of these events being impossible we
choose (Bj.c)j>0 decreasing. We also impose 3y . = 1, such that |SR€| =mpy,e-

Let then At . Utong cand Ay = Ay UA; 5. We will show that A; must
happen for (1)) to be true. First, remark that under a condition on (5;.¢);>0, A¢

is a finite union of events,
Lemma 7. Fore € {1,2}, if there exists jo. such that Bj, .. < 1/m, then

Atve = UgozlAgﬁ'
We now show that A, is impossible by proving a contradiction in .

Lemma 8. Under the event Ay 1, if there exists jo such that 5,1 < 1/m, then

Z ) mA? Z Bi—11 — /BJ, 53‘0,1

<
Sl 8fMg(mw) \ o g

Under the event Ao, if imj_ o Bj2/\/@j2 = 0 and E Foo M\/JJ? exists,
.7)
then

Z A fﬁj—lﬂ_ﬁjﬁ
I€EA,L \/ 92 m '7t V aja2

A proof can be found in appendix B.2 of the supplementary material. To
ensure that the conditions of these lemmas are fulfilled, we impose that (5;1):>0
and (f2)i>0 have limit 0 and that lim; 1 B;2/,/0;2 = 0. Let jo1 be the

smallest integer such that 3, , 1 <1/m. Let [; = M Zio 1 M and

ly = Z+°° M\/J” Using the two last lemmas Wlth (@), we get that if A, is

true,

N ol 23
8f(t) = 8f(t) <()\+1 %)gl(m, Vi) Jr%gz(mm)> '

Taking g1 (m,v;) = 2(A + 1 — v)ml; and ga(m,y;) = 2v,m?13, we get a contra-
diction. Hence with these choices A; must happen. The regret bound will be
obtained by a union bound on the events that form A;. First suppose that all
gaps are equal to the same A.

Lemma 9. Let v = maxy>17y:. For j € N*, the event Aie happens at most
daj 8f(T) maxi{[‘(ii)}ge(m

) 4
;. A times.

Proof. Each time that A . happens, the counter of plays nt ) of at least mp;,
a],esf(T) ma’XAlgF(“)}ge( 7’7)

arms is incremented. After
verify the condition on ngl) any more. There are d arms, so the event can happen

e e
at most dméj aJ’esf(T)mmZgF }9¢ (M) imes. O

increments, an arm cannot

10



If all gaps are equal to A, an union bound for A; gives

Jo,1

ZAH{HtﬂGt}] < 16ma {1“<”>} ( A+1-y) Z Z
5], ﬂJQ

t=1

The general case requires more involved manipulations but the result is
similar and no new important idea is used. The following lemma is proved in
appendix B.2 of the supplementary material:

Lemma 10. Let 49 = maxys jca,} Vi- Lhe regret from the event H; NGy is
such that

) _ (i)
B[ AJ{H, NG} < 16£(T) Y A

t=1 i€[d]

A+1—7 llz#+ l226
7,2

Finally we can find sequences (a;1);j>1, (2)5>1, (85,1)>0 and (852);j>0
such that

T it 2
E[ZAH{EO@}]ﬁle(T)ZAP() (5(“1_7()) Polgm +45W)m>

=1 icld) 7, min

7,min

See appendix C of the supplementary material. In [7], a; 1 and ;1 were such
that the log2 m term was replaced by /m. Our choice is also applicable to
their ESCB algorithm. Our use of geometric sequences is only optimal among
sequences such that ;1 = «a;; for all 2 > 1. It is unknown to us if one can do
better. With this control of the variance term, we finally proved Theorem 2]

4 Conclusion

We defined a continuum of settings from the general to the independent arms
cases which is suitable for the analysis of semi-bandit algorithms. We exhibited
a lower bound scaling with a parameter that quantifies the particular setting in
this continuum and proposed an algorithm inspired from linear regression with
an upper bound that matches the lower bound up to a log2 m term. Finally we
showed how to use tools from the linear bandits literature to analyse algorithms
for the combinatorial bandit case that are based on linear regression.

It would be interesting to estimate the subgaussian covariance matrix online
to attain good regret bounds without prior knowledge. Also, our algorithm is
not computationally efficient since it requires the computation of an argmax
over the actions at each stage. It may be possible to compute this argmax less
often and still keep the regret guaranty, as was done in [I] and [7].

On a broader scope, the inspiration from linear regression could lead to
algorithms using different estimators, adapted to the structure of the problem.
For example, the weighted least-square estimator is also unbiased and has smaller
variance than OLS. Or one could take advantage of a sparse covariance matrix
by using sparse estimators, as was done in the linear bandit case in [4].

11
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A The subgaussian covariance matrix

Property 0. An a-subgaussian variable X verifies Var[X] < o?.

Let 7 be a noise in R? with mean 0 and subgaussian covariance matrix C.
The following properties are immediate consequences of property 0 and are
presented as a justification for the name subgaussian "covariance" matrix.

Property 1. For all i € [d], Var[n(i)] < ¢,

Property 2. For all (i,5) € [d], Var[n®?] + Var[nU)] +2Cov[n®, n@] < 00 +
Ol 4 200,

Property 3. If Var[n®] = C9 and Var[nW)] = CU9), Covn®, nl)] < O,

B Missing proofs

B.1 Lower bound

Proof. We consider the problem where A is a set of d/m disjoint actions
Ay, ..., Aqsm and suppose that these actions are independent. This is not
more than a bandit problem with d/m arms, each with m sub-arms. We choose a
noise € ~ N(0,0%1,) (multivariate normal with mean 0 and covariance matrix 1)
and a subgaussian matrix C = (1 — v)I; + YJbiocs, Where Jpocs is @ bloc matrix
such that each m x m bloc indexed by an action A; contains only ones and other
coefficients are 0. The actions are independent and the sub-arms are correlated
with correlation 7. Then C"2 = T =714 + L (/1 +~v(m — 1) — VT = 7) Jpiocs-
The mean of the best action is taken to be 0 and the mean of other actions is
—A. The algorithm has access to all these informations, except for the identity
of the optimal action.

Suppose for notational convenience that the first action is optimal. The

reward of the best action is v1 = /1 +~(m —1) > ,c 4, €, while the reward of

a sub-optimal action A; is v; = /1+y(m—1)3,c4 & — A

We use a result from [13] which states that in this bandit case,
d/m

Ry A
1i f—— > [ — 2
i gt 2 2 Doy 2
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In our setting, the Kullback-Leibler divergence is

Dir(vj,m) = Dkr(VT+v(m—1) Y e = A, /T+7(m—1) ) )

i€A; i€A;
= Dy (N(—A, o?m(1 +(m — 1)), N (0, 0*m(1 + y(m — 1))))
A2
" 202m(l +y(m—1))
This together with proves the theorem. O

B.2 Upper bound
Proof. Lemma [T}
Gy, Hy} = {A" T i < ATy + E(A%), H,}
SHA T < Al fu + Ey(Ay), Hy}
<HA T < Alp+ % + Ey(Ad)}
=T{A; <2E;(Ay)},

where we used first that the algorithm chooses A; = arg max A(AT fiy + Ey(A)),
then that under H; we have A, fi; < Al ju+ 5¢.

T T T
E[Z AJ{G, H, Y] < ZE[AtH{At < 2B (A} < QZE[Et(At)H{At < 2E(A4)}]

t=1 t=1

O
Proof. Lemma [2]

T T
D OAPHY <Y > AP{H, )
t=1 t=14i€A;
T
NG ; A
=3 > AR{a? - u®1 > 50y
: m
t=1i€A;
d T
. NG ’ A
=D D AR{ie Al — Pl = 1)
; m
i=1 t=1
d T : A
. ~( ) min
S Amax;;P{Z € Ay |y —p'| = S }
d T
Aﬁlint
< Bmax D exbl—g )
8dm? max; {CUV}A ax
< AT



Proof. Lemma [

t—1
A*T(u ,Ut) _A*TD 12] 0/2
s=1
t—1
— _A*TDt_l Z IASQA*Cl/ZES
s=1
t—1 t—1 t—1
——A*TD D"’ZOA ﬁA*)l/ D+ZCA F‘lA* 1/221143014*01/265
s=1 s=1
t—1 t—1
<A | ATDID + Y Cana ) DA | L na-C e
s=1 s=1 (D+3L2) Cagna=) !

where the last step is the Cauchy-Schwarz inequality. Since [« D =< A 4«¥c Dy,

AT (1 — i) \/)\A*TECD YA* + AT D7 YWD A%\ /21y, p(e)

We proved

P {A*T(u—ﬂt)>\/2f(5t)A*TDt1(>\Eth+Vt)Dt1A*

teDa} <P {IVt+D(e)2f(5t)\t€Da} .

O

Proof. Lemma [5]

Let F; be the o-algebra o (A1, €1,...,Ai—1,€61-1, A¢). Let f(u) be the density
of a multivariate normal random variable independent of all other variables with
mean 0 and covariance D~!. Then from the proof of lemma 9 of [I],

det D
M(D) = meXP(IW+D(E))
t—1 1 t—1
= /dexp ( ZIA naCPeg — *UTZCA NA*U ) f(uw)du
R s=1

We define the following quantities, for u € R,

t—1
1
Mt“—exp< ZIA na-Ceg = sul Y Canau ) :
s=1 s=1
1 1
DY =exp (uTIAsmA*C Fey — 2UTCASnA*U>

such that M = []0_} ! Du,
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From the subgaussian property of €,, E[DY¥|F,] <1

[M‘]:Sl HD|]:51

= (H DY)E[D{ 1| Fi—1]
s=1
< ME .
Thus M} is a supermartingale and E[M}'] = E[D}]| < 1. So for all ¢, E[M}*] < 1.
Finally, E[M;(D)] = E,E[M*|u]] < 1. O

Proof. Lemma [6]
We have 117-14-Dy < Dy % I4-Dy. We use D = ASc Dy + Ijgpa-- Then

1+,,IA*ECD1: = D. The Ijgp4- part in D is there only to satisfy the positive
definiteness and has no consequence.

These matrix inequalities show that D~/2V,D~"/2 < 1+—”Dil/2 71/2V271/2 71/2,
which is 1+” times a matrix with m ones and d — m zeros on the diagonal. The
determmant of a positive definite matrix is smaller than the product of its
diagonal terms, so

det(Iy + D=*V,D=/%) < det(Iy + ) N p s s P D)

1+7n,,,
14+ —)"

Proof. Lemma [7}
Let jo such that 3;, . < 1/m. Then for all j > jo,

A, ={|S].| = 1Yk < jo,|SF.| < mBr.e;Vk € {jo.....j — 1},|SF.| =0} .

But as the sequence of sets (57 e)j is decreasing, {\St”’e| =0} and {\Sfe| > 1}
cannot happen simultaneously. At,e cannot happen for j > jo. 0

Proof. Lemma [§]
First we rewrite A, 1, following [12],

K,l = ﬁ?LE@
= 0%, [{1882] < mBia} U (UIZHISE| 2 mBia))]

= mjo 1{|Sf1| <mpBj1}
= (V251874 < mBja}) N {1S7%] =0}
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The complementary set of 55,1 in Ay is gz’l ={icA,i¢ 55,1}

then ?{?1 = A; and thus

ray Jo N
Z o Z Z BN O)
€Ay 't j=1 76?11\51711 t

Jo A%
<> > 8f(t)g1(m,v)aj1

i=1ies] NS,
o 1\ il
_ Af f: 1961\ St
8fWgrlm,m) <= @ja

If we have A, 1,

mAf Z Bi—11 — Bin ﬂ]m

ajo,l

<
8f(t)g1(m, ) = Q1

where (3) follows the same steps as lemma 4 of [12].
Proof of the second statement of the lemma:
First, follow the same steps as before to get

ﬁjo,Q

ZBJ 1,2 — 5]2_’_
ZGAt \/ 92 7/7t j=1 04_72

Then take the limit when jo — +oc.
Proof. Lemma

vV %jo,2

O

We break the events Aj into sub-events Aj’a = A] N{a € At,n( @) <

8F ()L ge (

Oéj,eA—tTn%} that at least mf3; . arms are not pulled often and that the

arm a is one of them. Since Am implies that at least 3; .m arms are pulled less

than the threshold, we have

d
) 1 C
AL} < o— D TALY

7€ q=1

The regret that we want to bound is

T

2 T Jjo
DOAMHE NG <Y DY A{ALY
t=1 e=1t=1 j=1

IN

e=1t=1 j=1a=1

2 T jo d At )
DI IIE



Each arm a is contained in N, actions. Let A, 1 > ...

these actions and let A, o = +o0c. Then

ZAt]I{HtﬂGt} < ZZZZZ ;j" (A7, A

e=1t=1 j=1a=1n=1

DN

e=1t=1 j=1la=1n=1

B

Let 0;c0 = a;j 8f(T)T@g.(m,~). In the following
successive lines are highlighted in blue.

]I{aGAt,nt @) < oye

> Ag, N, be the gaps of

- an}

2
Aa,n

equations, changes between

T N,
a t F(aa) .
Z Aam]l{a c At,nga) < Qe 8f( ) Agg (maﬁyt),At _ Aa,n}
t=1n=1 a,n
T N, 0.
S Z a nH{a S Atan(a) < A]’; a’ t = Aa,n}
t=1n=1 a,n
N, n
. 0 vu 0o
J.c J,ew]vAt:Aa,n}

IA Il
ERINE
“ 1

i

Aanl{a € Ap,nl® € (
> .

? 2
1 Aa,p

0 e,a e'ea
AG,PH{G’ € Atanz(t @ ( J: ) L ]aAt = Aa,n}

2 2
t=1 n=1p=1 Aap 1 Aayp
T N, N, 9 0.
DY Ao Al € (e Y 0= 8 )
t=1n=1p=1 a,p—1 Tap
I X Ojca b
<> D AugHac A € (£33, A0 > 0)
t=1 p=1 a,p—1 a,p
N,
0, - 1 1
< 7,€,a + ojeaAap(i )
= »€5 ) N2
Aa,l 1;2 ALQI,;D A a,p—1
0]‘ Ag1 )
< Zea g 24
>~ Aa’l + j,e,a /AGTNGVI xr
ej,e,a 0],ea
Aa N, Aa,mln
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ZAt]I{Ht NG} < Z > Z v“

e=1ae[d] j=1 j,e amln

(aa) m Jo a
:8f(T)Z r de(mﬁ) Z e

A .
a€ld) a,min 5 =1 ﬁj,e

(
= 167(1) Y

acld) a,min

aa)

A+1—+ 1125 +ym ZQZ

O

C Finding the best sequences for the sums in-
dexed by 1.

The constraints on the four sequences (e 1)i>1, (®,2)i>1, (8i1)i>0 and (8 2)i>0
are that they must be positive decreasing with limit 0, 51 = Bp,2 = 1 and

W4 00 B2/ /52 = 0.
For i > 1, we take ;1 = a;1 = * with 8 € (0,1). Then jo1 = [logl/ﬂ]

and [y ?‘):11 g;i = jg1(1/B = 1) +jo1 < j3./B. We take ;5 and a2 as in

) 2
2 Biz = B with Bz = 0.236; ;s = ( 15, ) o, with a = 0.146. Then

Va—pBa
+oo ajy,
ijl ﬁjj <45 and Iy < 1.
The optimal choice for j is close to 1/5, value for which we get the wanted
regret bound.
We now show that the choice of «;; and ;1 made previously is close to

optimal among the sequences with a1 = 5; 1.

Lemma 11. Suppose that for all j, o = B;. Then the optimal value v of

( 50:1 %j)(ij(; —|—Z 5j‘;j_ﬁj) is such that

v > 1.541log”m .

Proof. We want to minimize j j” 1(% — 1) under the constraint that jo =
J

min{j : 8; < L}. Let h; 523 L — 1, then the decreasing constraint on the

(Bj) sequence imposes that for all j > 1, h; > 0. Also, 3;, < % implies
Jo 1 < 1
J=1T;4+1 > m"
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We solve the following minimization problem:

Jo
minimize over jo, (h;): jo(1+ ZhJ)
j=1

such that: Vj > 1,h; >0,
Jo
[ +1)=m,
j=1
Jo>1.

For a fixed jo, the minimum in (h;) is attained for all h; equal to m!/% — 1.
Then we should minimize j2(m!/7% — 1) + jo with respect to jo. We will instead
write that jZ(m'/70 — 1) + jo > j2(m'/% — 1) and find a lower bound with this
latter expression.

Let f(z) = 22(m!/*® — 1) for x € R*. Then with y = & (z) = y?(e!/¥ —

logm?’
1)log? m. The function g(y) = y?(e’/¥ — 1) has a unique minimum and plotting
g shows that this minimum z* is such that f(z*) > 1.54log® m. O
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