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ABSTRACT. The AM2B model is conventionally represented, in large population, as a system of ordi-
nary differential equations . Our goal is to build several models at different scales. At the microscopic
scale (the scale of the individual), we propose a pure jump stochastic model. This model can be
exactly simulated. However, when the size of the population is large that type of exact simulation
is not feasible, hence we propose approximated simulation methods in discrete time, of the Pois-
son type or of the diffusive type. The diffusive type of approximated simulation method can be seen
as a discretization of a stochastic differential equation. Finally, we present informally a law of large
numbers/central limit theorem of the functional type and how they can be used to provide models at
different scales or hybrid models.

RESUME. Le modéle AM2b est classiquement représenté, en grande population, par un systéme
d'équations différentielles. Notre objectif est d'établir plusieurs modéles a différentes échelles. A
I'échelle microscopique (individuelle), on propose un modele stochastique de saut pur. Ce modéle
peut étre simulé de fagon exacte. Lorsque la taille de la population est grande ce genre de simulation
n’est pas praticable, et nous proposons des méthodes de simulation, a pas de temps discret, de type
poissonnien ou de type diffusive. La méthode de simulation de type diffusive peut étre vue comme
une discrétisation d’'une équation différentielle stochastique. Nous présentons enfin de fagon infor-
melle un résultat de type loi des grands nombres/théoreme central limite fonctionnelle et comment ce
résultat peut conduire a des modeles selon I'échelle considérée ou encore a des modeles hybrides.

KEYWORDS : AM2b model, pure jump process, ordinary differential equation, diffusion approxima-
tion, stochastic differential equation

MOTS-CLES : modéle AM2b, processus de saut pure, équation différentielle ordinaire, approximation
diffusion, équation différentielle stochastique
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Stochastic models recently gain more credibility and numerical efficiency in chem-
istry [7], biotechnology [8], system biology [12] where deterministic models have been
extensively used. Taking the example of a biotechnological model, we explain how a
stochastic modeling approach deepens the insights allowed by the deterministic classical
models.

Wastewater treatment plant aims at reducing the volume of pollutants rejection, pro-
ducing potential energy like CH, in anaerobic treatment, providing treated water for agri-
culture and industry. Among these technologies anaerobic membrane bioReactors are
promising technologies provided that membrane fouling phenomenon could be reduced.
AM2b is a mathematical model of anaerobic membrane bioreactors developed by [1, 2],
itis a variant of model AM2 (2-steps Acidogenesis-Methanogenesis model, see [3]) with
soluble microbial products (SMP) dynamics. The production and the degradation of SMP
play an important role in the membrane fouling phenomenon.

We present the original ODE model of the AM2b. Then we introduce a pure jump
Markov model of the same device and a exact Monte Carlo simulation method of this
process. Next we propose faster approximated simulation methods. Finally we present a
stochastic differential equation (SDE) model of the AM2b. The validity of these models
depends on the scale considered for the problem, this could be cleared with a law of large
numbers/central limit theorem of the functional type presented in the last section.

1. The ODE model

The state variable of this model is:

s1\ concentration of organic matter
b1 concentration of acidogenic biomass
x = | so | concentration of volatile fatty acids (VFA)
by | concentration of methanogenic biomass
s concentration of the soluble microbial products (SMP)

The AM2b model describes the dynamics of biological and anaerobic wastewater treat-
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On the right of these scheme the membrane fouling model is represented; the separation
of mater is as follow: the substrates s; and sy go through the membrane without retention
(the size of their molecules is assumed to be smaller than pore diameter), the biomass
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b1 and by is retained by the membrane, and a fraction 8 s of the SMP go through the
membrane and leaves the reactor ((1 — 3) s will me considered as macromolecules).

In Appendix A.1 we describe the AM2b model as a reaction network of J = 15
reactions, and in Appendix A.2 we explain how this reaction network can be translated
into an ODE system thanks to the laws of mass action and mass conservation. The ODE
system reads:

= D, (St — 51) — k1 pa(s1) by, (1a)
(/11(51) + ‘LL(S) - Ddec - Dwn) bl ) (1b)
D, (83, — 52) — ka pa(s2) by + (c12 p1(s1) + coz u(s)) by, (1c)
by = (M2(52) — Dy. — Dy,,) bz, (1d)
$ = (c10 p1(s1) + Daee — ko pu(s)) by + (c20 pa(s2) + D) bo— M s (le)
or
i(t) = f(a(t)) , o(0) = 20 @
where:
ki degradation rate of s; by b;, M =pBDw+ (1—7)Du
ko degradation rate of s by b1, B SMP fraction passing through the membrane,
c12 production rate of sz by by from s1, D, dilution rate (= Qi /V),
co2 production rate of s2 by b1 from s, Dy decay rate of biomass,
cio production rate of s by b; from s;, D, withdrawal rate of biomass (= Q.i/V),
Siw input concentrations of s;, D, outflow rate of the bioreactor (= Qou/V)

(i = 1, 2). To ensure a constant volume we state that Q;, = Q... + Q... The rate M states
that a proportion 3 of the SMP will leave the bioreactor through the membrane, at rate
D,, and a proportion 1 — (3 through the withdrawal process, at rate D,

The growth functions are:

ms) =mi gt wls) =mgs. pes) =m grtam - )

1 and p are of Monod type; po is of Haldane type to model the phenomenon of inhibi-
tion of the eventual accumulation of the volatile fatty acids in the bioreactor during the
methanogenesis (the major problem of the anaerobic digestion).

Model (1) relies on the fact that the stochastic effects can be neglected or at least can
be averaged out. Although this level of description is sufficient for a number of appli-
cations of interest, it could be a valuable way of accounting for the stochastic nature of
the system. Indeed, at small population sizes the AM2b model could present stochastic
behaviors. Moreover, whereas the experimental results observed in well-mastered labora-
tory conditions match closely the ODE theoretical behavior, a noticeable difference may
occur in operational conditions. In these cases, stochastic features may not be neglected.
We aim to build a model that still relies on a mass balance principle and that encompasses
the useful stochastic information.

2. Pure jump Markov model

Following the approach described in [4], we propose a representation of the AM?2b
model as a pure jump Markov process:

X(t) = (Su(t), Ba(t), Sa(t), Ba(t), S(¢))" ©
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taking values in Ri. This process will encompass the .J reactions: each reaction j is now
characterized by it’s intensity functions A;(x) and it’s jump functions v;(z), see details
in Section A.3. The dynamic of the process X () is described as follows: X (0) = z( and
conditionally on X (t) = x, we set
X(t+4Af) = {ac +v;(x) w%th probab%l?ty Aj(x) AJt +o(At) 1<j<J )
x with probability 1 — 337, Aj(z) At + o(At)

where (A;(2),v;(x))1<;<s is given by (12) and (13).

2.1. Simulation and representation of X (¢)

The process X (¢) can be simulated according to the following SSA (stochastic simu-
lation algorithm) [6]:

X+ xp,t+0
while ¢t < T, do

e N(X)

S ~ Exp(7) (6)
sample j according to the distribution (@, ey @)
t+—t+ S
X+ X +v(X)
end while

This Monte Carlo procedure allows us to simulate exact trajectories of the process X,
the only approximation resides in the algorithms used for simulating the basic probability
distributions.

Algorithm (6) is an exact representation of the process X (t), and it leads to the fol-
lowing representation of the process:

J
Xi=Xo+ Y /[ Lo, (x. () (X)) Nj(ds. dv) %)
=1

0,¢] xR

where NV, (ds, dv) are independent Poisson random measures of intensity measure ds X dv
(the Lebesgue measure on Ri).

3. Discrete time approximations

The SSA simulates each reaction of the ecosystem asynchronously in time. In many
situations this detailed simulation is too cumbersome, this is why synchronous discrete
time approximations have been proposed. Let ¢,,, = m At, for At > 0 fixed.

Poisson approximation

We construct an approximation (X (,,))m>1. On the interval [t,,, 4 1) suppose that
the different rate functions are approximated by:

Aj(x) >~ Aj()?(tm)), Vo € R

so that each of the J reactions are independent and occur at constant rates \; (X (£,)),
that is the number of reactions of type j is a Poisson process of intensity A;(X (¢,)).
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Hence, on the time interval [t , t,,4 1) the number of reactions of type j follows a Poisson
distribution of parameter At A\;(X (¢,,)). We obtain the following approximation also
called 7-leaping:

J
X(tm+1 [ +ZVJ m) Pjm ]+ (8)
j=1

where p; ,,, are independent Poisson distribution variables with parameter At \; (X (t,,))
and [z]4 is the projection of R® onto ]RS’r (the positive part of each component).

Diffusion approximation

The Poisson distribution with parameter At /\j(f( (tm)), for At A; (X (t)) large en-
ough, can be approximated by a Normal distribution of mean A¢ \;(X (¢,,,)) and variance
At N (X (tm)). From (8) we get:

J
Eltmar) = [Eltm) + 3w Eltm)) {0 Eltm)) + y/AX (€t win ]

where wj ,,, are independent N (0, 1) random variables. This last equation can be rewrit-
ten:

é(tm,ﬁ-l) = [é(tm) +F tm) At"’Z \/—gJ £(tm [ ( m+1) Wj(tm)] n
©

where W;(t) are independent standard Brownian motions so that W (tp,41) — W;(tm)
are independent and N (0, At); F(x) is defined in (15) and:

i) £ /NG VN @) vi() = V() Ny vy(a).
Let
3;(2) £ V3, (2) 5
so that:
gi(x) — g;(x) = leep (9(z) — g;(x))
and |g;(z) — §;(2)] < Clyep /1 +al.

Stochastic differential equation

Equation (9), is an Euler-Maruyama discrete time approximation of the following
stochastic differential equation (SDE):

dé(t) = df+2 \/—gj(f(f)dW (1), £(0) = (10)
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4. Scales and asymptotics

According to Section A.3, the scale parameters N; are connected to the “size” of the
jumps in the reactions @. We can assume that the F;’s range from 10? to 10°. When a
reaction involves only substrate molecules the corresponding F;’s range from 107 to 10%;
when a reaction involves only bacteria the corresponding F;’s range from 10* to 106.
Hence for reasonable concentrations, the simulation algorithm (6) will not be feasible as
it simulates every single reaction.

First suppose that N = NN; for all j and that [V is large. The first well know result can
be understood as a functional law of large numbers (originally proved in this context by
Tom Kurtz [9, 10]), it states that:

sup |X(t) —z(t)] ——0 (11)
0<t<T N—o00

in L? or in probability. It is clear that in (11) we can replace X (¢) by £(t). So under mild
conditions, when the population sizes are large and so the number of reaction, the ODE
model (2) is adapted to this scale.

At an intermediate scale, a functional central limit theorem states that the process
\{N (X (t) — z(t)) can be approximated in law by Z}]=1 f(f g;(z(s)) dW;(s) where the
W;(s) are independent standard Brownian motions, that is formally:

1 &t -
X020+ 723 | st o).

This also proves that the SDE model (10) is adapted to this scale.

In many situation ODE and SDE models are not valid. This is the case when one of the
bacterial population is of “small” size but still affects the global dynamic of the process.
This so-called “molecular randomness” may influence the global dynamic even when the
population sizes are not so small [5]. In this case we may adopt hybride approaches.
We just present an example where we separate the dynamics of the substrates from the
dynamics of the biomasses: The idea is to break down the reactions between substrate
type reactions and biomass type reactions, then to describe the first ones as a system of
ODE’s and to describe the second ones as a pure jump Markov process. For example we
can obtain a system of ODE’s describing the continuous evolution of the substrates and
the SMP concentrations:

51 =D, (S1, — s1) — k1 pa(s1) Br,
9 = Dy, (Sai — $2) — ko p2(s2) B2 + (c12 pa(s1) + coz2 pu(s)) Bi,
$ = (c10 #1(51) 4 Daee — ko 1(3)) B1 + (c20 p2(s2) + Do) Bo — M s

coupled to a 2-dimensional pure jump process describing the discrete evolution of the
biomasses concentrations:

jump rate jump rate

By = By +01 pa(s1)Bi/d By — By + 02 po(s2) Bi/d
By — B1+61  w(s)Bi/o By = By — 02 Dy B1/d2
By — By =601 Dy B1/0 By — By — 62 Dy, Bi1/d2

By —+By—61 D, Bi/d
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This type of model, known as Piecewise-deterministic Markov process, is very promising
and will be investigated in the near future.

5. Conclusion

We show that an ODE model of microbial dynamics (1) contains all the ingredients
that can be used to establish a pure jump Markov model, see Section 2. This pure jump
Markov model can be exactly simulated with the Monte Carlo technique (6). This exact
Monte Carlo method is not feasible in large population size cases and we proposed a
Poissonian discrete time approximation (8) (also called T-leaping) and a diffusion discrete
time approximation (9). This last equation is the Euler-Maruyama time discretization of
the SDE (10). This SDE is valid in high population size and different recalling so that
alternative formulations of this SDE can be established. In Section 4, we describe the
validity of these different models according to the scales at which the process should be
simulated. All these models share the same ingredient, however the have very different
qualitative properties.

Acknowledgments
This work was funded by the NuWat LIRIMA Inria project which funded this work.

6. References

[1] Boumédiene Benyahia, Tewfik Sari, Brahim Cherki and Jérome Harmand. Anaerobic mem-
brane bioreactor modeling in the presence of Soluble Microbial Products (SMP) — the Anaerobic
Model AM2b. Chemical Engineering Journal, 228(0):1011-1022, 2013.

[2] Boumédiene Benyahia. Modélisation et observation des bioprocédés a membranes: applica-
tion a la digestion anaérobie. PhD thesis, Université de Tlemcen et Université de Montpellier
2,2012.

[3] Olivier Bernard, Zakaria Hadj-Sadock, Denis Dochain, Antoine Genovesi, and Jean-Philippe
Steyer. Dynamical model development and parameter identification for an anaerobic wastewater
treatment process. Biotechnology and Bioengineering, 75:424-438, 2001.

[4] Fabien Campillo, Marc Joannides, and Iréne Larramendy-Valverde. Stochastic modeling of the
chemostat. Ecological Modelling, 222(15):2676-2689, 2011.

[5] Fabien Campillo and Claude Lobry. Effect of population size in a Predator-Prey model. Eco-
logical Modelling, 246:1-10, 2012.

[6] Daniel T. Gillespie. Exact stochastic simulation of coupled chemical reactions. Journal of
Physical Chemistry, 81(25):2340-2361, 1977.

[7] Desmond J. Higham. Modeling and simulating chemical reactions. SIAM Review, 50(2):347-
368, 2008.

[8] Sebastiaan Kops, Krist Gernaey, Olivier Thas and Peter A. Vanrolleghem. The modelling of
noise processes in stochastic differential equations: Application to biotechnological processes.
In Proceedings 7th IFAC Conference on Computer Applications in Biotechnology CAB7. Osaka,
Japan, May 31 - June 4, pages 67-72, 1998.

[9] Thomas G. Kurtz. Solutions of ordinary differential equations as limits of pure jump Markov
processes. Journal of Applied Probability, 7(1):49-58, 1970.



Proceedings of CARI 2016 491

[10] Thomas G. Kurtz. Limit theorems for sequences of jump Markov processes approximating
ordinary differential processes. Journal of Applied Probability, 8:344-356, 1971.

[11] Mukhtar Ullah and Olaf Wolkenhauer. Stochastic approaches in systems biology. Springer,
2011.

[12] DarrenJ. Wilkinson. Stochastic Modelling for Systems Biology. Chapman & Hall/CRC, 2006.

A. Appendix: the AMB2b models

A.1. AMB2b as a reaction network
The first set of reactions describes the biochemical reactions:
Acidogenesis and SMP production @ k1S; + By —— 2By +¢12S2 + ¢10S
Methanogenesis and SMP production @ kySo + Bg 24 9By 4 908

SMP degradation @ koS + B1 —— 2Bq + cg2 S2
SMP production from biomass decay @ B; —+S (& By —25 S

The second set of reactions describes the substrate inflow and the substrate outflow throu-
gh the membrane:

@0 -"5S1 0058 ®OS;—50 @S0 @S0
The third and last set of reactions describes the biomass and substrate withdrawal with :
®S 50 @S, 250 OS50 @B 250 ©By 50

The second and third set of reactions are not biochemical reactions they just describe the
inflows and outflows in the AM2B process. In reaction @ only a proportion 5 of the
SMP goes through the membrane, and in reaction @ a proportion 1 — /3 of the SMP is
withdrawn, this mechanism will be explicated in the definition of the rates. Let j the index
of the reaction and J = 15 the number of reactions. {(@®,r;);j =1,...,J}

A.2. AMB2b as an ODE system

The AMB2b reaction network described in Section A.1 is “translated” to an ODE
system thanks to the laws of mass action and conservation of mass. The state variables of
the ODE system are the concentration s; = [S;], b; = [B;] (: = 1,2) and s = [S]. For
example, for the ©, the rate of reaction also called speed of reaction, is defined by:

_ bi(t4+A)—=b () —k s1(t4+A)—s1(t) _ s2(t+A)—sa(t) _ s(t+A)—s(t)
- A - V1 A = C12 A = C10 A

(the equalities are due to the mass conservation). This reaction, like reactions @ and ®,
is of order two and the mass action law states that ry = sy by, but saturation/inhibition
phenomena suggest to replace in this last expression s by i1 (s1) indeed:

Biochemical reactions: The mass action law applied to the second order reactions © @ ®
states that:

r1=pa(s1)br, ro = piz(s2) bz, rs = pu(s) by

where the growth functions y; and g are chosen as (3), indeed for low substrat concentra-
tion, these growth functions are linear accordingly to the mass action law, but for higher
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substrate concentrations, saturation and inhibition phenomena have to be taken into ac-
count. The mass action law applied to first order reactions ® ® gives r4 = D, b; and
r5 = Dy ba where D, is decay rate of biomass.

Inflow and outflows: Inflow is done at rate D,,, outflow though the membrane at rate
D,, and only a proportion S of the SMP is affected by the outflow, so the rates of these
reactions are:

Te = Dm Slm ) rr = Dm S2|n ) rg = Dout 51, 9 = Dnut 52, T10 = /BDOllt's .

Withdrawal: The withdrawal is done at rate D, and only a proportion 1 — 3 of the SMP
affected by the withdrawal, so the rates of these reactions are:

r1 = Dwn S1, Ti2 = Dwn S, T13 = (1 - /8) Dwn S, T4 = Dwu bl , Tis = Dwn b2 .

Summing up these expressions and applying the mass conservation law lead to the
system of differential equations (1).

A.3. AMB2b as a pure jump Markov process

The AMB2b reaction network described in Section A.l is “translated” into a pure
jump Markov process thanks to the stochastic law of mass action [12]. Now X (t) =
[S1(t), B1(t), Sa(t), Ba(t), S(t)]* is a pure jump Markov process defined by (5) where
each reaction @ is described as an instantaneous jump X (¢t) — X (¢)4v;(X (t)) occurring
with intensity A; (X (¢)) defined respectively by:

Aj(@) £ Nj (), vi(@) £ o+ 5 ol — @ (12)

([z] the orthogonal projection of z onto RS, ) with

J A=) v;

©  wms)bh [—k1  +1  +ecio 0  +4cio]
®  pa(s2)bs [ o0 0 —ka 41 +ec20]
@ w(s) by [ 0 +1 +co2 0 —ko ]
@ D b1 [ o -1 0 0 +1]
®  Daecb2 [ o 0 0o -1 +1]
®  DinSun [ +1 o0 0o 0 0]
@  DiSon [ O 0 +1 0 0] (13)
Dout 51 [ -1 0 0 0 0]
®  Dou s2 [ o 0 1 0 0]
B Dow s [ o 0 0 0 —1]
@  Dyisi [ -1 0 0 0 0]
@ Dy by [ 0o -1 0 0 0]
©®  Duss [ o 0o -1 o0 0]
Dy ba [ o 0 0o -1 0]
® (1-B)Dws [ O 0 0 0 —1]

About the second equation of (12): Basically the jumps are ﬁ v, but near the border

of R3. to avoid jumps that can lead to negative concentration values, we adopt truncated
jumps so that = + v;(z) € RS for all z € R’.. Indeed, note that —0, < Tjj < D,
so that if z; > #,,,/ min; N then v;;(x) = ;; /N, where J;; and v;;(z) denote the ith
component of 7; and v;(x) respectively. Define:

DE{zeRy;m; > ﬁm/mjian} (14)
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so that z € D implies that v;(z) = N%ﬁj.
The drift coefficient: Given X (t) = x, the expectation of X (¢ + At) is
E[X(t + At)| X; = z]

= Z}le (z + v;) P[reaction j|X; = z] + z P[no reaction | X; = z]

~ S () (V@) AL o (1= 07 A () At)

~ g+ z;‘l=1 Nj(z)vj(x) At = o + F(z) At
where

F(a) £ 3000 (0) vj(2) (15)

So locally in time, E(X (¢)) evolves according to the drift coefficient F'(x) (note that
E(X (t)) is not solution of an ODE as the function F' is non linear). We can easily check
that:

F(x) = luep F(l‘) + 1w€D(x) F(:U)
where
F(z) = 37, Aj(@) 7 (16)

does not depend on the N;’s. Finally from |F(z)| + |F(2)| < C (1 + |z]) and F(z) —
F(x) = 1,¢p(F(x) — F(x)), we get:

|F(z) = F(2)] < Clogp (1 + |]).



