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ABSTRACT. The AM28 model is conventionally represented, in large population, as a system of ordi­
nary differential equations. Our goal is to build several models at different scales. At the microscopic
scale (the scale of the individual), we propose a pure jump stochastic model. This model can be
exactly simulated. However, when the size of the population is large that type of exact simulation
is not feasible, hence we propose approximated simulation methods in discrete time, of the Pois­
son type or of the diffusive type. The diffusive type of approximated simulation method can be seen
as a discretization of a stochastic differential equation. Finally, we present informally a law of large
numbers/central limit theorem of the functional type and how they can be used to provide models at
different scales or hybrid models.

RESUME. Le modele AM2b est classiquement represente, en grande population, par un systeme
d'equations differentielles. Notre objectif est d'etablir plusieurs modeles a differentes echelles. A
I'echelle microscopique (individuelle), on propose un modele stochastique de saut pur. Ce modele
peut 1!tre simule de fa~on exacte. Lorsque la taille de la population est grande ce genre de simulation
n'est pas praticable, et nous proposons des methodes de simulation, apas de temps discret, de type
poissonnien ou de type diffusive. La methode de simulation de type diffusive peut 1!tre vue comme
une discretisation d'une equation differentielle stochastique. Nous presentons enfin de fa~on infor­
melle un resultat de type loi des grands nombres/theoreme centrallimite fonctionnelle et comment ce
resultat peut conduire ades modeles selon I'echelle consideree ou encore ades modeles hybrides.

KEYWORDS: AM2b model, pure jump process, ordinary differential equation, diffusion approxima­
tion, stochastic differential equation

MOTS-CLES : modele AM2b, processus de saut pure, equation differentielle ordinaire, approximation
diffusion, equation differentielle stochastique
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Stochastic models recently gain more credibility and numerical efficiency in chem­
istry [7], biotechnology [8], system biology [12] where deterministic models have been
extensively used. Taking the example of a biotechnological model, we explain how a
stochastic modeling approach deepens the insights allowed by the deterministic classical
models.

Wastewater treatment plant aims at reducing the volume of pollutants rejection, pro­
ducing potential energy like CH4 in anaerobic treatment, providing treated water for agri­
culture and industry. Among these technologies anaerobic membrane bioReactors are
promising technologies provided that membrane fouling phenomenon could be reduced.
AM2b is a mathematical model of anaerobic membrane bioreactors developed by [1, 2],
it is a variant of model AM2 (2-steps Acidogenesis-Methanogenesis model, see [3]) with
soluble microbial products (SMP) dynamics. The production and the degradation of SMP
play an important role in the membrane fouling phenomenon.

We present the original ODE model of the AM2b. Then we introduce a pure jump
Markov model of the same device and a exact Monte Carlo simulation method of this
process. Next we propose faster approximated simulation methods. Finally we present a
stochastic differential equation (SDE) model of the AM2b. The validity of these models
depends on the scale considered for the problem, this could be cleared with a law of large
numbers/centrallimit theorem of the functional type presented in the last section.

1. The ODE model

The state variable of this model is:

(

8 1 ) concentration of organic matter
b1 concentration of acidogenic biomass

x ~ 82 concentration of volatile fatty acids (VFA)
b2 concentration of methanogenic biomass
8 concentration of the soluble microbial products (SMP)

The AM2b model describes the dynamics of biological and anaerobic wastewater treat­
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On the right of these scheme the membrane fouling model is represented; the separation
of mater is as follow: the substrates 81 and 82 go through the membrane without retention
(the size of their molecules is assumed to be smaller than pore diameter), the biomass


















