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Abstract. Classical games theory is based on a set of deterministiffgajat
represent different strategies taken by its players. Détestic (crisp) payoffs
are used by homogeneous players while in many social anddsssscenarios,
different uncertainties such as numerical, linguistiochastic, etc are involved.
This way, we proposed a model for a two-player game problemling non-
probabilistic uncertainty coming from uncertain fuzzy p#y, through Interval
Type-2 fuzzy numbers. A method for solving this kind of uriaer games is
proposed, and an introductory example is shown.

1 Introduction and Motivation

Game theory became an important discipline, widely apglefields such as eco-
nomics, financial, engineering, etc (see Nash [1], and Newnaad Morgenstern [2]).
In some cases, uncertainty affects the payoffs of a game, sl scenarios both the
behavior of the payoffs and the strategies taken by playersrne an important topic in
game theory. In classical (crisp) two-person games theffsagiee deterministic num-
bers, but in some cases the payoffs contain imprecisioncératoe handled through
fuzzy numbers; in this case the game is calldtlazy Game

Fuzzy games in literature are based on the use of classica} &ets (a.k.a Type-1
fuzzy sets) alongside Linear Programmithd®) methods. The most important works
have been proposed by Bector and Chandras [3], Campos [#laf® Verdegay and
Vila [5], Li [6], Butnariu [7, 8], Vijay et al [9], Monroy et al[10], Cunlin and Qiang
[11], and Larbani [12]. All those works handle imprecisiaoend the payoffs in the
game using Type-1 fuzzy sets/numbers.
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** Emanuel Medina is undergraduate student of the Industnigirteering Dept. of the Universi-
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*** Jannan David Rubio-Espinosa is undergraduate studené dfictustrial Engineering Dept. of
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It is commonly assumed that the payoffs of a game are peyfdefined without
uncertainty. In some cases the payoffs cannot be surelyatkbfine to multiple uncer-
tainties, and they are defined by multiple people who expitesis perceptions about
the payoffs of a game. As usual, those perceptions are netrdiglistic values and
they involve multiple aspects that every person believessipte, so different people’s
thoughts lead to have multiple fuzzy sets. This way, a fuzrpgcomposed by multiple
people defining its payoffs needs special tools to handéekihd of fuzzy uncertainty.

Our proposal is based on the use of Type-2 fuzzy numbers tivieall percep-
tions and opinions of who define the payoffs of a game, dealiitiy non-consensus
and linguistic uncertainty around their perceptions. ddif® methods, the extension
principle, and the decomposition theorem, we provide a erattical framework for
solving a matrix game conformed by two-players under uadrt coming from dis-
agreement and non-consensuses on the definition of thefpayjdiie game.

We also use interval Type-2 fuzzy numbers to represent thefgegossible solu-
tions that the players can use, given a particular perceptimut the payoffs matrix.
A method for solving such games, usingcuts is proposed. The method is explained
through an example.

This paper is divided into five sections. Section 1 showstir@tluction and Moti-
vation. In Section 2, the classical two-players game isrilesd, and its LP formulation
is presented. In Section 3, some basics on Type-2 fuzzy nisaberecalled. In Section
4, a Type-2 fuzzy game model is presented. Section 5 prefenpsoposal for solving
the problem; Section 6 presents an application examplefiaally in Section 7 some
concluding remarks are suggested.

2 Theclassical two-playersgame

In a two-players game, they are trying to make a move to earhakt possible benefits,
given possible moves of the other player and known payo#sefy move. In zero-sum
games, a move gives a gain to a player while its opponentddesesame. Then a game
G is conformed by a set" of strategies of the Player | and a st of strategies of
the Player Il. If Player Il selects the pure strategyand the Player | selects the pure
strategys;, then Player Il has to pay;; units to Player I.

All payoffs of the game are comprised intgayoff matrixnamely A, where each
element;; is the payoff of the Player |, and a negative value means tagePI has to
paya;; to Player Il, as shown next:

ailr a1z c-- aij o Gln

a1 QA22 * - G245 -+ A2p
A:

a1 A2 "0 Qi Qin

am1 Gm?2 *** Amj *** Qmn

wherea;; € R, i€ {1,2,--- ,m}andj € {1,2,--- ,n}.



This matrixA was originally defined with deterministic (crisp) payoffgiich leads
to have only one strategy that maximizes the game. Decisking for Player | uses
amax — min principle which seeks to maximize its income through theseqrossible
movings done by its opponent, so the final decision consistfoing a move that
earns the maximum of the minimum payoffs given all possibbees; of its opponent
(max — min principle is applied to Player II).

2.1 LPformulation

Basically, an LP formulation of a two-players game is intethdo find the optimal
frequency of moves which maximizes the value of the game.dlsad Player | has to
select a move (S™) to obtain the best expected pay(if; ).

m m m
Max < Min E ai1%;, E 2Ty, E AinT;
resSm . ‘ -

=1 1=1 =1

s.t.

Sai=1 ®
=1

Analogous model can be formulated for Player Il.

Dantzig [13] proposed the first LP model for games based omtités of Nash
[1], and Neumann & Morgenstern [2]. His proposal uses anl@uyivariablev that
represents thenin operator. The LP formulation for Player | is shown next.

Max z =wv

s.t.

U—Zaij$i<0 vVjest (2)
i=1

m
YIRS
i=1

z; 20, veR

v is an auxiliary variable which operates@s- Min (} ;" @i, -+, Y1y Qin®i).
The LP model for Player Il is the dual model of Player I, so théroal value of the
game is the same for both players. Further details can bealfouDantzig [13].

3 Type-2fuzzy sets

A Type-2 fuzzy set (see Mendel [14]) is an ordered d&ir, 1. ;(z)) : « € X }, where

Alis its linguistic label andi represents uncertainty around the wardt is defined as
follows:

A={((z,u), pz(x,u) |V € X,Vu e J, C[0,1]}



where J, is the set of primary memberships df 1 < pi(z,u) < 0, andu is its
domain of uncertainty.

An Interval Type-2 fuzzy set (IT2F8ee Figure 1) is a special kind of T2FS in
which p 4 (z,u) = 1. Hence, an IT2FSI is composed by an infinite amount of Type-1
fuzzy sets embedded into iimary memberships/,.. In other words (see Mendel,
John & Liu [15])

A={(z,uz(x)) |2 € X}

wherey ; () is completely characterized by, C [0, 1].
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I
I
I
I
I
N |
AL AL A A ARG ARM)
Fig. 1. Interval Type-2 Fuzzy sel

Here, A is an Interval Type-2 fuzzy set defined over a domain (ustlly, its support
supf A) is enclosed into the interval e [AF(+), AR(H)]. 42 has a linear Type-2 fuzzy
set with parameterd “(+)| AL(=) AR(=) AR(+) and A. FOU is theFootprint of Un-
certaintyof the Type-2 fuzzy set and., is an embedded Type-1 fuzzy set into its FOU.
UncertaintyA is defined by its FOU as the union of all primary memberships, i

FOUA) = | J /. 3)

reX

The FOU of A involves all J, weighted by a secondary membership function
fz(u)/(x,u), in this casel/(z,u). Any FOU is bounded by two membership func-
tions: anUppermembership functioUMF)= 7 ; and aLower membership function
(LMF)= I which havee embedded setsA,).

3.1 TheZadeh'sextension principle

The selected approach to to model fuzzy functions isaheeh’s Extension principle
(see Klir and Yuan [16] which is presented as follows



Theorem 31 Let f be a function such ag : Xy, Xo,--- , X,, — 2, and 4; is a fuzzy
setinX;, i=1,2,--- ,nwithz; € X;, then we have

f(A17A27"' 7An)(z) = ( sup )m.in{,uAl (CEI),,UAg(xQ);"' a,uAn(xn)}
z2=f(z1,22,,Tn v
(4)

Then, we can project any function=f(x1,x2, - ,x,) into a fuzzy set using
their membership functions,, (.,), #a,(a2)> 5 HA, (2,)- FOr Simplicity, we compute
the setu, using a mapping ofd;(x;) instead ofx;. This is by usinga-cuts and the
representation theorem of fuzzy set (See Klir and Yuan [PfBsented next.

3.2 Theextended representation theorem

The a-cut of A is defined as'A = {z|pa(z) > «a}. The functionz = f(z*) comes
from f(A4;)(z), sof(A;)(z) can be easily computed througkcuts instead of mapping
z;. Then, we compute a function ¢f ' (1. ;) — = to finally compute functions of fuzzy
sets. The extension of thecut of A to thea-cut of A has been proposed by Figueroa
[18] as the union of all possible-cutsover A., “A, = {z | pa,(z) > a}:
A= {(z,u)|J, > a}Yue0,1]
Now, the boundaries of eaelcut are defined as follows (see Figure 2):
ajL _ |ajL(+) ajL(-)
e i (5)

AR = {Q/L'f(_) 7 “/Iif(”} (6)

FOU

—_—— e — —

ajL(H)ajL(=) 11 efR(=)ajR(+) Ae X

Fig. 2. Fuzzy setd

Using (4), we can extendto a Type-2 fuzzy environment, as follows:
FA)(z) = f(Ar, Ao, An)(2) = F(CAL (1), “Az(a), -+, “A(zn))(2) (7)



3.3 Type-2fuzzy numbers (IT2FN)

A Type-2 fuzzy numbefT2FN)can be seen as the extension of a Type-1 fuzzy number.
ThenA is a T2FS whose UMF and LMF are normalized fuzzy numbsetss a closed
interval for allaw € [0, 1], and bounded suppastpf{A). Now, if both the UMF and
LMF of A are fuzzy numbers, theA is an IT2FN. Figure 1 depicts a Type-2 fuzzy
number since both its UMF and LMF are fuzzy nhumbers as well.

In some applications, a crisp measure (seen either as tleetexpor most possible
value) of an IT2FS, is required. The computation of the etgmbealue of an IT2FN is
possible using a centroid-based method, whose detailseéound in Figueroa [18],
Karnik & Mendel [19], and Melgarejo [20].

4 Thel T2FS games model

We have based our proposal on the li’'suts method for fuzzy games (see Li [6]). In
our paper, the payoffs matrix has been defined using Int@pa-2 fuzzy uncertainty,
so the problem (in terms of Player 1) is as follows:

hggﬁ {Min <i ai1;, i Ai2Z4y " i dmxi> } (8)
i=1 i=1 i=1

s.t.
Sa=1 ©)
i=1
x; 20 (10)

In this model eacla;; is defined as an IT2FN, so its mathematical programming
form (for Player |), is:

Max z =70
s.t.

b—Y agr K0V jeSs" (11)
=1

m
in =1
i=1

Every®4 leads to four optimal strategies per cut. So every boundatylaeaches
an optimal value namelyZ () 7 L(=) o ZE(=) gndeZR(+):

aj L(+) oy L(+) (12)
af L= 4 ez L) (13)
Af B2y ez R (14)

aA R(+) N aZ R(+) (15)



After computing all values of the game regardimghen the fuzzy set of optimal
solutions namely’ is composed by using=!(A)(z).

5 Solving IT2FGs

The problem of solving IT2FLPs has been investigated by éiga [18, 21-23], so the
optimization of IT2FGs become a natural extension of hisltesNote that we face a
problem of having infinite Type-1 fuzzy sets into the FOU&fso we have to deal with
the FOU ofa;; instead to solve infinite fuzzy LPs.

Now, the proposed method to compute a solution of IT2FG nextlas an LP when
having a Type-2 fuzzy payoff matrix is described as follows:

Proposed a-cut based method

Select: € N amount ofa-cuts

Compute all thex-cuts of A

Solve thelk LP related problems regarding (12), (13), (14) and (15)
Composef(A)(z) using equation (7)

ComposeZ using f~!(°4)(z)

Computel(Z), z; andz, using Figueroa [18]

Return[z;, z,| as the interval of expected values of the game
Defuzzify Z usinge. = (z; + 24)/2

ONOUA~WNE

5.1 Decision Making

Fuzzy Decision making is not based on having a single (gjaiiimum of the prob-
lem, they are based on the idea of having a set of optimalisakitoming from fuzzy
information, so our problem needs to compute a set of passiflltions of the game
calledZ, as a function of the initial fuzzy payofis;.

Every particular value of‘a;; leads to a particular value of the game which
is satisfactory in different degrees € [Ez,ﬂz], so the idea is to cover as much as

possible scenarios. The centroid fprovides an idea of what an expectation of the
game is, so the analyst can use it to have an idea of the exjpegtee of the game.

Finally, what it is proposed is a map of all possible values,;oin order to provide
the analyst a better idea of the behavior of the fuzzy game.

6 Application example

The example is based on a classical example introduced netriwan [24]. The orig-
inal example is a crisp x 5 two-players zero-sum game, where the solution is easily
computed using an LP model. Now suppose there is no consahsusthe payoffs of
the game, so different uncertainties affect its definitiamgmbiguity, multiple people’s
opinions, imprecision, etc).

The analyst only has crisp payoffs, but they are not reliakiés way, some experts
of the game are asked for their opinions about its payoffsyecave to comprise



all the information given by the experts using Type-2 fuzzyniers which collects
linguistic uncertainty (coming from experts opinions aretqeptions) around,;; to
finally provide a solution. The initial crisp payoffs are shonext:

()| j=1 | j=2 | j=3 | j=4 | j=5
i=1] 1 -3 2 -2 1
i=2| 2 3 0 3 -2
i=3 0 4 -1 -3 -2
i=4] 4 0 -2 2 -1

Table 1. Crisp payoffs of the example

For simplicity, experts were asked to express their opialmund the crisp payoffs
shown in Table 1 using the stateméWhat is your opinion about optimistic and pes-
simistic payoffs of the stratedy, j)?”. The wordsOptimisticandPessimistiare used
to compose triangular fuzzy numbers (nanigly, b, ¢)) for every UMF and LMF. Note
thata means pessimistié, means crisp (see Table 1), andneans optimistic payoff.
The collected IT2FNs are presented in Table 2.

Lower membership functions (UMF) of the example

(i) j=1 j=2 j=3 j=4 j=5
i=1| T(0.7,1,1.5) | T(-4,32) T(1,2,5) T(-25,-2,0) | T(0.8,1,5)
i=2| T(15.23) T(1.5,3,5) T(-1,0,2) T(-1,3,4) T(-3,-2,1.5)
i=3| T(-1,0,5) T(3,4,6) T(-3,-1,1.5) | T(-4-3,1) | T(-35,-2,35
i=4| T(-5.5,-4-0) | T(-0.5,0,1) | T(-4,-2,1.5) T(0,2,3) | T(-2.5,-1,0.5)

Upper membership functions (UMF) of the example

(i) j=1 j=2 j=3 j=4 j=5
i=1 T(0,1,2) T(-5,-3,3) T(0,2,6) T(-3,-2,2) T(0.5,1,6)
i=2| T(0.5,2,4) T(1,3,7) T(-2,0,3) T(-3,3,5) T(-5,-2,2)
i=3| T(-2,0,6) T(,1,4,7) T(-5,-1,2) T(-5,-3,3) T(-4,-2,5)
i=4| T(-6,-4,2) T(-1,0,3) T(-6,-2,2) T(-2,2,5) T(-4,-1,1.5)

Table 2. Parameters of the example

Our example uses the values shown in Table 2 to compose thix Matvhose elements
arepg, ;. Now, the game is solved using thecuts decomposition and the representation

theorem.

6.1 Computational results

We have selectel = 21 equally distributech-cuts and computetiA using (5) and
(6). After solving thetk LP problems related to (1) and (2) (this is, an LP for (12))(13
(14), and (15)), we compoq‘e{fl)(z) using step 3) and equation (7). The set of optimal
solutionsZ is shown in Figure 3.
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Fig. 3. Set of optimal values of the ganie

A clearer clear idea of the behavior of the game is given bycteroid of Z, so we
computez; andz, using Figueroa [18], whosse results are shown next:

C(Z) € [z, 2] = [~0.17637,0.47788] —  ¢. = 0.15075

Now, C(Z ) is expected interval of values that both groups of playerseogect.
Different strategies can be taken in the game, for which vewige a set of possible
solutionsz; andy; (Player | and Il respectively) that fits intd(Z). This is, a set of

solutions whose values fitinto C'(Z) having different membership degrees. Note that
as morex-cuts are computed, we have more strategiesGHtB).

6.2 Discussion of theresults

We have obtained different solutions coming from differpayoffs. For instance, the
value z* = 0.427 is within C(Z) and comes fronf-34%(~), The optimal strategy
(probabilities) for Player | isc* = [0.554,0.425,0.021, 0], and the optimal strategy
for Player Il isy* = [0,0.274,0,0.097,0.629]. Other example comes fromd#(+)
which is equivalent to the crisp solution of the game (owt€id2)); its optimal value
is z* = —0.306, the optimal strategy for Player | is* = [0.565, 0.354, 0.081, 0], and
the optimal strategy for Player Il ig* = [0,0.291, 0, 0.048, 0.661].

Other choice is to select a particular payoff. Suppose tlegteps select a payoff,
for instance-8A~(—) . This selection leads to* = 0.427 whose set of memberships is
fiz =08 andﬁz ~ 0.9057. Note that the value gi ; is the solution of the game for

084R(-) and the valug: . is computed using the Type-reduction algorithm proposed
by Figueroa [18], so the solution satisfies both groups ofeysin the intervab €
[0.8,0.9057].
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Concluding Remarks

We have presented a method to solve games involving TypeZ¥ funcertainty, using
the results presented by Li [6] combined with IT2FNs. It isgible to deal with this
kind of uncertainty using well known algorithms, so its apability to real scenarios is
promissory.

The a-cuts approach is a map of the optimal solutions of the IT26@as more

complete the map ofl is, the more complete’ is, giving more information to the
analyst. Although there is no a single solution of the IT2R@,provide a map of the
possible strategies that players can take in differenta@esy which is important in
decision making under uncertainty.

The use of natural language in optimization and decisioninggthas opened a door

to use hybrid methodologies such as the presented in thierpajfferent approaches
can be proposed to solve this kind of games, so our propogatia method for mod-
eling and solving the game.
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