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Abstract

This paper focuses on the design of fixed-time consensus for multiple unicycle-type mobile agents. A distributed
switched strategy, based on local information, is proposed to solve the leader-follower consensus problem for multiple
nonholonomic agents in chained form. The switching times and the prescribed convergence time are explicitly given
regardless of the initial conditions. Simulation results highlight the efficiency of the proposed method.
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1. Introduction

Control of nonholonomic systems, i.e. systems subject to constraints that are often expressed in terms of nonin-
tegrable linear velocity relationships, has been an active research topic (see [1] for an extended survey). It is because
the control of nonholonomic systems arises in numerous applications (ground mobile robots [2], underwater vehicles
[3], surface ships [4], etc.), and also because those systems fail necessary conditions for the existence of smooth static
state feedback that guarantees asymptotic stability of the equilibrium (see [5]). Thus, it is a challenging nonlinear
control problem. Works on the stabilization problem for such systems have mainly focused on the design of time-
varying or discontinuous feedback controllers. Thus, many control strategies such as smooth time-varying feedbacks
[6], sinusoidal and polynomial controls [7], controls based on backstepping approaches [8], and nonsmooth feedbacks
[9, 10, 11] have been investigated. However, most of the mentioned controllers only deal with a single agent.

The research effort in multi-agent systems (MAS) relies on the fact that multiple agents may perform a mission
more efficiently than a single one, may reduce sensibility to possible agent fault and provide high flexibility during
the task execution. During the last two decades, cooperative control of MAS has attracted much attention due to its
broad range of applications in many areas, e.g. flocking [12], rendezvous [13], distributed estimation [14], formation
control [15, 16], containment control [17], etc.

Among them, the consensus problem, whose objective is to design distributed control policies that enable agents
to reach an agreement regarding a certain quantity of interest by relying on neighbors’ information [18], has received
considerable attention. It has been deeply studied for single integrator MAS [19], second-order MAS [20, 21, 22] and
general linear MAS [23]. However, many physical systems are inherently nonlinear. Recently, some works consider
the consensus problem for MAS with nonlinear dynamics, while assuming that these nonlinearities are continuously
differentiable [24] or globally Lipschitz [25]. However, in practice, the dynamics of robots, UAVs or manipulators are
generally with strong nonlinearities which cannot be modeled using continuously differentiable or globally Lipschitz
functions. There are a few papers that deal with the consensus problem for nonholonomic systems [26, 27, 28].
Distributed consensus algorithms were proposed for multiple nonholonomic agents in chained form with the aid of
backtepping techniques, properties of Laplacian matrix [26, 27], and input-to-state stability theory [28]. One could
note that these consensus protocols only achieve asymptotical convergence.

In the study of consensus problem, the convergence rate has been an important topic. Indeed, this important
performance index is of high interest to study the effectiveness of a consensus protocol in the context of MAS [29].
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Most of the existing consensus algorithms focus on asymptotic convergence, where the settling time is infinite. How-
ever, many applications require a high speed convergence generally characterized by a finite-time control strategy.
Moreover, finite-time control allows some advantageous properties such as good accuracy, good disturbance rejection
and good robustness against uncertainties. The finite-time consensus problem for MAS has been studied for single
integrator [29, 30], double integrator [31, 32] and inherent Lipschitz nonlinear dynamics [33]. Nevertheless, there
is almost no work which solves the finite-time consensus problem for nonholonomic systems. In [34], distributed
finite-time observers were designed for each follower to estimate the state of the leader. It is worthy of noting that,
for the above-mentioned works, the explicit expressions for the bound of the settling time depend on the initial states
of agents. Therefore, the knowledge of these initial conditions usually prevent us from the estimation of the settling
time using distributed architectures.

A new approach, called fixed-time stability has been recently proposed to define algorithms which guarantee that
the settling time is upper bounded regardless to the initial conditions [35]. This concept is promising since one can
design a controller such that some control performances are obtained in a given time and independently of initial
conditions. It has been applied to single integrator MAS [36, 37] and double integrator MAS [38]. Motivated by these
works, in this paper, a fixed-time consensus protocol is proposed for nonholonomic MAS. The main contribution
of this paper is twofold: (i) a switched strategy is introduced into the protocol to solve the consensus for multiple
nonholonomic agents in chained form; (ii) an explicit estimation of the settling time is provided regardless of the
initial conditions. To the best of our knowledge, no results on fixed-time consensus with assignable settling time for
nonholonomic MAS are available till now.

This paper is organized as follows. Sections 2 is devoted to the formulation of the consensus problem for non-
holonomic MAS. Section 3 presents the distributed consensus protocol, based on local information, to ensure the
convergence of the tracking errors in finite time. Some conditions are derived to select the controller gains in order to
obtain a prescribed convergence time regardless of the initial conditions. In Section 4, some examples are discussed
to show the effectiveness of the proposed scheme.

Notations: We denote the transpose of a matrix M by M” and eig(M) its eigenvalues. Ay, (M) (resp. Amax(M))
are the smallest and the largest eigenvalues of M.
For a square symmetric matrix P € RNV P~ 0 (resp. P < 0) indicates that P is positive (resp. negative) definite.

aj 0 ... 0

Let diag(aj,a;...ay—1,ay) the diagonal matrix 0 ' S € RV*N . For a given vector x € RV, |x]|
S0 00
0 ... 0 an

(resp. ||x|]) denotes the 1-norm (resp. 2-norm) of x.

For x = (x1,...,xy)" € R and b > 0, let us define |x]” = (sign (x1) [x1[’,...,sign (xy) |xN|h)T.

2. Preliminaries and problem formulation

First, let us recall some basic notions on graph theory and some useful lemmas. Then, the control objective will
be introduced.

2.1. Graph theory notions

To solve the coordination problem and model exchanged information between agents, graph theory is briefly
recalled hereafter.

Let us consider a group of N nonholonomic systems. The communication topology among all agents is fixed
and is represented by an undirected graph ¢ which consists of a nonempty set of nodes ¥ = {1,2,--- N} and a set
of edges & C ¥ x ¥. Here, each node in ¥ corresponds to an agent i, and each edge (i, j) € & in the undirected
graph corresponds to an information link between agent i and agent j. The topology of graph ¥ is represented by the
weighted adjacency matrix A = (a;;) € R¥*N given by a;; > 0 if (j,i) € & and a;; = 0, otherwise. The Laplacian
matrix of & is defined as L = (L;;) € RV with l; = ¥, ;;a;j and l;; = —a;; for i # j. For an undirected graph,
L is symmetric positive semi-definite. Graph ¢ is connected if and only if its Laplacian matrix has a simple zero
eigenvalue with associated eigenvector 1y = (1,1, ..., l)T c RV [18].
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2.2. Fixed-time stability

Let us consider the following system

X0

{x(r) € F(t,x(1)) (1)

where x € R” is the state, F : R™ x R" — R" be an upper semicontinuous convex-valued mapping, such that the set
F(t,x) is non-empty for any (z,x) € R* x R"” and F(z,0) = 0 for # > 0. The solutions of (1) are understood in the
Filippov sense [39].

Definition 1. [40] The origin of system (1) is a globally finite-time equilibrium if there is a function T : R" s RT
such that for all xo € R", the solution x(t,xy) of system (1) is defined and x(t,xy) € R" for t € [0,T(xo)) and
lim, 74,y X(t,%0) = 0. T(x0) is called the settling time function.

Definition 2. [35] The origin of system (1) is a globally fixed-time equilibrium if it is globally finite-time stable and
the settling time function T (xo) is bounded by some positive number Ty, > 0, i.e. T(x0) < Tyayx for Vxo € R™.

The fixed-time stabilization at the origin can be demonstrated on the simplest scalar control system x(¢) = u(z),
where x € R is the state and u € R is the control input. If the so-called negative relay feedback u = —sign(x) is
applied, then the closed-loop system is finite-time stable with the settling-time 7 (xo) = |xo|. It is worthy of noting that
the settling time depends on the initial conditions and is unbounded. The fixed-time control algorithm [35] has the
form u = —(|x|> 4 1) sign (x). It guarantees finite convergence time independently of the initial conditions, namely,
T(xp) < %

Lemma 1. [35] Assume that there exists a continuously differentiable positive definite and radially unbounded func-
tion V : R" — RY such that

sup 3‘;(x)y < —aVP(x)—=bVi(x) for x#0
>0yeF(tx) X

witha,b >0, p < 1 and q > 1. Then, the origin of the differential inclusion (1) is globally fixed-time stable with the

settling time estimate
1 1

al=p) " blg—1)°

More strong result is provided by the following lemma that refines the previous lemma.

T(XO) < Thax =

Lemma 2. [37] Assume that there exists a continuously differentiable positive definite and radially unbounded func-
tion V : R" — RY such that
1A%
sup ﬂy < —aVP(x)—=bVi(x) for x#0
1>0,y€F (1,x) dx

witha,b >0, p=1— ﬁ g=1+ ﬁ and W > 1. Then, the origin of the differential inclusion (1) is globally fixed-time
stable with the settling time estimate

u
T(x0) < Thax = .
( 0) > Imax 2\/%
2.3. Problem formulation
Each agentn (n € {1,...,N}), shown in Fig. 1, is of unicycle-type. The center of mass is at the geometric center

C,, of the body. It has two driving wheels fixed to the axis which passes through C,, and one passive centered orientable
wheel. The two fixed wheels separated by 2p,, are independently controlled by two actuators (DC motors) and the
passive wheel prevents the robot from tipping over as it moves on a plane. In this paper, we assume that the motion of
the passive wheel can be ignored in the dynamics of the agent. The center of mass C,, whose coordinates are (x,,y,),



Figure 1: Unicycle-type mobile robot.

is located at the intersection of a straight line passing through the middle of the vehicle and the axis of the two driving
wheels. The configuration of the robot can be described by:

qn(t) = (xa(t),yn(2), en(t))T

where 6,(¢) is its orientation in the global frame.
In this paper, the kinematics of wheeled-mobile robot is shown under the nonholonomic constraints. The pure
rolling and nonslipping nonholonomic conditions are described by:

¥ (gn)gn =0 with ' (g,)=( —sin6, cos6, 0)
The kinematic equations can be written as follows:
Gn(t) = f(qn(),un(t)) )

where vector field f : R? x R> — R? and control inputs u, are defined as:

cosB,(t) 0
F(qn(t),un(t)) = sinB,(t) 0 | ua(t)
0 1
un (1) = (1), wa(1))"

vy (¢) and wy,(¢) are the linear and angular velocities, respectively.

A leader, which could be virtual, is assumed to be fixed and has the following configuration go = (xo(¢), yo(t), 60(¢))" .
It is assumed that the state of the leader is available to a portion of the N agents. Let us consider the group of N + 1
agents which includes the N nonholonomic systems and the virtual leader, denoted by 0. The communication topology
among the N + 1 agents is fixed and is represented by the graph ¢. The topology of ¢ is described by the weighted
matrix H = L+ D € RV*N where D = diag(ajo, ...,ano) with ajp > 0 if the desired state is available to agent i and
with a;o = 0 otherwise.

The objective of this paper is to design a distributed control protocol u, (n =1,...,N), based on available local
information, such that the leader-follower consensus problem is solved in a prescribed time 7y, i.€.

qrt(t):q(h VIZﬂnaXa vn€{177N} (3)
In order to solve problem (3), the following assumption is needed.

Assumption 1. [t is assumed that graph & is connected and at least one ajp > 0.
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Before designing the consensus protocol, let us consider the classical transformation:

énl = en

En = xusinB,—y,cosH,

&z = x,c0860,+y,sin6, |, ne{l,--- N} )
Vil = Wy

Vo = Vvp— énZWn

Using (4), system (2) can be written in chained form as follows:

énl = Vul
énz - gnSan ) ne{laaN} (5)
§n3 = V2

The control objective (3) becomes to design a distributed control protocol v, = (V,1, vnz)T (n=1,...,N) using infor-

mation of the neighboring agents such that the state &, = (&,1, &2, §n3)T € R? of subsystems (5) tracks, in a prescribed
time Tnay, the state & = (o1, €, &03)7 € R3 of the leader, defined as

o1 = 6o
éoz = X0 sin 90 — Yo COS 90
s = xpcos B+ ygsinby

3. Fixed-time control protocol design

To solve the leader-follower consensus problem, the distributed control protocol is divided into two steps:

Stepl Using information of the neighboring agents, the state &, of subsystems (5) tracks, in a prescribed time T;41,
the desired state &§ = (&o1, &, 55’3)T € R3. This desired state is computed from & and satisfies the following

conditions: )
& = 0
{ 5512 = xg sin 6y — yg cos @y (6)
with
xg = xosin* 6 — yocos B sin Oy
0 = 2 i (M
Y9 = Yocos” 6y — xocos 6psin by

One could note that (6) means that the point (xg, yg) is defined as §0d3 = xg cos 6y — yg sin 6y = 0 and belongs to
the line passes through the point (x?,y?) with slope tan 6;.

To achieve Stepl, the dynamics of the n—th agent are divided into two subsystems: a single integrator dynamics
and a second-order subsystem, i.e.

(Z]) énl = Vul
énZ = 6)13 Vni
L) & -

V2

Two sub-steps will be required:
Stepl.i Setting v,;; = 1, subsystem X, can be written as:

5:112 = énS

§n3 = Vm2

®

The control input v, will be designed, based on available local information, using nonsingular terminal
sliding mode control, to guarantee

gnZ(t) = 5(6)12
0

‘Sn}(t) _ 3 vtETSWIa vne{laaN} (9)



Stepl.ii Fort > Tj,1, equation (9) holds. The control input v, is designed to keep &,3() = 0. From (5), it implies
that &,, = 0. Hence, the states &, and &,3 remain constant whatever the control input V,,; is. A fixed-time
consensus protocol will be designed, based on available local information, to guarantee

En(t) = &o
En(t) = &%, Yt > Tt vne{l,---,N} (10)
§n3(t) = 0

Step2 For t > T,4x1, using information of the neighboring agents, the state &, of subsystems (5) tracks, in a prescribed
time T;,..0, the desired state &y. One could note that for 7 > T, subsystems (5) could be reduced to a single
integrator because of choice of g8 = (x&,y4, 6y)7.

The principle of the proposed scheme is depicted in Fig. 2.

Figure 2: Principle of the distributed control protocol.

Theorem 1. Suppose that Assumption 1 is fulfilled. The leader-follower consensus problem is solved in a prescribed
time Ty under the distributed control protocol v, (n=1...,N):

]7 lft < Tswl
Vul = = 12 . Pl .
—ks Fnlw — kesign ('énl) s it >Ton
Vfﬁmv _ ift < val
Vo = —k7sign (énf’) ) if Top1 <t < T2

~ 12 ~
_gnZan _k8 \‘fn_‘ _k95ign (fn> ) ift > TVWZ

where VI3" is the nonsingular terminal sliding mode control defined hereafter. The switching times (Ty,1 and T,)
and the prescribed time (Ty4x) does not depend on the initial conditions of the systems and are explicitly given in the

proof. Control parameters ks, kg, k7, kg and kg are positive definite constants.

IR ~NT ~ e o~ - T ~ - - \T NT
The disagreements & = (511,521,---751\/1) 6= (51275227---7§N2> &= (5137523,~~-,§N3) andx = (31,7627---7@)
are defined such thatVn=1,....N

gnl = - ] 1an](§/1 'énl)Jrano (Eo1 — ém))
gnZ = —\X= Y anj (Ej2 = &) +ano (&6 — énZ)) an
En = - ,lan,(é,g—éna)—anoéﬁ)
Xoo= — (X anE— xn)+ano(%fxn))
with B 0 (o
{52 ol 2
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Proof 1. The proof is divided into three steps.

o For (0 <t < T, since Vy1 = 1, subsystem X, becomes a double integrator. The time derivative of the disagree-
ments & and &3 are given by

2 0= (13)
&y = Hwvx
with vy = (vfg”, v v,%") "' Motivated by [38], one can derive the following fixed time consensus protocol
based on nonsingular terminal sliding mode control: ¥n=1,... N

8 ) )

grzl’» li%ﬁ ( gn3 ;l) (k3 Lsn—|l+% +ky [Sn]l’E)) +Z§-V=1anj\’jz>

—1 ~
vy = (Ziay) @ (kl (4= p)|&n2

- (ijyﬂ aij>71 ﬁjﬂ) (Pa (&2)7% <

(14)
where o(.) : R — R is a scalar positive function, given by:
1
ox)=—F7—- 15
and B(.) : R" — [0, 1] is a scalar positive function, given by:
B sin(%%), ifx<1
Blx) = { 1, else (16)

T is an arbitrarily small positive constant. The control parameters % <p<l,g>14pandp > 1 are positive
constants. The nonsingular terminal sliding surface is defined as:

<=

Sn = Enz + {O‘(Eiﬂ)gﬁ-‘ (17)

Differentiating (17) with respect to time, one gets:

o= b

Let us consider the Lyapunov function Vi = (1/2) ZI,:/:I sﬁ. Its time derivative along the system trajectories is:
1

_25:1 B < gn3 ! ) <k3 ‘sn‘2+% +k4\s,,|27%)

-1 1+1 -1
< —ﬁm[kaN W (V1) E kg (2V7) u]

1—-2

el ™) (sl kel )

Vi

~ i ~
with B, = minnl,__,,N{ﬁ < Eil” >} Let us note that B, >0 if &3 #0 foralln=1,...,N and B,, =

} > T%. Applying Lemma 2 and Theorem 5 in [38], one can obtain the fixed-time

stabilization of the sliding surface s,, Vn =1,... ,N. For small value of T, the settling time is bounded by T,
given by:

YN n
T =
4/ k3ky

Once the sliding surface s, = 0 is reached (i.e.t > Ty), the sliding mode occurs. In sliding mode, the reduced
dynamics, obtained from (17) becomes

En = —ki LgnZ—‘ g ka @z] ! (18)
7



Let us consider the Lyapunov function Vo = (1/2) nN:1 532 Its time derivative along the system trajectories is:

+1

Vo = —k Y (E2 )qT XN (8%)7
< kNI EW)T —k ()

Applying Lemma 1, one can obtain the fixed-time stabilization of the sliding surface Enz, Vn=1,...,N. The
corresponding settling time is bounded by T,, given by:

Lo
e

=

1
N T2
Hence, 52 converges to zero in a finite time bounded by Ty, defined as:
Tii=T+T
Applying Theorem 4 in [31], it follows that (9) holds.

For Ty <t < Ty, the control input Vyy is designed to keep E,3(t) = 0. Let us define 83 = (13,803, -, §N3)T.
Consider the candidate Lyapunov function

1 ~ —~
=5(&) HE (19)
H > 0 since graph < is connected and there is at least one ajy positive. Its time derivative is given by

Vi < —ki||HE
y 2fmm
Vo< —k @—f

Since Eni3(Tw1) =0, one can conclude from (20) that &,3(t) = 0 is kept after t > Ty,1. From (5), it implies that
En(t) =0 for all t € [Ty, Tywa). Hence, the states &y and &3 remain constant whatever the control input vy
is.

(20)

Let us define El = (& —&o1,&1 — oty - -+, En1 — o )T. Consider the candidate Lyapunov function
1 ~ —~
= (&) HE @1)
Its time derivative along the system trajectories is given by

~ks(80)H [HE| kol

;1 é A’)ﬂl}l
—kSN 2 (Zlmin(H))ZVz k \\;WEH)\/W

Applying Lemma 2, one can obtain the fixed-time stabilization of El, i.e. (10) holds. The settling time is bounded
by Tz, given by:

Vi

IN

(22)

A

Vs

N A () ™3 Ao (H )
kske

Ty =

Therefore, the second switching time is
Thyo=T1+TL+T3

It should be highlighted that due to transformation (4), this consensus protocol achieves the convergence of
0,—60p (n=1,...,N) toward zero in a finite time bounded by Ty,». Hence, the last step is to keep 0, at 8y while
reaching the consensus in finite time, i.e.

x(t) = xo

lt) =y 02 Toen VnE{lo N} (23)
"0 =



o Fort > Ty, the control input vy is designed to keep 6, — 6y. Since Yn € {1,--- N}, 0,(Ts2) = 6, one can
conclude that from (22) that 6,,(t) = 6y is kept after t > Ty, whatever the control input Vy is.

Let us introduce the following transformation: ¥n=1,... N,
Xn = cos(6p)x,+sin(6p)y, 24)
Yo = c0s(60)yn —sin(6o)xn
The dynamics of the transformed state become:
X, = cos(6,—6p)v,
- . 25
{ Yy, = sin(6,— 6p)v, (25)

Since 6,(t) = 0y, Vt > Ty, (25) reduces to

Xn = Vn
~ 72 ~
= —kg Fn—‘ — kosign (Xn)
Yo = 0
It should be noted that in this case, (24) is similar to (12). Furthermore, due to equations (4), (6), it follows that
Yat) = &nlt)
= & . Vt>Tyo,  Vne{l,- N} (26)
= xdsinB —ydcos Gy
Let us define x = (X] —X0,X2 — X0, - - - , XN — )TO)T. Consider the candidate Lyapunov function

1
Vs = E(35)TH)? 27)

Its time derivative along the system trajectories is given by

Vs < —ks(X)"H [HX] —kol|HX]|1

Vo < kN Qn(H)) V] — ko Pl @9
Applying Lemma 2, one can obtain the fixed-time stabilization of , i.e.
X:.(t) = cos(6y)xo+sin(6p)yo , Vi > Tywo, Vne{l,--- ,N} (29)
The settling time is bounded by Ty, given by:
. AN Donin (H) ™3 Do (H) 3
2V/ksko
From (26), (29), one can conclude the leader-follower consensus problem is solved in a prescribed time Ty

given by
Thaox=TT+hH+T:+T14
4. Numerical simulations

Let us consider the multi-agent system (2) with N = 6 followers and one virtual leader. The communication
topology, given in Fig. 3 is fixed. It is connected and the corresponding matrix H is given by

2 -1 0 0 0 -1

-1 3 -1 0 0 O
o -1 3 -1 0 -1
H= o o0 -1 1 0 o0
o o o o0 2 -1
-1 0 -1 0 -1 3

9



1 q1 = (73_17777”)7‘
2 q2 = (_35_57_73”)7‘
3 q3 = (Oa_6a%4n)T
4] qi=(-9,2,-%)"
5 q5:(4a_17ﬂ)T
6 q6 = (1,4’—T571')T

Table 1: Initial state of the robots.

One can see that agents 1, 3, 4 and 6 do not have direct information from the leader. The initial position of the leader
is g0 = (6,—4, %)T. Considering transformation (4), the transformed leader state is & = (%,6.46,3.2)T. The initial
states of the agents are given in Tab. 1. The design parameters are ky =2, ky =3, k3 =2, ka =3, ks =13, kg =1,
k7=05ks=13,ko=1,p=14,g=2,t=00land u =3.

O——O

D O

Figure 3: Communication topology.

From Theorem 1, the switching strategy guarantees that the leader-follower consensus problem is solved in a

prescribed time 7;,,,, given by
T;HGXZT1+T2+TE%+T4

with
i = 3.9%4
L, = 13
. = 2
., = 2

Contrary to existing controllers, here an explicit estimation of the settling time is provided without the a priori knowl-

edge of initial conditions of agents.
Figures 4-6 depict the evolution of the transformed state &1, &, and &,3 for each agent. One can see that using
information from the neighboring agents the state &, tracks in a prescribed time the desired state 55’ .

5. Conclusion

In this paper, the fixed-time consensus tracking problem for multiple unicycle-type mobile agents has been con-
sidered. A distributed switched strategy, based on local information, has been proposed to solve the leader-follower

10



10
— 12
sl — 2 |
— {32
o — = = qi2 ©
— {52
62
4 ‘ %q(p N
» oy ||
~
=
a0 1
S
_2 E
_4 i
6 E
_8} E
~10 i i i
0 5 10 15 20

Time

Figure 4: Evolution of&,(¢) for each agent.
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Figure 5: Evolution of &,3(r) for each agent.

consensus problem for multiple nonholonomic agents in chained form. The switching times and the prescribed con-
vergence time have been explicitly given regardless of the initial conditions.
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