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Routing and Wavelength Assignment for Exchanged
Hypercubesin Linear Array Optical Networks

Yu-Liang Liu™

1 Department of Computer Science and Information Eseing, Aletheia University,
No0.32, Zhenli St., Danshui Dist., New Taipei Cityl®3, Taiwan
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Abstract. The exchanged hypercube, denoted by EH(s, t),nisvainterconnection network
obtained by systematically removing links from thygercube, while preserves many appealing
properties. This paper addresses the routing angelermgth assignment for realizing ex-
changed hypercubes communication patterns on leweay WDM optical networks. By using
congestion estimation, we derive a lower boundhef minimum number of required wave-
lengths, and propose an optimal wavelength assighmlgorithm that usesS%® + | 2Y3]
wavelengths.

Keywords: WDM optical networks, Routing and wavelength assignt, Exchanged hypercube,
Linear array, Congestion.

1 Introduction

In a wavelength division multiplexing (WDM for shproptical network, the band-
width in optical fiber is partitioned into multipdrtual channels, in which different
stream of data can be transmitted simultaneoushguseparate virtual channels. In
this context, a virtual channel corresponds to aelemngth. In general, a WDM opti-
cal network consists of routing nodes interconreetig point-to-point fiber links. To
achieve all-optical communication without optoet@etl conversions at intermediate
nodes, end-to-end lightpaths are usually set updeet each pair of source-destination
nodes. A connection or a lightpath in a WDM optinatwork is an ordered pair of
nodes § D) corresponding to transmission of a packet froor@® node S to destina-
tion nodeD.

The primary issue for WDM optical networks is tdest a proper path and wave-
length satisfying thewavelength-continuity constraint and the distinct wavelength
constraint for each connection of a given communication pats® that the number of
used wavelengths is minimized [12-15]. Up to noheré have been some works
about routing and wavelength assignments in optieadorks [3-5,8,12-14].

The exchanged hypercube is a link-diluted variatbthe hypercube nework, pro-
posed by Loh et al [9], with numerous desirablepprtes, such as lower diameter
and better cost effectiveness. Some related worlexohange hypercubes, such as the
domination number [6], the connectivity [10], theper connectivity [11], and fault-
tolerance measures [7] have been investigated.

The rest of this paper is organized as followsSéation 2, we introduce some pre-
liminaries of exchanged hypercubes and the corayestf embedding schemes. In



Section 3, a lower bound of the number of requinevelengths for realizing ex-
changed hypercubes communication patterns on lameays is obtained. In Section 4,
we propose an embedding scheme and an optimal evegtal assignment algorithm.
Finally, we conclude the paper in Section 5.

2 Prdiminaries

In this section, we introduce some preliminariesegthanged hypercubes and the
congestion of embedding schemes.

2.1 Theexchanged hypercube

Let n be a positive integer. Thedimersional hypercube (on-cube for short)Q, is
the graph with vertex set {0, 1} Two vertices (stringsh andv in Q, are adjacent if
and only if they differ in exactly one coordinateet H(u, v) denote the Hamming
distance between andv, namely the number of coordinates in whictandv are
different. Thus two vertices andv in Q, are adjacent if and onlyH(u, v) = 1.

Letk> 1 andu = U, ...us{0, 1}" be a binary string. We usg; to denote the sub-
stringuu;.;...u; of ufor O<i<j <k

Definition 2.1 ([9]). The vertex seV of exchanged hypercube EH(s, t) is the set
{UsiUstt1- .- Ul {0, 1} for O <i < sHt}.

Letu = Ugy ...Up andv = vy, ...Vp be two vertices in EH(s, t). There is an edge/)in
EH(s, t) if and only if g, v) is in one of the following sets:

Ei={(u,v) Oug# Vo, Uy =Vv; for 0<i < s+t }.

E; ={(u,v) Oug =Vvp =1, H{, v) = 1 withuy; # v; for some i<t} and

Ez ={(u, v) Dup =Vvo = 0, HQ, v) = 1 withy; # v; for somet+1<i < stt }.

Let EH(s, t) be the subgraph of EH(s, t) induced by thges inE; for i O{1, 2, 3}.
Clearly, EH(s, t) contains*2™ nodes and is a spanning subgraph of hyper€uha.
Foru O V(EH(s, 1)), ifug = 0, then the degree ofis s+1; otherwise, the degree vis
t+1. Fig. 1 depicts EH(1, 2) which is a spanninggsaph ofQ,. An edge with a label
i fori0{1, 2, 3} is in edge seE;. We can see that each nadim EH(1, 2) withuy, = 0
is of degree 2 and all the other nodes are of @écgre

Lemma 2.2 ([9]). EH(s, t) is isomorphic to EH(t, s).

By Lemma 2.2, hereafter, we may assume withoutdbgenerality thas < t.
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Fig. 1. An exchange hypercube EH(1, 2).

Proposition 2.3 ([6]). EHy(s, t) (respectively, EMs, t)) contains 2(respectively, 3
copies ofQ; (respectivelyQy) in which any two distinct copies @} (respectivelyQs)
are disjoint. Moreover, Effs, t) forms a perfect matching between nodes in(&H)
and EH(s, t).

Denote byQ " for the Q; in EH(s, t) in which all verticesi O Q, have the same
bits in Ugspr+1. Similarly, Q" denotes thos€s in EHs(s, t) for all verticess 00 Qg hav-

ing the same bits in. For brevity, 2 ““and " are also denoted b9, and @,
respectively, wher& andy are the decimal values uof...; and y4, respectively. Fig.
2(a) and (b) show the two subgraphs,@kR) and EH(1, 2), respectively. Note that
EH,(1, 2) contain®’, andQ", while EHy(1, 2) contain®®; , Q% , Q2;, andQ®..

Q% al O/_\O 5
0001 1001 0000 10000 Q°%

e 0010 1010 Q4
0101 1101 0100 11000 Q%
3
0111 1111 g 1110 @,

(a) EH,(1, 2) (b) EH,4(1, 2)

Fig. 2. The two subgraphs of EH(1, 2).



2.2 Thecongestion

Let G = (V4, Ey) be the guest graph ahtl= (V,, E,) the host graph, wherl;| = [V, .
An embedding scheme & in H is an ordered paib = (¥, Q), whereW is a bijection
fromV,toV,, Q is a mapping fronk; to a set of paths iH such that, for every edge
e= (u,Vv) O Ey, there is a pat®(e) from W(u) to W(v) in H.

Definition 2.4. The congestion of an edgé] E, under embedding scherdeof G in
H, denoted byc(G, H, ®, €), is the number of path@(e) for all & O E; passing
through e, namely,

C(G, H, @, 6) = [e: e E(Q(e)), € OE; ande O E}|
The congestion d& in H under®, denoted by,(G, H, @), is defined as:

C, (G,H, D) = rggxce(G,H ,®@,€)
The congestion 0B in H under®, denoted byy(G, H), is defined as:

cg(G,H,d>)=n:|Dincp(G,H,d>)

Let A(G, H) stand for the number of required wavelengthsdatizing communica-
tion patternG on WMN optical networkH by embedding schem®. Lemma 2.5
shows thaty(G, H) is a lower bound ok(G, H).

Lemma 2.5 ([1, 3, 12]).A(G, H) = ¢((G, H).

In this paper, we consider that the guest gragbHés, t) and the host graph is a
linear arrayL,, wheren = s+t+1 andL, is a path of 2nodes. We label the nodes (re-

spectively, the edges) Ip, from 1 to 2 (respectively, frong, to ezn_l) in consecutive

order. For example, a linear arrayis shown in Fig. 3. Given an embedding scheme,
each nodei in V(EH(s, 1)) will be assigned a distinct number in.{1,2"}. The node
assigned numberis then embedded to the ndda L.

e & _ e

“o—o——o
6 7 8

e e e e
o—eo—o—o0—o
1 2 3 4 5

Fig. 3. Alinear arrayLs.



3 A lower bound of Ao(EH(St), L1)

If U= Ugy ..Ul . Uslg IS @ Node irQit (O<is 2“) and the decimal value of; isj,
then we also usg"; to denote node. Let R, stand for the subgraph of EH(s, t) in-
duced by the nodes @, and all nodes in EHadjacent to some vertex @.

Lemma 3.1 The congestion of embedding the node§'jrto a linear subarraly; of L,
is 2 +[2Y3].

Property 3.2 If @ is an optimal embedding scheme, thewill embed nodes in a
subgraph of EH(s, t), which is isomorphicRq to nodes 1, 2,.."2 of L.

Lemma33 max min{c,(EH (s,t),L,, ® &)} = 2" +|2/3].

g l<i<2'™ @ "

Theorem 3.4 ¢,(EH(S, t),L,) = 25+ [ 23],

Lemma 3.5 The number of required wavelengths to realize Ebl@mmunication
patterns on linear arrdy, is not less than"3™+ [ 2Y/3].

Proof. By Lemma 2.5 and Theorem 3.4, the lemma is thogeut. Q.E.D.

4 Optimal wavelength assignment for realizing EH(s, t) on L,

In this section, we first derive an embedding saleamd then describe a routing and
wavelength assignment algorithm. Let uUg...Unilk...UjUy be a node iV(EH(s, t)).
We partitionV(EH(s, t)) into eight disjoint subsets as follows:

S ={u: U =0;u; = 0 andu, = 1},
S ={u: U+ =0;u; =1 andy, = 1},
S={u: U+ =1;u; =0 andyy = 1},
S ={u:Us=1;u; =1 andy, = 1},
S ={u: U+ = 0;u; = 0 anduy, = 0},
S ={u: U+ =1;u; = 0 andy, = 0},
S;={u: U+ = 0;u; = 1 andy, = 0}, and
S ={u: U+ =1;u; =1 andy, = 0}.



Clearly, the subgraph induced By(1 < i < 4) comprises 2 disjoint ¢-1)-cubes,
and the subgraph induced 8y(5< i < 8) comprise®* disjoint (s-1)-cubes. Ifs > 2
for the subgraph induced 184 (1< m< 4), we denote the-)-cube byQ™\; wherei
(O<i< 2“-1) is the decimal value af,..», and the noda in Qm'it_l is represented by
g™, , wherej (0<j < 2"1-1) is the decimal value af.,. Otherwise, ifs = 1, the {-
1)-cubeis denoted b®™’.;, and the node in Q™ ; is denoted by™%,; , wherej (O
<i<2"-1) is the decimal value of.,.

Similarly, if s> 2, for the subgraph induced 8y (5< m< 8), we denote thes{(1)-
cube byQ™, 1, wherei (0 <i <2"*-1) is the decimal value af.,, and the node iQ™,
is represented by™’.; , wherej (0<j < 2°%-1) is the decimal value ©f,.,. Other-
wise ifs= 1, the 0-cube with decimal valué0 < i < 2"*-1) in substringy., is denoted
asQ™,, and the only node @™ is enoted ag™".

Let U' = Ugy...UqU'...U' U be a node it (1< i < 8), and letv = Veus... Vs Ve. ..
ViV be a binary string of leng#i+ t - 2 with decimal value (0 < x < 2°"%1). If s> 2,
then et sieis = Verars andu'ys = Vioo; Otherwise, for the case= 1, letu'yy = Viso.
We can find that the nodes (1 < i < 8) form two reversed direction cycles, denoted
by cycle,(x) andcyclex(x), respectively. Fig. 4 shows the two reverseddtiiva cycles.

***."0***00 ***.“0***01 ***."0***00 ***.“0***01

***."1***00 ***."0***11 ***."1***00 ***."0***11

***."0***10 ***"_1***01 ***."0***10 ***.“1***01

***."1***10 ***."1***11 ***."1***10 ***."1***11
(a) cycle,(x) (b) cycle,(x)

Fig. 4. Two reversed direction cycles in EH(s, t).

An embedding schente, which assign numbers to the nodes in EH(s, 8h@wvn
in Table 1.



Table 1. An embedding schene

Embedding scheme a

Input: An exchange hypercube EH(s, t).

Output: The assigned numb&UM(u), u O V(EH(s, t)).

begin
Step 1. Setk=1;
Step 2. For each node] EH(s, t), seNUM(u) = NULL;
Step 3. Fom=1to 4
Fori=0to 2%1
Forj=0to 2*1
NUM(q™".1) =k;

k=k+1;
Step4. Fom=51t0 8
Fori=0to 21

Forj=0to2%1
NUM(q™s1) = k;
k=k+1,

end

Property 4.1 In the embedding scheragif x # y ormy # m, ori, # i,, then the nodes
in @™, and the nodes in"®”, ; are embedded into two disjoint linear subarrays of

Lo

Proof. This property is clear from the embedding scheme

Fig. 5 shows the humbers assigned to the nodell(h,2) by the embed-

ding schemer.

Fig. 5. The numbers assigned to nodes in EH(1, 2).



A routing and wavelength assignment algoritirfor realizing EH(s, t) communi-
cation patterns oh, is shown Table 2.

Table 2. A routing and wavelength assignment algorifhm

Routing and wavelength assignment algorithm 8

Input: An exchange hypercube EH(s, t), and the assignethaetNUM(u),
u 0 V(EH(s, t)).

Output: The assigned numb&lUM(u), u 00 V(EH(s, t)).

begin
Step 1. For x = 0 to°2*-1
assign 1 unused wavelength to link eynle;(x);
assign 1 unused wavelength to link eynley(x);
Step2.Form=1to4
Fori=0to 2%1 _
Call Algorithm 1 in [3] to assign wavelengths toks inQ™ ;.
Step 2. Form=5to 8
Fori=0to2%1 _
Call Algorithm 1 in [3] to assign wavelengths toks inQ™ .
end

Theorem 4.2 The optimal number of required wavelengths toizedtH(s, t) com-
munication patterns ol is 2"+ 243,

Proof. It is clear that Algorithn considers all links in EH(s, t). In Step 1, we dav
that links on 2" directed cycles are assigned wavelengths, and tinkeach directed
cycle are assigned 1 unused wavelength. Herité v@avelengths are assigned in this
step. In Step 2 (respectively, Step 3), Algorithis invoked to assign wavelengths to
links in Q™4 (respectivelyQ™s1). According to the results in [3], it follows that
1 23] (respectively 2%3]) wavelengths are required for ea@f".; (respectively,
Q™s4) in Step 2 (respectively, Step 3). By Property, 4he wavelengths assigned to
links in eachQ™'; andQ™.1 can be reused, and hence, Steps 2 and 3 régliBé
wavelengths. It is obvious that Algorithfhrequires 2'* + [ 2Y3] wavelengths. By
Lemma 3.5, an optimal wavelength assignment iseaekl. This completes the proof.
Q.E.D.

Fig. 6 shows the wavelengths assigned to the iimi&sH(1, 2) by the routing and
wavelength assignment algorittn



(a) (b)
Fig. 6. The wavelengths assigned to links in EH(1, 2).

5 Concluding remarks

In this paper, we study the optimal wavelength assent for realizing the ex-
changed hypercube EH(s, t) communication pattemdinear array WDM optical
networkL, by proving thaicy(EH(s, t),L,) > 2"+ 2Y3]. We also design an embed-
ding scheme and a routing and wavelength assignaigatithm which assigns the
optimal number of wavelengths.

For the case whem=t, the exchanged hypercube is reduce to the duascfilf],
and 2%+ [ 2%3] wavelengths are required when the guest netwotkeisdual-cube.
For a future research, it is worthwhile to paratkelthe wavelength assignment algo-
rithm proposed in this paper, and consider theimguand wavelengths assignment
issues for other types of communication patternsh s, crossed cubes, twisted cu-
bes, recursive circulants, etc.
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