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The exchanged hypercube, denoted by EH(s, t), is a new interconnection network obtained by systematically removing links from the hypercube, while preserves many appealing properties. This paper addresses the routing and wavelength assignment for realizing exchanged hypercubes communication patterns on linear array WDM optical networks. By using congestion estimation, we derive a lower bound of the minimum number of required wavelengths, and propose an optimal wavelength assignment algorithm that uses 2 s+t-1 + 2 t /3 wavelengths.

Introduction

In a wavelength division multiplexing (WDM for short) optical network, the bandwidth in optical fiber is partitioned into multiple virtual channels, in which different stream of data can be transmitted simultaneously using separate virtual channels. In this context, a virtual channel corresponds to a wavelength. In general, a WDM optical network consists of routing nodes interconnected by point-to-point fiber links. To achieve all-optical communication without optoelectrical conversions at intermediate nodes, end-to-end lightpaths are usually set up between each pair of source-destination nodes. A connection or a lightpath in a WDM optical network is an ordered pair of nodes (S, D) corresponding to transmission of a packet from source node S to destination node D.

The primary issue for WDM optical networks is to select a proper path and wavelength satisfying the wavelength-continuity constraint and the distinct wavelength constraint for each connection of a given communication pattern so that the number of used wavelengths is minimized [START_REF] Yu | Routing and wavelength assignment for 3-aryn-cube in array-based optical network[END_REF][START_REF] Yu | Routing and wavelength assignment for 3-ary n-cube communication patterns in linear array optical networks for n communication rounds[END_REF][START_REF] Yuan | Optimal routing and channel assignments for hypercube communication on optical mesh-like processor arrays[END_REF][START_REF] Zang | A review of routing and wavelength assignment approaches for wavelength-routed optical networks[END_REF]. Up to now, there have been some works about routing and wavelength assignments in optical networks [START_REF] Chen | Routing and wavelength assignment for hypercube in array-based WDM optical networks[END_REF][START_REF] Chen | Wavelength assignment for realizing parallel FFT on regular optical networks[END_REF][START_REF] Chen | Wavelength assignment for directional hypercube communications on a class of WDM optical networks[END_REF][START_REF] Libeskind-Hadas | Multicast routing and wavelength assignment in multihop optical networks[END_REF][START_REF] Yu | Routing and wavelength assignment for 3-aryn-cube in array-based optical network[END_REF][START_REF] Yu | Routing and wavelength assignment for 3-ary n-cube communication patterns in linear array optical networks for n communication rounds[END_REF][START_REF] Yuan | Optimal routing and channel assignments for hypercube communication on optical mesh-like processor arrays[END_REF].

The exchanged hypercube is a link-diluted variation of the hypercube nework, proposed by Loh et al [START_REF] Loh | The exchanged hypercube[END_REF], with numerous desirable properties, such as lower diameter and better cost effectiveness. Some related works on exchange hypercubes, such as the domination number [START_REF] Klav_Zar | The domination number of exchanged hypercubes[END_REF], the connectivity [START_REF] Ma | The connectivity of exchanged hypercubes[END_REF], the super connectivity [START_REF] Ma | The super connectivity of exchanged hypercubes[END_REF], and faulttolerance measures [START_REF] Li | Generalized measures of fault tolerance in exchanged hypercubes[END_REF] have been investigated.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries of exchanged hypercubes and the congestion of embedding schemes. In Section 3, a lower bound of the number of required wavelengths for realizing exchanged hypercubes communication patterns on linear arrays is obtained. In Section 4, we propose an embedding scheme and an optimal wavelength assignment algorithm. Finally, we conclude the paper in Section 5.

Preliminaries

In this section, we introduce some preliminaries of exchanged hypercubes and the congestion of embedding schemes.

The exchanged hypercube

Let n be a positive integer. The n-dimensional hypercube (or n-cube for short) Q n is the graph with vertex set {0, 1} Let k > 1 and u = u k-1 …u 0 ∈{0, 1} n be a binary string. We use u j:i to denote the substring u j u j-1 …u i of u for 0 ≤ i ≤ j < k.

Definition 2.1 ([9]

). The vertex set V of exchanged hypercube EH(s, t) is the set {u s+t u s+t-1 …u 0 u i ∈{0, 1} for 0 ≤ i ≤ s+t}. Let u = u s+t …u 0 and v = v s+t …v 0 be two vertices in EH(s, t). There is an edge (u, v) in EH(s, t) if and only if (u, v) is in one of the following sets:

E 1 = {(u, v)  u 0 ≠ v 0 , u i = v i for 0 ≤ i ≤ s+t }. E 2 = {(u, v)  u 0 = v 0 = 1, H(u, v) = 1 with u i ≠ v i for some 1 ≤ i ≤ t }, and E 3 = {(u, v)  u 0 = v 0 = 0, H(u, v) = 1 with u i ≠ v i for some t+1 ≤ i ≤ s+t }.
Let EH i (s, t) be the subgraph of EH(s, t) induced by the edges in E i for i ∈{1, 2, 3}. Clearly, EH(s, t) contains 2 s+t+1 nodes and is a spanning subgraph of hypercube Q s+t+1 . For u ∈ V(EH(s, t)), if u 0 = 0, then the degree of u is s+1; otherwise, the degree of u is t+1. Fig. 1 depicts EH(1, 2) which is a spanning subgraph of Q 4 . An edge with a label i for i ∈{1, 2, 3} is in edge set E i . We can see that each node u in EH(1, 2) with u 0 = 0 is of degree 2 and all the other nodes are of degree 3.

Lemma 2.2 ([9]). EH(s, t) is isomorphic to EH(t, s).

By Lemma 2.2, hereafter, we may assume without loss of generality that s ≤ t. 

Proposition 2.3 ([6]

). EH 2 (s, t) (respectively, EH 3 (s, t)) contains 2 s (respectively, 2 t ) copies of Q t (respectively, Q s ) in which any two distinct copies of Q t (respectively, Q s ) are disjoint. Moreover, EH 1 (s, t) forms a perfect matching between nodes in EH 2 (s, t) and EH 3 (s, t).

Denote by

1 : + + t t s u t Q for the Q t in EH 2 (s, t) in which all vertices u ∈ Q t have the same bits in u s+t:t+1 . Similarly, 1 : t u s Q denotes those Q s in EH 3 (s, t) for all vertices u ∈ Q s hav-
ing the same bits in u t:1 . For brevity, Fig. 2. The two subgraphs of EH(1, 2). 

The congestion

Let G = (V 1 , E 1 )
Φ = Φ ∈ The congestion of G in H under Φ, denoted by c g (G, H), is defined as: ) , , ( min ) , , ( Φ = Φ 
Φ H G c H G c p g
Let λ(G, H) stand for the number of required wavelengths for realizing communication pattern G on WMN optical network H by embedding scheme Φ. Lemma 2.5 shows that c g (G, H) is a lower bound of λ Φ (G, H). Lemma 2.5 ([1, 3, 12]). λ Φ (G, H) ≥ c g (G, H).

In this paper, we consider that the guest graph is EH(s, t) and the host graph is a linear array L n , where n = s+t+1 and L n is a path of 2 n nodes. We label the nodes (respectively, the edges) in L n from 1 to 2 n (respectively, from e 1 to 1 2n e ) in consecutive order. For example, a linear array L 3 is shown in Fig. 3. Given an embedding scheme, each node u in V(EH(s, t)) will be assigned a distinct number in {1,…,2 n }. The node assigned number i is then embedded to the node i in L n . 3 A lower bound of λ Φ (EH(s,t), L n )

If u = u s+t …u t+1 u t …u 1 u 0 is a node in Q i t (0 ≤ i ≤ 2 s-1
) and the decimal value of u t:1 is j, then we also use q i,j t to denote node u. Let R i t stand for the subgraph of EH(s, t) induced by the nodes in Q i t and all nodes in EH 1 adjacent to some vertex in Q i t .

Lemma 

+ ≥ Φ - + Φ ≤ ≤ + . Theorem 3.4 c g (EH(s, t), L n ) ≥ 2 s+t-1 + 2 t /3.

Lemma 3.5

The number of required wavelengths to realize EH(s, t) communication patterns on linear array L n is not less than 2 s+t-1 + 2 t /3. Proof. By Lemma 2.5 and Theorem 3.4, the lemma is thus proved.

Q.E.D.

Optimal wavelength assignment for realizing EH(s, t) on L n

In this section, we first derive an embedding scheme, and then describe a routing and wavelength assignment algorithm. Let u = u s+t …u t+1 u t …u 1 u 0 be a node in V(EH(s, t)). We partition V(EH(s, t)) into eight disjoint subsets as follows: Clearly, the subgraph induced by S i (1 ≤ i ≤ 4) comprises 2 s-1 disjoint (t-1)-cubes, and the subgraph induced by S i (5 ≤ i ≤ 8) comprises 2 t-1 disjoint (s-1)-cubes. If s > 2 for the subgraph induced by S m (1 ≤ m ≤ 4), we denote the (t-1)-cube by Q m,i t-1 where i (0 ≤ i ≤ 2 s-1 -1) is the decimal value of u s+t:t+2 , and the node u in Q m,i t-1 is represented by q m,i,j t-1 , where j (0 ≤ j ≤ 2 t-1 -1) is the decimal value of u t:2 . Otherwise, if s = 1, the (t-1)-cubeis denoted by Q m,0 t-1 , and the node u in Q m,0 t-1 is denoted by q m,0,j t-1 , where j (0

≤ i ≤ 2 t-1 -1) is the decimal value of u t:2 .
Similarly, if s > 2, for the subgraph induced by S m (5 ≤ m ≤ 8), we denote the (s-1)cube by Q m,i s-1 , where i (0 ≤i ≤2 t-1 -1) is the decimal value of u t:2 , and the node in

Q m,i s-1
is represented by q m,i,j s-1 , where j (0 ≤ j ≤ 2 s-1 -1) is the decimal value of u s+t:t+2 . Otherwise if s = 1, the 0-cube with decimal value i (0 ≤ i ≤ 2 t-1 -1) in substring u t:2 is denoted as Q m,i 0 , and the only node in Q m,i 0 is enoted as q m,i,j 0 . Let u i = u i s+t …u i t+1 u i t …u i 1 u i 0 be a node in S i (1 ≤ i ≤ 8), and let v = v s+t-3 …v t+1 v t … v 1 v 0 be a binary string of length s + t -2 with decimal value x (0 ≤ x ≤ 2 s+t-2 -1). If s > 2, then let u i s+t:t+2 = v s+t-3:t-1 and u i t:2 = v t-2:0 ; otherwise, for the case s = 1, let u i t:2 = v t-2:0 . We can find that the nodes u i (1 ≤ i ≤ 8) form two reversed direction cycles, denoted by cycle 1 (x) and cycle 2 (x), respectively. Fig. 4 shows the two reversed direction cycles.

Fig. 4. Two reversed direction cycles in EH(s, t).

An embedding scheme α, which assign numbers to the nodes in EH(s, t), is shown in Table 1.

Table 1. An embedding scheme α.

Embedding scheme α

Input: An exchange hypercube EH(s, t). Output: The assigned number NUM(u), u ∈ V(EH(s, t)). begin

Step 1. Set k = 1;

Step 2. For each node u ∈ EH(s, t), set NUM(u) = NULL;

Step 3. For m = 1 to 4 For i = 0 to 2 s-1 -1

For j = 0 to 2 t-1 -1 NUM(q m,i,j t-1 ) = k; k = k + 1;

Step 4. For m = 5 to 8 For i = 0 to 2 t-1 -1

For j = 0 to 2 s-1 -1 NUM(q m,i,j s-1 ) = k; k = k + 1; end Property 4.1 In the embedding scheme α, if x ≠ y or m 1 ≠ m 2 or i 1 ≠ i 2 , then the nodes in Q m1,i1

x-1 and the nodes in Q m2,i2 y-1 are embedded into two disjoint linear subarrays of L n .

Proof. This property is clear from the embedding scheme α.

Q.E.D.

Fig. 5 shows the numbers assigned to the nodes in EH(1, 2) by the embedding scheme α. A routing and wavelength assignment algorithm β for realizing EH(s, t) communication patterns on L n is shown Table 2. Table 2. A routing and wavelength assignment algorithm β.

Routing and wavelength assignment algorithm β

Input: An exchange hypercube EH(s, t), and the assigned number NUM(u), u ∈ V(EH(s, t)). Output: The assigned number NUM(u), u ∈ V(EH(s, t)). begin Step 1. For x = 0 to 2 s+t-2 -1 assign 1 unused wavelength to link e in cycle 1 (x); assign 1 unused wavelength to link e in cycle 2 (x); Step 2. For m = 1 to 4

For i = 0 to 2 s-1 -1 Call Algorithm 1 in [START_REF] Chen | Routing and wavelength assignment for hypercube in array-based WDM optical networks[END_REF] to assign wavelengths to links in Q m,i t-1 .

Step 2. For m = 5 to 8

For i = 0 to 2 t-1 -1 Call Algorithm 1 in [START_REF] Chen | Routing and wavelength assignment for hypercube in array-based WDM optical networks[END_REF] to assign wavelengths to links in Q m,i s-1 . end Theorem 4.2 The optimal number of required wavelengths to realize EH(s, t) communication patterns on L n is 2 s+t-1 + 2 t /3. Proof. It is clear that Algorithm β considers all links in EH(s, t). In Step 1, we have that links on 2 s+t-1 directed cycles are assigned wavelengths, and links on each directed cycle are assigned 1 unused wavelength. Hence, 2 s+t-1 wavelengths are assigned in this step. In Step 2 (respectively, Step 3), Algorithm 1 is invoked to assign wavelengths to links in Q m,i t-1 (respectively, Q m,i s-1 ). According to the results in [START_REF] Chen | Routing and wavelength assignment for hypercube in array-based WDM optical networks[END_REF], it follows that 2 t /3 (respectively 2 s /3) wavelengths are required for each Q m,i t-1 (respectively, Q m,i s-1 ) in Step 2 (respectively, Step 3). By Property 4.1, the wavelengths assigned to links in each Q m,i s-1 and Q m,i t-1 can be reused, and hence, Steps 2 and 3 require 2 t /3 wavelengths. It is obvious that Algorithm β requires 2 s+t-1 + 2 t /3 wavelengths. By Lemma 3.5, an optimal wavelength assignment is achieved. This completes the proof.

Q.E.D.

Fig. 6 shows the wavelengths assigned to the links in EH(1, 2) by the routing and wavelength assignment algorithm β. 

Concluding remarks

In this paper, we study the optimal wavelength assignment for realizing the exchanged hypercube EH(s, t) communication patterns on linear array WDM optical network L n by proving that c g (EH(s, t), L n ) > 2 s+t-1 +2 t /3. We also design an embedding scheme and a routing and wavelength assignment algorithm which assigns the optimal number of wavelengths.

For the case when s = t, the exchanged hypercube is reduce to the dual-cubes [START_REF] Li | Efficient collective communications in dual-cube[END_REF], and 2 2s-1 + 2 s /3 wavelengths are required when the guest network is the dual-cube. For a future research, it is worthwhile to parallelize the wavelength assignment algorithm proposed in this paper, and consider the routing and wavelengths assignment issues for other types of communication patterns, such as, crossed cubes, twisted cubes, recursive circulants, etc.
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 1 Fig. 1. An exchange hypercube EH(1, 2).
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  are also denoted by Q x t and Q y s , respectively, where x and y are the decimal values of u s+t:t+1 and u t:1 , respectively. Fig.2(a) and (b) show the two subgraphs EH 2 (1,2) and EH 3 (1, 2), respectively. Note that EH 2 (1, 2) contains Q 0 2 and Q 1 2 while EH 3 (1, 2) contains Q 0 1 , Q 1 1 , Q2 1 , and Q 3 1 .
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 3 Fig. 3. A linear array L 3 .

S 1 =

 1 {u : u t+1 = 0; u 1 = 0 and u 0 = 1}, S 2 = {u : u t+1 = 0; u 1 = 1 and u 0 = 1}, S 3 = {u : u t+1 = 1; u 1 = 0 and u 0 = 1}, S 4 = {u : u t+1 = 1; u 1 = 1 and u 0 = 1}, S 5 = {u : u t+1 = 0; u 1 = 0 and u 0 = 0}, S 6 = {u : u t+1 = 1; u 1 = 0 and u 0 = 0}, S 7 = {u : u t+1 = 0; u 1 = 1 and u 0 = 0}, and S 8 = {u : u t+1 = 1; u 1 = 1 and u 0 = 0}.
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 5 Fig. 5. The numbers assigned to nodes in EH(1, 2).
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 6 Fig. 6. The wavelengths assigned to links in EH(1, 2).

  

  Two vertices (strings) u and v in Q n are adjacent if and only if they differ in exactly one coordinate. Let H(u, v) denote the Hamming distance between u and v, namely the number of coordinates in which u and v are different. Thus two vertices u and v in Q n are adjacent if and only if H(u, v) = 1.

n .

  be the guest graph and H = (V 2 , E 2 ) the host graph, where V 1  = V 2 . An embedding scheme of G in H is an ordered pair Φ = (Ψ, Ω), where Ψ is a bijection from V 1 to V2, Ω is a mapping from E 1 to a set of paths in H such that, for every edge e = (u, v) ∈ E 1 , there is a path Ω(e) from Ψ(u) to Ψ(v) in H. The congestion of an edge e ∈ E 2 under embedding scheme Φ of G in H, denoted by c e (G, H, Φ, e), is the number of paths Ω(e ' ) for all e' ∈ E 1 passing through e, namely,

	Definition 2.4. ) , , , ( max ) , , ( 2 e H G c H G c e E e p

c e (G, H, Φ, e) = {e ' : e ∈ E(Ω(e ' )), e' ∈ E 1 and e ∈ E 2 }

The congestion of G in H under Φ, denoted by c p (G, H, Φ), is defined as:

  3.1The congestion of embedding the nodes in Q i t to a linear subarray L t of L n is 2 t + 2 t /3. If Φ is an optimal embedding scheme, then Φ will embed nodes in a subgraph of EH(s, t), which is isomorphic to R i t , to nodes 1, 2,…2 t+1 of L n .

	Property 3.2 Lemma 3.3 e i	max 2 1 ; i t	1	{ min c e	(	EH	(	s	,	t	),	n L	,	,	i e	)}	2	s	t	1	  3 / 2 t