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Abstract. The paper is devoted to the diffusion equation with discrete absorption described
by a sum of Dirac δ-functions. Their supports are located at the nodes of some regular
grid with the distance between them determined by the integral of solution. This model
describes contraction of biological tissue when cells consume some substance influencing
their interaction. In the one-dimensional formulation we prove existence of solutions of the
discrete problem and their convergence to the solution of the limiting homogenized problem.
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1 Introduction

Biological tissues can be considered either as continuous media which are described by par-
tial differential equations of continuum mechanics or as an ensemble of cells described by
discrete or discrete-continuous models. The first approach allows the application of various
methods of analysis of partial differential equations in order to study existence, stability and
dynamics of solutions. However it is less appropriate when we need to take into account
individual cell properties, cell-cell interaction, adhesion and other processes at the cellular
or intracellular levels. In this case, introduction of individual cells can be very advantageous
from the modelling point of view [3]. However mathematical analysis of such models is
usually impossible. So the question of transition from individual cell models to continuous
models represents one of the main challenges in the modelling of biological tissues. Rather
often continuous models of biological fluid or solid mechanics are used without justification
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though biological media are very complex, and in many cases they cannot be described by
conventional models like Navier-Stokes equations or elasticity equations.

In this work we introduce and study a model problem where it is possible to justify
the transition from the individual cell model to a continuous model with a homogenization
technique. It is a nonlinear model where cells regulate the distance between them by means
of a chemical substance diffusing in the extracellular matrix and consumed by cells. Such
problems arise in various biological applications related to tissue contraction. This is a com-
mon physiological property that occurs for many types of tissues under various conditions,
in particular for endothelial tissue under inflammation [2], in the process of embryogenesis
[11], or in wound healing [7].

Consider diffusion process in the interval (−R,R) containing an array of cells absorbing
some substance. This array is under a tensile strain and it is assumed to become stiffer as
the total quantity of the absorbed feeding substance increases, i.e. the integral quantity of
the absorbed substance modifies the Young modulus of this one-dimensional tissue. This
leads to the absorption sites becoming closer together as the domain contracts its length,
while the same tensile force Φ applied to the chain generates smaller displacements of the
“saturated cells” than in the case of the “non-saturated cells”. In order to simplify the model
we assume that the left end of the cell grid is fixed at the point x = 0 while the tensile force is
applied at the right end. Assuming that the distance between the centers of two neighboring
cells in “equilibrium”, i.e. in abscence of the feeding substance, is a given small parameter,
we construct an asymptotic approximation of the model that is a continuous setting. We
prove an estimate between the exact and the asymptotic solutions, previously justifying their
existence. A linear problem of this type was considered in [14]; however the feedback was not
considered there while it is an important part of the process making the problem nonlinear.
Various passages from the discrete models to their continuous limits in different contexts
were considered in [1]-[13], [16]-[19]. Namely, [6], [8], [16] considered continuous models
derived from the atomistic mechanics. Mathematically rigorous derivations were considered
in [4], [5], [12], [17]-[19]; these papers used the homogenization technique. A finite element
approach to the discrete systems is considered in [16], [19].

Given R > 0, consider a non-linear boundary value problem for the diffusion - discrete
absorption equation on the interval (−R,R): find a function u defined on the interval (−R,R)
such that 

u′′(x) = αh
∑K

j=0 δ(x− Y u
j )u(x) + f(x), x ∈ (−R,R),

u′(−R) = 0, u(R) = 0,

Y u
j = jhE0(1 + qF [u])−1, j = 0, ..., K,

F [u] =
∫ E0

0
u(x)dx,

(1.1)

where the constant coefficients satisfy the following inequalities: α, q ≥ 0, h > 0, 0 < E0 <
R/2, K is a positive integer, and h = 1/(K + 1), the right hand side f ∈ C([−R,R]). Here
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Figure 1: Schematic representation of the model (see the explanation in the text).

u(x) is a concentration of the feeding substance at the point x. The discrete absorption sites
(cells) form a uniform grid with coordinates {Y u

j , j = 0, ..., K} (Figure 1). The tensile
force Φ is applied at the right end of the grid while its left end is fixed at the point x = 0.
The diffusion process is considered in the interval (−R,R), while the absorption sites occupy
only a part of this area: in absence of the feeding substance, the length of the area occupied
by cells is E0 (although the coordinate of the last cell of the chain is E0 − h). The integral
quantity of the substance F [u] in interval (0, E0) influences the distance between the centers
of the cells: the larger this integral is, more contracted the grid is. Namely, its length is
equal to E0(1 + qF [u])−1. The coordinates of the sites are supposed to satisfy a standard
elastic scalar springs model [6] where the ratio of the Young’s moduli of the “springs” in the
saturated state and in the case of absence of the feeding substance is equal to 1 + qF [u],
where q is the stiffening coefficient: it characterizes the increasing of the Young’s modulus
as F [u] increases, αh is the ratio of the discrete absorption and diffusivity. We look for a
bounded solution for which the denominator in (1.1)3 is positive.

Below we prove the existence of a solution of this problem and justify the passage to
the non-linear continuous model. The simplified model problems allow us to study these
questions rigorously.

Let us rewrite equations (1.1)1,2 in the form: find u ∈ C([−R,R]) such that

u(x) = −
∫ R

x

(
Λu(t) +

∫ t

−R
f(θ)dθ

)
dt, x ∈ [−R,R], (1.2)

where

Λu(x) = hα

∫ x

−R

K∑
j=0

δ(θ − Y u
j )u(θ)dθ

that is
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Λu(x) = hα
∑

j:Y u
j ≤x u(Y

u
j ). (1.3)

In section 2 applying the Shauder’s fixed point theorem we prove the existence of a
solution in the ball B = {v ∈ C([−R,R]), ∥v∥C ≤ ρ}, ρ = 8R2∥f∥C for sufficiently small α
and q.

In section 3 we introduce the homogenized continuous model û′′(x) = α 1+qF [û]
E0

χ[0,Y û](x)û(x) + f(x), x ∈ (−R,R),

û′(−R) = 0, û(R) = 0,

(1.4)

where Y û = E0(1 + qF [û])−1 and χE is a characteristic function of the set E. This model
may be derived heurictically by averaging the absorption sites within the absorption area
(its length is approximatevely equal to Y û). The existence and uniqueness of a solution to
the homogenized problem in the ball B is proved using a Banach’s fixed point theorem.

Finally, in section 3 an error estimate is proved for the difference of the solutions to
problems (1.1) and (1.4). It is of order h, so that the initial and the homogenized models
are O(h)−close.

2 Existence of solution to the diffusion-discrete ab-

sorption equation with feedback

In the present section we prove the existence of the solution (1.2) for “not too large” coeffi-
cients α and q. The proof is based on the Schauder’s fixed point theorem. Set α∗ = 1/(4R)
and

q∗ =

{
1/(16E0R

2∥f∥C) , ∥f∥C ̸= 0
∞ , ∥f∥C = 0

.

Theorem 1. For α ∈ [0, α∗), q ∈ [0, q∗) there exists a function u ∈ B, satisfying (1.2).

Proof. Let α be positive (case α = 0 is trivial). For any q ∈ [0, q∗) and v ∈ B, the following
estimate holds:

|F [v]| ≤ E0∥v∥C ≤ E0ρ = 8E0R
2∥f∥C <

1

q∗
<

1

q
.

Therefore the denominator in (1.1)3 is positive. Consider the operator T : B → C([−R,R])
such that for any v ∈ B,

(Tv)(x) = −
∫ R

x

(
Λv(t) +

∫ t

−R
f(θ)dθ

)
dt. (2.1)

Evidently, Tv is a piecewise differentiable continuous function, such that for any v ∈ B
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{
∥Tv∥C ≤ 2R (α∥v∥C + 2R∥f∥C) ,
∥(Tv)′∥L∞ ≤ α∥v∥C + 2R∥f∥C ,

(2.2)

and for α ∈ [0, α∗), ∥Tv∥C ≤ 2Rαρ+ 4R2∥f∥C < ρ, so that TB ⊂ B.
In the same way we get that if β = {v ∈ B ∩ W 1,∞|∥v′∥L∞ ≤ ρ

2R
} then Tβ ⊂ β.

Evidently, β is convex and being bounded in W 1,∞ it is compact in C. Further we will apply
the Shauder’s fixed point theorem to this set β.

Moreover, for any v ∈ B, the following estimate holds:

|F [v]| ≤ E0∥v∥C ≤ E0ρ, (2.3)

and for all v1, v2 ∈ B,

|(1 + qF [v1])
−1 − (1 + qF [v2])

−1| ≤ max
ξ:|ξ|≤E0ρ

q

(1 + qξ)2
|F [v1]− F [v2]| ≤

≤ q

(1− qE0ρ)2
E0∥v1 − v2∥C .

Taking into account that qE0ρ ≤ 1
2
for all q ≤ q∗, we get

|(1 + qF [v1])
−1 − (1 + qF [v2])

−1| ≤ 4qE0∥v1 − v2∥C . (2.4)

Let us estimate the difference Y v1
j − Y v2

j :

|Y v1
j − Y v2

j | = jhE0|(1 + qF [v1])
−1 − (1 + qF [v2])

−1| ≤ KhE0(4qE0)∥v1 − v2∥C .

Hence

|Y v1
j − Y v2

j | ≤ 4qE2
0∥v1 − v2∥C . (2.5)

Next, we prove that T is continuous on B. Let {un} be a sequence in B converging to
u ∈ B. Let ε > 0. Since u is uniformly continuous, then there exist δ > 0 such that for any
x′, x′′ ∈ [−R,R] satisfying |x′ − x′′| ≤ δ, we get:

|u(x′)− u(x′′)| < ε
4αR

. (2.6)

So, there exist an integer N such that, for all n ≥ N ,

∥un − u∥C < min{ ε
4(Rα+2qαE2

0ρ)
, δ
4E2

0q
, ε
2α
} (2.7)

Denote by jv(t) the integer part of the fraction t(1+qF [v])
hE0

:

jv(t) =

[
t(1 + qF [v])

hE0

]
, t > 0,

i.e. the greatest j such that Y v
j ≤ t. Evidently,
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∣∣∣∣t(1 + qF [un])

hE0

− t(1 + qF [u])

hE0

∣∣∣∣ = tq

hE0

|F [un]− F [u]| ≤ tq

h
∥un − u∥C ≤ tqε

2hα
.

Therefore for sufficiently small ε,

|jun(t)− ju(t)| ≤ 1, (2.8)

i.e. the number of terms in the sums (1.3) for un and u is either the same or there is only one
supplementary term in one of these sums. Let this term be un(Y

un

jun (t)
) (the case when this

supplementary term is u(Y u
ju(t)

) is considered in the same way). This difference of number

of terms exists only for the values of t between Y un
j and Y u

j (herejun(t) = ju(t) + 1), i.e. on
the interval of the length (see (2.5))

∆ ≤ max0≤j≤K |Y un
j − Y u

j | ≤ 4qE2
0∥un − u∥C . (2.9)

Then we get:

|Tun(x)− Tu(x)| =
∣∣∣∣∫ R

x

(Λun(t)− Λu(t))dt

∣∣∣∣ = hα

∣∣∣∣∣∣
∫ R

x

jun (t)∑
j=0

un

(
Y un
j

)
−

ju(t)∑
j=0

u
(
Y u
j

) dt

∣∣∣∣∣∣ ≤

≤ 2Rα max
0≤j≤K

|un(Y
un
j )− u(Y u

j )|+α∆ρ ≤ 2Rα max
0≤j≤K

|un(Y
un
j )− u(Y u

j )|+4qE2
0α∥un − u∥Cρ.

Therefore since

|Y un
j − Y u

j | ≤ 4qE2
0∥un − u∥C ≤ 4qE2

0

δ

4E2
0q

= δ,

we get

|Tun(x)− Tu(x)| ≤ 2Rα
(
∥un − u∥C + ε

4αR

)
+ 4qE2

0α∥un − u∥Cρ, (2.10)

by virtue of the estimate

|Y un
j − Y u

j | ≤ 4qE2
0∥un − u∥C ≤ 4qE2

0

δ

4E2
0q

= δ.

Taking into account that for all n ≥ N

(2Rα + 4qE2
0αρ)∥un − u∥C ≤ ε

2

(see (2.7)) we get |Tun(x)−Tu(x)| ≤ ε, that is ∥Tun−Tu∥C ≤ ε for all n ≥ N . This means
that the sequence {Tun} converges to Tu in C. Hence the operator T is continuous.
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Applying now the Schauder fixed point theorem [10] to the convex and compact set β,
we get the existence of a solution. The theorem is proved.

2

Remark 1. Applying estimates (2.2) for the fixed point u, we get:{
∥u∥C ≤ 8R2∥f∥C ,
∥(u)′∥L∞ ≤ (8αR2 + 2R)∥f∥C ,

(2.11)

3 Existence of solution of the homogenized equation

In the present section we introduce the homogenized equation: a non-linear diffusion-absorption
equation with the absorption coefficient depending on the solution. We prove the existence
and uniqueness of a solution. Consider the homogenized problem û′′(x) = α 1+qF [û]

E0
χ[0,Y û](x)û(x) + f(x), x ∈ (−R,R),

û′(−R) = 0, û(R) = 0.

(3.1)

where Y û = E0(1 + qF [û])−1.
We have

û(x) = −
∫ R

x

(
Λ̂û(t) +

∫ t

−R
f(θ)dθ

)
dt, x ∈ [−R,R], (3.2)

where

Λ̂v(t) = α

∫ t

0

χ[0,Y v ](θ)
1 + qF [v]

E0

v(θ)dθ

i.e. for t ≥ 0,

Λ̂v(t) = α 1+qF [v]
E0

∫ min{t,Y v}
0

v(θ)dθ, (3.3)

while for t < 0, Λ̂v(t) = 0.
Set

α∗∗ = min{ E0

2R(1+2qE0ρ)(R+8qE2
0ρ)

, E0

4R2(1+qE0ρ)
}. (3.4)

Theorem 2. For α ∈ [0, α∗∗) there exists a unique function û ∈ C([−R,R]), satisfying
(3.2) and belonging to the ball B = {v ∈ C([−R,R]), ∥v∥C ≤ ρ}.

Proof. We have the following estimates

|Λ̂v(t)| ≤ αR 1+qE0∥v∥C
E0

∥v∥C , (3.5)
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|Λ̂v1(t)− Λ̂v2(t)| =
α

E0

∣∣∣∣(1 + qF [v1])

∫ t

0

(v1(θ)− v2(θ))dθ + q(F [v1]− F [v2])

∫ t

0

v2(θ)dθ

∣∣∣∣ ≤
≤ α

E0

((1 + qE0∥v1∥C)R∥v1 − v2∥C + qE0∥v1 − v2∥CR∥v2∥C).

Therefore if t ≤ min{Y v1 , Y v2}, then

|Λ̂v1(t)− Λ̂v2(t)| ≤ αR
E0

(1 + qE0(∥v1∥C + ∥v2∥C))∥v1 − v2∥C (3.6)

If t > min{Y v1 , Y v2}, then we have to add a supplementary term in the upper bound.
Without loss of generality we can assume that Y v1 < Y v2 . Then this supplementary term
can be written in the form:

α

E0

(1 + q|F [v2]|)
∫ Y v2

Y v1

|v2(θ)|dθ.

This expression is less than the following one:

α

E0

(1 + qE0∥v2∥C)∥v2∥C(Y v2 − Y v1),

and can be estimated by

α

E0

(1 + qE0∥v2∥C)∥v2∥C4qE2
0∥v1 − v2∥C

(see (2.5)). Finally, we get

|Λ̂v1(t)− Λ̂v2(t)| ≤ α
E0
(1 + qE0(∥v1∥C + ∥v2∥C))(R + 4qE2

0(∥v1∥C + ∥v2∥C))∥v1 − v2∥C
(3.7)

Consider the operator T̂ : B → C([−R,R]) such that for any v ∈ B,

(T̂ v)(x) = −
∫ R

x

(
Λ̂v(t) +

∫ t

−R
f(θ)dθ

)
dt. (3.8)

Next, for any v1, v2 ∈ B, the following estimate holds:

∥T̂ v1 − T̂ v2∥C ≤ 2R∥Λ̂v1 − Λ̂v2∥C ≤ ω∥v1 − v2∥C , (3.9)

where

ω =
2αR

E0

(1 + 2qE0ρ)(R + 8qE2
0ρ).

The inequality α < α∗∗ yields ω < 1.
Let us check that T̂B ⊂ B. Indeed,
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∥T̂ v∥C ≤ 2R∥Λ̂v∥C + 4R2∥f∥C ≤ 2αR2

E0

(1 + qE0ρ)ρ+
ρ

2
≤ ρ.

Taking into account that T̂B ⊂ B, we see that T̂ is a contracting operator in B and so
by the Banach fixed point theorem there exist a unique fixed point in B. The theorem is
proved.

2

Remark 2. Applying estimates (3.5) for the fixed point û, we get:

∥û′∥C ≤ ∥Λ̂û∥C + 2R∥f∥C .
Hence

∥û′∥C ≤ α

E0

(1 + qE0∥û∥C)R∥û∥C + 2R∥f∥C

and
∥û′∥C ≤ (8αR

3

E0
(1 + 8qE0R

2∥f∥C) + 2R)∥f∥C . (3.10)

4 Error estimate for the discrete and continuous mod-

els

We will prove in this section that the solution of the discrete problem is close to the solution
of the continuous problem. Compare the solutions to equations (1.2) and (3.2). Subtracting
these equations we get the following equation for the difference w = u− û:

w(x) = −
∫ R

x

(
Λu(t)− Λ̂û(t)

)
dt. (4.1)

Then

w(x) = −
{∫ R

x
Λ|Y u

j
w(t)dt+

∫ R

x

(
Λ|Y u

j
û(t)− Λ̂û(t)

)
dt
}
, (4.2)

where

Λ|Y u
j
w(t) = hα

∑
j:Y u

j ≤t w(Y
u
j ). (4.3)

We have the estimate:

|Λ|Y u
j
w(t)| ≤ α∥w∥C . (4.4)

The second integral in (4.2) equals the following one:∫ R

x

(
Λ|Y u

j
û(t)− Λ|Y û

j
û(t)

)
dt+

∫ R

x

(
Λ|Y û

j
û(t)− Λ̂û(t)

)
dt. (4.5)

Let us estimate these two terms.
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a) We have

Λ|Y u
j
û(t)− Λ|Y û

j
û = hα

 ∑
j :Y u

j ≤t

û(Y u
j )−

∑
j :Y û

j ≤t

û(Y û
j )

 .

As in the proof of Theorem 1, the difference of number of terms in these sums is |ju(t)−jû(t)|
and it can be evaluated as follows:

|ju(t)− jû(t)| ≤
tq

h
∥u− û∥C + 1.

Therefore

|Λ|Y u
j
û(t)− Λ|Y û

j
û| ≤ hα

{
K∑
j=0

|û(Y u
j )− û(Y û

j )|+
(
tq

h
∥u− û∥C + 1

)
∥û∥C

}
≤

≤ hα
K∑
j=0

∥û′∥L∞|Y u
j − Y û

j |+Rαq∥u− û∥C∥û∥C + hα∥û∥C ≤

≤ (K + 1)hα∥û′∥L∞4qE2
0∥u− û∥C +Rαq∥u− û∥C∥û∥C + hα∥û∥C .

We applied here the estimate (2.5) for |Y u
j − Y û

j |. Finally, we obtain

∣∣∣∫ R

x

(
Λ|Y u

j
û(t)− Λ|Y û

j
û(t)

)
dt
∣∣∣ ≤ 2Rα ((∥û′∥L∞4qE2

0 + ∥û∥CRq) ∥u− û∥C + h∥û∥C)
(4.6)

b) In order to evaluate the second term in (4.5), consider two cases: b1), t ≤ Y û and b2),
t > Y û

b1) For t ≤ Y û = E0

1+qF [û]
we get:

Λ|Y û
j
û(t) = hα

∑
j :Y û

j ≤t

û(Y û
j ) = hα

∑
0≤j≤ (1+qF [û])t

E0h

û

(
jh

E0

1 + qF [û]

)
=

= α

∫ (1+qF [û])t
E0

0

û

(
θ

E0

1 + qF [û]

)
dθ + rh =

1 + qF [û]

E0h
α

∫ t

0

û(θ̄)dθ̄ + rh

where

rh =
∑

0≤j≤[
(1+qF [û])t

E0h
]

∫ jh+h

jh

α

(
û

(
jh

E0

1 + qF [û]

)
− û

(
θ

E0

1 + qF [û]

))
dθ+
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+

∫ [
(1+qF [û])t

E0h
]h+h

(1+qF [û])t
E0

αû

(
θ

E0

1 + qF [û]

)
dθ.

b2) For t > Y û = E0

1+qF [û]
,

Λ|Y û
j
û(t) = const =

1 + qF [û]

E0h
α

∫ E0
1+qF [û]

0

û(θ̄)dθ̄ + rh,

where

rh =
K−1∑
0

∫ jh+h

jh

α

(
û

(
jh

E0

1 + qF [û]

)
− û

(
θ

E0

1 + qF [û]

))
dθ.

Hence

|rh| ≤
(
∥û′∥L∞

E0

1 + qF [û]
+ ∥û∥C

)
αh.

Applying estimate (3.10) and |F [û]| ≤ E0ρ, we get

|rh| ≤
((

8αR3

E0
(1 + 8qE0R

2∥f∥C) + 2R
)

E0

1−8qE0R2∥f∥C
+ 8R2

)
αh∥f∥C (4.7)

Thus, (4.2) - (4.5), (4.7) and∣∣∣∣∫ R

x

(
Λ|Y û

j
û(t)− Λ̂û

)
dt

∣∣∣∣ ≤ R sup
t∈[0,R]

|rh|

yield:

∥w∥C ≤ Rα∥w∥C + 2Rα
((

8αR3

E0
(1 + 8qE0R

2∥f∥C) + 2R
)
4qE2

0∥f∥C+

+8R3q∥f∥C) ∥w∥C + 16R3αh∥f∥C+

+
((

8αR3

E0
(1 + 8qE0R

2∥f∥C) + 2R
)

E0R
1−8qE0R2∥f∥C

+ 8R2
)
αh∥f∥CR.

(4.8)

In order to formulate the main result of this section, set

α∗∗∗ = min{
(
R
(
1 + 2

(
4R3

E0
(1 + 8qE0R

2∥f∥C) + 2R
)
∥f∥C4qE2

0 + 8R3q∥f∥C
))−1

, 1
2
}
(4.9)

Theorem 3. For α ∈ [0,min{α∗, α∗∗, α∗∗∗}), q ∈ (0, q∗), there exists a solution u ∈ B to
problem (1.2) and a unique solution û ∈ B to problem (3.2), and

∥u− û∥C = O(h). (4.10)
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This theorem is a direct corollary of estimate (4.8).

Remark 3. It follows from estimate (4.10) that all solutions in B to problem (1.2) belong
to some ball of radius of order h.

Conclusions

Theorems 1-3 justify rigorously the closeness of the semi-discrete and continuous model
problems describing the diffusion absorption process in the array of pointwise cells. It means
that the semi-discrete problem can be homogenized. However, for real problems it may be
preferable (from the modelling point of view) to use semi-discrete models with a reduced
number of cells because the real quantity of cells is too large for numerical computations.
Then Theorem 3 justifies this approach: the two semi-discrete models (with more cells and
with less cells) will be close because they are both close to the continuous model.

Let us discuss some possible generalizations. The considered model is one-dimensional.
In a three-dimensional setting the cells may be modeled by small spherical holes forming an
ε−periodic cubic net with the diameter of the holes of order ε3 which generates the so called
“terme étrange” in the homogenized equation corresponding to a continuous absorption as
in equation (1.4) (see [15], [9]).
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