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MHD equations and issues

Resistive MHD equations

: : . Fhd _ _p 1.2
@ Non-conservative equations: E"? = 51 T 3pu%,

E=Bxu+nd
8tp+v(pu) - 07
Ot(pu) + V- (puu)+Vp = JxB,
OrEM + ¥V - [(EM + p)ul = (IxB)-u+nl?
atB+VXE = 0.

o Conservative equations: E = EM + %32, pr=p+ %BZ

Oep 4V - (pu) = 0,

Ot(pu) + V- (puu—-B®B)+Vp* = 0,

OtE+V - [(E+ p*)u—(u-B)B] = —V-(nJ xB),
B+V-(u®B—-Bu) = V().
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MHD equations and issues

MHD system

@ Hyperbolic part of the system: 3 wave types

o 2 Alfvén waves,
o 4 magneto-acoustic waves (2 fast and 2 slow),
o 2 material waves (moving with u).

@ Involution equation:
0¢(V-B)=0.

Then
V-B(t=0)=0= V. B(t)=0Vt.
@ Numerical issues:

@ Shock capturing: need a robust and accurate scheme.
@ Free-divergence constraint.
© Timescale T >> Tafjen = L/Vaifven: need implicit scheme.
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Well-known methods
Free-divergence Vector potential
Divergence cleaning methods
Proposed method

Free-divergence constraint: Well-known methods

2 families of methods:
@ Vector potential A:
B=VxA.

@ Divergence cleaning methods:

Enforce V-B = 0.
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Well-known methods
Free-divergence Vector potential
Divergence cleaning methods
Proposed method

Vector potential A

Replace B by A in the equation:

OtA —ux (VxA)+nV x(VxA)=-VU.

Advantage:
@ Insure V-B =0.
Drawbacks:
@ One order higher in the spatial derivatives.

@ More complex system of equation.
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Well-known methods
Free-divergence Vector potential

Divergence cleaning methods

Proposed method

Divergence cleaning methods: Previous works

o Powell et al. (JCP, 1999): Add a source term proportionnal to
V- B.

B+V - (u®B—-B®u)=—(V-B)u.

@ Munz et al. (JCP, 2000), Dedner et al. (JCP, 2001):
Generalized Lagrange Multiplier (GLM) method.

dB+V-Uu@B-Bou)+VV¥ = 0,

D(V)+V-B = 0,

D(V) = L0V + LV
h P

e Balsara and Spicer (JCP, 1998): Constrained transport

method.
d

— B-dSZ—?{ E-dl
dt /s aS
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Well-known methods
Free-divergence Vector potential
Divergence cleaning methods
Proposed method

Divergence cleaning methods

Advantages:

@ Easily incorporated with a Riemann type scheme.
Drawbacks:
@ Divergence cleaning:

o V - B appears in several equations.
o Not approximated with the same discretization.

o Divergence cleaning method insure V - B = 0 for one discrete
approximation.

o Constrained transport: difficult to implement for arbitrary
meshes.
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Well-known methods
Free-divergence Vector potential

Divergence cleaning methods

Proposed method

Proposed method

@ A mixture of the two methods.
o ldea: work with a redundant system.
@ Both vector potential and magnetic fields equations.

@ Based on the relaxation scheme method:

@ Evolution step: FV method for all the variables.
@ Projection step: enforce B=V x A.
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2-D system
Evolution step

Scheme with projection Scheme with projection

2-D implementation

@ Scalar potential :
B = B,e, + e, x V.

@ Augmented system:

Otp+ V- (pu) = 0,

O:(pu) + V- (pu@u—-B®B)+Vp* = 0,

OHE+V - [(E+ p*)u— (u-B)B] = —V-(J xB),
B+V - (ueB—-B®u) = 1nV?B,

0 +u -V = nV2.
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2-D system
Evolution step

Scheme with projection Scheme with projection

Evolution step

e System 0;U + 0«F(U) + 0,G(U) = 0:

At At

Pt = U= (Fieajzg—Ficrjag) = Ay Cig1/2=Gij-1/2)

® Fii1/2j and G;j 1/ computed with a Riemann solver.
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2-D system
Evolution step

Scheme with projection Scheme with projection

Evolution step: HLLD scheme

@ Miyoshi and Kusano (JCP, 2005).
@ Approximate Riemann solver with 4 intermediate states.

s, st S Sk Sk

U\ ur JUg/ Ug

UL UR

Figure : Riemann fan with four intermediate states.
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2-D system
Evolution step

Scheme with projection Scheme with projection

Evolution step: HLLD scheme

@ Intermediate fluxes:

{ Fr Fk + Sk Uy — Sk Uk
Fo' = Fut SEUS — (St — i) Uk — Sk U

o p?,[) flux:
r - i 0 S
(Pd}) (P) . { zR: ()i SZ
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2-D system
Evolution step

Scheme with projection Selhre wikdh s

Scheme with projection

@ Evolution step: HLLD scheme

n+1/2

B, "

P12

1,) :
@ Projection step:

1 +1/2

prit = gty

i
n+l  _ n+1/2 n+1
BI7" = B,/ ezt+e; x(Vy)i .

)
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Brio-Wu

Orsz_ag—Tang : o

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Numerical tests

Shock capturing tests:

@ Brio-Wu,
o Orszag-Tang,

@ Kelvin-Helmholtz.
Plasma fusion tests:

@ Screw pinch equilibrium.
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Brio-Wu

Orsz_ag—Tang : o

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

1-D Brio-Wu shock tube

o Magpnetic field:
B = B.e, + O«ve,.

1-D equation for the potential :

De(p) + Ox(prpu) = Bypv.

@ Initial conditions:

P u, p By | By =0x¢ Y

x < 0.5 1 0] 1 |0.75 1 X
x>05(0125|0|0.1]0.75 -1 1—x
@ 1-D mesh: 100 points
@ Final time: 0.1
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Brio-Wu

Orsz_ag—Tang : o

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

1-D Brio-Wu: Magnetic component B,

14 Reference 1 Reference

Without projection Without projection

With projection With projection
0.5 0.5
0 0
-0.5 05
1 1

0 0l 02 03 04 05 06 07 08 09 1 [} 0l 02 03 04 05 06 07 08 09 1

Figure : HLLD O(1). Figure : HLLD O(2).
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Brio-Wu

Orsz_ag—Tang : o

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

2-D Brio-Wu shock tube

o Potential:

| x—=0.75y, x < 0.5
vixy) = { 1—x—-0.75y, x>05

@ 2-D mesh: 100 x 10 cells.
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Numerical tests

2-D Brio-Wu shock tube

0.5

-0.5

Reference
Without projection
With projection

0.1

0.2 03 04 05 06 07 08 0.9 1

Figure : B, HLLD O(2).

E. Estibals, H. Guillard, A. Sangam

Brio-Wu

Orszag-Tang
Kelvin-Helmholtz instabilities
Screw pinch equilibrium

T T T
0.2 0.6 0.8
x-Axis

Figure - ¢, HLLD 0(2).
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Orszag-Tang

e Initial conditions: v =5/3

) u(x, y) v(x, ¥) p(x,y) Bx(x,y) By (x,y) P(x,y)

~? — sin(2my) sin(27x) ¥ — sin(2my) sin(4mx) — % cos(2my) — ﬁ cos(4mx)

@ Mesh: 512 x 512 cells.

o Final time: 0.5.
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Numerical tests

Orszag-Tang: Pressure field

Brio-Wu

Orszag-Tang
Kelvin-Helmholtz instabilities
Screw pinch equilibrium

Preudocolor
Vorp

—E

0.2 0.4 0.6 0.8
X-Axis

Figure : Without projection.
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X-Axis

Figure : With projection.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Orszag-Tang

3.0

pressure

2.0

Figure : Pressure at y = 0.3125 Red: without projection, Blue: with
projection.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Orszag-Tang

1400 . . . S—
WAth projection

Without projection

1200 r

1000 ¢

600 -

400 ¢

200 -

Figure : ||V - B||co-
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Orszag-Tang
Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Kelvin-Helmholtz instabilities

@ Initial data

p | P u(x, y) v(x,y) Bx(x,y) By(x,y) B (x, y) P(x,y)

WA | —0.1cos(% )y

WP 0 0.1 sin(

w3
W

1 A
3 tanh(yo) 0 0.1 cos(

2=

@ Single mode pertubation

2
v(x,y) = 0.01sin(27x) eXp(_%), o = 0.01.

@ Mesh: 256 x 512 points

Bpol _ VvV B)%—&-Bf

Btor B;
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Numerical tests Sc pinch equilibrium

Kelvin-Helmholtz: t = 5.0

i
| . |
- -
b i i
. ;
3 3
o 3
] i
X-Axis

X-Axis

Figure : Without projection. Figure : With projection.
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Brio-Wu

Numerical tests Screw pinch equilibrium

Kelvin-Helmholtz: t = 8.0

Pseudocolor Pseudocolor
Var: 8pol_Blor Var Bpol Blor
5910 5018

— 00w e
| e
oz 2
oon
Nax 8916 v aie
it e Vi ceb

Y-Axis
¥-Axis

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
X-Axis X-Axis

Figure : Without projection. Figure : With projection.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Kelvin-Helmholtz: t = 12.0

Pseudocolor Pseudocolor
Var: Bpol Blor Var Bpol Blor
503 G287

—nar —ass
| Ea e
—ars -
oo oom
Nax 1508 v o487
it 06 Vi Sets
“ “
A 3
% 3
i ki
o &
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
X-Axis

X-Axis

Figure : Without projection. Figure : With projection.
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Brio-Wu

Numerical tests Screw pinch equilibrium

Kelvin-Helmholtz: t = 20.0

f— Jo—

e i
ity i

iz seas

| |
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proget ar 487
e 05 e d
" "

p p

o T

b B

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
X-Axis

X-Axis

Figure : Without projection. Figure : With projection.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Kelvin-Helmholtz

250 : - - : - S :
With projection s
Without projection

200 | 1

150 1

100 r 1

Figure : ||V - B||oo-
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Preliminary test for fusion plasma

e Equilibrium computation: Vp =J x B.

@ Initial conditions:

Ro = 10, Br - 07

p = 1 BG(r) = R0(3:2+1)7

u = 0, B, 1,

p(r) = WM? W(r) = gk (37 +1).

o Aligned mesh: cylindrical coordinates (100 x 10 cells).

@ Non aligned mesh: Cartesian coordinates (200 x 200 cells).
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Cylindrical coordinates

0.03 0.0018
Exact
Without projection
0.0016 With projection
0.025
0.0014
0.02 0.0012
0.001
0.015
0.0008
0.01 0.0006
0.0004
0.005
Exact
Without projection 0.0002
With projection
[} 0
[} 0l 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Figure : By. Figure : p.
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Numerical tests

Brio-Wu

Orszag-Tang
Kelvin-Helmholtz instabilities
Screw pinch equilibrium

Cylindrical coordinates: steady state

le-10

le-11

le-12

le-13

Without projection
With projection

0

1000 2000 3000 4000 5000 6000 7000 8000 9000

Figure : Residual on
r-momentum equation.

E. Estibals, H. Guillard, A. Sangam
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le-7

1e8 p\k

le9
Without projection
With projection

le-10
o] 1 2 4 5

Figure : Relative error of By.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Cartesian coordinates

tel @ Non aligned meshes:
120 with projection
e simulations maintains
- the equilibrium on
. 1000 Alfvén times
15 (around 0.5ms and
s 10° time steps).
- wenout profecton @ However, we want to
"o 500100 1500 2000 2500 perform the

Figure : Relative error of p in function of 5|r.m_1|at|on on several

milliseconds.

Alfvén time.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Remedies

. simgeas = @ A simple trick: remove the truncation
error evaluated at time t = 0.

Without projection

B It(pu) + V- (pu @ u) + Vp
0 —JXB—(Vhp—JhXBh)eq = 0.
@ Well-balanced scheme: work in

progress.

-1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure : Relative error of
p.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Conclusions and perspectives

Conclusions:

@ Shock capturing tests: Scheme with projection gives

satisfactory results.

@ Plasma fusion test: Work in progress on well-balanced scheme.
Perspectives:

@ Perform more tests for plasma fusion (kink instability).

o Adapt to 3-D geometry.

@ Test on resistive problems.
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Cylindrical equations

0t(rp) + Or(rpur) + 9 (pug) = 0

Be(rpur) + Or [r(puf +p* = 3,2)] + 9g(purug — BrBy) pud + p* — B3,
B¢(r2pug) + 0, [ (purug — B,By)| + g [r(pud + p* — B3)]
Ot(rpuz) + Or [r(puruz — BrBz)] + Og(puguz — BgB;)

OH(1E) + 0, [rI(E + p* ur — (- B)B/]] + B [(E + p*)ug — (u- B)By]
0t(rBr) + 9 (ug Br — urBy)

0¢tBg + 0r(urBg — ugBr)

0t(rBz) + O [r(ur Bz — uzB)] + Og(ug B; — uzBy)

Ot(rpy) + Or(rpypur) + Og(ppug)

cocooo0o0 o
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Brio-Wu

Orszag-Tang

Kelvin-Helmholtz instabilities
Numerical tests Screw pinch equilibrium

Scheme with projection

© Evolution step: HLLD scheme

n+1/2
ij o
grt1/2
nh1/2
Qﬁ,’yj .
@ Projection step:
Yl = gtHL/2
» I’.l )
o - g
n+1/2
Eir:j+1 _ Pk + lpn+1/2u2+ 1(Bn+1) )
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