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Uniform convergence to the ()-process

Nicolas Champagnat®?3, Denis Villemonais®?3

April 7, 2017

Abstract

The first aim of the present note is to quantify the speed of con-
vergence of a conditioned process toward its -process under suitable
assumptions on the quasi-stationary distribution of the process. Con-
versely, we prove that, if a conditioned process converges uniformly to
a conservative Markov process which is itself ergodic, then it admits a
unique quasi-stationary distribution and converges toward it exponen-
tially fast, uniformly in its initial distribution. As an application, we
provide a conditional ergodic theorem.

Keywords: quasi-stationary distribution; (-process; uniform exponential
mixing property; conditional ergodic theorem
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1 Introduction

Let (82, (F1)i>0, (Xt)i>0, (Pz)zepugay) be a time homogeneous Markov pro-
cess with state space E U {0}, where F is a measurable space. We assume
that 0 € F is an absorbing state for the process, which means that X; = 9
implies X; = 0 for all t > s, P,-almost surely for all x € FE. In particular,

Tp := inf{t > 0, X; = 0}

is a stopping time. We also assume that P, (75 < oo) = 1 and P, (t < 79) > 0
forallt >0 and Vz € E.
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A probability measure « on F is called a quasi-stationary distribution if
Po(Xr€-|t<m9) =a, ¥t>0.

We refer the reader to [7, 9, 4] and references therein for extensive devel-
opments and several references on the subject. It is well known that a
probability measure « is a quasi-stationary distribution if and only if there
exists a probability measure p on E such that

tl}?oo P, (X € At <7) =a(A) (1.1)

for all measurable subsets A of F.
In [2], we provided a necessary and sufficient condition on X for the
existence of a probability measure v on E and constants C, v > 0 such that

IPu(X: €[t <T9) —allpy <Ce ', VYueP(E), t>0, (1.2)

where || - ||py is the total variation norm and P(FE) is the set of probabil-
ity measures on E. This immediately implies that « is the unique quasi-
stationary distribution of X and that (1.1) holds for any initial probability
measure .

The necessary and sufficient condition for (1.2) is given by the existence
of a probability measure ¥ on F and of constants tg, c1,co > 0 such that

Po( Xy, € |to<T9) >civ, Vo eFE

and
Py(t < Ta) > CQPz(t <719), Vt>0, x€E.

The first condition implies that, in cases of unbounded state space E (like N
or Ry ), the process (X¢,t > 0) comes down from infinity in the sense that,
there exists a compact set K C E such that inf,cp Py (X, € K | tors) > 0.
This property is standard for biological population processes such as Lotka-
Volterra birth and death or diffusion processes [1, 3]. However, this is not
the case for some classical models, such as linear birth and death processes
or Ornstein-Uhlenbeck processes.

Many properties can be deduced from (1.2). For instance, this implies
the existence of a constant Ag > 0 such that

P, (t < 75) = e 0!
and of a function 1 : E — (0,00) such that a(n) = 1 and

li NP (t < Tp) — =0 1.3
i sup [Py (t < 7o) —n(x) (1.3)



as proved in [2, Prop. 2.3]. It also implies the existence and the exponential
ergodicity of the associated ()-process, defined as the process X conditioned
to never be extinct [2, Thm.3.1]. More precisely, if (1.2) holds, then the
family (Q).cr of probability measures on € defined by

Qu(I) = lim Po(T'| t <79), YT € Fy, Vs 20, (1.4)

is well defined and the process (€2, (F¢)t>0, (Xt)t>0, (Qz)zer) is an E-valued
homogeneous Markov process. In addition, this process admits the unique
invariant probability measure (sometimes refered to as the doubly limiting
quasi-stationary distribution [5])

B(dz) = n(x)a(dx)
and there exist constants C’,y" > 0 such that, for any x € F and all t > 0,
1Qu(Xe € ) = Bllgy < e, (1.5)

The measure 3

The first aim of the present note is to refine some results of [2] in order
to get sharper bounds on the convergence in (1.3) and to prove that the
convergence (1.4) holds in total variation norm, with uniform bounds over
the initial distribution (see Theorem 2.1). Using these new results, we obtain
in Corollary 2.3 that the uniform exponential convergence (1.2) implies that,
for all bounded measurable function f: £ — R and all T' > 0,

T a
B (g [ ra<n) - [as <=0 0

for some positive constant a. This result improves the very recent result
obtained independently by He, Zhang and Zu [6, Thm. 2.1] by providing the
convergence estimate in 1/7. The interested reader might look into [6] for
nice domination properties between the quasi-stationary distribution o and
the probability .

The second aim of this note is to prove that the existence of the Q-process
with uniform bounds in (1.4) and its uniform exponential ergodicity (1.5)
form in fact a necessary and sufficient condition for the uniform exponential
convergence (1.2) toward a unique quasi-stationary distribution.

2 Main results

In this first result, we improve (1.3) and provide a uniform exponential
bound for the convergence (1.4) of the conditioned process toward the Q-
process.



Theorem 2.1. Assume that (1.2) holds. Then there exists a positive con-
stant a1 such that

P, (t < 7)) — n(x)| < ag ePL(t < 5)e N, (2.1)

where Ao and n are the constant and function appearing in (1.3) and where
v > 0 is the constant from (1.2).

Moreover, there exists a positive constant ao such that, for allt > 0, for
allT' e Fy and all T > t,

[Qe(F) = Po(T | T < 70)llpy < aze”? Y, (22)
where (Qg)zcr is the Q-process defined in (1.4).

We emphasize that (2.1) is an improvement of (1.3), since the conver-
gence is actually exponential and, in many interesting examples, inf,c g P, (t <
Tp) = 0. This is for example the case for elliptic diffusion processes absorbed
at the boundaries of an interval, since the probability of absorption converges
to 1 when the initial condition converges to the boundaries of the interval.
The last theorem has a first corollary.

Corollary 2.2. Assume that (1.2) holds. Then there exists a positive con-
stant ag such that, for all T > 0, all probability measure pr on [0,T] and
all bounded measurable functions f : E — R,

E, ( /  (Xrdt) | T < Ta> - fdﬁ‘
T
< a)| £l /O (77t 770 (). (23)

This follows from (2.2), the exponential ergodicity of the @Q-process
stated in (1.5) and the inequality

E, (/OTﬂXt)uT(dt) 1T < Ta> - /Efdﬁ‘

T
< [ B0 17 < 7o) B2 (50| st

T
/
0

where E@= is the expectation with respect to Q.
In particular, choosing u7 as the uniform distribution on [0, 7], we obtain
a conditional ergodic theorem.

E%: (f(X,)) - /E fdﬁ' (),



Corollary 2.3. Assume that (1.2) holds. Then there exists a positive con-
stant ayq such that, for oll T > 0 and all bounded measurable functions

f:E—R,
LT e
E. <T/0 f(Xt>dtT<Ta) —/Efdﬁ‘ < @4l

Considering the problem of estimating 5 from N realizations of the un-
conditioned process X, one wishes to take T' as small as possible in order to
obtain the most samples such that T' < 75 (of order Ny = Ne= 2T, It is
therefore important to minimize the error in (2.3) for a given 7. It is easy
to check that pup = d§y, with tg = vT/(v+4') is optimal with an error of the
order of exp(—yyT/(~v +~')). Combining this with the Monte Carlo error
of order 1/4/Nr, we obtain a global error of order

eMoT/2

+ e T/ (),
VN

In particular, for a fixed N, the optimal choice for T is T = log V

Ao+27Y'/(v+7')
; —¢ wi — ald
and the error is of the order of N™¢ with { = RS Wemer B Conversely, for
a fixed T', the best choice for N is N ~ exp((\o + 277/ /(v +7'))T) and the
error is of the order of exp(—yy'T/(y +7')).
We conclude this section with a converse to Theorem 2.1. More precisely,

we give a converse to the fact that (1.2) implies both (1.5) and (2.2).

Theorem 2.4. Assume that there exists a Markov process (Qg)rcp with
state space E such that, for all t > 0,

lim sup [Qu(X; € ) —Po(Xy €| T<m)llpy =0 (24)

T—+o00 gcE

and such that

Jim sup QX0 €)= QX2 € llry =0 (2.5)

Then the process (Py)rep admits a unique quasi-stationary distribution o
and there exist positive constants v, C" such that (1.2) holds.

It is well known that the strong ergodicity (2.5) of a Markov process
implies its exponential ergodicity [8, Thm. 16.0.2]. Similarly, we observe in
our situation that, if (2.4) and (2.5) hold, then the combination of the above
results implies that both convergences hold exponentially.



3 Proofs
3.1 Proof of Theorem 2.1
For all z € E, we set

ne(z) =

P.(t < 79)

= P (t <
Pu(t < 79) ¢ g 72);

and we recall from [2, Prop. 2.3] that 7;(z) is uniformly bounded w.r.t. ¢ > 0
and x € E. By Markov’s property

Ms(2) = IE, (Licr,Px, (s < 70))
= () B (ns(Xe) | £ < 70).

By (1.2), there exists a constant C’ independent of s such that

< C'e M,

B, (s(X0) | £ < 75) — / nedo
FE

Since [1nsda = 1, there exists a constant a; > 0 such that, for all z € E
and s,t > 0,

Nets(T)
()

Hence, multiplying on both side by 7:(z) and letting s tend to infinity, we
deduce from (1.3) that, for all x € E,

() — ne(2)| < aze™ (), ¥t >0,
which is exactly (2.1). We also deduce that
(1 — ale_vt) n(x) < n(z) < (1 + ale_w) ne(x) (3.1)

and hence, for ¢ large enough,

— 1‘ < ap e

n(z) n(z)
— < < —F—. 3.2
1+aie™t — m(:c) ~1—aje "t ( )

Let us now prove the second part of Theorem 2.1. For any ¢t > 0, ' € F;
and 0 <t <T,

P, (T n{T < 15})

Px(F|T<7—8): ]P):C<T<7'3)
_ TP, (TN T < 75)}) n(x)
n(x) eMTP (T < 79)



We deduce from (2.1) that

n(x)
6>‘0T]P’a; (T < Ta)

—~T
—l‘gale LA

while, for all T > %891 (3.2) entails

MTB, (AT < 10))| _ nr(a) |
(@) ‘S o) 1 ae T

Hence, for all t > 0 and all T > log%“ﬂ

P, (T T <7 —

TP, (T N{T < 75}) are T
n(x) ~1—ae T’

Now, the Markov property implies that
P, (T N{T < 19}) =E, (1rPx, (T — t < 15)) ,

(3.3)

and we deduce from (3.3) that, for all T" >t + log%,

—(T-1)
AT OPy, (T — t < 79) = ()| < —2 Xy).

< mn(

Thus we have

TR, (DT <79))  Eq (Irn(Xy)) ‘

n(x) n(x)
Aot

<&
~ ()

a0 ME, (X))
~ 1—aje (T n(x)
(T—t)

E, {h ‘eAO(T_t)IP’Xt (T —t < 7p) — n(Xt)H

are” 7
1 —aie(T-t)’

where we used the fact that E,n(X,) = e 2"n(x) for all h > 0 (see [2,
Prop.2.3]). This and (3.3) allows us to conclude that, for all £ > 0 and all
T >t 8n

’Y )

By (Irn(Xy))| . 2a1e77
n(x) ~1—aje T’

P, (T'|T < 79) —

Since Q. (T') = eM'E, (It n(X;)) /n(x) (see [2, Thm.3.1(ii)]), we deduce
that (2.2) holds true.
This concludes the proof of Theorem 2.1.



3.2 Proof of Theorem 2.4

We deduce from (2.4) and (2.5) that there exists t; > 0 and 77 > 0 such
that, for all T' > T,

supEHIP’x(th €T <19) —Py(Xy, €| T <79y <1/2.
RIS

In particular, for all s > 0 and all T' > s + 17,

sup “5$R£s+tl - 6yR£5+tl <1/2, (3.4)

S 7y

where, for all 0 < s <t < T, RT’t is the linear operator defined by

S

0. RY f = Eo(f(Xis) | T — 5 < 79)
=E(f(Xy) | Xy =2, T <19)
=6.R} 5],

where we used the Markov property. Now, for any 7' > 0, the family
(Rg:t)ogsgth is a Markov semi-group. This semi-group property and the
contraction (3.4) classically imply that, for all 7" > 77,

sup [|6: Rz — 8, B x|y < (12711
z,yelR

Then, proceeding as in [2, Section 5.1], we deduce that (1.2) holds true. This
concludes the proof of Theorem 2.4.
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