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Abstract

We consider the model of a quantum harmonic oscillator governed by a Lind-
blad master equation where the typical drive and loss channels are multi-photon
processes instead of single-photon ones; this implies a dissipation operator of order
2k with integer k > 1 for a k-photon process. We prove that the corresponding
PDE makes the state converge, for large time, to an invariant subspace spanned by a
set of k selected basis vectors; the latter physically correspond to so-called coherent
states with the same amplitude and uniformly distributed phases. We also show
that this convergence features a finite set of bounded invariant functionals of the
state (physical observables), such that the final state in the invariant subspace can
be directly predicted from the initial state. The proof includes the full arguments
towards the well-posedness of the corresponding dynamics in proper Banach spaces
of Hermitian trace-class operators equipped with adapted nuclear norms. It relies on
the Hille-Yosida theorem and Lyapunov convergence analysis.
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1 Introduction: open quantum systems

The state of an isolated quantum system is notably described by a wave-function |¢)) on a
separable Hilbert space H. The evolution of |¢()) is described by the Schrodinger equation

Lh) = 2 H 1)

where the Hamiltonian H is a Hermitian operator on 4. This equation implies a unitary
evolution in H, i.e. denoting (¢|¢) the scalar product between ¢, ¢ € H and ||[¢)||y =
\/ (¥]1) the associated norm, we start with a normalized wave-function |||¢(0))||% = 1 and
we are ensured to keep ||[¢(t))|lx = 1 for all £. Thus under such so-called Hamiltonian
evolution, the Hilbert-Schmidt distance ||[1)(¢)) — |#(t))]|% between two different initial
states remains invariant in time. This is not suitable for control purposes, where we want
to drive an initially unknown state towards a target value.

Doing the latter thus requires to consider open quantum systems, i.e. systems inter-
acting with their environment (see [9, Chapter 4] for a recent physical introduction to
decoherence and [1, 7] for more formal and mathematical presentations). The most drastic
interaction of this type is the famous projective measurement described by Von Neumann,
described by an Hermitian operator () : ‘H — H with spectral decomposition and where
the state gets projected onto the eigenspace of () corresponding to the measurement result.
At the other end of the interaction spectrum, the target quantum system can be in weak
interaction with an unobserved large environment which rapidly forgets its past state. We
can then only describe the expected evolution of the target system, which under appropri-
ate assumptions ensuring essentially the Markovian character of the evolution, follows a
so-called Lindblad master equation [1],[15, Chapter 8.4],]9, Chapter 4]

ap=[H pl+ LipL} - §LLjp— 3pLiL;.

J

Here the L; can be a priori arbitrary operators on H, L} is the adjoint (i.e., Hermitian
conjugate) of L; and p is a density operator, i.e. a nonnegative Hermitian (i.e., self-adjoint)
operator on H with Tr (p) = 1. When p = [¢)(¢| i.e. Rank(p) = 1, and L; = 0 Vj, we
recover the Schrodinger equation.

Lindblad type evolution, unlike Schrédinger type evolution, can make the state p con-
verge asymptotically towards a subspace or a unique state [15, Chapter 8.4],[21, 22]. From
a control engineering viewpoint, it is hence tempting to design a Lindblad type system
such that it stabilizes some target states thanks to the interaction of the system with
an environment, much like the Watt governor does for the steam engine [12]. In quan-
tum control this is called reservoir engineering and it has been successfully applied to
stabilize quantum states of interest without requiring explicit measurement feedback, see
e.g. [17, 16, 18, 14, & 19, 10, 11]. Besides the technological advantage of working without
sensor feedback, this also enables deterministic stabilization, since the Lindblad equation
describes a deterministic evolution whereas individual quantum measurements follow a
stochastic process.



Several reservoir engineering proposals, with potential benefits for quantum technol-
ogy applications, consider infinite-dimensional Hilbert spaces like the ones describing har-
monic oscillation of structures (phonons) or of an electromagnetic field at a given frequency
[17, 16, 18]. The latter is subject to intense development in cavity- or circuit-Quantum
ElectroDynamics experiments and truly quantum states of the electromagnetic field, with
no classical equivalent, have been stabilized experimentally. In particular, our collabora-
tors have recently proposed a scheme to stabilize “k-legged Schrodinger cat states”, i.e. a
quantum superposition of k electromagnetic field states with the same amplitude but k
different phases [11]. From physical arguments and an invariance analysis, they argue that
their engineered reservoir stabilizes a subspace of all possible electromagnetic field states,
spanned by k such states. Such so-called protected subspace or decoherence-free subspace
could then be used for encoding quantum information in quantum memories or quantum
telecommunication applications [13]. The purpose of the present paper is to rigorously
establish the convergence properties of this engineered reservoir in the infinite-dimensional
framework.

From a mathematical viewpoint, rigorous analysis of Lindblad type dynamics with H
infinite-dimensional is nontrivial, as even the appropriate space for solutions p(t) has to
be specified. Physicists usually rely on a practical combination of physical arguments, in-
variance analysis, and (at best) convergence analysis of a finite-dimensional truncation to
convince themselves of the soundness of a proposed Lindblad evolution, before confirming it
by experimental implementation. However it is known that this holds traps, as phenomena
like loss of probability mass to infinity can appear in some theoretical models. The presence
of unbounded operators L; in the Lindblad equation requires particular care [0, 7], and
with the model of [13, 11] we are precisely in this case. Similar questions and mathematical
issues relative to well-posedness and long-time behavior of dissipative infinite dimensional
quantum systems have been addressed, for example, in [1] where the density operator p
governed by a Lindblad master equation is replaced by the Wigner pseudo-probability dis-
tribution governed by a 3D integro-partial differential equation describing the evolution of
an electron ensemble connected to an idealized heat bath under the single-particle Hartree
approximation.

The contribution of the present paper is precisely to provide a rigorous analysis for the
Lindblad dynamics proposed in [13, 11]. We introduce appropriate Banach spaces for the
well-posedness (Section 3, theorem 1); we prove the asymptotic convergence, as desired, of
any initial physical state within this solution space towards a decoherence-free subspace of
dimension k, spanned by the k-legged Schrodinger cat states (Section 4, theorem 2); and
we characterize the limit point attained by any initial state by establishing the existence
of k% physical quantities, attached to k? linear bounded operators on #H, which remain
invariant under the Lindblad evolution (Section 4, theorem 3). The essential ingredients
for our approach, partially inspired from [6], are:

e the positivity of the density operators p and associated trace-class operators, or their
decomposition into positive and negative parts;



e a particular commutation property for our specific system, namely that the Lindblad
operator L describing such k-photon exchanges is such that [L, LT] is positive definite
(see (5) and (11) in the proof of Lemma 3);

e building an adapted nuclear norm from the Lindblad operator L (see lemma 2);

e cxploiting this norm via the Hille-Yosida theorem for well-posedness, and via the
Lyapunov function Tr (LpLT) for convergence analysis;

e a density and duality argument to prove the existence of k? invariant bounded oper-
ators, followed by particular Fourier-transform-like insight to explicitly identify some
of them.

Preliminary results, for the case k£ = 2 and without investigating the well-posedness, are
available in [2].

2 Lindblad model for harmonic oscillator with k-photon
exchange

The harmonic oscillator is the most basic model of a quantum system on an infinite-
dimensional Hilbert space [9]. Starting with the canonical orthogonal basis {|n)},en (Fock
basis) corresponding to the photon-number states, i.e. |¢)) = |n) corresponds to an oscillator
state with exactly n quanta of oscillation, we define the separable Hilbert space

H= {16) = Sl | v € € S ol <400 )

neN neN

equipped with the usual Hermitian product (y|¢) = > Vb, between [1)) = Y nen Ynln)
and |¢) = > .y @n|n), where Z denotes the complex conjugate of z € C.

The set of Hermitian trace-class operators on H is denoted by K'(H). Any p € K'(H)
is a compact Hermitian operator admitting a spectral decomposition

P = ZM%)(%I

p>1

with {|¢,)},>1 a Hilbert basis of H, A\, € Rand }_ -, [Au] < +00. The state of an open
quantum system is described by a density operator, which must belong to the set

D:{pelcl(%) ‘Z)\le,;)\uzOforall,uzl}
p>1

of Hermitian positive semidefinite operators with trace one. An interpretation is that A,
gives the probability of the quantum system to be in the corresponding state [¢,), and



more generally (¢|p|)) is the probability that the system behaves as if it was in the state
|1}, for any normalized |¢)) on H.

The classical harmonic oscillator has a state space R?, and identifying R? with C its so-
lution set is often written {z(t) = ae™!|a € C}, with a encoding oscillation amplitude and
initial phase, while w is the fixed eigenfrequency of the harmonic oscillator. In a reference
frame that rotates as ¢, the solutions boil down to Z(tf) = «. For a classical harmonic
oscillator with damping and driving input, it is still insightful to write the dynamics in
the rotating frame, and now Z(¢) will vary in time, for instance asymptotically converging
towards a unique constant & € C if the input is driving the harmonic oscillator at its reso-
nance frequency w; one can take « real positive by an appropriate choice of phase reference
for this input drive.

The model of the quantum harmonic oscillator below is precisely the quantum analog
of this situation, i.e. it describes the evolution of the harmonic oscillator of eigenfrequency
w and driven at this eigenfrequency', in a reference frame that rotates at this very same
frequency. The closest quantum equivalent to a classical harmonic oscillator state of am-
plitude « € C is the so-called coherent state

It is characterized by its invariance under the photon annihilation operator a, which is
defined by aln) = /njn — 1) for n > 0 and a|0) = 0, with domain H; = {|¢) =
Yonen Unln) | ¥n € C, 3, ynltn|* < +o0}. One indeed checks that |a) € H; and
ala) = aa). In this paper, we emphasize that notation |«) (eventually with a subscript)
will always refer to a coherent state while a Roman letter or numeral like |n) or |n — 1)
will always refer to a canonical basis state. For any given integer £ > 1, the aim of the
reservoir engineered in [13, 11] is to stabilize a manifold of so-called “k-legged Schrédinger
cat states”. Such a state is in fact a linear superposition of coherent states, of the form

k
1 . )
|¢> _ 5 § : ezém |am> 7 = anmm/k (2)
m=1

where the 6,, are fixed quantum phases; « can be taken real positive by an appropri-
ate choice of reference frame; and ¢ is a normalization constant that depends on a and
{6y, ...,0r}. The coherent superposition of different “classical” harmonic oscillator solu-
tions at the same time — i.e. |aq) + |a2) # |ag + ag) — is an intrinsic feature of quantum
mechanics.

The reservoir proposed in [13, 11] to stabilize such states of the form (2), can be modeled
by the following Lindblad master equation for the evolution of the quantum harmonic
oscillator’s state:

1 1
4y =2r(p)=LpL" — 5LTLp— 5pLTL with L=a"—o*T ,acR, ke {1,2,3,.}.
(3)

IThis focus on drives at the eigenfrequency results from the so-called “Rotating Wave Approximation”.




For k = 1, it is a standard result that (3) is equivalent to a classical damped and driven
harmonic oscillator, whose solution asymptotically converges to the coherent state |a).
Quantum mechanics allows more complicated damping and drive operators, here thus
with &£ > 1 and leading to other steady states specific to quantum mechanics. Note that
the operator L is unbounded, for any @ € R and any £ > 1. We denote its domain
Hi = {|¥) = 3, exnln) [n € C, X, cyn*[¥n]? < +00}}, and the domain of LTL is
then Ho,. These domains contain the coherent states |a), for any & > 1. In this pa-
per we prove the well-posedness and convergence properties of this equation (3), in the
infinite-dimensional setting associated to the quantum harmonic oscillator Hilbert space
H as defined in (1).

Remark about notation: We have kept the usual physicists’ notation for quantum me-
chanics. For a given Hilbert space H, we denote by a ket |e) an element of H representing
a quantum state. A bra (e| is an element of the dual space H*. In particular, in finite
dimension, one can see a ket |®) as a column vector while a bra (e| represents a row vec-
tor. For any operator O, the scalar product (x|OTO|z) is equivalent to the quadratic norm
||O|x)||? in the Hilbert space sense. For the quantum harmonic oscillator, in a less abstract
formulation one may choose H = L?(R), with R corresponding e.g. to position of a me-
chanical oscillator. The canonical Hilbert basis is then formed by the Hermite functions,
describing the distribution in position for an eigenfunction of the Schrodinger equation
for the quantum harmonic oscillator. In this representation, the annihilation operator
a= % (0 + x) and equation (3) can be interpreted as a partial differential equation with
order 2k derivation in x — the standard Laplace operator is retrieved for k£ = 1.

3 Well-posedness

In the sequel, for any p = 3" -, A\u[th,) (Y] € K'(H) we use the notation

pt = max(0, \)|wu) (Gul,  p7 =D max(0, =A)[v) (] -

p>1 p>1

Thus p = pt — p~ and |p| = p™ + p~. Equipped with the trace-norm

lpller = Tr (1) = Y [Nl
pn=1

K'(H) is a Banach space. For any p € K!'(H) and any bounded operator B on H, the
operators Bp and pB are trace-class operators and

Tr(Bp) = Tr (pB), Tr(Bp) <Tr(|Bp|) = |Bplle < Bl Tr (|pl) = [ Bl [[oller - (4)

with the standard induced operator norm

Bl = max{[|Bl{))[l3 | [¢) € H, [[[{)]l2 =1}



We denote by H/ the sub-space of H associated to |) involving a finite number of photons
i.e. a finite linear combination of vectors in the canonical basis:

H = {|¢) = an\n) ‘ ¢, € C, 3In such that ¢, =0 for n > ﬁ} .
neN
H7 is dense in H. We denote also by K/(H), the subspace of K'(H) of operators whose
range is included in a vector space spanned by a finite number of vectors in the canonical

basis: o
KI(H) = {Z > fawn)W| | fom €C, € N>0} .

n=1 n/=1
K/ (H) is dense in the Banach space K!(H). More details about these operator spaces can
be found in [20]. The domain of an operator A on # is the set Da = {|¢)) € H ’ AlyY) €

H} C H; we will not specify it explicitly for each case. When manipulating operators in the
sequel, we often investigate the behavior of the operators on H/ and conclude by density.
In such discussion, the reader can thus consider the restriction of the operator domains to
H/ in order to ensure that everything is well-defined. When we are not restricted to H/,
commutation relations must also be treated with care, e.g. ensuring that the assumptions
around (4) are satisfied or using some other arguments which we then specify.

The photon-number operator is defined by N = Y« n|n)(n| and it satisfies a'a =
N, whereas aal = N+1 =" (n+1)|n)(n|. For any v € N, we denote (IN —vI)" the
Hermitian operator defined by (N —vI)"|n) = (n—v)|n), forn > v and (N —vI)*|n) =0
for n € {0,...,v}. Then explicit computations show that, in Hay, we have

[L,L'|=LL' — L'L = a*(a")* — (a"fa" = M (5)
where M = (N+I)(N+2I)...(N+kI) — N(N—-I)"...(N—(k—1)I)" is a positive
Hermitian operator of domain #ay, unbounded but diagonal in the Fock basis {|n) }nen-
Lemma 1. The operator L'L with domain Hay, admits a spectral decomposition L'L =
>t Al ) (gul where (‘9u>)ﬂ>1 is an Hilbert basis of H and d,, > 0.

Proof. We construct the spectral decomposition of LTL from the one of the resolvent,

i.e. the inverse of I + AL'L for A\ > 0 small enough. Let us define R = I + A(N(N —

... (N—(k—1)I)"+a?TI ) with domain Ho. Obviously, R is Hermitian and positive,

as by definition it is diagonal in the Fock basis {|n)},en. This diagonal form allows to define
the inverse R : H — H as an operator on H, diagonal in the Fock basis, whose spectrum
is bounded and decays to zero; thus R is compact. This inverse satisfies RR™' = I on
Hand RT'R =1 on Hy.

The operator I + AL'L has the same domain Hay, for any A > 0. Then noting that
L'L=N(N-DI"...(N - (k—1)I)" + a1 — o*((a")* + a*), we can write

I+)\'L=R-— Aa'f((af)k + ak) _ (I . Aak((af)k + ak)R—l)R (6)

7



where the domain of I — \a* ((aT)k + ak> is also Har,. We now work towards inverting the

product on the right side of (6).
Take |¢0) = >, cn¥nln) in HS C Hoy,. Then

(@hf+ah) ) => "V + 1) (n+ k)vulntk)+>_V/n(n —1) ... (n — k + 1) |n—k)

n>0 n>k

and a few computations lead to the bound

<1/)| b+ ah) |¢><QZ n+ k) + n®) |y, 2 (7)

n>0

Clearly |¢) = R™'|¢) = > n=0 @nln) belongs also to H/ since ¢, =
Inserting this into (7) gives for any |¢) € H/,

202a”*((n + k)* + n*) )
¢> = ;(lJr)\( (n-1). ..(n—k+1)+a2’f))2|wn| '

n
1+A(n(n—1)...(n—k+1)+a2k) -

A2 2k <¢ ‘R—l ((aT)k n ak>2R_1

A rough estimation shows that there exists a constant ¢ > 0 such that Vn € N and for all
A > 0, we have
22%20%%((n + k)* + n*)

(1+An(n—1)...(n—k+1) + a2k))’ = oA
Thus for all [¢)) € H/ we have
) € H, Ao <w ‘R‘l(m*)’f +at) R > < e (Uly).

From this, we can define )\ak((aT)k + ak> R as a bounded operator on H/, and for

A < 1/c its norm is strictly less than one. By density of H/ in H, defining a Cauchy
sequence in H/ for j = 1,2,...: [¢;) — [¢) € H with (n|y;) = (n|y) for all n < j,

(nly;) = 0 for all n > j, we can extend the domain of A\a* ((aT)k + a"C)R_1 to all of H,
with still a norm < 1 for A < 1/ec.

This implies that (I — ¥ ((af)k +ak> R_l) is bounded and admits a bounded inverse
on H. We can then define

(I+AL'L)™ =R (I - )\ozk((aT)k + ak)R—l) R

which is the product of a bounded operator with a compact operator, hence it is compact
with domain ‘H. Thus (I + )\LTL) is a compact Hermitian operator: it admits a spectral



decomposition. By a H/ density argument, we have 0 < (¢|(I + ALTL)~ ) < (¢[a) for
all [¢)) € H. Taking all this together, we can then write

I+ )‘LTL)_l = Zsu‘9u><gu‘

p>1

with 0 <'s, <1 and {|g,)},>1 a Hilbert basis of #. We conclude with d, = (1/s, —1)/A.

U
Via the spectral decomposition of Lemma 1, 8 = /I + L'L is well defined by
S=VI+LL=Y \/1+d,|g.){gl
pn=1
Denote by
k;@@:{peMGQ\ﬁq&ﬁD<+m}.

We have the following lemma.
Lemma 2. Ky (H) equipped with the norm

lell, = Tr(1SpS]) (8)

is a Banach space. Moreover p € Kr(H) implies LpL' € K'(H).

Proof. The first statement holds since the operation p — S~ pS ™! is an isometry mapping
the Banach space K(H), equipped with the trace norm, to the space Kr(H) equipped with
the norm ||p|;.

For the second statement, consider the operator B = L(I + L'L)~'/2. Consider the
spectral decomposition of LTL given in lemma 1: for any p, we have (I + LTL)~'/2?|g,) =

«/ﬁmu)' Thus

. . d
1Blgi)I* = (gul (X + L'L)2LIL(I + L'L) 7| g,) = —*

1+d,

Since (|gu))u>1 is a Hilbert basis of H, B is a bounded operator with || B|| < 1. Similarly
BT is also a bounded operator of norm not exceeding one: this results from lemma 1 and
from BB' = (I + LL")"'LL" based on the identity (I + L'L)"'L" = LY(I + LL")~"
Take now p € K1 (H): the operator ¢ = (I + L'L)'/?p(I + L'L)"/? is thus a trace class
operator. Since LpL' = BoB' with B and B' bounded operators with norm less or equal
to one, we have following (4), || LpL'||; < ||o|e- O

The above considerations put us on track towards the following result.



Theorem 1. Consider the Cauchy problem (3) associated to the super-operator 2,
pr Ap) = (L'Lp+ pL'L)/2 — LpL'.

For any integer k > 0, any real o > 0 and any py in the domain of A, there exists a unique
C' function [0,+00[> t + p(t) € Kr(H), such that p(t) belongs to the domain of A for all
t > 0 and solves the initial value problem (3) with p(0) = po. Moreover, for all t positive,

Tr(p(t)) = Tr(po), o), < llpoll, and [, < [1XApo)ll,- If po is non-negative
then p(t) remains also non negative.

The proof is based on the Hille-Yosida theorem, recalled in the appendix, and which
indeed ensures continuous derivability in Kp(#H). To apply Hille-Yosida we must prove
that the unbounded super-operator 2 on K () is m-accretive. Its domain D(() is dense
since it contains C/(H). The essential difficulty is to prove that for any A > 0, I + A2 is
a bijection from D(2() into Kz (H), with (I + A2()~" a bounded linear operator on K, (H)
with norm less or equal to 1. The proof is partially inspired by [6]: it is decomposed
into the successive lemmas 3 to 5. One of the key and original arguments, used e.g. in
(11), is that the commutator [L, L'] = M defines a non-negative Hermitian (unbounded)
operator, see (5).

Lemma 3. For any f € Ki(H) (resp. f € K'(H)), any A > 0 and r € [0,1), there exists
a unique p, € Kr(H) (resp. p. € KY(H)) solution of

LALIL 4 DL — ¢4 AL, LT (9)

Moreover we have ||prll;, < [|fll;, (resp. |lprller < llprller). When additionally f > 0, we
have 0 < p., < pp, for 0 <ry <ry <1

We will not detail below the proof in the K'(#H) space. It relies on similar but simpler
arguments to the ones used in the proof below for the KCr(H) space.

Proof. The diagonalization, boundedness and positivity of (I + AL'L)~! as established in

the proof of Lemma 1, allows it to generate a strongly continuous semigroup {e=* “LTL)} >0

of contractions on H with ‘ —sIHALTL) || < =5 for all s > 0. Hence for any & € K (1),
equivalently for any ¢ = S¢S € K'(H), there exists a unique solution p € Kp(H) of the

Sylvester equation
T+-)\LTL T — —
( +A ) ) ) <l+)\ll L) S S 1 S 1

and given by the usual formula [3, section VII-2]
+oo
p = H(g) _ / e—s(I-l-)\LTL)/Z56—8(I+)\LTL)/2 ds (10)
0

_ /+OO —s(I+ALTL)/2 g— 16871 e —s(I+ALTL)/2 g,
0

10



where the integral is defined as a simple Riemann integral of functions valued in the
Banach space of bounded operators on . Note that the semigroup generator e—*(I+AL'L)/2
commutes with §~! and both operators are bounded, so in fact I1(¢) = I1(S¢S) = STI(¢)S.
Replacing the left hand side by £ and p, by II(§) in (9) gives

E=f+rALIIEL = f+rB(¢) with B(¢) = ALII(E)LT .

We will conclude the existence and uniqueness proof by showing that £ — f + rB(&) is a
strict contraction for the ||-||,-norm on ICr(#H). Each part of the proof first considers the
case of positive operators, then (between > <1) adapts it to arbitrary ones.

e Step 1: Contraction, monotonicity of I1(§) and some trace estimates.
From (10) it is obvious that II(§) > 0 for any & > 0 in K.(#H), hence by linearity
I1(&) < TI(&) as soon as & < & in Kp(H), i.e. 1T is monotone. Consider

|LIN(E)LT||, = Tr (SLII(¢)L'S)

+oo
_ / Tr (SLe—s(I+)\LTL)/2S—1¢S—16—S(I+ALTL)/2LTS> ds
0

Since SLe sI+AL'L)/26-1 anq its Hermitian conjugate are bounded operators we have
thanks to (4):

Tr (SLe—s(I+)\LTL)/2S—1¢S—16—S(I+ALTL)/2LTS)
— Ty (S—le—s(I+>\LTL)/2LTS2L€—S(I+>\LTL)/2S—1¢> '
Consider now the non negative Hermitian operator L'S*L = LY(I+ L'L)L. Since L'L <
LL'" we have
L'S’L < LY(I + LLYYL = (I + L'L)L'L = L'L(I + L'L).
Thus, for each s > 0, we have
e—s(I+ALTL)/2LTSzLe—s(HALTL)/z §-1

< S—16—5(1+ALTL)/2(I+ LTL>LTL€—5(I+>\LTL)/2S—1

_ L]LLe—s(I-i-)\LTL) _

e—s(I—I—)\LTL) LTL

Since ¢ is trace class and nonnegative, its spectral decomposition reads ¢ = >_ 0,|d,) (¢,
where (|¢,.))u>1 forms a Hilbert basis, o, > 0 for each pp > 1 and 3 0, = Tr (¢) < +oc.
Thus, since all terms are nonnegative in the series below, we have

+oo
oz, - [ (Z mms—le—swwvs%:e—swws-lw) "

p=>1
< ZU” <¢u ¢u> .

p>1

—+00
/ LTLe—s(I-l-)\LTL) ds
0
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Since [[**° LTLe=sU\'D) gs = LTL(I+AL'L)~" (use the spectral decomposition of L'L),
we have

L)L, < 3 o, (6, [ LLI +ALL) ) 0,)

=Tr (L'L(I + AL'L)'¢) < 1T (¢) = 1 [|¢],. (11)
We can repeat a similar argument to get
L@l = Tr(l(¢)) =Tr (I +AL'L)"¢) < Tr(9) = [IE]l, - (12)

> For &€ # 0 in Kp(H), writing ¢ = ¢ — ¢~ we have ¢+, ¢~ € K (H) non-
negative and such that |¢| = |SES| = ¢F + ¢~. Then we get, using the
above, linearity and monotonicity of II, and the triangular inequality for the
trace-norm:

TN, = Tr([1(¢") —T(¢7)]) < Tr (TI(¢7)) + Tr (11(¢7))
< (¢+) + Tr ( ) €11 - <
Thus IT is a (non-strict) contraction for the |-||,-norm on Kp(H).

e Step 2: Contraction of B(&) and consequences.

Let us prove that £ +— B(¢) = ALII(¢)L" is a (non-strict) contraction for the |||, -
norm on Kp(H). For any & € Kp(H) nonnegative, ¢ and B(£) are nonnegative. We
deduce from (11),(12) that (&) belongs to K (H) with

IBEIl, < AT (L'L)(I + AL'L)™'¢) = Tr (¢) — Tr (IL(¢)) < Tr(¢) = [I&]l, - (13)

> For £ € Ki(H) arbitrary, decompose ¢ % 0 into ¢ = ¢* — ¢~ € K (H) and
similarly to above we get:

IBEI, = Tr(]SB(S™'¢*S™)S —SB(S™'¢~S™)S|)
< Tr(|SB(S ¢TSS })+Tr(\ssB S'¢=87)8|)
< Te (o) +Tr(e7) = Tr(lol) = [l
since on the second line we can drop the absolute value. <

This proves (non-strict) contraction of B(§). Thus £ — f+rB(§) is a strict contraction
on Kp(H) as soon as r € [0,1). Consequently, it admits a unique fixed point &, € K (H)
given by the absolutely converging series

“+oo

& =C(f) =D rB(f). (14)

s=0

This justifies a posteriori that taking & € Kp(H) for the Sylvester equation yields a valid
result. The solution p, is then given by p, = II(€.(f)).

12



e Step 3: There remains to prove the inequality.
First take f > 0 and 0 < r; <7y < 1. Then by (14) we have 0 < f < &, (f) < €., (f),
in particular & > 0 for all » € [0,1). Since II is monotone, we have 0 < II(f) < p,, < pp,

which proves the second inequality. Moreover, we have

Tr (Sp,S) = Tr(SI(E)S) =Tr (Il(¢,)) < Tr(¢,) — Tr (SB(&,)S)
= Tr(SfS)+ (r— 1)Tr (SB(E,)S) < Tr (SfS) .

At the end of the first line we have used (13); the next equality comes from the definition
or = S¢S = S(f +1rB(&))S where all terms have been proved to be trace-class, and
the final inequality holds because f > 0 implies . > 0 and thus B(&,.) > 0. This would
conclude the proof if we impose f > 0.

> To prove that Tr (|Sp,.S|) < Tr(|SfS|) for f 2 0 in K1 (H), define g =
SfS € K'Y(H) and decompose g = g© — g~ with g*,¢~ > 0. Then define
fP = 87 '¢g*S™! and the associated solution p? of (9), and similarly for f”
and pl'. By construction, f?, f", pP, p" are nonnegative and belong to Kp(H).
Note however that nothing guarantees that e.g. p2 = pf, such that although
pr = pP — p by linearity, possibly |p,.| = p7 + p, # pP + p. The triangular
inequality for the trace-norm nevertheless guarantees

lorll, =l = el < APl + 1efll, = T (SpPS) + Tr (SpiS)
< Tr(SfPS) +Te(Sf"S)=Tr (9" +97) =Te(lg) = | fIl, -
The second inequality is obtained thanks to the property Tr(Sp.S) <
Tr (SfS) just proved for f > 0. The equalities use linearity and positivity. < O

Lemma 4. Take a nonnegative f € Kr(H) and consider p, € K(H) given by Lemma 3.
Then, for r tending to 1=, p,. converges towards some p in Kp(H). Moreover this p is a
solution of

p+ AU(p) = LRALIL | pIALIL AT oLT — (15)

p >0 and|p|l, = Tr(SpS) < Tr(SfS) =|fll, -

<

Proof. Take an increasing sequence {74 }ren in [0,1) converging to 1. From ‘

b
L

Tr (Sp,,S), the sequence {sj}ren is positive, increasing and bounded by || f|,. Thus it

converges. Moreover, Lemma 3 proves that Pri, — Pre, > 0 for ky < ko, such that

|

and thus {p,, }ren is a Cauchy sequence in the Banach space Kr(H) equipped with the
||| ,-norm. Thus, it converges to some limit p € Kr(#). This p is independent of the
increasing sequence 7, tending to 1, and ||p||; is the limit of the sequence {sj}ren, which
is bounded by |||,

kal I

< ||fll, for ky < ko, as proved in Lemma 3, we deduce that with s, = ||p,, ||, =

pT’kz — pT’kl ; — Tl" (S(prk2 — p’"kl)s) = Skz — Skl

13



For any r € [0, 1), we have defined p, to be solution of
I+>\LTLpT + pr% - ALPTLT = f - (1 - T))‘LPTLT-

But Lp, L' is trace-class (see Lemma 2) and it converges to LpL' in the trace-norm topol-
ogy. Hence the left-hand side is also trace-class, and it converges to I+}‘L TRALL, p”)‘LTL

ALpL' in the trace-norm topology. Thus by taking the limit in C*(H) of the above equality,
we get (15). O

The final Lemma proves the bijection property of I+ A2(, with ||(I + AA()~!|| < 1, such
that we can conclude with the Hille-Yosida (Theorem 4 recalled in appendix).

Lemma 5. Take f € K (H) and A\ > 0. Then there ezists a unique p in the domain of 2
and solution of p+ XU(p) = f, with ||p||;, < ||f|l,. Moreover if f is non negative, then p
s also mon negative.

Proof. The existence of p and bound ||p||, < ||f||; are just a variation of Lemma 4 where
we drop the assumption f > 0. The proof is not detailed here since it follows the same
lines as the last paragraph of the proof of Lemma 3, decomposing SfS = gt — g~ with
gT,97 > 0in KY(H) such that |SfS|=g" +g.

Let us thus prove the uniqueness of p. By linearity this amounts to proving that if p
in the domain of 2 solves p + A2(p) = 0 then p = 0. Take any such p; by assumption
LpL' € K'(H). While for » = 1 we must still prove uniqueness, for € [0, 1), according to
Lemma 3, there exists a unique solution p, € K'(H) to equation (9) where f is replaced
by f = (1—r)ALpL" € K'(H), i.e. satisfying

H)‘L DL L, + pr% = ALpL" + rA\L(p, — p)L" .

Since p € K'(H) satisfies this equation, we must have p, = p. Moreover we have
T (o) = Tr (Ip,]) < T (1f1) = (1 = AT (L)),

with Tr (|LpLT|) independent of r, as p was selected before introducing the r-related
problem, and finite by Lemma 2. For any fixed p € K (H) that solves p + A\A(p) =
0, denoting « = Tr(|p|) and y = Tr (|LpL'|) which are both finite, we thus have the
standalone inequality

0<z<(l—-r)\y forallre|0,1).

This implies z = 0 and we conclude that p = 0.
Lemma 4 ensures that, for any A > 0, the solution p of (I + A2()(p) = f is nonnegative
when f is nonnegative. Since p(t) = lim, oo <(I + %2[)_1> (po) for all ¢ > 0 (see

e.g. [5])), p(t) is nonnegative as soon as py is also nonnegative. O
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4 Asymptotic Convergence

We now restrict our attention to the space D of quantum states, i.e. nonnegative operators
p of trace one. This is justified as by construction, the quantum dynamics (3) preserves
the trace and the positivity of py. We characterize convergence in two ways. First, we
prove that every trajectory of (3) in Kp(H) converges to a unique equilibrium point p
whose support is spanned by the coherent states {|au,) }m=12... 1 With a,, = ae*™/* € C.
Second, we identify invariants of the dynamics, which allow to readily determine to which
p any particular initial state py would converge.

4.1 Unique limit point

The first step towards proving asymptotic convergence is to identify an efficient Lyapunov
function. From Theorem 1 we know that |||, is non-increasing. We will now characterize
convergence with the following Lyapunov function

Vip) = llpll, =1

Lemma 6. For any quantum state p > 0 in Kp(H) and belonging also to the domain of
the super-operator A of Theorem 1, we have

V(p) = Tr(LpL') >0, —Tr(LA(p)LY) < —KV(p) and Tr(SA(p)S) = Tr (JML,@WM)

where the positive operator M is given by (5).

Proof. By density of the density operators belonging to K/ () into the set of density
operators p belonging to the domain of 2 equipped with the norm ||e||, + [|2(e)]|,, it is
enough to prove these three statements with density operators p € K/(#H). Thus we can
perform all the computations as in the finite dimensional case where Tr (AB) = Tr (BA)
for any operators A and B. For the first statement, noting that a quantum state p is
positive and of trace one, we get:

Tr (LpL') +1="Tr (LpL' +p) = Tr (I + LIL)p) = Tx (\/I +LIL p VI+LIL) = o, -

For the second statement, simple computations yield

— Tr (LA(p)L") = Tr (LpL'[L', L)) = =Tr (LpL'M) = —Tr (\/LpLTM\/L,oLT)

< —K!'Tr (\/LpLTI\/LpLT) = —kl'V(p).

Here we have used M from (5) and the rough estimate M > (IN + I)k! > k!I. For the
third statement we have

Tr (SA(p)S) = LT (\/I + L'L(L'Lp + pL'L)VT + LTL) Ty (\/I Y LILLpLtVT + LTL>
=Tr (I +L'L)L'Lp) — Tr (L'(I + L'L)Lp) = Tr (L'(LL' — L'L)Lp)
where LL' — L'L = M. O
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This means that V(p) is a Lyapunov function ensuring exponential converge towards a
steady-state p depending on the initial condition in the following sense.

Theorem 2. Consider the unique trajectory [0,+o00[> t — p(t) € KL(H) solution of (3)
with initial condition p(0) = po non-negative, of trace one and in the domain of A. Then
there exists p € KCr,(H) nonnegative and of trace one, with support in

Har = span{\ozm> Sy = aed™R gy =12, k},

such that p converges to p in Kr(H). Moreover, we have exponential convergence towards
Hai in the sense:

Tr (| L(p(t) — p)L'|) < Tr(L|po — p|LT) 7"

Proof. For any given pg is in the domain of 2(, from Theorem 1, we know that p(t) is also
in the domain of 2 for all ¢ > 0, is nonnegative and of trace one. According to Lemma 6
the function f(t) = V(p(t)) converges exponentially to zero as t increases.

From Lemma 6 we have

0 < Tr (VMLo(t)L'VIE) = Tr (SA(p(1))S) < Tr (|SA(p(1))S]) = A1), < [2(p0)ll

since according to Theorem 1 the norm in K (H) of 2A(p(t)) is time-decreasing. This implies
that Tr (\/ MLp(t)L'v M) is bounded in time. Denote by K /;;,(H) the Banach space

of operators £ equipped with the trace norm Tr (’\/I + LML ¢ VI + LTMLD. Since

M > E!(N +1I) is unbounded, it is not difficult to prove that the injection of K 57, (H) in
Kr(H) is compact. But py belongs to the domain of 2. Thus the above inequality implies,
since p(t) > 0, that p(t) belongs to K 7, (H) and is bounded uniformly versus ¢. Thus
the trajectory {p(t) | t > 0} is precompact in K (), which means that it must have an
adherent point p € Kp(H) for t tending towards infinity.

Lemma 6 implies Tr (LﬁLT) = 0, i.e. p is a steady state and its support is contained
in the kernel of L. The latter is spanned by vectors satisfying a*|y) = o*|¢)) and writing
[V) =D en Ym|m) we get the recurrence relation

Oék

U T T D D)

Y, forall m > 0.

This leaves k degrees of freedom to initialize the recurrence(s), which besides that is satisfied
by the k states mentioned in the statement as span of H, ;. Thus the kernel of L indeed
coincides with H, .

For the first part, there remains to show that the adherence point is unique. Since
p¢ — p is the solution of (3) with initial condition py — p in the domain of 2, by Theorem 1
its norm |[p(t) — p||, is non-increasing and thus p(t) converges towards p in ICr(H) that is
unique.
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For exponential convergence, decompose p(0) — p = (; — {; (positive and negative
part) where the evolution of ¢;” and ¢, are defined by

d

SCH=—u(Ch, O =G

d  _ _ _ _

SC=-AC) CO=G
therefore, by linearity, p(t) — p = ¢ — ¢, and we get

Tr (IL(G" = GOLY) < Tr ([LG L) + Tr (LG L))
= Tr (L(Ct—i_ + Ct_)LT) <Tr (L|p0 _ ,5|LT) et ’

where the last inequality follows from Lemma 6 and ¢ + ¢, = |p(0) — p]. O

Regarding exponential convergence, since the kernel of L coincides with H, and the

spectrum of V' LTL has no accumulation point at 0, the role of the L operators is essentially
to project p(t) onto the complement of H, . Le. if Py is the orthonormal projector from
H onto Ha, then there exists some ¢ > 0 and ¢’ > 0 (depending on py) such that

Te /(I — Pi) (pt) = p)(I ~P)l) < e Tr (Llpo — plLT) e < o et

This expresses exponential convergence towards H, ; in the trace-norm. The inclusion of
the unbounded operator L on the left-hand side makes the statement of Theorem 2 slightly
stronger.

Note that the Hermitian operators with support on #, , belong to Kr(#). They form
a k*-dimensional real subspace of Kr(H), since H, j is a k-dimensional complex subspace
of H. Thus the exponential convergence neglects k? directions in Kr(H). The behavior
of the system in these directions, i.e. how the limit p depends on py, is clarified in the
following section.

4.2 Invariants of the dynamics

We will derive invariants of the dynamics in terms of bounded Hermitian operators on H,
i.e., in terms of physical observables. For this, we first define a continuous extension to
any po € K'(H) of the superoperator mapping py to its corresponding limit p according to
Theorem 2.

Consider the map R, from K/ (H) to K'(H) defined as follows: for any ¢ € K/(H),
Roo(§) = limy, o0 p(t) where p(t) is the unique solution of (3) with py = £. By construction,
R is linear, trace preserving, completely positive and a contraction for the nuclear norm
[15, Chapter 9]:

Ve, & € KI(H),  Tr ([Rec(&r) — Recl&2)]) < Tr (&1 — &)

Since K/(H) is dense in K'(H), we can extend the domain of definition of £, to all
¢ € KY(H) by continuity. From there, we get the following result.
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Theorem 3. There exist k* linearly independent Hermitian bounded operators Q
m,m' = 1,2, ...k, which are invariant under the dynamics (3), i.e. for which

Ir (Qm,m’ pt) =T1r (Qm,m’ pO)

for any trajectory [0, +00) 3t — pr € Kr(H).
Moreover, the linear space of invariant Hermitian operators spanned by {Q,,, ;s }mm'=1..k
contains in particular the k operators

m,m/’’

Q" = Zcos <27r;:n) |n)(n| for m=0,1,.., [5];

neN

Q=3 sin (2”;””) Wl for m=1,.. 5],

neN

Proof. The image of K., has support on H, j, hence we can write

k
foolpo) = DD Quun (p0) (Jtm) (| + |t} (vm])

k
+ Qe (o) (lam) (| = ilam) (o)

m=1m/=m+1

with Q. (po) real. Since R, is a linear continuous map from K'(H) to K'(H), the
Qe 2 KHH) 2 po = Qo (po) are linear continuous maps from K'(H) to R. Thus they
belong to the dual of K'(H) corresponding to the set of bounded operators on H:

Q' (p) = Tr(Qp p)

where @Q,, . are bounded Hermitian operators. Since any Hermitian operator p with
support on H, belongs to the image of £, and this is a k*-dimensional set, the k?
operators {Q,, ,,,} must indeed be linearly independent. Moreover, since all p, along the
trajectory defined by (3) starting at py € K (H) are associated to the same p = K (p1),
we have that Tr (vam, pt) is constant along such trajectories.

The particular operators Q* and Q%" are indeed bounded and e.g.

Qi) = 3 cos () 6,

neN

for any £ € K'(H), where we have written &, = (n|¢|n); let also &, = (¢|{|n). Computing
£1.(p) explicitly in the canonical basis, we get
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Ynen €08 () i

— Z Cnak(M+ k) .(n+1) (cos (2”%) — COS (MIILM)»

neN

k
_% Z (Ennsk + Enirn) V(R +E)(n+ 1) (cos (2mrm) — cos (W)) =0,

neN

which indeed proves invariance of Q°* along trajectories; for Q™ the proof is exactly the
same. ]

Note that the pure states on H, ; span a space of dimension %, thus in this sense having
k invariants can provide significant insight about the link between py and its associated p.
In the present case, this link is particularly meaningful.

We have Q™ = I, so this particular invariant just expresses conservation of the trace
of p. The other particular invariants feature as eigenstates so-called “Schrodinger cat
states” of the harmonic oscillator, more soberly called coherent quantum superpositions
of mesoscopic states, and whose general form is defined in equation (2). More precisely,
denoting

k
1 )
AN 2imlm/k
08) = 5 22 ¢ faw)
with ¥ a normalizing constant, a few computations based on the definitions directly yield:
Qr|CL) = cos (B52) [Cq)  and  Q3'[Cq) =sin (25) [Cy) -

The Schrédinger cats |CY) are specifically quantum states with no classical analogue, and
they are a promising tool towards implementing quantum IT applications [13], thanks
to their inherent insensitivity to part of the typical perturbations present in quantum
systems. The known invariants allow us to predict towards which fraction of each cat |C%)
an arbitrary initial state py will evolve. This can be useful for investigating more precisely
the sensitivity of information encoded in such cat states to typical perturbations.

The authors of [13] discuss the case k = 2 in this direction. In that case, the k particular
invariants of Theorem 3 reduce to the identity and the parity operator ) (=1)" [n)(n|.
Explicit expressions for the k? — k = 2 remaining linearly independent invariants are also
provided in terms of Bessel functions. Generalizing these expressions for k£ > 2 remains for
future work.

5 Conclusion

We have proved, with a rigorous infinite-dimensional treatment, that a harmonic oscillator
governed by a Lindblad master equation where the typical drive and loss channels are k-
photon processes instead of single-photon ones, converges to a protected subspace spanned
by k coherent states of the same amplitude and uniformly distributed phases. We have also
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proved the existence of k? invariant bounded observables (Hermitian operators), i.e. whose
expectation value is conserved by the dynamics. Knowing these invariants would allow to
directly predict the final state p towards which a given p, converges. We have provided
explicit expressions for k£ such invariant observables, whose eigenstates are Schrodinger
cat states belonging to the protected subspace and which appear as robust candidates to
encode quantum information.

The infinite-dimensional arguments use the Hille-Yosida theorem and a Lyapunov anal-
ysis in a particular family of Banach spaces K (H) whose metric is built directly from the
k-photon Lindblad operator. For practical purposes, our contribution is to show that there
exists a self-consistent way to indeed have infinite-dimensional convergence to a so-called
protected subspace in this model, and to prove exponential convergence speed.

We guess that the methods used here to study the well-posedness of our particular
infinite-dimensional Lindbald master equation can be adapted to other models appearing
in reservoir engineering for cavity and/or circuit quantum electrodynamics.
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Appendix

Theorem 4 (Hille-Yosida in Banach spaces [5, Chap.7]). Let E be a Banach space and
A an m-accretive operator on E, i.e., the domain D(A) of A is dense in E and for every
A >0, I+ AA is a bijection from D(A) into E with, for allu € E, ||(I + NA)" || < ||ull.
Then for any ug € D(A), there exists a unique function [0,4+00[> t — u(t) € D(A) that is
continuously differentiable such that

%u + A(u) =0 fort € [0,4+00], u(0) = uy.
Moreover ¥t > 0, [u(t)|| < |luoll and || Fu(t)]| = [[A(u(®)[l < | A(uo)ll
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