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THE MULTISCALE HYBRID-MIXED METHOD FOR THE
MAXWELL EQUATIONS IN HETEROGENEOUS MEDIA*

STEPHANE LANTERIT, DIEGO PAREDESY, CLAIRE SCHEIDS,
AND FREDERIC VALENTINY

Abstract. In this work, we address time dependent wave propagation problems with strong
multiscale features (in space and time). Our goal is to design a family of innovative high perfor-
mance numerical methods suitable to the simulation of such multiscale problems. Particularly, we
extend the multiscale hybrid-mixed (MHM) finite element method for the two- and three-dimensional
time-dependent Maxwell equations with heterogeneous coefficients. The MHM method arises from
the decomposition of the exact electric and magnetic fields in terms of the solutions of locally in-
dependent Maxwell problems tied together with a one-field formulation on top of a coarse-mesh
skeleton. The multiscale basis functions, which are responsible for upscaling, are driven by local
Maxwell problems with tangential component of the magnetic field prescribed on faces. A high-order
discontinuous Galerkin method in space combined with a second-order explicit leap-frog scheme in
time discretizes the local problems. This makes the MHM method effective and yields a staggered
algorithm within a “divide-and-conquer” framework. Several two-dimensional numerical tests assess
the optimal convergence of the MHM method and its capacity to preserve the energy principle, as
well as its accuracy to solve heterogeneous media problems on coarse meshes.
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1. Introduction. Partial differential equations embedding multiscale features
occur in a wide range of scientific and technological applications involving wave prop-
agation in heterogeneous media. We consider here the case of electromagnetic wave
propagation, more precisely, light propagation (e.g., optical wave) in interaction with
nanometer scale structures, i.e., nanophotonics. Nanophotonics is the field of science
and technology aiming at establishing and using the peculiar properties of light and
light-matter interaction in various nanostructures. Nanostructured photonic crys-
tal are very attractive as these structures serve as excellent waveguides. In fact, light
paths are created inside these structures removing background electromagnetic modes
and keeping only the desired band of frequencies. Generally the medium is a periodic
structure, but interesting phenomena arise when band gaps are included to increase
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(or decrease) local dielectric function for a certain frequency range. Such a gap breaks
the periodicity and creates simple cavity modes. These modes can be combined to gen-
erate more complex structures where the fields deviate even further from symmetry,
pushing them toward the photonic band gap. Overall, photonic-crystal waveguiding
structures have led to the design of optical components such as sensors or/and logic
gates that are orders of magnitude smaller than currently available devices (see [11]
for an interesting review).

Such a scenario represents a big challenge for numerical methods in view of com-
putational simulations. In a broad sense, very fine meshes must be adopted to app-
roximate the high-frequency field distributions as they are greatly impacted by the
multiscale structures of the medium and the anisotropic nature of the cavity regions.
The idea of using high-order polynomial interpolations on coarse meshes, as proposed
in [34], for instance, is not a feasible option since interfaces between different ma-
terial media and faces of the partition must coincide to avoid spurious numerical
modes. Consequently, effective numerical methods for long-time simulations require
a fine mesh to fit the complex geometry with high-order approximation to minimize
dispersion. This leads to cost-prohibitive large-scale computations, placing realistic
three-dimensional problems out of reach. In the quest to overcome such a shortcom-
ing, high-order numerical methods have been devised on building-block structures so
as to better match massive parallel facilities. Indeed, it is natural to strive for al-
ternatives to standard techniques such as the finite difference FDTD scheme [18] or
the finite volume methods for which parallelization was not a goal-driven feature. An
interesting alternative is the discontinuous Galerkin method for time domain (DGTD)
(see [12, 21, 38]) which encompass some of these requirements at the price of increas-
ing the total number of degrees of freedom. A bias is that the DGTD method still
relies on (global) fine meshes so as to incorporate the influence of the heterogeneous
geometries into numerical solutions.

Multiscale finite element methods have attracted great attention by their capacity
to be accurate on coarse meshes (see [1, 6, 7, 24] just to cite a few). Starting with
the seminal work by Babuska and Osborn [9], the multiscale methods were further
extended to higher dimension in [35]. The approach carries the concept of multiscale
basis functions, which upscale to the coarse mesh. They are driven by independent
local problems which make the multiscale methods particularly attractive to imple-
ment in parallel environments. Recently, the classical hybridization procedure [46]
has been used to devise a new family of high-order multiscale finite element methods
called the multiscale hybrid-mixed (MHM) method. Particularly adapted to han-
dle multiscale and/or high-contrast coefficients on coarse meshes, the MHM method
permits face-crossing interfaces endowed in local boundary conditions. Originally pro-
posed for the Laplace problem in [31], the MHM method has been analyzed in [4] and
further extended to other elliptic problems in [30, 32] and mixed problems in [5, 43].
Also, its robustness with respect to (small) physical parameters has been established
in [42], and an abstract general setting to develop and analyze MHM methods has
been proposed in [33].

This work extends the MHM method to the first-order Maxwell system in time
domain, with the upshot that the physical coefficients may be highly heterogeneous
as found in wave propagation in nano-structured problems. In the vast literature
on numerical methods for wave propagation models, some methods share similarities
(and/or the same goals) with the MHM methods. One is the DG method in [17] pro-
posed for the two-dimensional first-order Maxwell equation with constant coefficients.
The hybrid discontinuous Galerkin methods first presented in [16] and extended to
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the frequency and time domain Maxwell equation in homogeneous media in [39, 41]
and [13] share with the MHM method a similar global-local algorithm. Others in-
clude the heterogeneous multiscale method for the wave equation [2], the discon-
tinuous Petrov—Galerkin method [27], and the localizable orthogonal decomposition
method [44] for the Helmholtz equation with constant coefficient or also numerical
methods built up on top of homogenization techniques or asymptotic expansions as
the one presented in [26] for the Helmholtz and in [49] for the frequency domain
Maxwell equations with multiscale coefficients. However, the primal hybridization
of the Maxwell model selected as the starting point in this work as well as the na-
ture of the solution decomposition leads to a different global-local family of numerical
methods compared with the ones proposed in the aforementioned papers. Also, the
MHM method may be seen as a genuine multiscale method, in principle, as it embeds
built-in upscaling through multilevel submeshes if necessary. Thereby the proposed
method is, to the best of our knowledge, the first in the literature of multiscale finite
element method to be devised for the first-order Maxwell equations in time domain
with heterogeneous coefficients.

1.1. The model and main results. To highlight the main points involved
in the construction of the MHM method, let  C R? be an open bounded simply
connected domain with Lipschitz boundary 0f), where 0S) is a perfect electrically
conducting boundary and (0,7 is the time interval, with 7' > 0 fixed. We consider
the Maxwell problem to find the electric field e : (0,7) x Q — R3 and the magnetic
field h : (0,T) x 2 — R3 such that

cedhe—Vxh=Ff in(0,T)xQ,

woth+Vxe=0 in(0,T)xQ,
V-(ee)=p in(0,T) x Q,
V-(uh)=0 1in (0,T) x Q,
exn=0 on(0,T)x 0,

e=e¢ey, h=hyg att=0 on(,

where n is the unit outward normal vector on 0f2, f is the electric current density,
and p is the charge density. They verify the compatibility relation

(1.2) V. f—0p=0 in(0,T)x Q,

and eg and hg are given regular functions with values in R3. Here y and e denote
the magnetic permeability and the electric permittivity, respectively, which are in
general third-order symmetric tensors possibly depending on @ := (1,22, 23)7 € Q
and embedding multiple geometrical scales. They are both measurable, uniformly

positive definite, and bounded, i.e., there exist positive constants ci. and cf,, ., ¢
and ¢, such that

(1.3) A ICP < T pu(e) ¢ < L¢P forall ¢ € R3, for all € Q,

and

(1.4) EanlCl? < ¢Te(x) ¢ < &L ¢)? forall ¢ € R3, for all z € Q,

where |.| stands for the Euclidean norm. We recall that, for a given vector function
v = (v1,v2,v3)T with values in R?, V x v is a vector function with values in R3
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defined by V x v := (0,,V3 — 0p3v2, Oy V1 — Or, U3, O, V2 — O, v1) T and V- v is a scalar
function with value in R defined by V - v := 0,,v1 + Oz, V2 + Oy, vs.

The MHM approach is constructive. It starts from a hybrid formulation of the
Maxwell model (1.1) defined on a (coarse) partition 7y of €2, formed by elements
K € Ty, and on a partition Ta; of the time interval [0,7] decomposed in elements
I, := [tn—1,tn] € TAt, where n € {1,...,N}, N € N*. Next, the continuity of the
variables is relaxed on the set of boundaries 0K for all K € Ty, hereafter denoted
by 0Tg. A weak continuity of the tangential component of the electric field e is
imposed on the boundary elements in 07y, whereas the continuity in time is imposed
strongly on each time-step ¢,,. More specifically, we propose the following hybrid weak
formulation: For each I,, € Tay, find (e™; A", A™) € CO(I,,; V)xC%(I,; V)xC°(I,; A)
such that

(1.5)
Z / edem- v—/ h" - Vxv+ (A" v)srx = Z / f-v forall veV,
KeTy K K KeTu K
Z / wo h™ - w+ Z / Vxe"- w=0 foral weV,
KeTu 'K KeTy 'K
Z (v,eMox =0 forall veA,
KeTu
en(tnfla ) = enil(tn717 ) and hn(tnflv ) = h'ﬂ—l(tn717 ) )
with
(1.6) e’(0,-)=eo and h°(0,-)=hy inQ.

Here, we denote by (., .ok the paring product between H™Y2(0K) and HY?(0K),
for all K € Ty, and the space V stands for the broken H' space, i.e.,

(1.7) Vi={veL*Q): v|x € H(K) forall K € Ty},

and A the space of the restriction of the tangential component of functions in
H (curl; Q) to the boundaries 0K, i.e.,

(1.8) A= {vxn|ox € H'/?OK) for all K € Ty : v € H(curl; )},

with n being the outward normal vector on K. The spaces have their usual mean-
ing, and they will be detailed in the next sections. The global solution in time (e, b, A)
is defined such that (e, h, )|, = (€™, h",A") for all I, € Ta;. Hereafter, it is said
that (e, h, A) satisfy the hybrid formulation (1.5)—(1.6). Importantly, the solution of
the classical weak form of (1.1) and the solution (e, k, X) of (1.5)—(1.6) coincide. This
result will be precisely addressed in the next section.

Next, before defining the discretization in space and time, formulation (1.5) is
reduced to the statement of a system of locally and globally defined problems. To
this end, we use the linearity of the Maxwell equations and decompose

(1.9) e" =e" +e™f and R =h"*+ h”’f7

n,)\’ hn)\)

where, from the two first equations in (1.5), the functions (e are defined as

the solution of the local Maxwell problem (in a distributional sense)
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ede™ -V xh™™ =0 inl, x K,
poh™ +Vxe™* =0 inl, x K,
(1.10) n x A" = —A"  on I, x 9K,
e"Mtp_1,-) =0 and A" (t,_1,-) =0,
e"*=0 and R =0 in K at t =0,

and (e™f h™7) solves

ce™t —Vxhf=f inl, xK,

pohmf +Vxef =0 inl, x K,

(1.11) n® xhf =0 onl, x 0K,

e f(tn1,) =" (tn_1,-) and h"F(t,_1,) =h" " (ta_1,-),
e"f =ey and ¥ = hy in K att=0.

Owing to characterization (1.9) the third equation in (1.5) becomes a global one-field
face formulation for the Lagrange multiplier, i.e., for all t € I,, € Ta¢, find A" (t) € A
such that

(1.12) Z (v, e" ok = — Z (v,e" o forall v € A.
KeTy KeTu

The MHM method is a byproduct of the discretization of the coupled problems
(1.10)—(1.12).

The one-level MHM arises from the choice of a finite dimensional space of
C°(0,T; A) (possibly nonconforming) and looking for the approximate solution Ag (¢)
of A(t) in such a space satisfying (1.12) at discrete times. In this work, the Lagrange
multipliers Ay (t) are assumed to be constant in each I,, € Ta; and polynomial of
high degree on OTy. Interestingly, we verify that such a simple choice leads to a
second-order time scheme. Also, by going discrete, problems (1.10)—(1.12) may be
decoupled as follows:

e the local problem (1.10) is responsible for computing the multiscale basis,
with its boundary condition A" replaced by the space-time basis of Ag;
e the global problem (1.12) is responsible for the calculation of the degrees of
freedom of Ag, which depend on I,, € Ta;.
As aresult, the one-level approximation (e, hy) of (e, h) stems from the combination
of the multiscale basis functions, the degrees of freedom of Ay, and the solution of
(1.11). A detailed description of (ex, hy) is the subject of section 4.

The aforementioned one-level MHM method relies on closed formulas for the
multiscale basis functions and for the solution of (1.11) which are not available in
general. As such, one has to resort to a second level of discretization to make the
method (1.12) effective. Interestingly, such choices can be quite general in the sense
that any numerical method with approximate properties could be locally adopted.
However, in this setting, the global problem is naturally impacted by the choice made
at the second level. We propose to associate the discontinuous Galerkin (DG) method
proposed in [25] to discretize the local problems in space with the explicit second-
order leap-frog scheme for the time marching process. These options are particularly
attractive in practice as they lead to a fully explicit scheme (see [25] for details) which
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fulfills the discrete energy principle. Also, the discontinuous interpolation at the local
level turns out to be of paramount importance to preserve the quality of the numerical
solution in the case of interface crossing faces. A detailed description of the two-level
MHM method and its properties will be presented in section 5.

The theoretical foundations of the MHM strategy for the Maxwell equations is one
of the main contributions of this work. Particularly, we demonstrate the equivalence
between the hybrid formulation (1.5) and the original weak form of the Maxwell
equations and we establish the well-posedness of local problems (1.10) and (1.11).
In regard to the numerical aspects of the one- and two-level methods, we prove that
they preserve the energy conservation properties under a certain CFL condition for
the latter. We also dedicate this work to a complete numerical validation of the new
MHM method. Specifically, we verify that the method yields optimal convergence
for all variable and superconvergence for the electric field in their natural norms, and
it outperforms standard methods. Also, a wave propagation problem defined on a
heterogeneous nanoscale device shows that the method is accurate on coarse meshes
when the faces are not aligned with interfaces. In view of such novelties, the error
analysis of the semi- and fully discrete MHM methods are left to be addressed in a
future work.

The paper is organized as follows. The next section states the problem and add-
resses some preliminary theoretical results. The characterization of the exact fields in
terms of global-local problems is the subject of section 3. Section 4 is devoted to the
one-level MHM method. The fully discrete two-level MHM method is presented in
section 5, and section 6 is dedicated to the numerical validation of the MHM method.
Appendix A details the proofs of the theoretical result anticipated in the previous
sections, and Appendix B presents the MHM method for the transverse magnetic
(TM) two-dimensional model. Conclusions follow in section 7.

2. Statement and preliminaries. As usual, we assume that the initial electric
and magnetic fields eg and hg satisfy
(2.1) V-(cep) =p(0,) and V-(uhg)=0 in Q.
Hence, problem (1.1) simplifies observing that the third equation (Gauss law) and
the fourth equation (absence of magnetic monopoles) in (1.1) stem from the first
(Faraday law) and second (Ampere law) equations in (1.1). As a result, problem
(1.1) can be rewritten in an equivalent way as follows: Find e : (0,7) x  — R? and
h:(0,T) x Q — R? such that
cedhe—Vxh=Ff in(0,T)xQ,
pwoth+Vxe=0 in (0,T) x €,

exn=0 on(0,T)x 09,
e=e€e)y, h=hy att=0o0n¢),

(2.2)

constrained by (1.2). The following spaces, equipped with their usual inner-product
and induced norms, will be used in what follows:

H(cur; Q) = {ve L*(Q) : Vxwve L*(Q)},
Hy(curl; Q) := {v € H(cwr; Q) : v x n|gpq =0},
H(div;Q) == {v e L*(Q) : V-v e L*(Q)},
H(div,1;9Q) = {v e L*(Q) : V- (uv) € L2(Q)},
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H(div, ;) := {v € H(div, ;) : v-n|sq =0},
H(div,&;Q) := {ve L*(Q) : V- (cv) € L*(V)},

The standard weak formulation of problem (2.2) consists of finding (e, h) € C°(0, T
Hg(curl; Q)) x CY(0, T; H(curl; Q)) such that

{ (edre,v)qg — (VX h,v)g = (f,v)q forall ve H(curl;Q),
(

2.3
(2:3) worh,w)g+ (e,Vxw)g=0 forall we H(curl;Q),

where (-,-)p stands for the usual L?*(D) inner-product, and D is an open set, and
we denote by || - |o,p the induced norm. We recall that problem (2.3) is well-posed
(cf. [15]) as follows.

THEOREM 1. Assume that Q) is an open, bounded, simply connected domain with
Lipschitz boundary such that the neighborhood of each point of 02 is located in one
side of 0S). If the regularity conditions

(i) pe CY0,T; L*(R)), f € C°(0,T; H(div;Q)), and 0, f € L*(0,T; L*()),

(ii) eg € Ho(curl; Q) N H(div,e;Q) and ho € H(curl; Q) N H(div, u; Q),
hold, then there exists a unique solution (e, h) to (2.3) such that

(e,0re) € C°(0,T; Ho(curl; Q) N H(div,e;Q)) x C°(0,T; L*(2)),
(h,d:h) € C°(0,T; H(curl; Q) N Ho(div, u; Q) x C°(0,T; L*(Q)).

Remark 1. In the case € and p are smooth functions in §2, and Q is of class C*! or
convex, the solution (e, h) of (2.3) belongs to the more regular space C°(0, T'; H*(Q)) x
C°(0,T; H'(Q)) (cf. [3]). When these coefficients are piecewise smooth functions
(piecewise constant, for instance) the fields turn out to be piecewise H' in the sub-
domains where the coefficients are smooth (see, e.g., [19]). Hereafter, we suppose the
solutions of (2.3) are H'(Q) regular. To be complete, we shall make some comments
on what one should change if this assumption is relaxed every time it is used.

Now, instead of working directly with problem (2.3), we adopt the following
perspective: we seek (e, h) as the solution of the Maxwell model (2.3) in a weaker,
broken space which relaxes continuity and localizes computations. Ultimately, we find
that the approach allows for the construction of e and h using local problems. From
this perspective, we first partition the space-time domain Q x [0, T]. We discretize the
time interval [0, 7] in N+1 points 0 =ty < t1... < ty_1 <ty =T with N € N* (not
necessarily) equally distributed, define for n € {1,..., N}, I, := [tn—1,ts], and collect
them in the set Ta;, where At := max,—1, . n |I,|- The partition of the space domain
2 can be general (as the partitions used in the virtual finite element method [48], for
instance). However, we focus here on partitions based on a family of regular meshes
{Tu} >0, where H is the characteristic length of 7y. The mesh can be very general,
composed of heterogeneous element geometries. Each element K has a boundary 0K
consisting of faces F', and we collect in 07y the boundaries 0K and in Fp the faces
associated with Tgz. We denote by Fy the set of faces on 9Q and by Fy := Fg \ Fs
the set of internal faces. To each F' € Fp, we associate a normal n, taking care to
ensure this is facing outward on 90X for each F' € Fy. For each K € Ty, we further
denote by n the outward normal on 0K and let n¥ := n | for each F' C K.

We recall that the broken space V given in (1.7) and the space

W = {'u e L*(Q) : v|x € H(curl; K) for allKETH}

are Hilbert spaces with the respective scalar products
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(u,v)y = Z (u,v)g + Z (Vu,Vv)g,

KeTy KeTu
(u,v)w = Z (u,v)x + Z (Vxu,Vxo)g,
KeTh KeTH
and we denote their induced norms by || - ||y and || - ||w, respectively. Also, the space

A given in (1.8) is a Banach space when equipped with the following quotient norm:

v|a = inf v||w-
H ||A vEH (curl;Q) || ||W
oxn® |gx=v VKeTu
We denote by (-, )75, and (-, )o7,, the summation of the respective inner (or
dual) products over the sets K and 0K, respectively, given by

(w,v)7, = Z / w-vde and (v,v)sry, = Z (v,v)ok,
KeTy ' K KeTy
where w, v € V and v € A. Here, (-,-)gk is uniquely defined via the dual product
involving H™ /(0K ) and H'/?(9K) through

<IJ,’U>3K::/ waovdwf/ w -V X vde,
K K

where w x n® = v on 9K, and we denote it by (-,-)ax if v € L2(0K). Owing to this
notation and setting for n € {1,..., N}

(2.4) Dy, == (CO1n; V) N C (I; L*())) x (CO(1; V) N CH(In; L*(R))) x CO(In; A),

we propose the following hybrid version of problem (2.3). Let n € {1,..., N}. For all
I, € Tag, find (e, A", A™) € D,, such that

2.5
( )(sat e v), — (R, V xv)r, + (A", v)o; = (f, v)1, forall veV,
(uorh", W), + (V x e",w)y, =0 forall weV,
(v,eM)or, =0 forall veA,
€ (tp_1,) =€ Htn_1,) and R"(tn_1,-) =h" '(t,_1,-) on Q,
€’(0,-) = ey and hO(O, )=hy att=0on .

We emphasize that the first three equations in (2.5) should be read as being valid
for all ¢ € I, (fixed although arbitrary), and the global solution (e, h,A) is defined
such that (e, h,A) |1, = (€™, A", A"), for all I, € Ta:, and hereafter we will say that
(e, h,A) is a solution of (2.5).

Remark 2. When the V-regularity assumption for solutions is relaxed, the hybrid
formulation (2.5) still makes sense by replacing the space V by W and interpreting
the operator (-, -)g7, as the unique density extension to A x W of (-, -)g7, defined
on A x V (see Appendix A for details).

Observe that the variables in (2.5) belong a priori to a larger space than the
solution of the original problem (2.3). However, the space of Lagrange multipliers
imposes H (curl; Q)-conformity on the solution and the respect of the boundary con-
dition e X n|pg = 0. Also, problem (2.5) has a unique solution (in the sense of
Remark 2) where (e, h) coincides with the solution of problem (2.3). These results
are summarized next and the proof detailed in Appendix A.
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LEMMA 2. The function (e,h,\) is the solution of (2.5) if and only if (e, h)
solves (2.3) in the sense of Theorem 1. Furthermore, it holds that

(2.6) A= -nfxh on(0,T)x0K.

Remark 3. Absorbing boundary conditions can be prescribed in (2.2). They are
taken into account as a natural condition within the hybrid formulation (2.5). In-

deed, assume that the following boundary condition is set on a subset 024 of the
boundary 0%:

(2.7) nxe—nx(ahxn)=nxg on (0,T)x 0y,

where the given right-hand-side g is defined by

g:=e;,—ah; xn and a? ::sflu.

The functions (e;, h;) are the incident electric and magnetic fields, respectively. Hence,
using equivalence (2.6), condition (2.7) is prescribed by replacing the third equation
in (2.5) by

(v,€)ory = W,9)o0, — (V,aX)pq, forallv e A.
We are ready to propose an equivalent global-local formulation to (2.5) which
turns out to be more convenient to build “divide and conquer” numerical algorithms.

3. A global-local formulation. Rather than selecting a pair of finite subspaces
of V XV x A at this point, we rewrite (2.5) in an equivalent form which is suitable to
reduce the statement to a system of locally and globally defined problems. Such an
approach guides the definition of stable finite subspaces composed of functions which
incorporate multiple scales into the basis functions.

First, observe that problem (2.5) is equivalent, for all I,, € Ta¢, to find (e, h™, A™)
€ D,, such that

(3.1) (v,e")or, =0 forallve A,
and for all K € Ty,

(Eaten7v)K - (hnvv X U)K = (.fav)K - <)‘n7v>5K7
(3.2) (Loh™, w)kg + (V x e™,w)xg =0,
e (th_1,) =€ ty_1,-) and h"(tn_1,-) =h"" Yt,_1,") on K,
for all (v,w) € V(K) x V(K), where we adopt the convention (e°(0,-), h°(0,-)) =
(eo, ho) and V(K) stands for the space of functions in V restricted to K. The

corresponding electric and magnetic fields in (3.1)—(3.2) respect the classical energy
principle. This is the subject of the next lemma.

LEMMA 3. Let €:(0,T) — R be defined as follows:
1 1
(33) Qf(t) = 5(6 €, e)TH + 5(:“’ h, h’)THa

where (e, h) solve (3.1)-(3.2). Then, it holds that

(3.4) E(t) = ¢(0) +/0 (f,e)ry, forallte (0,T).
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Proof. Let I, € Tas, and choose €” and h" as test functions in the first and
second equations of (3.2), respectively. This leads us to

(E 8ten7 en)K - (h‘n7 V X en)K = ( 7en)K - <An7 en>8K,
(35) (N 8thna hn)K + (v X en7 hn)K = 07
e (th_1,") =€ Ytp_1,) and R"(t,_1,-) =h" '(t,_1,-) on K.
Summing up the resulting equations over all the elements K of Ty, we arrive at
(36) (5 8ten7 en)TH + (N athnv hn)TH = (.f; en)TH - (}\n, en)aTH'
Next, using (3.1) in (3.6), we get
and from the regularity of e™, we conclude that

(3.7) 0, € = (fv e)TH'
The result follows by integrating (3.7) in the interval [0,¢], with t € (0,T). 0

Notice that (3.2) implies that e and h can be computed in each element K € Ty
from f and A once the latter is known. Owing to such property, we can use the
linearity of the Maxwell operator to decompose the fields as

(3.8) e"=e"*+e"f and h"=h"*+h"F forall ne{l,... N},
where (e, h™™) satisfies

(e 0™ v) g — (K" V x v)g = —(A",v)9x for all v e V(K),
(3.9 (18R w) g + (V x €™ w)g =0 for all we V(K),
e"’)‘(tn_l, ) =0 and hn’)\(tn_l, ) =0,

and (e™7, h™7) solves

(e 0™ v) g — (WF ,V x vk = (f,v)k for all v e V(K),
(3.10) (10 0h™F w) g + (V x e™F w)g =0 for all we V(K),
67L7f<tn717 ) = e7l—1(tn71’ ) and hnyf(tn717 ) = hnil(tn717 ')7

with the same convention as above (€, h")(0, -) := (eq, ho). The corresponding strong
versions of (3.9) and (3.10) (meant in a distributional sense) were anticipated in (1.10)
and (1.11), respectively. Also, the initial boundary value problems (3.9) and (3.10)
are well-posed as proved in Lemma 6 (see Appendix A).

Owing to characterization (3.8) and replacing it in (3.1), we can rewrite the global
problem (3.1) in an equivalent form in which the Lagrange multipliers are the leading
variable, i.e., for each I,, € Ta; and t € I,,, we look for A" (¢) € A such that

(3.11) (v,e"Mor, = —(v,e"F)ar, forallveA.

Remark 4. If an absorbing boundary condition is prescribed on 9Q4 C 99, then
from Remark 3, (3.11) becomes

(v,e" oty + (v, aX)oq, = —(v,e"Nor, + (v,9)oq, forallv e A.
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4. Space-time discretization: The first level. Since A uniquely determines
e*, it is enough to select a finite dimensional space Q4! of C°(0,T; A) (possibly non-
conforming) in order to discretize problem (3.11) in space and time.

To this end, we define Py(1,,) the space of piecewise constant functions in the time
intervals I,, € Ta; and set Ay C A as the following polynomial space:

(4.1) Ay = A" = {vg €A :vylp €P(F)® forall F € Fy}.

Here, the space Pj"(F') is the space of discontinuous polynomial functions on F' of

degree less than or equal to [ > 0 and defined on an equally spaced partition of F,

composed of m elements (m > 1). In what follows, the space A; stands for A;].
Owing to these choices, we set

(4.2) Qi = P Poll.) ® A,

I,€TAt

where Apg is given in (4.1), and observe that such a space is nonconforming in
CY(0,T, A) with respect to the time variable. This corresponds to the simplest space-
time element. More involved time interpolation choices may be used with the upside
that the conformity is recovered. It is worth mentioning that the simplicity of (4.2)
associated with its second-order accuracy in time (see section 6) makes the space (4.2)
the best compromise between precision and computational cost.

Next, mimicking (3.8), the one-level approximated fields are decomposed as

(4.3) el = e" M +emf and R} = KM AT

and the one-level MHM method results from the standard Galerkin method applied
to (3.11), i.e., for all I, € Tas, find A}, € Ay such that

(44) (I/H7 6n’AH)aTH = —(I/H7 e”’f)aTH for all vy € Ay,

where Ay |;, = A%. The function (e™f h™7) solves (3.10) and, using (3.9), the
function (e h™ ) satisfies

(e 0™ v) . — (R™ M,V x V) = —(Afp,v)ox  forall v e V(K),
(4.5) S (poh™ M w), + (V x e w), =0 forall we V(K),
e M (t,_1,) =0 and h™ (t,_y,-)=0 onQ.

Well-posedness of (4.5) follows from Lemma 6 (see Appendix A) and the corresponding
strong problem associated to (4.5) is given in (1.10) (with A™ replaced by A%;).

We analogously define the one-level global electric and magnetic fields ey and
hy such that their restrictions to I,, € Ta; coincide with e’y and hYy, respectively.
Hence, the local conservation property of their exact counterpart (under the same

assumption (2.1)) holds following the proof in Lemma 3. Specifically, the discrete
energy €p given by

1 1
(4.6) @H(t> = 5(56HaeH)TH + §(MhHahH)TH

is preserved as follows:

(4.7) Cn(t) = eH(O)Jr/0 (f.em)ry-
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It is instructive to consider (€™*# h™*#) in more detail as it plays a central role
in (4.4). Let {¢,;}, with ¢ € {1,...,dim Ay}, be a basis for Ay and set {1,175, },
with (i,n) € {1,...,dimAg} x {1,..., N} a basis for Q%¢, where 1;, stands for
the characteristic function of I, € Ta;. If 5]' € R are the corresponding degrees of
freedom associated to the basis of Q4, then we write

dim Ay

(4.8) A= Y Brp; forall ne{l,... N}
1=1

Now, define the set (n?’e7n?’h) C D, x Dy, with i€ {1,...,dimAg}, such that
(m°, n?’h) | x 1, satisfies the following Maxwell problem for all K X I, € Ty X Tas:

(e 0im;"®,v) . — (n?’h, V xv) . =—(;,v)ox forallve V(K),

(49) n,h n,e
(nom" ,w) . + (V0 w), =0 foral weV(K),

where (0;"¢(tn-1,"), n?’h(tn,l, -)) = (0,0). Here v, changes its sign according to the
sign of n& -n, for each F C 0K, as a consequence of Ay in (4.1). As a result of (4.8)
and (4.9), we can write (e™*#, h™>") the solution of (4.5) in the form

dim Ay dim A g
(4.10)  emM = Z Brg® and A" = Z grarh on I, € Tar,
i=1 i=1
and then from (4.3), on each I,, € Ta; we get
(4.11) e = Y. Braic+et and hy = Y gratt+amT
i=1 i=1

The one-level approach assumes that close formulas are available for (n;"¢, n?’h)
and (€™, h™F). As such, to compute (4.11) effectively, it remains to obtain the
degrees of freedom 5. To this end, we use the face-based global formulation (4.4)
evaluated on N discrete time-steps (one per time slab I,,). Indeed, replacing (4.10)
in (4.4) it results that g, for i € {1,...,dim(Ag)} and n € {1,..., N}, satisfy the
following discrete system:

dim Ay
>y 6?/ Y m; ¢ ds
i=1 KeTw oK
=- > Y, emfds forall je{l,... dim(An)},
KeTu oK

where ] and e are evaluated at one time per interval I,, € Ta; (for instance, at
th—1+tn

tn+1/2 = T)
Remark 5. Observe that problem (4.9) is equivalent (in a distributional sense) to
the following strong problem:

edn—Vxnt=0 inl, xK,
u@m?’h +Vxn"®=0 inl, x K,
n® xnh = 4, on I, x K,
Wt 1) =0 and Pt 1) =0 in K.

(4.12)
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Thereby, the functions (77¢, n?™) are in one-to-one correspondence with the basis 10,
and are responsible for the upscaling since they are designed to naturally incorporate
the influence of physical coefficients and geometry. This multiscale basis spans a
conforming local subspace of D,, x D,,. As usual, the global basis functions (n¢,n?)
and (ef7hf) are defined such that their restrictions coincide with (n?’e,n?h) and
(et ™ ) on I, € Tag, respectively, and we notice that the support of the multiscale
basis functions is restricted to two elements K € Ty with clear (positive) impact on
the sparsity of the underlying matrices.

Remark 6. The one-level MHM method is nonconforming in H'(£2) as the normal
component of the variables may be discontinuous across faces for all ¢t € (0,7). On
the other hand, it is an H (curl; Q2)-conforming method for the magnetic field since its
tangential component is continuous across faces (see (1.10))

As mentioned, the one-level MHM method assumes that the basis functions
(ng, k) and (ef .h¥ ) are known exactly. However, this is generally not feasible,
meaning a second level of discretization is necessary to make the method practical.
This is the subject of the next section.

5. The two-level MHM method.

5.1. The semidiscrete MHM method. We discretize local problems (4.9)
(or (4.12)) and (3.10) with respect to the space variable by selecting a local finite
dimensional space V,(K) whose functions are defined over a regular partition of K,
denoted by {7;1K } neo- Such a partition may differ in each K € Ty and h denotes
the characteristic length of T,%. Also, let /¥ be the set of faces on 7;%, and let F*
be the set of internal faces. To each face v € FX we associate a normal vector n’,
taking care to ensure this is facing outward on 97, for all 7 € T,X. The global finite
dimensional space is then given by

(5.1) Vii= @ Vi(K),

KeTu

and on top of (5.1) a second-level numerical method is proposed. First observe that
the MHM algorithm is quite general, and standard face-based elements [40] or nodal
continuous stabilized methods [10], for instance, can be incorporated into the MHM
algorithm at this point.

In this work, we focus on a simple nodal, nonconforming finite element space
defined as a piecewise discontinuous polynomial space in each element K € Ty, i.e.,
Vi (K) ¢ V(K) is given by

(5.2) Viu(K) = {vy, € L*(K) : vy, € [Pp(r)]® forall 7€ T*},

where Pj(7) is the space of polynomial functions on 7 of degree less than or equal
to k > 1. Notice that, whatever choice of numerical method we make at the second
level, the format of the global problem remains unchanged and reads as follows: For
all I, € Tay, find A}y € Ay such that

A
(5.3) Wi, e oy = —(wu, e Nor, forallvy € Ay,
where eZ’AH and eZ’f belong to V, (as well as the corresponding hZ’AH and hx’f).
They correspond to the second-level approximation of €™*# and e™f. As a result,
the semidiscrete approximation of the exact solution is given by
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(5.4) (e.h) = (emn, hirn) == (ep” + el bt +hi),

where, as usual, the global functions in time (eZ‘H,hZ‘H) and (e,{,h,’:) are defined
through their local (in time) counterpart (e}, R and (e}"%, hT).

Now, we detail the nonconforming method [25] to compute the semidiscrete basis
functions of (eZ‘H,hZ‘H) and (ei,ei) needed to solve (5.3). Seen as an alternative
to the standard Galerkin method on continuous polynomial interpolations, the DG
method (within the MHM framework) consists of relaxing the continuity of the in-
terpolator on the faces v of a submesh T;* for all K € Ty. Such an option can
be particularly attractive when high-contrast heterogeneities still persist within local
problems, making their resolution computationally expensive. In these cases a sec-
ond level of parallelization may be needed. Another important application of the DG
method lies in when material interfaces are not aligned with faces. In such a case, the
space A}" in (4.1) with m > 1 must be adopted, and then it is important to take into
account such discontinuities with precision within the second-level approximations.
This attractive feature of the MHM method will be explored in the numerical section
(see section 6).

To introduce the DG method proposed in [25] in the context of the MHM
methodology, we need first some extra notation. Let us denote by {v,} := 1((vs) |,
+ (v3) |++) the mean value of a vector function vy, on faces v € FX (with 7 and 7/
being the two elements sharing the face «), which coincides with the value of vy, if
v C OK. We define the jump on a face v € F as

(5.5)  [vn] :==nl xvn |, + nfyl X vyl onyCOrnNdr’, where T, 7 € T,X,

with [vs] = nl X v, |, if ¥ C 9K, and the inner-products on the submesh 7,5 are
given by

(-, ')7—hK = Z () and (, ')ff = Z (5 ')v~
reTk i

Owing to these definitions, and for each K € Ty, the DG method applied to (4.5)
consists of finding (e[, A7) € CO(1,,, Vi (K)) x CO(I,,, Vi (K)), for all I, € Tar,
such that

(5.6)
(e 8teZ’/\H7Uh)ThK — (R, V x ”h)ThK + <{hZ’AH} ’ [[Uh]])fé‘ = i enor
(R wn) e+ (€52, V x wn) e = ({e ™} wal) =0,

i
e M (t,_1,-) =0 and A} (t, 1,-)=0
for all (v, wp) € Vi(K) x Vi (K). Similarly, the DG method applied to (3.10)
consists of finding (eZ’f, hZ’f) € Vi (K) x V(K) such that
(5.7)
(e ateZ’f,’Uh)ThK — (R, V x )y — ({np7}, [[vh]})Fg = (f,vn)7x,
(1 [“)ch’f,'wh)THyh + (e, v x wh)T,f( + ({e}?f} , [[whﬂ)fK =0,
"

ezyf(tn—la ) = eZ_l(tn—lv ) and hzwf(tn—lv ) = hZ_l(tn—lv )
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for all (vp,,wy) € Vi (K) x Vi, (K), with the convention €9 (0,-) = ey and h} (0,-) =
hg. Here eg and hg must be understood as well-chosen projections of the exact initial
conditions in the sense that such approximations do not undermine convergence rates.

Remark 7. The second-level discrete energy given by

1 1
Cun(t) = 5(5 €Hh €HL) Ty T 5(# hun, iy n) i

where (eq n, hg ) are given in (5.4), fulfills the following energy principle:

Cun(t) = @H,h(0)+/ (f,emn)Ty-
0

The proof of this result follows closely the one in Lemma 3, using the central flux
formulation presented in the DG method [37], and the global problem (5.3). We refer
to [37] for the further details.

5.2. The fully discrete MHM method. In this section, we devise the fully
discrete two-level MHM method by setting up a time-marching scheme for the local
problems (5.6) and (5.7). An explicit local finite difference time scheme is proposed
which yields an effective MHM method. It turns out that, after some manipulations,
the scheme is equivalent to the second-order leap-frog time scheme.

First, we need some additional notation associated to the (local) time discretiza-
tion. We decompose I, in a (nonnecessary) uniform partition, i.e., t, = t2 < tL <
v < thn = ¢, 1, with N,, € N* and Atk = tb+1 — ¢k and k = 0,..., N, — 1, and
set At,, := maxyeo, N, —1] At’fL. Observe that such a partition can be set differently in
each element K € 7T, which naturally induces a local time-stepping scheme. Indeed,
it is well known that when combined with an explicit time integration method and
in the presence of an unstructured locally refined mesh, high-order DGTD methods
suffer from a severe time-step size restriction. A possible alternative to overcome this
limitation is to use smaller time-steps, given by a local stability criterion, where the
smallest elements are. The local character of DG formulations is a desirable feature
for the development of explicit local time-stepping schemes. Such techniques were
developed for the second-order wave equation in [22, 23]. In [45], a second-order sym-
plectic local time-stepping DGTD method is proposed for the Maxwell equations in
a nonconducting medium, based on the Stérmer—Verlet method. Grote and Mitkova
derived local time-stepping methods of arbitrarily high accuracy for the Maxwell equa-
tions from the standard leap-frog scheme in [29]. More recently, Grote, Mehlin, and
Mitkova [28] designed Runge—Kutta-based explicit local time-stepping methods for
time-dependent wave propagation problems.

The previously cited local time-stepping strategies straightforwardly apply to the
local DGTD solvers in the MHM framework proposed in this paper. We adopt here a
different viewpoint for illustrating the use of local time-steps. For the sake of clarity,
we drop such a dependency in the notation. Next, we explore the intrinsic local time-
stepping of the MHM method within a simple framework by assuming that Ta; is
uniform with characteristic length At :=t,, 41 — t,,. Moreover, for each I, € Ta;, we
consider a three-point subdivision 9 = t,,, th = =*+ and 2 = t,,, (observe that
th = taq1) for the electric field and a two-point subdivision #), = t,, and t;, = t,11
for the magnetic field. ‘

We denote ef;", (vesp., hy;",) the approximated field of e} ;, (resp., h7; ;) at the

discrete local time ¢;, i € {n — 1,n — %,n} (resp., i € {n — 1,n}). On each I,, we
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n

propose the following scheme to approximate (e} ;,, Ry ;) at time t;, adopting the

DG method in space presented in the last section:

(5.8)

UL ) ) o () D)
U
_(Az_lvvh)aK + (fn_luvh)TK )

h

hn,n_hn,n—l 1
H.,h H,h n,n— n,n—
—_ 0w +(e H wa) ({ }7 w ) =0,
(M Al h>7’f< H,h h T €H.h [wh] 7
h
n nn—%

5%,% ( Hh,V X 'vh) ({h } , thﬂ);x
2 7K 0
- ()‘Tﬁvvh)ax + (fn 'Uh)TK s

n,n—1 n—1ln—1 nn—1_ gn—1n—-1
€gn =€mp and h’H,h hHh )

with the initial conditions e?}?h = eg and h%’,?h = hy. Interestingly, by rearranging
the contribution terms from each I, € Ta:, we recognize the ezplicit second-order

1
leap-frog time scheme. In what follows, we simplify the notation and use e’}:;rhz and

i, to mean e’ h+2 and h7;", . As a result, the fully discrete MHM method reads

as follows: For all n € {1,..., N}, find (eZIJFhZ, T Nir) € Vi X Vi, x Ag such that

(5.9) (VH7 e?;hz) =0 forallvyg € Ay,
oTu

(5.10)
Fn i n—3 o
(55 )it (i)

h

en+2 _en—%
EH}LTtHh,’vh :(f ,’vh)TK+(hHh,VX’Uh) ({hHh} [[’Uhﬂ)

- ( nHavh)aK

1
for all (vj,wp) € Vi (K) x V,(K). Here we set e}, = eg+e 'AtV x hy and
Yy = ho and f" = f(t,).

Remark 8. The DG method naturally increases the number of degrees of freedom
needed to approximate the basis functions. However, we recall that this is an attrac-

tive alternative since the two-level MHM method would now enjoy the flexibility to
be implemented using a multilevel parallel strategy.

It is important to verify the conditions under which the discrete energy princi-
ple associated with the solution of the fully discrete MHM method (5.9)—(5.10) is
preserved. Such a stability result is closely related to a CFL condition as shown next.
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LEMMA 4. Let @ 2 be defined as follows:

n+i 1 n+i  n+i 1 n n

(5.11) i =5 5 (seH W€y )TH + 3 (u hH,hvhHThl)TH form=1,... N,
n+i ) . n+i . .

where (eH—j_h27h?I,h) is the solution of (5.9)-(5.10). Then, (’EHJ’rh2 is a quadratic form

under the CFL condition At < C h (where C is a generic constant that is independant

of At and H, and h), and it holds that

nt 1 n—1 1 n nt+i n—1
(5.12) eyl = €y + 5 AHS ceq ey ) forn=1,...,N.

1
Proof. Take ey H, h2 +e H+h2 as a test function in the second equation of (5.10) and
h7; j, in the first equation of (5.10) evaluated at time-steps n and n + 1, to get

(5.13)
en+2 —e” n-j 1
c HhAt e 7Hrz'*'er: (f e n+2
7—hK
n—3 n43 —l

+eH,h2)TK + ( Hh VX (eHh2 +6Hh )>TK

h h

n n+i n—4i

({h h} [[eHh +6Hh2]]) —( %76H7h2+eH,h2)aK7

0

n o hn—l ) )
H,h H,h n—z n—z
<u b b ;zm) = (€5t V< b e+ ({eint b Irial)
T " i

h7Il{+h1* 7Il{h n +1 n
(158 20, ) e () ),
7~hK h

Now, summing up the above equations over K € Tp, and using the properties of
fluxes (see [25, 37] for these standard arguments), we arrive at

> [l et = etk €5 e (i W s = (b B )
€rn ) CHn ITE Hh o Cmp JTE TG p Ry KPRy L e p)TE
KeTu

= At Z {(f ethJreth)Th At( H,eHh Jreth)

]—‘K} '
KeTu h

From (5.9) and using definition (5.11), it holds that
n+i n— 1 n nt1 n—1
(5.14) Sy — €y = §At(f e ey )Ty

Furthermore, under the CFL condition At < C'h (see [25]) the fully discrete energy
1
¢ H+h2 is a quadratic form in terms of the unknowns. Indeed, the term % (p b, h’}fhl)TH

can be rewritten as 3 (uhy . Ry )70 + 5 (WhY h"‘j‘l — h% )7y Using the third
equation in (5.13), and integrating it by parts it holds that

(5.15)
it bt =i =5 Y (et b))+ (1ef 1 Aminnd) )

KeTy
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The result follows using inverse inequalities for both terms in the right-hand side of

1
(5.15) and absorbing the negative contributions of the L*-norm of ki, and e?ﬁhz
into the corresponding positive terms that defines the energy function (under the

CFL condition). |

Now, in preparation for the practical algorithm induced by the MHM method
(5.9)—(5.10), we remark that the system (5.9)—(5.10) may be decoupled once we bring
out their dependency on the solutions from the previous time-step. Indeed, owing to

1
the linearity of problem (5.10), the electric field enHThQ decomposes as

1 1 1
619
1 1
where the functions (e;}ff? ei’nJrZ) satisfy
1 A, +l
At (5 eHZ %, 'Uh)K = —(A%,vn)ox,
5.17 L n n
( . ) Kt(eeh 7'Uh)K:(f ’vh)K+(hH,h7vxvh)ThK

1 n—1
= ({hn} [[”h]])fg + Kt(‘? erp s Uh) ko
1 1
and we chose (e;}”z, ei’z) as a (convergent) approximation of their continuous coun-
terpart. Regarding h% ,,, it appears (again) from (5.10) using the following post-
processing;:

1 1 _ _1
E(:u h;—LI,ha wh)K = E (IU/ hnH7}37 wh)K - (ez7h2 ) V x wh)ThK

+ ({e;h%} ; [whﬂ)ﬂ{ )

where h?q,h = hg. Finally, substituting (5.16) in (5.9) yields the following global
problem formulation: Find A} € Ay, for n € {1,..., N}, such that

(5.18)

(5.19) (I/H,G;}ﬁf%)aTH = —(VH,eZ’nJr%)aTH forall vy € Apy.

6. Numerical results. This section starts with a description of the algorithm
underlying the two-level MHM method presented in section 5. Then, an extensive val-
idation of the MHM method through two numerical tests in two-dimensional domains
(see the TM model in Appendix B for details) is presented. Theoretical aspects of
the MHM method are highlighted in the first test, for which an analytical solution is
available. We focus on convergence aspects of the MHM method, conservation proper-
ties, and comparison with the standard DG method proposed in [37]. The second test
assesses the capacity of the MHM method to deal with heterogeneous media on coarse
meshes and with interfaces which are not aligned with the faces of the partition. In
what follows, we assume the nondimensional version of the Maxwell equations.

6.1. The staggered MHM algorithm. We outline the steps involved in the
practical algorithm behind the MHM method (5.17)—(5.19). To this end, we need
some additional notation. Define the integer numbers

mpyg :=dim Ay and mf :=dim V,(K).

Let {1, ¥y, ..., ¥,,,} and {o1, &5, ..., ¢§{f} be a basis for Ag and V;(K),

respectively. There exist real numbers 8¢, 83, ..., 8, and ek ek e

fmi and
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7?+1/2’K,73+1/2’K,...,7:;(1/2’1(, with n € {1,...,N} and i« € {1,...,mg}, such

that

K K
my,

mpy mp,

K K fn+1/2 n+1/2,K | K

B= Bl and m,lk =Y clef and e "TVE|c =3 tAE g
=1 =1 =1

As a result of (5.17), the functions 1§, |k satisfy

(6.1) (emin ok ) = —At (Y, o ok for all ¢ € Vi (K).

The problem (5.19) is equivalent to the following positive definite linear system:
(6.2) AB" = B/

for all n € {1,..., N}, where (ﬁn)T = (8T, By,...,B%,,) € R™#. Note that A is an
my X my-matrix with entries given by

A = (a;;) € Rmxma with @y = —(¥;,n5 p)o7s, 1<4,5 <mu,
and F"*1/2 is an m g-vector whose entries are

FrHl/2 = (f;) e R™ with  fi = (%, ef " )or,

H 1 S ) S mg.
_’4 _'n—l _'nfé _’f:n+% _"n,
In what follows, we denote by C; i, Hy ~, Ex *, E¥ , and F7% the local

— n—3 n+i
vectors composed by the degrees of freedom of 1, |k, h?fhl |k, e |k, e, 2 ks

and f} |k, respectively. They are computed using the following MHM algorithm.

Remark 9. Since step 5 in the algorithm is independent of the time-step n, the
vector C; i can be computed once and for all at n = 1. Thanks to the structure of
the DG method, the matrices involved in steps 5-7 are block diagonal. As such, they
can be factored ahead of time resulting in explicit local solvers. Also interesting is
that the local matrices used to build up the global system in step 10 have already
been obtained in the previous steps. Thereby, the global matrices involved in step 10
can be assembled “on the fly.” Particularly, the “action” of the inverse of the block
diagonal matrix M€ has already been taken into account in step 5 through completely
independent local problems. This feature makes the MHM method suitable to be
implemented in parallel architectures. Finally, we observe that the left-hand side of
the linear system in step 10 (Schur complement) corresponds to a symmetric positive
definite matrix.

6.2. An analytical solution. We now assess the theoretical aspects of the
MHM method presented in the previous sections for the two-dimensional Maxwell
equations (see Appendix B). To this end, we consider the analytical solution given by

he (t,z,y) = —g sin(2v2mt) sin(2 7 ) cos(2 7 y),

W (t,x,y) = g sin(2v2 7 t) cos(2m x) sin(2 7 y),

e*(t,z,y) = cos(2v2mt) sin(2m x) sin(2 7w y).
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Algorithm 1. The MHM algorithm.

1: Set eéh and h%,’h from the initial conditions ey and hy

2: forn=1to N do

3: for K € Ty do

4: Compute the local matrices, with k,I € {1,...,mf} and j €
{1, ey mH}

M% = (m{,g), m{,g = (5 ¢ZK,¢),€K)7_hK, o=1,¢e,p

and
= (ki) ki = (¢z VX ¢y ) ({¢{<} ) [[d)?]])f{f
and
Sj K = (Sﬁc)v Sﬁ = ('¢j7¢§)aK
5: Compute C; ¢ = {cf} from
M5 Cjx = —AtS; i
6: Compute H? = {d/"*} from

- — L
My HE =My, Hy ! — At Ky Ef 2
and update hf,
M
K K
}Li,h |k = Z d? P
1=1

{y"/*5} from

. 1
7 Compute E{(’n+2 =

_ 1 L ., o
S ELE M EY 4+ AtKg H + AtML B

8: Assemble M, (_jij, S; k and E{(’HJFE into M®, C, S and Efn+s
9: end for
10: Solve the global system
ST (Me)fl S Bn ST Ef,nJrZ
— A
C
11: Update ez—if

STENADS o]+ 3 S

KeTy I=1 KeTy I=1

12: end for
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From this choice, we prescribe the dielectric boundary condition e*(¢, z,y) = 0 on
01, initial conditions h*(0, z,y) = h¥(0,z,y) = 0 and €*(0,z,y) = sin(2 7 x) sin(2 7 y)
in 2, and the right-hand side j.(t,z,y) = 0 in 2. The MHM method (5.19) is
solved with linear (Ay = A1) and quadratic (Ay = Ag) polynomial interpolation on
faces. Regarding the second level, we adopt a one-element submesh with a P!*2(K)
interpolation. The convergence is measured using the following discrete norms:

I(h —hu,e—en)l

= max (||hz’" — hf{”"h\

/2
_max. Bat 1B — W IR o + e — eifhl3e)

||(h - hH7 € — eH)”curl,oo
1/2

= _max (I = g By + I8 = B Ry + e — el

First, we look at the linear interpolation case on faces (Ag = Aj). In Figures 6.1
and 6.2, we verify that the MHM method achieves error optimality with respect to
H and At. Specifically, we find that the numerical solutions converge as O(H?) and
O(At?) in the || - ||o-norm and O(H) in the || - ||curl,co-norm. We perform the same
analysis with Ay = As. The expected optimal convergence rates are again recovered
(e.g., O(H?) and O(A#?), and O(H?) in the || - ||oo and || - ||curl,00, respectively). This
is depicted in Figures 6.3 and 6.4 (on the left). Interestingly, we found that the error
associated to the electric field is superconvergent (see Figure 6.4 on the right).

Next, we compare the MHM method using linear interpolation on faces (Ag =
A7) with the DG method [37] using quadratic interpolation. To this end, we measure
the error in the || - ||oo and the || - ||curl,co norms. We observe in Figure 6.5 that the
MHM method outperforms the DG method. Indeed, the MHM method is optimally
convergent in both norms, whereas the DG method is suboptimal (e.g., nonconver-
gent) in the || - [ norm (e.g., || - [lcurl,co ROrm) in some cases. It is worth recalling
that the MHM method achieves such an efficiency despite using the DG method as a
second-level solver, which validates the robustness of the approach.

Also, we verify in Figure 6.6 (left) that the discrete energy is fully preserved in
accordance with the theory. The local magnetic field conservation is investigated in

10 10
8 8
— 107 =
) o 10t
| |
= i
) )
= =
| |
= 107 ::
= = 5
= = 10
0k s -e-MHM
2
H
- ‘0704 2
10 107 10° 10 10° 10°
H At

Fic. 6.1. Optimal convergence history with respect to H (left) and At (right) in ||(h — hy,
e —eq)llco norm. Here Ag = A;.
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H

F1G. 6.2. Optimal convergence history with respect to H in the ||(h—hg,e—en)|curl,0o nOTM.

[[(hy —h, ey —e)||w

Here Ag = A;.

. . . . e . . . . 1
FI
0
|
=

@ q0tF 1
| =
|
=
=

-t ¢ -o- MHM||

—at
0.0156 0.0312 0.0625 0.125 0.0003 0.0007 0.0014 0.0028
H At

F1G. 6.3. Optimal convergence history with respect to H (left) and At (right) in the ||(h — hg,
e—epq)|loo norm. Here Ay = As.
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||(hy —h,en — €)|eurc

0.0001

0.00005
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0.0078 0.0156 0.0313 0.0625 0.0156 0.0312 0.0625 0.125
H

FIG. 6.4. Optimal convergence history with respect to H in the ||(h —hg,e —ep)||curl,co nOTM
with Ay = Aa (left). Superconvergence with respect to H for the ||€ — efr||curl,o0 moTm (Tight) using
AH = Al and AH = A2.
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Fic. 6.5. Comparison between the MHM method and the DG method with respect to the ||(h —
hirve — exlloo (ieft) and (A — bty e — er)leurt,oo (right) norms.
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Fic. 6.6. History of the discrete energy conservation (left) and history of the local magnetic
field conservation (right). Here Ay = A;.

Figure 6.6 (right) although the method has not imposed such a constraint. Surpris-
ingly, we observe that maxgery, | fK V - hy j, dz| stays bounded and close to zero as
time increases.

6.3. A nano-waveguide problem. This is a prototype problem of a photonic
crystal structure in the emerging nano-photonics area [36]. The idea here is to simulate
an idealized waveguide device before it has undertaken an optimization procedure to
maximize the performance of directional transmission (see [47], for example). The
periodic distribution and sizes of the photonic crystal structure are set for simplicity as
the MHM method relies on neither periodicity nor scale separation assumptions. The
photonic-crystal type represents a nano-structuring device encapsulated in a 10 x 10
square which is composed of 15 cylindrical holes of radius 0.3125 (see Figure 6.7 for
details). Here u = 1 and the value of the permittivity ¢ corresponds to silicium within
the holes (¢ = 3.14), silica (¢ = 1.5) in the device enclosing the holes, and surrounding
air (¢ = 1). We use absorbing boundary conditions with an incident plane wave of
frequency 0.5 (see Remark 3).

We solve the problem for a time period equal to T = 16/v/2 and set At = 1072,
First, we adopt the DG method [37] on top of a quadrilateral mesh composed of
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=< 1.875—><«——3.75 ——|<-1.875—
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[] silicium
M silica
B A

DU B2 R P~ .

F1G. 6.7. The photonic crystal structure.

Fi1G. 6.8. Coarse meshes.

65,536 elements using quadratic interpolations to compute a reference solution. This
leads to 589,824 degrees of freedom. We set a first coarse mesh with 256 quadrilateral
elements (see Figure 6.8 on the right). On top of this mesh, we use the MHM method
with Az = A% and arrive at 8,704 degrees of freedom total. Submeshes account for 64
elements with quadratic interpolation. As such, the total number of degrees of freedom
associated with the approximation of the basis functions is 147,456. We recall that
such basis computations are completely independent of one another. A comparison
between the reference electric field computed on the fine mesh and the one obtained
from the MHM method with its overlying mesh is depicted in Figure 6.9. Observe that
both electric fields coincide and that the MHM method is able to precisely account
for the impact of crossing-face interfaces on the solutions. Next, using a much coarser
mesh of 64 elements (see Figure 6.9 on the left) with Ay = A%, we observe in Figure
6.10 that the solution remains fairly close to the reference. Although this corresponds
to only 4,608 degrees of freedom, the approximate electric field shows good agreement
with the reference solution (see Figure 6.10 on the right). Also in Figure 6.10 (left), we
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Al 3
o '

]

F1G. 6.9. The electric field using the DG method with 589,824 degrees of freedom (left) and
using the MHM method with 156,160 degrees of freedom (right) at time t = 1&.

V2
- '.
1g
+
+
¥ -
> ‘.

Fic. 6.10. Comparison between the electric field on a mesh of 9,216 degrees of freedom from the
DG method (left) and on a mesh of 4,608 degrees of freedom from the MHM method (right). Here
16

t=18,

V2

present the approximate electric field using the DG method [37] on a mesh of 1,024
elements with quadratic interpolation (corresponding to 9,216 degrees of freedom).
As expected, the solution from the DG method is less precise since the mesh is not-
aligned with the material interfaces. In conclusion, the MHM method provides an
accurate framework to simulate wave propagation phenomena on coarse meshes when
faces are nonaligned with interfaces. The upshot is that the shortcomings found in
standard finite element methods are overcome when they are used as two-level solvers
within the MHM method.

Using a reference solution computed on a fine mesh with 1,048,576 P?(K) elements
(9,437,184 degrees of freedom total), we calculate the error in the L? norm at the final
time-step (denoted by || - |lo,n) between such a reference and the solutions from the
DG and MHM methods used to generate Figure 6.10. Notably, we found that the
MHM method yields a drastic decrease in error which amounts to a factor of order 10



THE MHM METHOD FOR THE MAXWELL EQUATIONS 1673

[|(hy —h, ey —e)llon

—o—MHM
Wl oY ]

1 L L s
0.0156 0.0313 0.0625 0.125

Fic. 6.11. Error history using the MHM method with A = Ay. Here t = \1/—65.
compared to the DG method. Observe that such a result is in complete accordance
with Figure 6.10. Also, we study the convergence of the numerical solution from the
MHM method using Ay = A;. Since the exact solution is not regular due to the
jumping coeflicients, we would expect a decrease in the rate of convergence. Indeed,

we observe in Figure 6.11 that the MHM solution achieves an error of order O(H?/?)
in the || - ||o,o norm.

7. Conclusion. This work introduced the foundation of the MHM method for
the Maxwell equations in the time domain with heterogeneous coefficients. It relied on
independent local Maxwell problems to devise basis functions which are brought to-
gether by a one-field face-based global problem. As a result, the approximate electric
and magnetic fields are driven by face-based degrees of freedom as they are obtained
from a simple processing of the Lagrange multipliers. A DG method combined with a
leap-frog scheme was used as a second-level solver to approximate the local Maxwell
problems, which made the MHM method practical. With such a choice, the present
method is shown to be optimally convergent and to achieve high-order accuracy in
space (and second-order in time), with the upshot of preserving a discrete energy
principle. In addition, the approximated electric field was found to be superconver-
gent. The MHM method naturally embeds an upscaling procedure which turns out
to be suitable to simulate wave propagation problems in highly heterogenous media
on coarse meshes. We conclude that the MHM method, which is particularly adapted
to parallel computing environments, emerges as a realistic option to handle three-
dimensional wave propagation problems in highly heterogeneous media as found in
the nano-photonic field. Nevertheless, some open questions still remain, such as the
cost-effectiveness of the MHM method on modern parallel environments when com-
pared to other domain decomposition approaches, and its numerical analysis. These
important subjects will be addressed in forthcoming works.

Appendix A. This section outlines the proof of the main lemma used throu-
ghout the manuscript.

LEMMA 5. Let L be a linear continuous form on W. Hence, L vanishes on
H(curl; Q) if and only if there exists a unique v € A such that

L(v) = b(v,v) forallv eV,

where b is the continuous bilinear form on A x 'V defined by
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b(v,v) := (V,0)o75-
Furthermore, b can be extended in a unique way to A x W such that
L(v) = b(v,v) forallveW,
where b is a continuous bilinear form on A x W that uniquely extends b. Moreover,
(A1) H(curl; ) = {v EW :blv,v)=0 forallve A} .

Proof. Denote by W* the space of continuous linear forms on W for the norm
induced by the scalar product (-, )w. Since L belongs to W*, then from the Riesz—
Fréchet theorem, it holds that there exists f € W such that L(v) = (f,v)w. This
can be rewritten as

(A.2) Lw)= > (fox+ > (0, Vxv)k

KeTu KeTu
with f € L*(Q), and p = V x f € L*(K) for all K € Ty. Since L vanishes on
H(curl; ), we get

S (fv)k+ Y. (p.Vxv)g=0 forallve Ho(curl;Q),
KeTu KeTu

and then it holds that
(f,v)a+ (p,V xv)g=0 forall ve Hy(curl; Q).

As a result, we have f = —V xp, which implies that Vxp € L*(Q) (in a distributional
sense) and then p € H(curl; Q). Also, from (A.2) and the characterization of f, it
holds that

(A.3) Lw)== Y (Vxpvk+ Y (p.Vxv)x,

KeTu KeTu

and then using Green’s formula, and p € H (curl; ), we arrive at

(A.4) Lw)= > (pxn™ v)ox forall veV.
KeTu

We conclude there exists v € A (e.g., v := p x n® on K for all K € Ty) such that
(A.5) L(v) = (v,v)g7, forall veV.
Let us prove that v is unique. Suppose that

(A.6) (v,v)or, =0 forall veV.

From the surjectivity of the trace application from H'(K) to H %(6K ), we deduce
that v = 0 in H 2 (OK) for all K € Ty, and then uniqueness follows.

Now, since V is dense in W and b(v, -) is uniformly continuous on V with respect
to the norm || - ||w, b(v, ) can be extended in a unique manner to W by density. Let
us denote by lNJ(u, -) such an extension for all given v € A. By the uniqueness of this
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extension, b(+, ) is also a bilinear form, which is also continuous on A x W as it is an
extension (by density) of a continuous bilinear form. Furthermore, since L and b are
continuous on A X W and coincide on a dense subspace, we get

L(v) = b(v,v) forall (v,v) € A x W.

Let B € L(W, A’) be the linear operator associated to b, and let B’ € L(A, W)
be its adjoint. We recall that the polar space of a set X C W is defined by

(A7) X°:={leW :[(v)=0 forallveX}.

We proved above that B is an isomorphism from A onto H o(curl; 2)°, and then
the range of B’ coincides with H(curl; 2)°. Denoting by Ker(B) the null-space of
operator B, and using that B is a continuous operator between Banach spaces, we
get (see [14], for instance)

(A.8) Ker(B) = (Ho(curl; 2)°)° = Hy(curl; Q) = Hy(curl; Q),

where we used that H(curl; Q) is closed in W with respect to || - |w, and then (A.1)
follows. O

We are ready to prove Lemma 2.

Proof of Lemma 2. Assume that (e, h,X) € C°(0,T; W)xC°(0,T; W)xC°(0,T; A)
solves (2.5), and take I,, € Ta;. Using Lemma 5 and the third equation in (2.5), the
electric field e” € CO(I,; Ho(curl;2)). Next, we choose v and w in Hg(curl; Q)
in (2.5), and integrate the second equation in (2.5) by parts. Using e" € C°(I,;
H(curl; Q2)), the second equation in (2.3) holds. Now, integrating the first equation
in (2.5) by parts yields

(A.9) A" 0)ory = — Y (0" x A", v)ax,
KeTu

and, thus, the first equation in (2.3) is satisfied in the L* sense in each K € Ty and
for all ¢ € I,,. Observe that (A.9) implies that A" = —n® x h" |y for all K in Ty
and I,, € Tat, and then h"™ € CO(1,,; H (curl; Q)). Now, collecting the previous results,
we conclude problem (2.3) holds for all I,, € Ta:, and

(A.10) (e™,0,e™) € CO(I,,; Ho(curl; Q)) x CO(I,,; L*(2))
and
(A.11) (h™,0;h™) € CO(I,; Ho(curl; Q)) x CO(I,,; L*(R2)).

Since the fourth equation in (2.5) imposes continuity at ¢,, € [0,T], n € {1,..., N — 1},
we get

(A.12) e cC’0,T; Ho(curl; Q) and h € C%(0,T; Ho(curl;Q2)).

The fields also belong to C*(0, T; L*(2)) from (2.5) and the regularity result in (A.12),
namely,

(A.13) de € C°(0,T; L*(Q)) and 8,k € C°(0,T; L*(Q)).
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We next verify that the divergence constraints in (1.1) are satisfied in [0, T]. We
start proving the result in the time interval I := [tg, t1] by testing problem (2.5) with
V3, Vn, where (8,7n) are infinitely differentiable functions with compact support in
Q. As a result, for all ¢t € I, it holds that

{ (gat el,Vﬁ)TH + (AI,VB>(')TH = (f? Vﬁ)Thﬂ
(

(A14) 1 1
o h' V)7, + (V x e, Vn)p, =0.

Using that V3 € Ho(curl;Q), it turns out that (A', V3)ar,, = 0 since A(t) € A for
all ¢ € I. It results that (in a distributional sense)

(A.15) OV -(ee))=V-f and &V-(uh')=0 inl xQ,
and then from (1.2) and (2.1), we get

(A.16) V-(ce')=p and V-(uh')=0 onl.
Following the same reasoning, we prove that if

(A.17) V(e (tn1) = plta_1) and V- (uh")(ty 1) =0
for all n € {1,..., N}, then it holds that

(A.18) V-(ee")=p and V- -(uh")=0 onl,,

and the result follows.

Now, assume that (e, d;e) € C°(0, T; Ho(curl; Q)N H (div, g; Q)) x C°(0, T; L*(2))
and (h,d,h) € C°(0,T; H (curl; Q) N Ho(div, 15 Q) x C°(0, T; L*(Q)) solves (2.3). We
define for each t € (0,T), the following continuous linear form:

(A.19) Li : Wovw (edie,v), — (b, V xv)7, — (f, )7

Noticing that L; vanishes on Hg(curl;2), from Lemma 5 there exists a unique
A(t) € A such that

(A.20) Li(v) = —=(A(t),v)97,, forallve W.

Here (-, -)a7 stands for the unique density extension to A x W of (-, -)a7;, defined on
A XV (corresponding to the operator b(-,-) in Lemma 5). Thereby, (e, h, A) satisfies
the first equation in (2.5) on each I,, € Ta; and respects the continuity condition at
t, for each n € {0,N — 1}. Also, owing to the characterization of Hg(curl; ) in
(A.1), the function e satisfies the third equation in (2.5). Also, the second equation
in (2.3) implies immediately that the second equation in (2.5) holds. Next, from the
definition of L; in (A.19), we arrive at

(A.21) Li(v) = (edre,v) 1y, — (A, V X V)13, — (f,v)7,, forallve W,
and then we get

Li(v) = Z (n® x h,v)gx forallve W,
KeTu

where (-, ")k is the extension to A x W of the natural scalar product on 0K defined
on A x V. On the other hand, we have that (A.20) holds, and then
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Z A+nE xh,v)gx =0 forallveV,
KeTu

which leads to A = —n® x h on 0K for all K € Ty. As a result, the assumed
regularity for h implies the claimed regularity for A (and thus for A™).
Next, we address the well-posedness of the local Maxwell problems.

LEMMA 6. Assume € and p satisfy (1.4) and

(G) f":= fl1, € C'(In; L*(K)), ho € H(curl; K), eq € H(curl; K),

(i) A" := X1, € C3 (I, A),
for all K € Ty and n € {1,...,N}. Hence, for all I, € Tas, the following initial
boundary value problems are well-posed: find (e™™, h”’)‘) such that

(e 0™, v) g — (" V x v)g = —(A",v)ox  for all v € V(K),
(A.22) (O™ W)k + (V x €™ w)g =0  for all w € V(K),
e tn_1,-) =0 and R"(t,_1,-)=0

and (€™ h™F) such that

(e 0™ v) g — (KF V x v)g = (f",v)k for allv e V(K),
(A.23) (1 0h™ W)k + (V x e™F w)g =0 for all w € V(K),
en“f(tn—l) ) = en_l(tn—la ) and hn’f(tn—la ) = hnil(tn—la )

with (€2, h°)(0,-) := (eq, ho).

Proof. We first address the case of € and p are constant functions in K € Ty. Let
K € Tg, n € {1,...,N}. Hereafter, we skip the superscripts for the sake of clarity
Observe that (A.22) and (A.23) can be written in the following second-order form in
D'(I):

(A.24) {(8ttU(t, ),k + a(u(t,"),v) = L(t,v) for all v € V(K),

U(typ—1) = Up—1 and Oyu(t,—1) = vVp_1,

where (w,_1,v,_1) € V(K) x L*(K), and

(A.25) a(u,v) = (iV x u, V X v)
He K

Here, u,,—1 and v,_; stand for the initial conditions of (A.22) or (A.23) and

(A.26) ui=e?,
' L(t,v) == — {0\, V)oK,
for system (A.22), or
u = e,
(420 {L(M’) = (0cf (1), v)K

for system (A.23). Such a derivation is standard and can be found in [8, Chapter 7],
for instance.
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For (A.27), the result follows from [20, Theorem 1, p. 558]. Regarding (A.26),
we cannot directly apply such a theorem since its right-hand side is not continuous
in L?(I,,, L*(K)) but rather in L*(I,, H(curl; K)). We then revisit the proof in [20,
Theorem 1] and remark that the well-posedness result for (A.26) holds if ;u and u
are bounded in L>(I,, L*(K)) and L>(I,, H(curl; K)), respectively. Thereby, we
establish next such a priori estimates for the system (A.24) with (A.26).

Consider two positive constants 8 and « such that

(A.28) a(w,u) + f(u, u)k > a(w, w) H(curl;K)-
Testing (A.24) with v = d;u, it holds that
(A29)  (Owu, 0wk + alu, Oyu) + B(u, du)k = (O, Ou)ok + B(u, du)k,
and then integrating (A.29) over [t,_1,t], t € I,,, we get
(A.30)
00l c(6) + atw,w)() + Blulf () =2 [ *((0n Brwyon + (. 00w) ).

tn—1

By integration by parts, we rewrite the first term in the right-hand side of (A.30) as

(A.31)

t

/ (O, Opu) o ds
tn—l
t
= - / <8ttAa u>6Kd8 + <8t>‘(t7 ')a u(tv )>6K - <6tA(tn—17 ')7 u(tn—la ')>8Ka
tnfl

and then
(A.32)

t
< / [0u Al Allwll (cur;yds + [0, )| allwlt, )l m e k)

tn—l

¢
/ (O, Qpu) o ds

tn—1

+ [0 A (tn-1,), u(tn—1,"))oK]|-

From a weighted Young’s inequality with positive constants & and 8, it holds that

6 t
<3,
2 tn—1

t t
1
/ (Ok A, Oru)orcds [0u AR + *25/ [ (curt; i)
tnfl

tn—1

0 2 1 2
(A.33) + §||6t)‘(ta Ma+ ;SHu(tv e euw k)
+ (O (tn-1,"), Un-1)ox|
1 t

1
< C 2 . d _ t.- 2 . ,
AT - [l (curt; ey @ + 25”'“( M eurtix)

where

) )
C:= §|In|||8tt)‘”2L°°(ImA) + §||at)‘H%°°(ImA) + (O A(tn-1,"), Un—1)oK]-
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Using (A.28) and a weighted Young’s inequality again with a positive constant 0, we
arrive at

1 «
S0t N3 + St ) eurie)

¢ 1 b 1
. <C — |3 (cunt: —[|u|% —||0pul|3 d
(A.34) = +/tn1 (25||u||H(curl,K) +B2HUHL2(K) +626H tu||L2(K) &
+ 7~Hu(t7')”%{(curl;K)‘

2

Next, choosing 6= = one obtains that there exists a positive constant M such that

1 «
S0t )3 + S, ) g
! 1 2 o 2
< C+M \ §H6t,u’||L2(K) + ZHuHH(curl;K) dS,
n—1

and the a priori estimate follows from the Gronwall inequality. The well-posedness
result arises following closely the proof in [20, Theorem 1]. The proof generalizes to
the case functions € and p satisfy (1.4). It follows by replacing (A.24) by

(e0nul(t, ), v)rk + a(u(t,),v) = L(t,v) for all v € V(K),
w(tp—1) = Up—1 and Gpu(t,—1) = Vp_1,

where

a(u,v) = <1V xu,V X ’U)
K K

and following closely the proof of the constant case using (1.4). 0

Appendix B. For sake of completeness, the MHM method is presented for the
two-dimensional Maxwell equations (the TM model) in this section. First, we recall
that the TM problem consists of finding the electric field e, : (0,7) x Q@ — R and the
magnetic fields hy : (0,7) x Q@ — R and hy : (0,T) x @ — R such that

e0e, — Ophy + Oyhy, =j, in (0,T) x Q,
wOhy +0ye, =0 in (0,T) x Q,
(B.1) pOthy —0ze, =0 in (0,7) x €,
e.=0 on (0,T) x 09,
e.=¢€o, hy=hy, hy=h§ att=0, onQ,
where j, is the electric current density, and eg, h{ and h{ are given regular functions

with values in R2.
Here, the space for the Lagrange multipliers reduces to

(B.2) A= {’U sl € HY2(OK) forall K € Ty : v € H(curl;Q)} )

where s stands for the tangential unit vector on K. Next, denote by V the space of
functions in L?(€) such that their restriction to K belongs to H'(K) for all K € Ty.
We skip the intermediate steps leading to the fully discrete version of the MHM
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method as they follow closely the three-dimensional case. The notation adopted
below is that used in the three-dimensional case, if not mentioned otherwise. We
select Ay C A as the polynomial space

(B3) Ag = A;n = {/j,H eA: MH|F €P?(F) for aHFG]:H},

where we recall that P*(F) is the space of discontinuous polynomial functions on F'
of degree less than or equal to [ > 0, and defined on an equally spaced partition of
F composed of m elements (m > 1). The two-dimensional version the MHM method
using the leap-frog time scheme and the DG method proposed in [37] adopts the
nonconforming finite dimensional spaces Vi, = @ gy, Va(K) ¢ V, where

Vi(K) = {ve L*(K) : v| € Pp(r) for allTe'ThK}.

The fully discrete MHM method reads as follows: Find (e i ,hz% R Nir) €
Vi X Vi, x Vi, x Ay, for all n € {1,..., N}, such that

1
(B.4) (e, e}:—h’“ Yo, =0 for all g € Ay,
(B.5)
etE_ond
H,h H,h n z,n
g T,Uh + (h%}’h,amvh)l( - (hHJ_L,ayUh)K — ({h’TI—LI,h} 5 [[Uh]])]:K
K

= (jgavh)K - ()‘7;[71}}1)6}(7

ha:,n _ha:,nfl o1 1
<:u' W’wh>K+(6H:h2’aywh)K+ ({ 2} [[wh]])

y,n y,n—1
hH,h_hH h
o

At ’ 7Zh>K_(e?ITh;’afzh)K+ ({eHh} [[Zh]D

1
for all (v, wn, zn) € Vi(K) x Vi (K) x Vi (K). Here e, = €o +e 1AL (O, — OyhE),
hzoh = h{, and hgﬁoh = h{ . The exact electric and magnetic fields obtained from

(B. 1) and evaluated at time-steps n 4+ 1/2 and n, respectively, are approximated as
follows:

1
e(tnyy) erll;,th’ h*(tn) ~ by, and  RY(t,) =~ Y.

The system (B.4)—(B.5) may now be decoupled in view of its implementation To

An+2 +e ]z,n+2

this end, we first decompose the discrete electric field ey H W= and

use it in (B.4) to get

(B.6) (s, €3y " ors = — (" ) or, for all g € A

Observe that (B.5) implies that the functions (e}yr ?, el ™) satisfy, in each K
serve that (B.5) implies that the functions (e} )" *, ey, *) satisfy, in eac €

Tw, the following local problems, respectively:

1
AL (56}\17?2 vn) o = —(NE, vn)oxk,
1 n . n x,m
(B.7) AL (e 6?;’ 3 ) g = (Jz, vn) K — (h%7h7azvh)K + (hlj?haayvh)[(

— (W Tond) s — 5 (it on)



and

(B.8)

1

At

1 1 _1 _1
y,n — y,n—1 n n
At (“ P Zh)K N (/~‘ We.n vzh)K + (eH,h2 ; 3zzh)K + ({eH 5 } ) [[Zh]])fK

with

1 z,n—1 n—% n—3%
o) = ot o) (b o)+ (o)
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z,n

)

(€35, er %) = (0,e0+e At (9, —8,h)), W3S, = i, and 1%, = hy. The two-

dimensional version of the MHM method corresponds to (B.6)—(B.8). The staggered
algorithm associate to (B.6)—(B.8) follows similarly to the one presented in section

6.1.

T.

F.
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