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Progress in Hybrid Temporal LES

Rémi Manceau

1 Introduction

In order to favour the modelling of the subgrid stresses in continuous hybrid
RANS/LES methods, the comparison of the solutions with experimental or DNS
databases, and eventually the understanding of the phenomenology observed in the
resolved motion, defining a rigorous formalism for such methods is highly desirable
[18]. Empirical methods to bridge RANS and LES suffer from the fact that RANS
and LES are based on generally inconsistent operators, statistical averaging and spa-
tial filtering, respectively [9]. The present paper summarises recent work that tries
to reconcile the two methodologies by defining consistent operators, based on tem-
poral filtering, and provides examples of HTLES (Hybrid Temporal LES) models
that can be derived based on this formalism.

2 Hybrid RANS/LES formalism

In order to build a consistent formalism for hybrid RANS/LES, it is convenient to
express averaging operators, following Kampé de Fériet and Betchov [11], as the
limiting case of a general spatio-temporal filtering operator

Ũ(x, t) =
∫

D

∫ t

−∞

G(x,x′, t, t ′)U(x′, t ′)dx′dt ′. (1)

Standard (spatial) LES is based on a filter of the form
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G(x,x′, t, t ′) = GS(x,x′)δ (t− t ′), (2)

where δ denotes the Dirac delta function, parametrized by a spatial filter width ∆S,
and temporal LES (TLES [15, 16]) on

G(x,x′, t, t ′) = δ (x−x′)GT (t, t ′), (3)

parametrized by a temporal filter width ∆T .
A consistent hybrid RANS/LES formulation can be obtained if the filter kernel

G goes to a low-pass filter for small filter widths and to the statistical average for
infinite filter widths. In the particular case of homogeneous turbulence, statistical
averaging is equivalent to spatial averaging, such that spatially filtered quantities
(Ũ) go to the statistical quantities (U) in the limit of an infinite filter width

U(t) = lim
∆s→∞

Ũ(x, t) = lim
∆s→∞

∫
D

∫ t

−∞

GS(x,x′)δ (t− t ′)U(x′, t ′)dx′dt ′ (4)

= lim
∆s→∞

∫
D

GS(x,x′)U(x′, t)dx′. (5)

Using this property, Chaouat & Schiestel [5] proposed the PITM approach, based
on the equations of motion and derived from the multi-scale approach of Schiestel
[17]. Although the PITM approach is developed in the framework of homogeneous
turbulence, it was successfully applied to many inhomogeneous configurations (e.g.,
[4, 6]).

For inhomogeneous, stationary turbulence, since any temporally filtered quantity
goes to the statistically averaged quantity in the limit of an infinite filter width [9],
it is tempting to simplify the formalism by using a standard, Eulerian temporal filter

G(x,x′, t, t ′) = δ (x−x′)GT (t, t ′). (6)

However, as shown by Speziale [19], such a filter does not satisfy Galilean invari-
ance.

2.1 Generalized temporal filter

In order to remedy this problem, we introduce the family of generalized temporal
filters

G(x,x′, t, t ′) = δ (ξ (x, t, t ′)−x′)GT (t, t ′), (7)

characterized by temporal integration at a moving application point,

Ũ(x, t) =
∫

D

∫ t

−∞

δ (ξ (x, t, t ′)−x′)GT (t, t ′)U(x′, t ′)dx′dt ′ (8)

=
∫ t

−∞

GT (t, t ′)U(ξ (x, t, t ′), t ′)dt ′. (9)
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A particular case is the Lagrangian filter [13], for which ξ (x, t, t ′) = χ(x, t ′) is the
fluid particle trajectory, such that

Ũ(x, t) =
∫ t

−∞

GT (t, t ′)U(χ(x, t ′), t ′)dt ′. (10)

In order to avoid the complexity of Lagrangian filtering, while preserving Galilean
invariance, a uniform motion of the application point is used here,

ξ (x, t, t ′) = x+(t ′− t)Vref, (11)

where Vref is an arbitrary velocity, constant in space and time, and the filter is re-
ferred to as the uniform temporal filter.

2.2 Galilean invariance

The uniform temporal filter, as the Lagrangian filter (10), is Galilean invariant. In-
deed, considering a translational transformation of the reference frame defined by

x? = x−V0 t (12)

where x? is the coordinate vector in the translating frame, the operator satisfies
Galilean invariance if

Ũ?(x?, t) = Ũ(x, t)−V0. (13)

The location of the application point ξ (x, t, t ′) transforms as

ξ
?(x?, t, t ′) = x?+(t ′− t)V?

ref (14)

in the translating frame, where V?
ref = Vref−V0. The filtered velocity then becomes

Ũ?(x?, t) =
∫

GT (t, t ′)U(x?+V?
ref (t

′− t)+ t ′V0, t ′) dt ′−V0 (15)

=
∫

GT (t, t ′)U(x?+V0 t +(t ′− t)Vref, t ′) dt ′−V0 (16)

=
∫

GT (t, t ′)U(ξ (x, t, t), t ′) dt ′−V0 (17)

= Ũ(x, t)−V0, (18)

such that Galilean invariance holds.
In order to avoid any ambiguity in the definition of the filter, it is convenient to

relate the velocity Vref of the application point to an element of the geometry. For
instance, in a pipe flow, it is natural to choose the velocity of the pipe wall. In Fig. 1,
Vref is defined as the velocity of the airplane, and the motion of the application point
in two reference frames is shown. In the reference frame of the airplane (right), in
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◦ Eulerian temporal filter
⋆ Uniform temporal filter (Vref = Vplane)

◦⋆
Vplane

Vref

◦ ⋆

◦ ⋆

◦ ⋆

t

Reference frame of the ground

◦⋆

◦⋆

◦⋆

◦⋆

Reference frame of the plane

Fig. 1 Illustration of the motion of the application point of the uniform temporal filter (star), in
comparison with the Eulerian temporal filter (circle), in the case of the flow around an airplane, in
the reference frame of the ground (left) and of the plane (right). The reference velocity is defined
as the velocity of the airplane.

which Vref is zero, the Eulerian and uniform temporal filters are equivalent. In the
reference frame of the ground (left), the application point follows the motion of
the airplane, which ensures the invariance of the filter in the change of reference
frame, since, at every moment, the application point corresponds to the same mate-
rial point in the two reference frames. As illustrated in the figure, this is not the case
for the Eulerian filter. The choice of a uniform filter with Vref = Vground is legiti-
mate (Galilean invariant), but does not meet the requirement of the hybridization of
RANS and TLES, since in the reference frame of the ground, the flow is not statis-
tically stationary, such that the filter does not go to the Reynolds average for large
filter widths. A simple rule thus emerges: the reference velocity Vref must be chosen
such a way that it is zero in the reference frame in which the flow is statistically
stationary. Section 4 is dedicated to the extension to fundamentally non-stationary
cases, i.e., cases that are non-stationary in all the reference frames.

2.3 Consistency with long-time averaging

In the particular case of stationary turbulence, it can be easily shown that the filtered
quantities go to statistically averaged quantities in the limit of infinite filter width,
as illustrated in Fig. 2a, using the reference velocity Vref = 0 [10],

U(x) = lim
∆T→∞

Ũ(x, t) = lim
∆T→∞

∫ t

−∞

GT (t, t ′)U(x, t ′)dt ′. (19)
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Fig. 2 (a) Generic turbulent spectrum ET (ω) and illustration of the limiting behaviour for small
and large filter widths. ĜT denotes the temporal Fourier transform of the filter and Ĝ∗T its complex
conjugate. A Gaussian filter GT is used here. (b) Synthetic turbulence signal as a function of time,
generated using an imposed spectrum (ω0 = ε/k) and random phases. Application of a temporal
filter (top-hat kernel, Fig. 6), with several cutoff frequencies ωc.

This property is illustrated in Fig. 2b, in which a synthetic turbulent signal is gen-
erated from a generic spectrum ET (ω) (Fig. 2a), characterized by the large-scale
frequency ω0, and random phases. A cutoff frequency of the filter in the inertial
range of the spectrum defines the TLES approach. A phase shift is observed, due
to the fact that the integration in Eq. (19) is performed backward in time (causal
filter), i.e., is not an even function of time (see section 4.1). For very low cutoff fre-
quencies, i.e., for temporal filter widths much larger than the integral time-scale, all
the turbulent scales are filtered out and the filtered signal approaches the statistical
average, which is independent of time in the present case, as seen in Fig. 2b. The
intermediate case of URANS (ωc ' ω0) is investigated in section 4.1.

Assuming, as in spatial LES, that the filter commutes with the differential oper-
ators, the filtered momentum equation reads

∂Ũi

∂ t
+Ũk

∂Ũi

∂xk
=− 1

ρ

∂ P̃
∂xi

+ν
∂ 2Ũi

∂x j∂x j
−

∂τi jsfs
∂x j

, (20)

where the subfilter stress (SFS) tensor τi jsfs is defined as the generalized central
second order moment τi jsfs = τ(Ui,U j), where τ(Ui,U j) = ŨiU j− ŨiŨ j. The SFS
tensor satisfies the transport equation

∂τi jsfs
∂ t

+Ũk
∂τi jsfs

∂xk
=−

∂τ(Ui,U j,Uk)

∂xk
+ν

∂ 2τi jsfs
∂xk∂xk

−2ν τ

(
∂Ui

∂xk
,

∂U j

∂xk

)
− 1

ρ
τ

(
Ui,

∂P
∂x j

)
− 1

ρ
τ

(
U j,

∂P
∂xi

)
− τiksfs

∂Ũ j

∂xk
− τ jksfs

∂Ũi

∂xk
, (21)

where

τ(Ui,U j,Uk) = ŨiU jUk−Ũiτ(U j,Uk)−Ũ jτ(Ui,Uk)−Ũkτ(Ui,U j)−ŨiŨ jŨk.
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Eq. (21) is formally identical to the familiar RANS equation for the Reynolds stress
tensor uiu j, where ui =Ui−Ui denotes the fluctuating velocity. Moreover, as shown
by Pruett et al. [16], the SFS tensor tends to the Reynolds-averaged tensor in the
limit of infinite temporal filter width, such that the filtered equations (20) and (21)
continuously go to their Reynolds averaged counterparts when the temporal filter
width is gradually increased, as illustrated in Fig. 2a. This form similarity and con-
sistency at the limit of an infinite filter width constitutes a solid foundation for de-
veloping HTLES (Hybrid Temporal LES) approaches.

3 Modelling of the subfilter stresses in HTLES

The presence of the subfilter stresses (SFS) in the equations, due to temporally
filtered-out scales, lead to a closure problem similar to the case of standard LES,
although the variables have a different definition. This issue was addressed in the
framework of pure Temporal LES by Pruett [15], Pruett et al. [16] and Tejada-
Martinez et al. [20]. For HTLES, i.e., for a cutoff frequency going to zero in some
regions, as shown by Fadai-Ghotbi [7], the approach proposed by Chaouat and Schi-
estel [5] in the framework of spatial filtering can be transposed to uniform temporal
filtering, leading to the so-called Temporal Partially Integrated Transport Method
(TPITM).

3.1 Temporal PITM

The TPITM approach is based on an analysis in the frequency domain for inho-
mogeneous, stationary turbulence. The model is derived from the exact equation
for the Eulerian temporal energy spectrum, by introducing two filters with char-
acteristic frequencies ωc and ωd , as illustrated in Fig. 3a, in order to separate the
resolved scales [0;ωc], the unresolved energetic scales [ωc;ωd ] and the unresolved
dissipative scales [ωd ;∞]. Integrating the equation for the Eulerian temporal en-
ergy spectrum ET (x,ω) over the range [ωc;ωd ] (hence the name Partially Integrated
Transport Model), it can be shown [7] that the modelled turbulent energy, km, i.e.,
the energy of the unresolved scales, satisfies the equation

Dkm

Dt
= Pm +Dm− ε (22)

where Pm and Dm are the subfilter parts of the production P and the diffusion D
that enter the equation for the total turbulent energy k, which is recovered term by
term when ∆T → ∞. Since one of the objectives of hybrid RANS/LES methods is
not to solve the dissipative scales, ωc must lies outside of the dissipative range,
such that εm = ε . The amount of resolved energy is to be controlled by making the
equations of the model dependent on the filter width, which can be achieved by
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Fig. 3 (a) Definition of three spectral zones for the TPITM approach. (b) Illustration of H-
equivalence. Here, the HTLES model is made H-equivalent to TPITM by introducing a variation
δψ of the coefficient ψ .

using a transport equation for the dissipation rate that is a modification of the usual
RANS equation. It can be shown [7] that the following modified dissipation rate
equation can be used

Dε

Dt
=Cε1

ε

km
Pm−C∗ε2

ε2

km
+Dεm , (23)

where Dεm is a diffusion term. The RANS/TLES transition is controlled by the vari-
able coefficient C∗ε2

=Cε1 +r (Cε2 −Cε1), which is a function of the ratio of modelled
to total turbulent energy r = ksfs/k. The RANS limit corresponds to r = 1, in which
case the classical RANS dissipation rate equation is recovered. Thus, TPITM is only
based on a modification of the dissipation equation, which can be associated either
with the transport equation for the subfilter turbulent kinetic energy ksfs [2] (note
that km = ksfs) or with the transport equations for the subfilter stresses τi jsfs [7].

Applications of this method [7] showed the difficulty to sustain resolved turbulent
fluctuations during the computation, in particular for flows that are not dominated
by the Kelvin-Helmholtz instability, and the necessity of introducing a dynamic
procedure to avoid a pseudo-laminarization of the computed flow. This problem can
be attributed to the fact that the migration from RANS to TLES, i.e., the control of
the level of subfilter energy, is only indirectly controlled via the dissipation equation.
In order to address this issue, it is proposed to derive an equivalent approach, in
which this control is performed via a direct modification of the dissipation term in
the turbulent energy or stresses, in the spirit of DES.

3.2 A more robust Hybrid Temporal LES model

Such an approach can be obtained by defining the H-equivalence criterion, where
H stands for Hybrid. Postulating that Two hybrid approaches based on the same
closure, but using a different method of control of the energy partition, yield similar
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low-order statistics of the resolved velocity fields provided that they yield the same
level of subfilter energy [8], two approaches are said H-equivalent if they lead to the
same partition of energy for a particular situation and tend to the same RANS model
for large filter widths.

Using a perturbation method, i.e., based on infinitesimal modifications of the
system of equations, it can be shown [8] that the approach based on an equation of
the form

dksfs

dt
= Psfs−

ksfs

T
+Dsfs, (24)

simply called herafter Hybrid Temporal LES (HTLES), can be H-equivalent to the
TPITM model. In order to identify the time scale T to use in Eq. (24), one can com-
pare the behaviour of two systems of equations written for the Reynolds-averaged
subfilter energy km and its dissipation rate (km = ksfs): the TPITM system (25) and
the HTLES system (26),


dkm

dt
= Pm− ε +Dm

dε

dt
=Cε1

ε

km
Pm−C∗ε2

ε2

km
−Dε

(25)


dkm

dt
= Pm−ψ ε +Dm

dε

dt
=Cε1

ε

km
Pm−Cε2

ε2

km
−Dε

(26)

where ψ = km/(εT ). Ensuring H-equivalence between the two systems of equa-
tions raises the question: How must the ψ function be chosen for the HTLES system
Eq. (26) to provide the same level of modelled energy km as the TPITM system
Eq. (25)? H-equivalence, applied to HTLES and TPITM, is illustrated in Fig. 3b: a
computation using this HTLES model reproduces a filtered spectrum, with a cutoff
frequency depending on the coefficient ψ . If this coefficient is arbitrary, there is no
reason for HTLES to exhibit the same level of modelled energy (or in other words,
the same partition of energy), as the TPITM. However, a modification δψ of the
coefficient ψ can be introduced in order to drive the partition of energy toward that
of the TPITM, i.e., to make HTLES H-equivalent to TPITM. The analysis below
then aims at identifying the relation between the ψ and C∗

ε2 coefficients to ensure
H-equivalence.

At the RANS limit, since the prerequisite to the analysis is that the two ap-
proaches are based on the same closure, i.e., the two systems Eq. (25) and Eq. (26)
go to the equations of one and the same RANS model as ωc goes to zero, the two ap-
proaches yield the same level of subfilter energy km = k. Now, the H-equivalence of
the systems can be preserved by introducing infinitesimal variations δC∗

ε2 and δψ

of the coefficients C∗
ε2 and ψ , respectively. The two systems remain H-equivalent

if the modification of the two coefficients leads to the same infinitesimal variation
δkm of the subfilter energy km. In some particular situations, the relation between
the coefficients can be analytically obtained. The less restrictive situation is the case
of inhomogeneous turbulence in straight duct flows, in which it can be shown that
the two systems yield the same δkm if
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Fig. 4 Illustration of the sweeping mechanism [21] and its link with the cutoff frequency.

δψ

(Cε2−Cε1ψ)
=−

δC∗
ε2

Cε2
(
C∗

ε2−Cε1
) , (27)

Integrating this relation from the RANS state (C∗
ε2 =Cε2 and ψ = 1) to an arbitrary

LES state (C∗
ε2 <Cε2 and ψ > 1) leads to

ψ = 1+
(

Cε2

Cε1
−1
)(

1− rCε1/Cε2
)
. (28)

The conclusion of this analysis is that HTLES in equivalent to TPITM if the time
scale in Eq. (24) writes

T =
r

1+
(

Cε2
Cε1
−1
)(

1− rCε1/Cε2
) k

ε
. (29)

The transport equation for ksfs and ε in HTLES are formally identical to the
standard RANS model equations. The modified time scale enforces the LES mode
for r < 1 by increasing the dissipation term ksfs/T in the ksfs-equation, similar to
two-equation DES. This method can be easily adapted to second moment closures,
i.e., models based on transport equations for the subfilter stress tensor, by replacing
ε in the dissipation tensor by ksfs/T .

This version of Hybrid Temporal LES bears similarities with DES, but also sig-
nificant differences: it is based on a modified time-scale rather than a length scale;
the modification is based on the comparison of averaged quantities (r and k/ε),
rather that time-dependent, filtered quantities; DES is an empirical approach, with-
out an explicit reference to a particular formalism for bridging LES and RANS,
although it can be interpreted as a simplified version of a method H-equivalent to
the TPITM. The interested reader is referred to Friess et al. [8] for further details.

Moreover, an interesting feature is that HTLES does not explicitly involve the
width of the filter, but only the ratio r that characterizes the partition of energy. It
is thus possible to implement it as a purely adaptive approach, which identifies the
local resolution and consequently adapts the time scale T by monitoring, during the
computation, the ratio of modelled to total turbulent energy.
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Another possibility is to explicitly relate the model to the filter, by modelling the
ratio r as a function of the cutoff frequency ωc. Similar to the case of the spatial
filter width in LES, it appears optimal to relate the cutoff frequency to the Nyquist
frequency linked to the time step dt,

ωc =
2π

2dt
, (30)

such that the temporal filter width is ∆T = 2dt. However, for a sufficiently small
time step, the highest frequency π/dt cannot be observed in the computation, since
the corresponding eddies are filtered out by the grid, the maximum observable
wavenumber being κc = 2π/2∆ . The maximum frequency observed at a fixed point
is not linked to the turnover time of the eddies of wavenumber κc (Lagrangian time
scale), but rather to the advection (sweeping) of the small scales by the large scales
[21], as illustrated in Fig. 4. The medium eddy at the top is swept by the large scale
structure, such that it generates the time-dependent signal shown in the top-right fig-
ure, which can be measured, for instance, by a hot wire at a fixed point. The small
eddy at the bottom would generate a signal contributing to higher frequencies if
it was resolved, but since the grid is too coarse, the corresponding frequencies are
missing. Therefore, the maximum observable frequency is

ωc = min
(

π

dt
;
Usπ

∆

)
, (31)

where Us denotes the sweeping velocity. In the absence of a mean velocity, following
Tennekes [21], the sweeping velocity can be related to the characteristic velocity of
the energetic eddies, Us = u = γ

√
k, where γ is a coefficient. In the presence of a

mean flow, the maximum observable frequency is related to the sweeping velocity
Us =U +u, with U the mean velocity magnitude.

The value of the ratio r can be related to the cutoff frequency of the temporal filter
ωc using the assumption of an equilibrium Eulerian spectrum [21], derived from the
Kolmogorov wavenumber spectrum using the dispersion relation dω =Usdκ ,

ET (ω) =Cκ ε
2/3U2/3

s ω
−5/3 (32)

The ratio r, defined as km/k, can then be evaluated as

r =
km

k
=

1
k

∫
∞

ωc

ET (ω)dω =
3Cκ

2

(
Us√

k

)2/3(
ωc

k
ε

)−2/3

, (33)

such that the following relation is used

r = min

(
1;

1
β

(
Us√

k

)2/3(
ωc

k
ε

)−2/3
)
. (34)



Progress in Hybrid Temporal LES 11

0 1 2 3 4 5 6

-0.2

0

0.2

0.4

0.6

0.8

U
/U

0

x/D

URANS
HTLES
Exp.

LES

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

u
r
m

s
/U

0

x/D

Fig. 5 HTLES computation of the flow around a square cylinder at Re = 21400 [22]. Mean (left)
and rms (right) streamwise velocities along the axis of symmetry in the wake of the cylinder.
Comparison with experiments [12], LES [3] and URANS using the same closure (k-ω-SST).

Tran et al. [22] used the case of homogeneous isotropic turbulence to calibrate the
value of the coefficient, and obtained β = 0.67. The HTLES approach is applied
here to the k-ω-SST model [14].

In order to illustrate the predictive capabilities of the method, the case of the flow
around a square-sectioned cylinder in chosen, in comparison with the experimental
data of Lyn et al. [12], for Re = 21400 and the recent LES of Cao and Tamura
[3]. The present results are obtained using a multi-block, structured grid of about
0.5×106 cells (to be compared to 72.9×106 for the LES), with y+ ' 1 ensured at
the wall, and the spanwise extent of the domain is 4D. Computations are performed
using the open-source CFD software Code Saturne [1].

Fig. 5 shows profiles extracted along the symmetry line behind the cylinder.
URANS results, based on the same closure, the k-ω-SST model, obtained with the
same grid, are plotted for comparison. Fig. 5 clearly shows the interest of HTLES
compared to URANS, i.e., to the resolution of finer turbulent structures. Indeed,
URANS severely underestimates the turbulent energy in the wake and overestimates
the mean velocity. The recirculation region is predicted far too short and intensity
of the backflow is strongly underestimated. With HTLES, using the same closure
for the unresolved stresses, but reducing the level of modelled energy, i.e., making
possible the resolution of a wider range of turbulent structures, the reproduction of
this flow is drastically improved. Moreover, it is worth pointing out that HTLES
results are close to LES results, although the number of cells is reduced by a factor
of 145, because the near-wall region is solved in URANS mode (see section 4).

4 Non-stationary turbulence: hybrid URANS/TLES

4.1 URANS as a temporally filtered approach

URANS suffers from a lack of clear definition in general situations. For instance,
in the case of stationary turbulence with coherent, quasi-periodic vortex shedding,
such as the case of the wake of a stationary cylinder, with a constant inlet velocity,
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as shown in section 3.2, statistically averaged quantities are independent of time,
such that the temporal derivative does not appear in the RANS equations. Therefore,
solving time-dependent equations with a standard RANS turbulence model appears
somehow arbitrary.

However, it is interesting to note that, for coarse resolutions (large values of r),
the denominator in Eq. (29) goes to unity, such that the time scale T is asymptot-
ically equivalent to r k/ε = km/ε . In this case, the dissipation term ψε = km/T in
Eq. (26) is equal to ε . Similarly, in the equation (24) for ksfs, which is resolved in
practice, the dissipation term ksfs/T is equal to (ksfs/km)ε . Since km = ksfs, the ratio
in brackets just fluctuates around unity. The HTLES equations thus approach the
URANS equations (i.e., including the time derivative, in both the turbulent energy
and dissipation equations). Now, large values of r are obtained for cutoff frequen-
cies going to ω0 = Usκ0, i.e., to the characteristic frequency corresponding to the
integral scale of turbulence. Therefore, URANS can be regarded as a temporally-
filtered approach in which the temporal filter width is of the order of magnitude of
the eddy-turnover time of the energetic structures of the flow: ∆T ' k/ε , as illus-
trated in Fig. 2a. In flows dominated by vortex shedding, such as the flow around
a square cylinder presented above, the large, coherent structures, whose time scale
correspond to k/ε , i.e., to the temporal filter width, are not completely filtered-out
and the resolved flow is unsteady and mostly 2D. However, since the effective filter
due to the model for the subfilter stresses is not a cutoff filter but rather a filter with a
transfer function less than unity for these frequencies, the amplitude of the coherent
structures is reduced.

This remark can be simply illustrated by analysing the effect of the application of
a temporal filter on a monochromatic wave of the form V (x, t) =V0 cos(k0x−ω0t),
which can be regarded as a very simplified model for the crosswise velocity signal
in, e.g., a the cylinder wake. It can be easily shown that the application, for instance,
of the causal top-hat filter represented in Fig. 6 leads to a monochromatic wave with
an amplitude reduced by a factor a and with a phase shift ϕ given by

a =
sin(ω0∆T

2 )
ω0∆T

2

; ϕ =
ω0∆T

2
. (35)

If ωc is the frequency ω0 of the unfiltered wave, then the amplitude reduction and
the phase shift are 2/π ' 0.63 and π/2, respectively, as illustrated in Fig. 6. The
application of such a filter with ωc = ω0 to a synthetic turbulent signal is shown in
Fig. 2b. The filtered signal is close to periodic and monochromatic. The amplitude
reduction and the phase shift clearly appear.

This interpretation of URANS as a temporally filtered approach is supported
by the results shown in Fig. 5: the vortex shedding is reproduced with the correct
Strouhal number (temporal filtering does not affect the frequencies); the rms ve-
locity is severely underestimated (temporal filtering damps the amplitudes); since
eddies with characteristic time scales smaller than the integral time scale are filtered
out, the coherent structures are not destabilized by the nonlinear interactions with
smaller scales and the resolved motion is quasi-2D and quasi-periodic.
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Fig. 6 Illustration of the effect of a temporal top-hat filter
(left) on a monochromatic wave (right), for the particular
case of a cutoff frequency ωc equal to the frequency ω0
of the wave: comparison of the unfiltered function V (0, t)
(solid line) and the filtered function Ṽ (0, t) (dashed line).

Fig. 7 Illustration of non-stationary
turbulent signals: transient flow (top);
cyclostationary flow (bottom).

4.2 Hybridization of TLES and URANS

URANS can be applied in practise in many different configurations, with funda-
mental distinctions:

X Stationary turbulence (boundary condition independent of time) dominated by
large-scale, coherent structures, such as the flow around a cylinder shown in sec-
tion 3.2. In this case, RANS equations are independent of time, since the statis-
tical average is equivalent to the long-time average. As shown above, URANS
equations can be obtained as the limit of HTLES equations using the integral
time scale as the filter width.

X Non-stationary turbulence (statistics dependent of time). This is the case for tran-
sient flows, see Fig. 7 (top), as, e.g., the deployment of high-lift devices, in which
case the RANS equations are dependent of time, and are alternatively termed as
URANS (Unsteady) or TRANS (Transient). This is also the case for periodic
flows (cyclostationary), see Fig. 7 (bottom), i.e., turbulent flows with an imposed
periodic component, due to periodic boundary conditions (e.g., car engine, flap-
ping wing, pulsed flow). In this case, URANS equations can be rigorously de-
rived using phase-averaging. In both cases (transient or periodic turbulent flows),
the URANS equations are also formally identical to HTLES equations with a
filter width equal to the integral time scale.

Therefore, the HTLES methodology can be used to bridge URANS and TLES
methods. If the grid and time steps are sufficiently fine compared to the integral
length and time scales, respectively, the TLES approach is active, i.e., the cutoff
frequency lies in the inertial region of the spectrum and a large portion of the ener-
getic eddies is resolved. If the grid and/or time steps are comparable to the integral
scales, the URANS approach is active. In the case of stationary turbulence, or, if the
permanent state of a transient flow is reached, the URANS equations become inde-
pendent of time, and HTLES reverts to the hybrid RANS/TLES approach described
in section 3.
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These properties of formal similarity of HTLES and URANS equations thus
make possible the extension of the HTLES approach to any type of flow config-
urations.

5 Conclusion

Uniform temporal filtering provides a consistent formalism for hybridizing RANS
and LES, or, more accurately, unsteady RANS and temporal LES. Indeed, the fil-
tered quantities, as well as their moments, in particular the subfilter stresses, contin-
uously go from low-pass-filtered quantities to Reynolds-averaged quantities when
the temporal filter width is gradually increased. The formal similarity of the TLES
and URANS equations constitutes a solid basis for the development of models for
the subfilter stresses that bridge the two approaches, and ensures the validity of the
approach in general configurations.

Given a formal closure of the filtered equations, either a constitutive relation for
first moment closures or modelled transport equations for the subfilter stresses, the
hybrid approach must be able to control the partition of energy among resolved and
modelled scales. Based on the equations of motion and a partition of the energy
spectrum into resolved, unresolved energetic and unresolved dissipative scales, the
TPITM approach, the temporal version of the PITM, can be derived, in which the
partition of energy is controlled via a variable coefficient in the dissipation equation.

In order to circumvent some difficulties faced when applying the TPITM model,
a more robust HTLES approach is proposed, in which the energy partition is di-
rectly controlled by modifying the dissipation term in the energy or subfilter stress
equation. If this modification is carefully designed in order to satisfy an equivalence
criterion, this HTLES model preserves the good properties of TPITM, but is signif-
icantly easier to implement. This approach bears some similarities with DES, but
accounts for the influence of the filter width on the equations in a very different
manner.
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