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Well-posedness for mean-field evolutions arising in superconductivity
Mitia Duerinckx

with an appendix jointly written with Julian Fischer

We establish the existence of a global solution for a new family of fluid-like equations, which are obtained
in certain regimes in [24] as the mean-field evolution of the supercurrent density in a (2D section of a) type-II
superconductor with pinning and with imposed electric current. We also consider general vortex-sheet initial
data, and investigate the uniqueness and regularity properties of the solution. For some choice of parameters,
the equation under investigation coincides with the so-called lake equation from 2D shallow water fluid dynamics,
and our analysis then leads to a new existence result for rough initial data.

1 Introduction

1.1 General overview

We study the well-posedness of the following two fluid-like evolution models coming from the mean-field limit
equations of Ginzburg-Landau vortices: first, for a > 0, 5 € R, we consider the “incompressible” flow

v = VP — (¥ +v)curlv + B(¥ + v)* curl v, div(av) = 0, in RT x R?, (1.1)
and second, for 0 < X\ < oo, a > 0, 8 € R, we consider the “compressible” flow
O = AV (a"tdiv(av)) — a(¥ + v) curlv + B(¥ 4 v)* curl v, in RT x R?, (1.2)

with v : RT x R? := [0,00) x R? — R? and curlv > 0, where ¥ : R? — R? is a given forcing vector field, and
where the weight a := e is determined by a given “pinning potential” h : R> — R. Note that the incompressible
model (1.1) can be seen as the limiting case A = oo of the family of compressible models (1.2). As established
in a companion paper [24] with Sylvia Serfaty, these equations are obtained in certain regimes as the mean-field
evolution of the supercurrent density in a (2D section of a) type-II superconductor described by the 2D Ginzburg-
Landau equation with pinning and with imposed electric current — but without gauge and in whole space, for
simplicity. In this context, the cases A = 0o, 0 < A < oo, and A = 0 correspond respectively to a low, an
intermediate, and a high vortex density regime. Note that in the parabolic case a« > 0, f = 0, the incompressible
model (1.1) can be seen as a Wasserstein gradient flow for the vorticity curlv, but a common gradient flow
structure seems to be missing for the whole family of equations (1.2) with A € [0,00]. In the conservative case
a = 0 with ¥ = 0, the incompressible model (1.1) takes the form of the so-called lake equation from 2D shallow
water fluid dynamics [26, p.235] (see also [12, 13]), which reduces to the usual 2D Euler equation if the weight a
is constant.

In the nondegenerate case A > 0, we investigate existence, uniqueness, and regularity, both locally and globally
in time, for the Cauchy problems associated with (1.1) and (1.2), and we also consider vortex-sheet initial data.
In Appendix A jointly written with Julian Fischer, a complete theory is further obtained for the degenerate
parabolic case A= =10, a > 0.

1.2 Brief discussion of the model

Superconductors are materials that in certain circumstances lose their resistivity, which allows permanent
supercurrents to circulate without loss of energy. In the case of type-II superconductors, if the external magnetic
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field is not too strong, it is expelled from the material (Meissner effect), while, if it is much too strong, the
material returns to a normal state. Between these two critical values of the external field, these materials
are in a mixed state, allowing a partial penetration of the external field through “vortices”, which are accurately
described by the (mesoscopic) Ginzburg-Landau theory. Restricting ourselves to a 2D section of a superconducting
material, it is standard to study for simplicity the 2D Ginzburg-Landau equation on the whole plane (to avoid
boundary issues) and without gauge (although the gauge is expected to bring only minor difficulties). We refer
e.g. to [53, 52| for further reference on these models, and to [47] for a mathematical introduction. In this
framework, in the asymptotic regime of a large Ginzburg-Landau parameter (which is indeed typically the case
in real-life superconductors), vortices are known to become point-like, and to interact with one another according
to a Coulomb pair potential. In the mean-field limit of a large number of vortices, the evolution of the suitably
normalized (macroscopic) mean-field density w : RT x R? — R of the vortex liquid was then naturally conjectured
to satisfy the following Chapman-Rubinstein-Schatzman-E equation [25, 16]

Ow = div(jw|V(=A) ), in RT x R?, (1.3)

where (—A)~'w is indeed the Coulomb potential generated by the vortices. Although the vortex density w is a
priori a signed measure, we restrict here (and throughout this paper) to positive measures, |w| = w > 0, so that
the above is replaced by

Ow = div(wV(=A)"lw), in Rt x R?. (1.4)

More precisely, the mean-field supercurrent density v : Rt x R? — R? (linked to the vortex density through the
relation w = curlv) was conjectured to satisfy

0w = VP —wvcurlo, dive =0, in RT x R?, (1.5)

Taking the curl of this equation indeed formally yields (1.4), noting that the incompressibility constraint divev = 0
allows to write v = VA" 1w,

In the context of superfluidity [1, 46|, a conservative counterpart of the usual parabolic Ginzburg-Landau
equation is used as a mesoscopic model. This counterpart is given by the Gross-Pitaevskii equation, which is a
particular instance of a nonlinear Schrédinger equation. At the level of the mean-field evolution of the corre-
sponding vortices, we then need to replace (1.3)—(1.4) by their conservative versions, thus replacing V(—A)"tw
by VX (=A)"tw. As argued in [5], there is also physical interest in rather starting from the “mixed-flow” (or
“complex”) Ginzburg-Landau equation, which is a mix between the usual Ginzburg-Landau equation describing
superconductivity (o« = 1, 8 = 0, below), and its conservative counterpart given by the Gross-Pitaevskii equation
(e« =0, 8 =1, below). The above mean-field equation (1.5) for the supercurrent density v is then replaced by
the following, for « > 0, 8 € R,

v = VP — awcurlv + vt curl v, dive =0, in RT x R2. (1.6)

Note that in the conservative case o = 0, this equation is equivalent to the 2D Euler equation, as is clear from
the identity v’ curlv = (v - V)v — 2 V|v[2

The first rigorous deductions of such (macroscopic) mean-field limit models from the (mesoscopic) 2D Ginzburg-
Landau equation are due to [35, 30, 48]. As discovered by Serfaty [48], in the dissipative case o > 0, the limiting
equation (1.6) is only correct in a regime of dilute vortices, while for a higher vortex density it must be replaced
by the following compressible flow,

O = AV (divv) — aw curlv + Bot curl v, in RT x R?, (1.7)

for some 0 < A < co. In [23, Theorem 8.1.3] we have further shown that for an even higher vortex density the
relevant limiting equation is (1.7) with A = 0. In contrast, in the conservative case o = 0, the equation (1.6) is
always expected to hold in the corresponding mean-field limit. To the best of our knowledge, this compressible
model (1.7) with 0 < X\ < oo is completely new in the literature.

When an electric current is applied to a type-II superconductor, it flows through the material, inducing a
Lorentz-like force that makes the vortices move, dissipates energy, and disrupts the permanent supercurrents.



As most technological applications of superconducting materials occur in the mixed state, it is crucial to design
ways to reduce this energy dissipation, by preventing vortices from moving. For that purpose a common attempt
comnsists in introducing in the material inhomogeneities (e.g. impurities, or dislocations), which are indeed meant
to destroy superconductivity locally and therefore “pin down” the vortices. This is usually modeled by correcting
the 2D Ginzburg-Landau equations with a non-uniform equilibrium density a : R? — [0, 1] (or “pinning weight”),
which locally lowers the energy penalty associated with the vortices (see e.g. [15, 9] for further details). As
formally predicted by Chapman and Richardson [15], and first completely proven by [31, 49] (see also [29, 34] for
the conservative case), in the asymptotic regime of a large Ginzburg-Landau parameter, this non-uniform density
a translates at the level of isolated vortices into an effective “pinning potential” h = loga, indeed attracting the
vortices to the minima of a. As shown in our companion paper [24], the mean-field equations (1.6)—(1.7) are then
replaced by (1.1)-(1.2), where the forcing ¥ can be decomposed as ¥ := F* — V1 in terms of the pinning force
—Vh and of some vector field F' : R? — R? related to the imposed electric current (see also |51, 49]). In the
conservative regime a = 0, 8 = 1, the incompressible model (1.1) takes the form of the following inhomogeneous
version of the 2D Euler equation: using the identity v curlv = (v - V)v — 2V[v[?, and setting P := P — 3|v|?,

O = VP + Ut curlv+ (v- V), div(av) = 0, in RT x R%, (1.8)

In the context of 2D fluid dynamics, this conservative equation is known as the lake equation [26, p.235] (see
also [12, 13]): the pinning weight a corresponds to the effect of a varying depth in shallow water [44], while the
forcing W is similar to a background flow.

1.3 Relation to previous works

The simplified model (1.4) describes the mean-field limit of the gradient-flow evolution of any particle system
with Coulomb interactions [22]. As such, it is related to nonlocal aggregation and swarming models, which have
attracted a lot of mathematical interest in recent years (see e.g. [8, 14] and the references therein); they consist
in replacing the Coulomb potential (—A)~! by a convolution with a more general kernel corresponding to an
attractive (rather than repulsive) nonlocal interaction. Equation (1.4) was first studied by Lin and Zhang [39],
who established global existence for vortex-sheet initial data w|;—¢ € P(R?), and uniqueness in some Zygmund
space. To prove global existence for such rough initial data, they proceed by regularization of the data, then
passing to the limit in the equation using the compactness given by some very strong a priori estimates obtained
by ODE arguments. As our main source of inspiration, their approach is described in more detail in the sequel.
When viewing (1.4) as a mean-field model for the motion of the Ginzburg-Landau vortices in a superconductor,
there is also interest in changing sign solutions and the correct model is then rather (1.3), for which global
existence and uniqueness have been investigated in [21, 42], but for which an LP well-posedness theory is still
missing. In [4, 3], using an energy approach where the equation is seen as a formal gradient flow in the Wasserstein
space of probability measures a la Otto [45], made rigorous by the minimizing movement approach of Jordan,
Kinderlehrer, and Otto [32] (see also [2]), analogues of equations (1.3)—(1.4) were studied in a 2D bounded domain,
taking into account the possibility of mass entering or exiting the domain. In the case of nonnegative vorticity
w > 0, essentially the same existence and uniqueness results as those by Lin and Zhang were established in that
setting in [4]. In the case w > 0 on the whole plane, still a different approach was developed by Serfaty and
Vazquez [50], where equation (1.4) is obtained as a limit of nonlocal diffusions, and where uniqueness is further
established for bounded solutions using transport arguments a la Loeper [41]. Note that no uniqueness is expected
to hold for general measure solutions of (1.4) (see [4, Section §8]). In the present paper, we focus on the case w > 0
on the whole plane R2.

The model (1.6) is a linear interpolation between the gradient-flow equation (1.4) (obtained for & = 1, 5 = 0)
and its conservative counterpart that is nothing but the 2D Euler equation (obtained for o = 0, § = 1). The
theory for the 2D Euler equation has been well-developed for a long time: global existence for vortex-sheet
data is due to Delort [20], while the only known uniqueness result, due to Yudovich [54], holds in the class of
bounded vorticity (see also [7] and the references therein). Regarding the general model (1.6), global existence
and uniqueness results for smooth solutions are easily obtained by standard methods (see e.g. [17]). Although
not surprising, global existence for this model is further established here for vortex-sheet initial data, as well as
uniqueness in the class of bounded vorticity.



In contrast, the compressible model (1.7), first introduced by Serfaty [48], is completely new in the literature.
In [48, Appendix BJ, only local-in-time existence and uniqueness of smooth solutions are proven in the non-
degenerate case A > 0, using a standard iterative method. In the present paper, in the parabolic regime a > 0,
8 =0, global existence for vortex-sheet data is further established in the non-degenerate case A > 0, while in the
degenerate case A = 0 global existence with bounded data is obtained by exploiting the particular scalar structure
of the corresponding equation.

The general equations (1.1)—(1.2), introduced in our companion paper [24], are seen as inhomogeneous versions
of (1.6)—(1.7) with forcing. Since these models are new in the literature (except in the case (1.8)), we wish to
provide in the present paper a detailed discussion of local and global existence, uniqueness, and regularity issues.
In the conservative regime o« = 0, § = 1, the incompressible model (1.1) takes the form of the so-called lake
equation (1.8), which has been studied in a bounded domain by Levermore, Oliver, and Titi [36, 37, 44] (see
also [10]): global existence was established for L? initial vorticity, as well as uniqueness in the class of bounded
vorticity. In the present paper, we improve on these previous results by establishing for equation (1.8) on the
whole plane R? a global existence result for initial data in LY(R?) with ¢ > 1. It should be clear from the Delort
type identity (1.11) below that inhomogeneities give rise to important difficulties: indeed, for A non-constant, the
first term —2[|v[2V £ in (1.11) does not vanish and is clearly not weakly continuous as a function of v (although
the second term is, as in Delort’s classical theory for the 2D Euler equation [20]), so that the usual Delort’s
argument is no longer available to pass to the limit in the nonlinearity vcurlv. Because of this difficulty and
of the lack of strong enough a priori estimates for the conservative equation (1.8), we do not manage to reach
vortex-sheet initial data in that case, as opposed to the simpler situation of the 2D Euler equation.

1.4 Notions of weak solutions for (1.1) and (1.2)

We first introduce the vorticity formulation of equations (1.1) and (1.2), which will be more convenient to
work with. Setting w := curlv and ¢ := div(av), each of these equations may be rewritten as a nonlinear nonlocal
transport equation for the vorticity w,

Ow = div(w(a(\lf +0)t 4+ B + v))), curlv =w, div(av) = ¢, (1.9)

where in the incompressible case (1.1) we have ¢ := 0, while in the compressible case (1.2) ¢ is the solution of the
following transport-diffusion equation (which is highly degenerate as A = 0),

8¢ — AAC + Adiv(¢CVh) = div (aw(— (U +v) + BT + v)l)). (1.10)

Let us now precisely define our notions of weak solutions for (1.1) and (1.2). (We denote by M, (R?) the convex
cone of locally finite non-negative Borel measures on R?, and by P(R?) the convex subset of probability measures,

endowed with the usual weak-* topology.)

Definition 1.1. Let h, ¥ € L°(R?), T > 0, and set a := e".
(a) Given v° € Ly (R?)? with w° = curlv® € M _(R?) and ¢° := div(av®) € L (R?), we say that v is a

loc loc
weak solution of (1.2) on [0,T) x R? with initial data v°, if v € L ([0,T) x R?)? satisfies w := curlv €
Lio([0,T); MiE (R?)), ¢ := div(av) € L ([0,T);L*(R?)), [v[’w € Li.([0,T);L'(R?)) (hence also wv €

Li.([0,T) x R?)?), and satisfies (1.2) in the distributional sense, that is, for all ¢» € C>([0,T) x R?)2,

Rd¢(0,~) .vo+//]R+><Rdv'at¢:)\//R+x]Rd a*lgdiv¢+//R+XRd¢-(a(w+v)—ﬂ(qz+v)l)w.

(b) Given v° € L{ (R?)? with w® := curlv® € M; (R?) and div(av®) = 0, we say that v is a weak solution
of (1.1) on [0, T) x R? with initial data v°, if v € L?OC([O,T)X]R2)2 satisfies w := curlv € Li ([0, T); M, (R?)),

[v)?w € Li,.([0,T); L' (R?)?) (hence also wv € L. ([0, T) x R?)?), div(av) = 0 in the distributional sense, and
satisfies the vorticity formulation (1.9) in the distributional sense, that is, for all ¢ € C°([0,T) x R?),

[ 00,90 + //wa WO = //WXW V- (a(W + v)E + B + v)w.



(c) Given v° € L (R?)? with w® := curlv® € M;F_(R?) and div(av®) = 0, we say that v is a very weak solution

of (1.1) on [0, T)xR? with initial data v°, if v € L{, ([0, T) xR?)? satisfies w := curlv € Lj ([0, T); M} (R?)),
div(av) = 0 in the distributional sense, and satisfies, for all ¢ € C2°([0,T) x R?),

9 (0, Jw° + //]R+><]Rd Wy = //RWRCI(QW + BV - (\ylw T %|v|2wl)
- //HMW a8, : V(a~ (aVy + V),

in terms of the stress-energy tensor S, := v ® v — 3 Id |v?. O

Remarks 1.2.

(i) Weak solutions of (1.2) are defined directly from (1.2), and satisfy in particular the vorticity formula-
tion (1.9)—(1.10) in the distributional sense. Regarding weak solutions of (1.1), they are rather defined in
terms of the vorticity formulation (1.9), in order to avoid compactness and regularity issues related to the
pressure P. Nevertheless, if v is a weak solution of (1.1) in the above sense, then under mild regularity
assumptions we may use the formula v = a7V (diva™'V)~!w to deduce that v actually satisfies (1.1) in
the distributional sense on [0, T) x R? for some distribution P (cf. Lemma 2.8 below for detail).

(ii) The definition (c) of a very weak solution of (1.1) is motivated as follows (see also the notion of “general weak
solutions” of (1.4) in [39]). In the purely conservative case a = 0, there are too few a priori estimates to make
sense of the product wv. As is now common in 2D fluid dynamics (see e.g. [17]), the idea is to reinterpret
this product in terms of the stress-energy tensor S, using the following identity: given div(av) = 0, we have
for smooth enough fields

wo = —%|v|2th—a—l(div(asv))a (1.11)

where the right-hand side now makes sense in Li. ([0, 7); W' (R?)2) whenever v € L, ([0, T) x R?)%. In

loc

particular, if w € LY. ([0,T) x R?) and v € Lf;c([O,T) x R?) for some 1 < p < oo, % + 1% = 1, then the
product wv makes perfect sense and the above identity (1.11) holds in the distributional sense, hence in that
case v is a weak solution of (1.1) whenever it is a very weak solution. In reference to Delort’s work [20],

identity (1.11) is henceforth called an “(inhomogeneous) Delort type identity”. O

1.5 Statement of the main results

Global existence and regularity results are summarized in the following theorem. Our approach relies on
proving a priori estimates for the vorticity w in L?(R?) for some ¢ > 1. For the compressible model (1.2), such
estimates are only obtained in the parabolic regime, hence our limitation to that setting. In parabolic cases,
particularly strong estimates are available, and existence is then established even for vortex-sheet initial data,
thus completely extending the known theory for (1.4) (see [39, 50]). Note that the additional exponential growth
in the boundedness effect (1.12) below is only due to the forcing ¥. In the conservative incompressible case, the
situation is the most delicate because of a lack of strong enough a priori estimates, and only existence of very
weak solutions is expected and proven. As is standard in 2D fluid dynamics (see e.g. [17]), the natural space for
the solution v is LY (R*; 7° + L*(R?)?) for a given smooth reference field 7° : R? — R2.

Theorem 1 (Global existence). Let A > 0, a > 0, 3 € R, h,¥ € WH>®(R?)2, and set a := €. Let v° €
Whee(R?)? be some reference map with @° := curlv® € PNH* (R?) for some so > 1, and with either div(av®) = 0
in the case (1.1), or (° := div(av®) € H* (R?) in the case (1.2). Let v° € ©° + L*(R?)?, with w® := curlv® €
P(R?), and with either div(av®) = 0 in the case (1.1), or ¢° := div(av®) € L*(R?) in the case (1.2). The following
hold:
(i) Parabolic compressible case (that is, (1.2) with a > 0, 8 = 0):
There exists a weak solution v € LS, (RY; 5° + L*(R?)?) on Rt x R? with initial data v°, with w := curlv €
L>®(R*; P(R?)) and ¢ := div(av) € L} (RT; L*(R?)), and with

|w!|Le < (at)™! 4+ Ca~tet, for all t >0, (1.12)



where the constant C > 0 depends only on an upper bound on «, |B|, and ||(h, ¥)|lwi.~. Moreover, if
w® € LY(R?) for some ¢ > 1, then w € Ly, (RT; LI (R?)).

(i) Parabolic incompressible case (that is, (1.1) with a > 0, 8 =0, or with o > 0, 8 € R, h constant):
There exists a weak solution v € LS, (RY; 7° + L*(R?)?) on Rt x R? with initial data v°, with w = curlv €
L™(R*; P(R?)), and with the boundedness effect (1.12). Moreover, if w° € LY(R?) for some q > 1, then
w € Lz, (R LY(R%) N LT (RY; L7H(R?)).

(#11) Mixed-flow incompressible case (that is, (1.1) with a > 0, 8 € R):
If w° € LY(R?) for some q > 1, there exists a weak solution v € LS (Rt;5° 4+ L*(R?)?) on RT x R? with
initial data v°, and with w := curlv € Lis, (RT; P N LY(R?)) N Lfotl (RT; LI (R?)).

(iv) Conservative incompressible case (that is, (1.1) with a =0, § € R):
If w° € LY(R?) for some q > 1, there exists a very weak solution v € L (RT;5° + L*(R?)?) on Rt x R?
with initial data v°, and with w := curlv € LS (RT; PNLY(R?)). This is a weak solution whenever q¢ > 4/3.

We set ¢°,(°,¢ := 0 in the incompressible case (1.1). If in addition w°,(° € L>®(R?), then we further have
v € L2 (RT;L®(R?)?), w € Lo (RT; L' NL®(R?)), and ¢ € LS, (RY; L2 NL>(R?)). If h, ¥, o° € WsHLo(R2)?

and w®, @°, ¢°, ¢° € H*(R?) for some s > 1, then v € LS (RT;0° + H*TH(R?)?) and w, ¢ € LS, (RT; H3(R?)). If
h, ¥, v° € C**1(R?)? for some non-integer s > 0, then v € LS, (R*; C¥T1(R?)?). O

Regarding the regimes that are not described in the above (that is, the mixed-flow compressible case as well as
the a priori unphysical case a < 0), only local-in-time existence is proven for smooth enough initial data (stated
here in Sobolev spaces). Note that for the mixed-flow degenerate case A = 0, « > 0, 8 # 0, even local-in-time
existence remains an open problem.

Theorem 2 (Local existence). Given some s > 1, let h,¥,9° € WtL®(R?)2 set a := el and let v° €
v° 4+ H*TH(R?)? with w® := curlv®, @° := curle® € H*(R?), and with either div(av°®) = div(av®) = 0 in the
case (1.1), or ¢° = div(av®), ¢° := div(av®) € H*(R?) in the case (1.2). The following hold:
(i) Incompressible case (that is, (1.1) with «, 8 € R):
There exists T > 0 and a weak solution v € L5, ([0,T);9° + H* 1 (R?)?) on [0,T) x R? with initial data v°.

(#i) Non-degenerate compressible case (that is, (1.2) with o, 8 € R, A > 0):
There exists T > 0 and a weak solution v € LS. ([0,T);9° + H*1(R?)?) on [0,T) x R? with initial data v°.

(iii) Degenerate parabolic compressible case (that is, (1.2) with « € R, 8 = X = 0):
If U, 5° € Wst20(R?)? and w®, @° € H*TH(R?), there exists T > 0 and a weak solution v € LS. ([0,T); v°+
HH(R?)?) on [0,T) x R? with initial data v°, and with w = curlv € LS, ([0,T); H¥1(R?)). O

We now turn to uniqueness issues. No uniqueness is expected to hold for general weak measure solutions
of (1.1), as it is already known to fail for the 2D Euler equation (see e.g. [7] and the references therein), and as
it is also expected to fail for equation (1.4) (see [4, Section 8]). In both cases, as already explained, the only
known uniqueness results are in the class of bounded vorticity. For the general incompressible model (1.1), similar
arguments are still available and the same uniqueness result holds. For the compressible model (1.2), we only
obtain uniqueness in a class with stronger regularity, as a consequence of some weak-strong principle stated in
Proposition 5.1.

Theorem 3 (Uniqueness). Let A >0, o, € R, T > 0, h, ¥ € WH>(R?), and set a := e". Let v° : R? — R?
with curlv® € P(R?), and with either div(av®) = 0 in the case (1.1), or div(av®) € L*(R?) in the case (1.2).
(i) Incompressible case (that is, (1.1) with «, 8 € R):
There exists at most a unique weak solution v on [0,T) x R? with initial data v°, in the class of all w’s with
curlw € LS ([0, T); L= (R?)).
(i) Non-degenerate compressible case (that is, (1.2) with «, 5 € R, A > 0):
There exists at most a unique weak solution v on [0,T) x R? with initial data v°, in the class Li ([0, T);v° +

L*(R?)?) NL%.([0,T); Wh>o(R?)?). O

Finally, in Appendix A jointly written with Julian Fischer, we establish the following global well-posedness
result for the degenerate parabolic case A = § =0, a > 0. The proof is of a very different nature from the other
cases, exploiting the explicit scalar structure of the solution v.



Theorem 4 (Degenerate parabolic compressible case). Let A = 8 = 0, a = 1, let v°, ¥ € WH(R?)? with
curlv® € P(R?). Then there exists a global strong solution v € LS, (RT; L (R?)) NL%(RT;v° + LY (R?)) of (1.2)
on RY x R? with initial data v° and with curlv € LS, (RY; P N L¥(R?)). This solution v is unique in the class
of all w’s in Lis. (RT x R?) with curlw € LiS.(RT; P N LS. (R?)).

If in addition for some s > 0 we have v°, ¥ € WW*(R%)? and curlv®, curl U € W*(R?), then v €
WL (RT; W(R?)2). If for some s > 1 we further have v°, ¥ € W*>®(R?)?, curlv® € H*® N W*>®(R?),

and curl W € W (R?), then v € Lis.(RT;v° + H® N W2 (R?)?). O

1.6 Roadmap to the proof of the main results

To ease the presentation, various independent PDE results needed in the proofs are isolated in Section 2,
including general a priori estimates for transport and transport-diffusion equations, some global elliptic regularity
results, as well as critical potential theory estimates. The interest of such estimates for our purposes should be
already clear from a quick look at the vorticity formulation (1.9)—(1.10). To the best of our knowledge, most of
these PDE results cannot be found in this form in the literature, and proofs are included in Appendix B.

We start in Section 3 with the local existence of smooth solutions, summarized in Theorem 2 above. In the
non-degenerate case A > 0, the proof follows from a standard iterative scheme as in [48, Appendix BJ|. It is
performed here in Sobolev spaces, but could be done in Holder spaces as well. In the degenerate parabolic case
A=[8=0, a >0, a similar argument holds, but requires a more careful analysis of the iterative scheme.

In Section 4 we then turn to global existence. In order to pass from local to global existence, we prove estimates
for the Sobolev and Hoélder norms of solutions through the norm of their initial data. As shown in Section 4.2,
these estimates essentially follow from an a priori control of the vorticity in L°(R?). In the work by Lin and
Zhang [39] on the simpler model (1.4), such an a priori estimate for the vorticity is achieved by a direct ODE
argument, using that for (1.4) the evolution of the vorticity along characteristics can be integrated explicitly. This
explicit structure is lost in the more sophisticated models (1.1) and (1.2), but in the parabolic case we still manage
to design suitable ODE type arguments (cf. Lemma 4.3(iii)). This leads to the nice boundedness effect (1.12) for
the vorticity (depending on the initial mass [w® = 1 only!), which of course differs from [39] by the additional
exponential growth due to the forcing ¥, and which is at the core of our existence result for vortex-sheet initial
data. In the mixed-flow case for the incompressible model (1.1), such ODE arguments are no longer available,
and only a weaker estimate is obtained, controlling for all 1 < ¢ < oo the L%-norm of the solution (as well as its
space-time LY -norm if a > 0) by the L?-norm of the initial data (cf. Lemma 4.2). This is proven by a careful
examination of the evolution of LY-norms of the vorticity.

In order to handle rough initial data, we regularize the data and then pass to the limit in the equation, using
the compactness given by the available a priori estimates. As already noticed, for h non-constant, the usual
Delort’s argument [20] fails (due to the first right-hand side term in (1.11)), so that stronger compactness is
needed to pass to the limit in the nonlinearity wwv than in the simpler case of the 2D Euler equation. While energy
estimates only give bounds for v in 7° 4+ L*(R?)? and for ¢ in L?(R?) (cf. Lemma 4.1), the additional estimates for
the vorticity in LI(R?), ¢ > 1, turn out to be crucial. As in [39], we need to make use of some compactness result
due to Lions [40] in the context of the compressible Navier-Stokes equations. The model (1.1) in the conservative
case a = 0 is however more subtle because of a lack of strong enough a priori estimates: only very weak solutions
are then expected and obtained (for initial vorticity in L?(R?) with ¢ > 1), and compactness is in that case
carefully proven by hand, which is one of the main achievements in this paper (cf. Proposition 4.10(iv)).

Uniqueness issues are addressed in Section 5. Similarly as in [48, Appendix B], weak-strong uniqueness
principles for both (1.1) and (1.2) are established by energy methods in the non-degenerate case A > 0. In the
degenerate parabolic case A = = 0, a > 0, these energy methods fail: an additional term needs to be added
to the usual energy, and on this basis a different weak-strong uniqueness principle is obtained. Following the
modulated energy strategy developed by Serfaty [48], these weak-strong principles are the key to the mean-field
limit results for Ginzburg-Landau vortices in the companion paper [24]. For the incompressible model (1.1),
uniqueness in the class of bounded vorticity is further obtained using the approach by Serfaty and Vazquez [50]
for the simpler model (1.4), which consists in adapting the corresponding uniqueness result for the 2D Euler
equation due to Yudovich [54] together with a transport argument a la Loeper [41].

Finally, in Appendix A jointly written with Julian Fischer, a global well-posedness result is established for the
degenerate parabolic case A = =0, a > 0. The proof consists in exploiting the scalar structure of the solution



v to reduce the equation to a Burgers type equation with additional quadratic damping and forcing terms, and
with unit initial data. Suitable ODE type arguments then allow to explicitly integrate this equation, and the
desired properties of the solution easily follow.

Notation

We use the notation C for (unless explicitly stated) universal constants that may vary from line to line. We
write < and 2 for < and > up to such multiplicative constants C, and we use the notation ~ if both relations
< and Z hold. We add a subscript in order to indicate the dependence on other parameters. However, as we
need to keep track of the dependence on various controlled quantities, and as subscripts would quickly become
unreadable, we usually do not use any subscript and simply indicate in the beginning of each statement or proof
on what quantities constants are allowed to depend.

For any vector field F' = (Fy, F3) on R?, we denote F* = (—Fy, F}), curl F = 0, F, — 0o Fy, and also as usual
div F = 01 F1 + 02 F». Given two linear operators A, B on some function space, we denote by [A, B] := AB — BA
their commutator. For any exponent 1 < p < oo, we denote its Holder conjugate by p’ := p/(p—1). We denote by
B(z,r) the ball of radius 7 centered at  in R?, and we set B, := B(0,r) and B(z) := B(z,1). We use the notation
a Ab=min{a,b} and a V b = max{a, b} for all a,b € R. Given a function f : R? — R, we denote its positive and
negative parts by f(z) := 0V f(z) and f~(z) := 0V (—f)(z), respectively. The space of Lebesgue-measurable
functions on R? is denoted by Mes(R?), the set of Borel probability measures on R? is denoted by P(R¢), and
for all ¢ > 0, C7(R?) stands as usual for the Banach space C’Z)LUJ’U%UJ (R%) of bounded Hblder functions. For
o € (0,1), we denote by |- |co the usual Holder seminorm, and by || - [[ce := | - |¢e + || - || the corresponding
norm. We denote by LﬁlOC(Rd) the Banach space of functions that are uniformly locally LP-integrable, with norm

[ fllee, = sup, || fllLe(B(x))- Given a Banach space X C Mes(R?) and ¢ > 0, we use the notation || - [Lr x for the
usual norm in LP([0, ¢]; X).

2 Preliminary results

In this section, we establish various PDE results that are needed in the sequel and are of independent interest.
As most of them do not depend on the choice of space dimension 2, they are stated here in general dimension
d > 1. We first recall the following useful proxy for a fractional Leibniz rule, which is essentially due to Kato and
Ponce [33] based on ideas by Coifman and Meyer [18, 19] (see e.g. [27, Theorem 1.4]).
Lemma 2.1 (Kato-Ponce inequality). Let d > 1, s > 0, p € (1,00), and let % + % = % with p;,q; € (1,00]
fori=1,2. Then for f,g € C=*(R?%) we have

Ifgllwsr SN lluelglwea + gliues [1fwe. 0

The following gives a general estimate for the evolution of the Sobolev norms of the solutions of transport
equations (see also [39, equation (7)] for a simpler version), which will be useful in the sequel since the vorticity w
indeed satisfies an equation of this form (1.9). The proof is postponed to Appendix B.

Lemma 2.2 (A priori estimate for transport equations). Let d > 1, s > 0, T > 0. Given a vector field
w € LS ([0,T); WE(RH) with w — W € Lis.([0,T); HSTHR)?) for some reference map W € Wsthee(Rd)d,
let p € LiS.([0,T); H*(RY)) satisfy the transport equation d;p = div(pw) in the distributional sense on [0,T) x RY.
Then for all t € [0,T) we have

Orllp e Ss (V' VIW)[Loe o]z + [ oo |0 12
+min {||p[|ue || div(w® — W)llg= + [l lwr |w' = Wlge s [p"|Loe[lw’ = Wilgeea ), (2.1)
where we use the notation ||(Vw!, VW)||Le := ||[Vw! |1 V |[VW||1.. Moreover, for all t € [0,T),
" = p°llgr=1 < llplluge callwlley pee- (2.2)

O



As the evolution of the divergence ¢ in the compressible model (1.2) is given by the transport-diffusion
equation (1.10), the following parabolic regularity results will be needed. While items (i) and (ii) are classical,
item (iii) is less standard (see however [6, Section 3.4] for a variant of this estimate), and a complete proof is
included in Appendix B.

Lemma 2.3 (A priori estimates for transport-diffusion equations). Let d > 1, T > 0. Let g € Li,.([0,T) x R%)?,
and let w satisfy Oyw — Aw + div(wVh) = div g in the distributional sense on [0,T) x R with initial data w°.
The following hold:
(i) for all s >0, if Vh € W= (RN w € L2, ([0,T); H¥(RY)), and g € L ([0, T); H*(RY)?), then we have for
all t € [0,T),
lw |l < Ce“*(lw? |l + gl ),
where the constant C' depends only on an upper bound on s and ||Vh||ws.;
(ii) if Vh € L= (RY), w® € L*(R?), w € L2, ([0, T); L*(RY)), and g € L, ([0, T); L*(RY)), then we have for all
te[0,7),
lw" =0 gr-appe < Ce“ (w2 + llglliz e),
where the constant C' depends only on an upper bound on ||Vh|re~;
(111) for all 1 < p,q < oo, and all dd—fq <s<gq s>1, i Vh € L°RY, w e L
g € LY ([0,T); L*(R%)), then we have for all t € [0,T),

loc

([0,T); LY(RY)), and

lwllipre < Cllw e + 5~ lgllipre) exp (, inf (14 (r = 2)7/2)(C1)72).

where K = g(é + % — 1) >0, and where the constant C' depends only on an upper bound on ||[Vh|L~. O

Another ingredient that we need is the following string of critical potential theory estimates. The Sobolev
embedding for W14 (R?) gives that |[VA~ w1« is almost bounded by the L4(R%)-norm of w, while the Calderon-
Zygmund theory gives that ||[V2A ™ w]|L= is almost bounded by the L (R?)-norm of w. The following result
makes these assertions precise in a quantitative way in the spirit of Brézis and Gallouét [11]. Ttem (iii) can be
found e.g. in [39, Appendix| in a slightly different form, but we were unable to find items (i) and (ii) in the
literature. The proof is postponed to Appendix B. (By —A~! we henceforth mean the convolution with the
Green’s kernel.)

Lemma 2.4 (Potential estimates in L™). Let d > 2. For all w € C2°(RY) the following hold:*

(i) for all1 <p < d<q< o0, choosing 8 € (0,1) such that é = % + 1%19, we have

_o\1-1

-1 < d pyy—1+3 Jwllfs llwllfz”\ "7

VAT wlpe S ((1 - 5) A(1L—E)) lwllpa{1 +1OgW ;
L

(ii) if w = div ¢ for € € O (R, then, for all d < g < oo and 1 < p < 0o, we have

1—1
VA wlhe 5 (1= 7o (1 dogt T ) plun
L

(111) for all0 < s <1 and 1 < p < oo, we have

[wlles
[[w]|r.e=

1928 e 57 e 1+ 10g {50 ) + 9

1. A direct adaptation of the proof further shows that in parts (i) and (ii) the L°-norms in the left-hand sides could be replaced
by Holder C¢-norms with € € [0,1): the exponents d in the right-hand sides would then need to be all replaced by (1 —¢)~d > d,
and an additional multiplicative prefactor (1 — €)1 is further needed.




In addition to the Sobolev regularity of solutions of (1.1)—(1.2), we study in the sequel their Holder regularity
as well, in the framework of the Besov spaces C5(R?) := B3, (R?) (see e.g. [6]). These spaces actually coincide
with the usual Holder spaces C} (R9) only for non-integer s > 0 (for integer s > 0 they are strictly larger than
W (RY) > cy (R?) and coincide with the corresponding Zygmund spaces). The following potential theory
estimates are then needed both in Sobolev and in Holder-Zygmund spaces. As we were unable to find item (ii)
stated in the literature, a short proof is included in Appendix B.

Lemma 2.5 (Potential estimates in Sobolev and Hélder-Zygmund spaces). Let d > 2. For all w € C°(R?), the
following hold:
(i) for all s >0,
IVAT wllge S Nwllg-snpre-ss IV2AT wllas < wlmes
(i1) for all s € R,
VA |

and for all 1 <p<dand1 < q < oo,

c: S lwllganeer IV2PAT wlle: So llwllg-ne;

VA~ w|

cs Spos 10llpo e nc:=1s HVQA_leCf Sa.s [wllLe nes,

where the subscripts s, p, q indicate the additional dependence of the multiplicative constants on an upper bound
on s, (d—p)~t, and q, respectively. O

We now state some global elliptic regularity results for the operator — div(bV) on the whole plane R%. Con-
sidering both the case of a right-hand side f and that of a right-hand side in divergence form div g, we compare
the properties of the corresponding solutions in terms of assumptions on (f, g). As no reference was found in the
literature for this 2D setting, a detailed proof is included in Appendix B.

Lemma 2.6 (2D global elliptic regularity). Let b € W>°(R?)2*2 be uniformly elliptic, that is, Id < b < A1d for
some A < co. Given f € C°(R?) and g € C°(R?)?2, we consider the decaying solutions u and v of the following
equations in R2,

—div(bVu) = f, and — div(bVv) = div g.
The following properties hold.

(i) Meyers type estimates: There exists 2 < pg, qo, 7o < 0o (depending only on an upper bound on A) such that
for all2 < p <pg, all gqo < g < oo, and all rly < r <71y with%—i—%,:l,
0

IVullLe < Cpllfllpze/evo, vllLe < Cqllgllizas@ra Vo[l < Cligllwr,

for some constant C depending only on an upper bound on A, and for constants Cp, and Cy further depending
on an upper bound on (p — 2)~! and q, respectively.

(#i) Sobolev regularity: For all s > 0 we have
IVullgs < Csllflg-rnps—s VUl < Csligllae,

where the constant Cs depends only on an upper bound on s and on ||b]|ws.ce.

(#11) Schauder type estimate: For all s € (0,1) we have

[Vu

cs < Csl| fllpzra-s, [vles < Cillglliza-o,

where the constant Cy (resp. C?) depends only on s and on an upper bound on ||b||ys. (resp. on s and on
the modulus of continuity of b).

In particular, we have
IVulle < Cllfllinre,  llvllee < Cllglli are,

where the constant C' (resp. C') depends only on an upper bound on ||b||y1.0 (resp. A). O
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The interaction force v in equation (1.9) is defined by the values of curlv and div(av). The following result
shows how v is controlled by such specifications. The proof is postponed to Appendix B.

Lemma 2.7. Let a,a”' € L™(R?). For all w,5¢ € H'(R?), there exists a unique dv € L?(RQ)2 such that
curl v = dw and div(adv) = 6¢. Moreover, for all s > 0, if a,a=! € W*>°(R?) and dw,d¢ € H~* N H*Y(R?),
we have

160l ae < Cllowll g1 po—s + CNOCH -1 pro—1

where the constant C depends only on an upper bound on s and ||(a,a™)||ys.c. O

As emphasized in Remark 1.2(i), weak solutions of the incompressible model (1.1) are rather defined via the
vorticity formulation (1.9) in order to avoid compactness issues related to the pressure P. Although this will
not be used in the sequel, we quickly check that under mild regularity assumptions a weak solution v of (1.1)
automatically also satisfies equation (1.1) in the distributional sense on [0,7) x R? for some pressure P. The
proof is postponed to Appendix B.

Lemma 2.8 (Control on the pressure). Let o, 8 € R, T > 0, h € W1>(R?), and ¥,v° € L>®(R?)2. There
exists some 2 < qo S 1 large enough (depending only on an upper bound on ||h||Le ) such that the following holds:
Ifv € L2 ([0,T); 2°+L*(R?)?) is a weak solution of (1.1) on [0, T)xR? withw := curlv € L2, ([0, T); PNLY (R?)),
then v satisfies (1.1) in the distributional sense on [0,T) x R? for some pressure P € Ly%.([0,T); L% (R?)). O

3 Local-in-time existence of smooth solutions

In this section, we prove the local-in-time existence of smooth solutions of (1.1)—(1.2) as summarized in
Theorem 2. Note that we choose to work here in the framework of Sobolev spaces, but the results could easily
be adapted to Holder spaces (compare indeed with Lemma 4.7). We start with the non-degenerate case A\ > 0,
using a standard iterative scheme as e.g. in [48, Appendix BJ.

Proposition 3.1 (Local existence, non-degenerate case). Let o, € R, A > 0. Let s > 1, and let h,¥,0° €
Wethoo(R2)2, Let v° € v° + H*THR?)? with w® := curlv®, @° := curlv® € H*(R?), and with either div(av®) =
div(av®) = 0 in the case (1.1), or ¢° := div(av°®), (° = div(av®) € H*(R?) in the case (1.2). Then there exists
T > 0 and a weak solution v € L>([0,T); v° + H*t1(R?)?2) of (1.1) or of (1.2) on [0,T) x R? with initial data v°.
Moreover, T depends only on an upper bound on |al, |3], X, A\7%, s, (s—1)7%, ||(h, ¥, 0°)||yet1.0e, [[0° —0°| gosr,

[[(w®, @ ¢, ¢l & -

Proof. We focus on the compressible case (1.2), the situation being similar and simpler in the incompressible
case (1.1). Let s > 1. We set up the following iterative scheme: let vy := v°, wy = w° = curlv® and
Co := ¢° = div(av®), and for all n > 0 given vy, w, := curlwv,, and ¢, := div(av,) we let w,41 and (, 41 solve on

R* x R? the linear equations

Owni1 = div(wps1 (@(V +v,) "+ B(Y +v,))),  wWigtlimo = w°, (3.1)
BiCrir = AMACrat — Adiv(Cosr VA) + div(awn(—a(¥ +vn) + B + 0)5)),  Cosilico = ¢ (3.2)

and we let v, 41 satisfy curlv,y1 = wp+1 and div(av,41) = (ut1. For all n > 0, let also
ty = sup {t > 02 (wh, C)lle + ol = 5%l ess < Co},

for some Cy > 1 to be suitably chosen (depending on the initial data), and let Ty := inf,, ¢,,. We show that this
iterative scheme is well-defined with T > 0, and that it converges to a solution of equation (1.2) on [0, Tp) x R2.

We split the proof into two steps. In this proof, we use the notation < for < up to a constant C' > 0 that
depends only on an upper bound on |a|, |B], A, A1, s, (s — 1)1, |[(h, ¥, 0°)||pet1.00, [|0° = 0° rat1, [[(C°, O 225,
and ||(w®, @°)| g=-

Step 1. The iterative scheme is well-defined.
In this step, we show that for all n > 0 the system (3.1)—(3.2) admits a unique solution (wy41, Gut1, Unt1) With
Wnt1 € LS (RT; H5(R?)), Cug1 € L. (RT; H¥(R?)), and v,11 € L. (RT;0° + H¥T1(R?)?), and that moreover

loc
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for a suitable choice of 1 < Cy < 1 we have Ty > 00_4 > 0. We argue by induction. Let n > 0 be fixed,
and assume that (wy,Cy,v,) is well-defined with w, € LiS.(RT; H*(R?)), ¢, € Lis.(RT; H*(R?)), and v, €
LS (RT;9° + H¥TL(R?)?). (For n = 0, this is indeed trivial by assumption.)

We first study the equation for wy;. By the Sobolev embedding with s > 1, v,, is Lipschitz-continuous, and
by assumption ¥ is also Lipschitz-continuous, hence the transport equation (3.1) admits a unique continuous
solution w, 1, which automatically belongs to LS. (R*;w® + H~' N H*(R?)) by Lemma 2.2. More precisely, for
all t > 0, Lemma 2.2 together with the Sobolev embedding for s > 1 yields

Orllwp 1 llzs < O+ llopllwree) lwn i llme + Cllwy e oy, — 0°[| s
< CA flog, = e lwn g [l e
Hence, for all ¢ € [0,t,], we obtain &4 ||w!, ,;||gs < CCo||w}, | =, which proves
e, o ll e < eCClw® (|7 < CeC.

Noting that
[w® =@l =1 < v° = 0%l < C,

Lemma 2.2 together with the Sobolev embedding for s > 1 also gives for all t > 0,
i1 = @°ll -1 < C+ lwppg =@l g1 < C+ Ctllwnallge 2 (1 + [[vnllige o)
< O+ Ctllwntalluge ms (1 + lon — %o #2),

and hence, for all t € [0, t,],
||wfz+1 - (DOHHﬂ <C(l+ tCO)eCCOt_

We now turn to (n41. Equation (3.2) (with A > 0) is a transport-diffusion equation and admits a unique
solution (1, which belongs to LS. (R*;(° + H~1 N H*(R?)) by Lemma 2.3(i)—(ii). More precisely, for all ¢ > 0,
Lemma 2.3(i) yields for s > 1

I¢hsallzre < Ce (I8 me + lawn (@(¥ +va)* + B +va))lILz 1+
< CeCt(1+ 12 |wnllnee e (1 + [[on — 7°[|ree #r)), (3.3)

where we have used Lemma 2.1 together with the Sobolev embedding to estimate the terms. Noting that
16° = ¢®llg-1 < llav® — av®[lp2 < C,
Lemma 2.3(ii) together with the Sobolev embedding for s > 1 also gives for all t > 0,

1Cha1 = CCllg—s SC+1Ghin — Cllag < C 4+ Ce (102 + lawn(@(¥ + va) " + BY +v)) Iz 12)
< CeCt (1 + 2w |lLge mrs (1 + [l — 0°[|Lee 1re)-
Combining this with (3.3) yields for all ¢ € [0, ¢,,],
16l + 1160 =l < CeT" (14 £72Co(1+ Co)) < CAL+2CF)e "
We finally turn to v,41. By the above properties of wy1 and (41, Lemma 2.7 ensures that v,11 is uniquely

defined in L{S (RT;9° + H*1(R?)?) with curl (vf ; — 1°) = w!; —@° and div(a(v,, —©°)) = ¢!, — (° for all
t > 0. More precisely, Lemma 2.7 gives for all ¢ € [0, ¢,],

[vni1 = 0 ae+s < Cllwpiy = &%l g-rame + CliGar — Cllg-1nm
< C+ Cllwpiy =@ g1 + Cllwpgallms + CliGr = Cllg-1 + CliGuga llae
< C(14tCy + t1/2C2)eC01,
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Hence, we have proven that (wp41,Cnt1, Unt1) is well-defined in the correct space, and moreover, combining
all the previous estimates, we find for all ¢ € [0, t,,],

(@b 1s Gy llms + [[0h g — 0% e < C(1L+tCo + t/2C)e "
Therefore, choosing Cyp = 1 + 3Ce% < 1, we obtain for all t < ¢, A Cg4,

1w i1s G s + 10541 = 2°[l a2 < Co,

and thus t,11 > t, ANCy 4. The result follows by induction.

Step 2. Passing to the limit in the scheme.

In this step, we show that up to an extraction the iterative scheme (wy,, ¢y, v,) converges to a weak solution
of equation (1.2) on [0, Tp) x RZ.

By Step 1, the sequences (wy,), and ((,), are bounded in L([0,Tp]; H*(R?)?), and the sequence (vy,), is
bounded in L>°([0, Ty]; 2°4+H*T1(R?)?). Up to an extraction, we thus have w, — w, ¢, — ¢ in L°°([0, Ty]; H*(R?)),
and v,, = v in L°°([0, Tp); 2° + H**1 (R?)?). Comparing with equation (3.1), we deduce that (9sw,), is bounded in
L>([0, Tp]; H*~1(R?)). Since by the Rellich theorem the space H*(U) is compactly embedded in H*~!(U) for any
bounded domain U C R?, the Aubin-Simon lemma ensures that we have w,, — w strongly in C°([0, Tp]; H ' (R?)).
This implies in particular w,v, — wv in the distributional sense, and hence we may pass to the limit in the weak
formulation of equations (3.1)—(3.2), which yields curlv = w, div(av) = ¢, with w and ¢ satisfying in the
distributional sense on [0, Tp) x R?,

o = div(wla(W +0) "+ ¥ +0))),  wlco = &,
¢ = AAC — Adiv(¢CVh) + div(aw(—a(T +v) + B(¥ +v) 1)),  Cli—o = C°,

that is, the vorticity formulation (1.9)—(1.10). Let us quickly deduce that v is a weak solution of (1.2). From
the above equations, we deduce dw € L>([0,To); H~' N H*~1(R?)) and 8;¢ € L>=([0, To); H~' N H*2(R?)).
Lemma 2.7 then implies d;v € L>([0, Ty]; H*~ ' (R?)?). We may then deduce that the quantity

V= 0w — AV(a") + (¥ +v)w — BT +v)tw

belongs to L™ ([0, Tp]; L*(R?)?) and satisfies curl V' = div(aV) = 0 in the distributional sense. Using the Hodge
decomposition in L*(R?)?, we easily conclude V = 0, hence v € L>([0, Tp); 7° + H**(R?)?) is indeed a weak
solution of (1.2) on [0,Tp) x R?. O

We turn to the local-in-time existence of smooth solutions of (1.2) in the degenerate case A = 0. The analysis
of the iterative scheme needs to be carefully adapted in this case: in particular, w and v are now on an equal
footing with regard to regularity. Note that the proof only holds in the parabolic regime 5 = 0.

Proposition 3.2 (Local existence, degenerate case). Let « € R, 8 =\ = 0. Let s > 2, and let h € W*>°(R?),
U 90 € WeTheo(R?)2, Let v° € v° + H*(R?)? with w°® = curlv®, @° := curlv® € H*(R?) and (° := dlv(avo),
¢° = div(av®) € H*"Y(R?). Then, there exists T > 0 and a weak solution v € L>([0,T);v° + H*(R?)?) of (1.2)
on [0,T) x R?, with initial data v°. Moreover, T depends only on an upper bound on |a|, s, (s —2)71, |h|lwe.c,
(W, 0 [[wetroc, [[0° = 0% ||as, [[(W®, &%) =, and [[(C°, C°) |l re-1- o

0

Proof. We consider the same iterative scheme (w,,, (,, vy,) as in the proof of Proposition 3.1, but with A = g =
Let s > 2. For all n > 0, let

to = sup {¢ > 0wkl + ¢l s + o = 2= < G},

for some Cy > 1 to be suitably chosen (depending on initial data), and let Ty := inf,, ¢,,. In this proof, we use the
notation < for < up to a constant C' > 0 that depends only on an upper bound on |al, s, (s —2)~1, [|Allwe.,
H(\IJv@O)HW”L“’a ”UO - ’DO”HS’ H(Covco)HH“la and H(wov(DO)HHS'

Just as in the proof of Proposition 3.1, we first need to show that this iterative scheme is well-defined and
that Top > 0. We proceed by induction: let n > 0 be fixed, and assume that (wy,(,,vy,) is well-defined with
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wy € LS (RY; H3(R?)), ¢, € LS. (RT; H1(R?)), and v, € LS (RT;0° + H*(R?)?). (For n = 0 this is indeed
trivial by assumption.)

We first study (1. As A = 0, equation (3.2) takes the form 0,(,+1 = —adiv(aw, (¥ + v,)). Integrating this
equation in time then yields

t
Gt llere=s < € premr + Ial/ lwn (W + o)l aredu ST+ + [Jon = 0%||Lge ) |wnllLge me-
0

where we have used Lemma 2.1 together with the Sobolev embedding to estimate the last term. Similarly, noting
that ||¢° — C°|| -1 < ||av® — av°|| 2 < C, we find for s > 1,

t
61 = Cll—1 < C 116 = Cllg—n NIz + |0f|/O llwn (W + vg) |2 du
S 14 t(1 4+ Jvn — 0L m9)l|wnllLe w2
Hence we obtain for all ¢ € [0, ],
ISnsallze=s +1Ga = Cllz—1 < €+ CH1 + Co)Co < C(1+1C7).

We now turn to the study of w,11. As 8 = 0, equation (3.1) takes the form dyw, 11 = adiv(wpr1 (¥ +v,)).
For all ¢ > 0, Lemma 2.2 together with the Sobolev embedding for s > 2 then yields (here the choice 8 = 0 is
crucial, since otherwise the higher norm ||vf, — ©°||7s+1 would appear in the right-hand side!)

Ocllwniallzrs S 1+ [lvpllwroe ey pallare + lwp e || curl (v, = 8°) |l ms + llwp i o lv, — 0°|| s
S (Ut llwpllas + llvn, = 0%z llwp g [l -
For all t € [0,t,], this implies & ||wf, || m: < C(1 +2Co)|wl 11| m=, and thus

[wh 1l ms < [|w®|| e eC0F2C0E < CeCC0t,

Moreover, noting that ||w® — @°| ;-1 < [|[v° —2°|2 < C, and applying Lemma 2.2 together with the Sobolev
embedding, we obtain
i1 =@l < C+ llwnga — w®llg-
< C+ CH1 + [Jvnllige vee)|wnt1llLee L2
S O + Ct(l + ||1)n — 1_}O||L<t>o Hs)

|wn+1||Lt°° L2,
hence for all ¢ € [0, ,]
lwh sy — @[l -1 < C + CH(L + Co)|wns1llree 12 < C + CCote“or.

We finally turn to v,41. By the above properties of wy1 and (,+1, Lemma 2.7 ensures that v,41 is uniquely
defined in Ly, (R*;0° + H*(R?)?), and for all ¢ € [0,¢,] we have

||Uf1+1 —0°||ms < C”wthl - ‘DOHHflmHS*l + CHthLl - EOHH*lmHS*l
<C+Cllwpyy =@l g1 + Cllwpiallzs + CliGh = Cllg—1 + Cll¢hiallge—
< C(1+tC2)ent,

Hence, we have proven that (w41, Gut1,Unt1) is well-defined in the correct space, and moreover, combining
all the previous estimates, we find for all ¢ € [0, ¢,,]

loonrallzrs + 1[G lre— + [[og 1 = °l e < C(1+tCF)e .
Therefore, choosing Cy = 1 4+ 2Ce® < 1, we obtain for all t < t,, A C&Q
lwhsallzs + Gl -1 + vpg1 — 7%= < Co,

and thus t,+1 > t, A 052. The conclusion now follows just as in the proof of Proposition 3.1. O
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4 Global existence

As local existence is proven above in the framework of Sobolev spaces, the strategy for global existence consists
in looking for a priori estimates on Sobolev norms. Since we are also interested in Holder regularity of solutions,
we establish a priori estimates on Holder-Zygmund norms as well. As will be seen, the key ingredient is given by
some a priori estimates for the vorticity w in LP(R?) with p > 1.

4.1 A priori estimates

We start with the following elementary energy estimates. Note that in the degenerate case A = 0, the a priori
estimate for ¢ in L (R*; L?(R?)) disappears, which is the main difficulty to establish a global result in that case.
Although we stick in the sequel to the framework of item (iii), a priori estimates in slightly more general spaces
are obtained in item (ii) for the compressible model (1.2).

Lemma 4.1 (Energy estlmates). Let A>0,a>0,B8€R, T>0and ¥ € WH*(R?). Letv° € L (R?)? be such
that w® := curlv® € PﬂLlOC(RQ), and such that either div(av®) = 0 in the case (1.1), or ¢° := div(av®) € L .(R?)
in the case (1.2). Letv € L _([0,T) x R?)? be a weak solution of (1.1) or of (1.2) on [0,T) x R? with initial data
v°. Set ¢ :=0 in the case (1.1). Then the following properties hold.
(i) For allt € [0,T), we have w' € P(R?).
(ii) Localized energy estimate for (1.2): If v € L ([0, T); L), (R?)?) is such that w € L°.([0,T); L°(R?)) and
¢ € L ([0,T); L2, (R?)), then we have for all t € [0,T),

CeCUA D2, ifo=0,X>0;
||vt||L2 o+ O‘H|v|2WHL%Lﬁloc + )‘HCHif 2, < Ca 'A7HeM —1)+ Ce)‘t||v°|\iiloc, if >0, \>0;
Ca_lt—l—CHvoHizl ; ifaa>0, \=0;

where the constant C depends only on an upper bound on «, |8], A, ||hllwi.e, [[¥|lLe, and additionally on
(IV¥|e in the case o = 0.

(iii) Relative energy estimate for (1.1) and (1.2): If there is some ©° € W1 °(R?)? such that v° € 7° + L?(R?)?,
@° = curl?® € L2(R?), and such that either div(at®) = 0 in the case (1.1), or ¢° := div(a®) € L*(R?) in
the case (1.2), and if v € L.([0,T);5° + L*(R?)), w € Li2.([0,T); L= (R?)), ¢ € L ([0, T); L*(R?)), then
we have for all t € [0,T),

/ alvt — |2—|—a/ du/ alv* —v°|2w“—|—/\/ du/ a ¢
R2

Ct(1+a™t) + [z av® —v°)2, in both cases (1.1) and (1.2), with o > 0;
< qe“t(1+ fRz a|Uo - °?), in the case (1.1), with oo =0
O(ec(1+kl)t _ 1) + ec(1+xl)t fR2 a|vo _ 1—)o|27 in the case (1.2), with o = 0, A > 0:

where the constant C depends only on an upper bound on «, |8|, A, |[hllwie, [[(¥,0°)|lLe, [|C°||L2, and
additionally on ||@°]|r2 and ||[(V¥, V©°)||L= in the case o = 0.

Proof. Ttem (i) is a standard consequence of the fact that w satisfies a transport equation (1.9). It thus remains
to check items (ii) and (iii). We split the proof into three steps.

Step 1. Proof of (ii).
Let v be a weak solution of the compressible equation (1.2) as in the statement, and let also C' > 0 denote
any constant as in the statement. We prove more precisely, for all ¢ € [0,7) and zy € R?,

/ae |z=ol |t |2+a/ du/ae lz=2o] |u |2w"+/\/ du/ ~lele—zol)pu 2 (4.1)

eC AT 1)tfae lz=zol|y0|2, ifa=0,\>0;
< Ca AT M — 1) + M [aem Pl 2 if a >0, A > 0;
Ca~t + [ae~le=ol|y°)2, ifa>0,A=0.
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Ttem (ii) directly follows from this, noting that

1F17, = sup / ele=wol| £ () P

uloc 0 €R2

holds for all 1 < p < co. So it suffices to prove (4.1). Let o € R? be fixed, and denote by x(z) := e~ 1#=%0l the
exponential cut-off function centered at zp. From equation (1.2) we compute the following time derivative

8t/ax|vt|2 = 2/ax()\V(a71Ct) — a(V + ") + BT +0')Fw) o,
and hence, by integration by parts with |Vy| < x,
Bt/ax|vt|2 = —2)\/a_1x|ct|2 - 2)\/Vx ¢t — 2a/ax|vt|2wt + 2/ax(—a\11 + BUL) vl
< —2)\/a_1x|ct|2 + 2)\/X|Ct||vt| - 2a/ax|vt|2wt + 2/ax(—a\11 + Ut - vfwl (4.2)
First consider the case o > 0. We may then bound the terms as follows, using the inequality 2zy < 22 + y?2,
0 [[axto'P < -2 [ a e+ 2 [ xigtlet] ~ 20 [ axlet Pt +20 [ axo
< [a P +x oo - a [ oot + 0ot [axt.
e—

<C

As w! is nonnegative by item (i), the first and third right-hand side terms are nonpositive, and the Grénwall
inequality yields [ax|v![* < Ca™ A7 (eM — 1) + e [ax|v°? (or [ax|v!|* < Ca™tt+ [ax|v°|? if A =0). The
above estimate may then be rewritten as follows,

o [axtPut 3 [P < Cat o [axlet -0 [ axlo'
< Ca~lteM + Ae”/ax|vo|2 — 8t/ax|vt|2.

Integrating in time yields

t t
a/ du/ax|vt|2w"+)\/ du/a71x|C"|2 < Ca A7 He M- 1)—1—6)‘t/ax|vo|2 —/ax|vt|2,
0 0

so that (4.1) is proven for @ > 0. We now turn to the case @« = 0, A > 0. In that case, using the following Delort
type identity, which holds here in Lg%, ([0, T); W, " (R?)?),

wu=a"1Cvt — %|v|2vlh - ail(div(aSv))l, Sy, =vQ@uv— %|v|2 Id,
the estimate (4.2) becomes, by integration by parts with |Vx| < x,
8t/ax|vt|2 < —2)\/a_1x|ct|2 + 2)\/X|Ct||vt| - 2a/ax|vt|2wt + 2/X(—a\11 + AU - (vh)t¢t
- /ax(—a‘l’ + BUL) - Va2 4 2/ax(aV\I/J‘ + BVU) : Sy + 2/ax|a\IfJ‘ + 8BTSyt ],
and hence, noting that |S,:| < C|v!|?, and using the inequality 2zy < 22 + 32,
o [P < =21 [am P+ 20 [l - 20 [ axfoPut 4 € [ aet?
<o [P caea [adel.
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The Gronwall inequality yields fax|vt|2 < eCHA)E fax|v°|2. The above estimate may then be rewritten as
follows,

AP 2 o) o' - o [ oo
<A faxiet =2 [

Integrating in time, the result (4.1) is proven for @« = 0. (Note that this proof cannot be adapted to the
incompressible case (1.1), due to the lack of a sufficiently good control on the pressure P in (1.1) in general.)

Step 2. Proof of (iii) for (1.2).
We denote by C' any positive constant as in the statement of item (iii). From equation (1.2), we compute the
following time derivative,

8t/a|vt —0°* = 2/a()\V(a71Ct) —a(¥ + ! + BT +oh)twh) - (0! — 7°),
or equivalently, integrating by parts and suitably regrouping the terms,
8t/a|vt —°P = —2/\/cfl|<t|2 + 2/\/aflctfo - 2a/a|vt —7°2wt
- 2/&(—04(\11 +7°) + BT 4+ 7)) - (vf — %)Wt (4.3)
First consider the case a > 0. We may then bound the terms as follows, using the inequality 2zy < 22 + y?2,
Bt/a|vt —°2 < —2)\/cfl|ct|2 + 2)\/a71§t§° - 2a/a|vt —° 2wt + 2C/a|vt — 7°|w?
< _)\/a71|<t|2 T /\/a*1|§°|2 _ a/a|vt — 5wt + Ca™t,

and the result of item (iii) in the case o > 0 follows by integration. We now turn to the case « = 0, A > 0. In
that case, we rather rewrite (4.3) in the form

8t/a|vt —0°) = —2)\/(1_1|Ct|2 + 2)\/a_1ct§° - 2a/a|vt — 7° 2w
+ 2/(1(—04(\11 +5°) 4 BT + 7)) - (0 — %) (o — @) + 2/(1(—04(\11 +7°) + BT + 7)) - (of — )@,
so that, using the following Delort type identity, which holds here in Lg%, ([0, T); W, " (R?)?),
(w—a°)(v—2")=a"*(—C)(v—1°)* — %|v —0°1PVh — a7 (div(aS,_g )T,
we find by integration by parts
8t/a|vt —°) = —2/\/a_1|Ct|2 + 2/\/a_1ctfo — 2a/a|vt —7°2Wt
+ 2/(—04(\11 +7°) + BT 4+ 5°)) - (vf = 5°) (¢t - ¢°) — /a(—a(\ll +7°) + BV 4 5°)) - VEhjo! — 5°)?

+ 2/GV(0<(‘1’ +0°) + BT +7T°)) : Sprge + 2/@(—04(‘1’ +0°) + B +7°)1) - (v —0°) @°,
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We may then bound the terms as follows, using the inequality 2zy < 22 + 32,
8t/a|vt—17°|2 < —2A/a—1|gt|2+2A/a—1|<t||5°| —2a/a|vf Pt
v [l -elelre [t -l e ot -0 fopt - o
< —A/a—1|§t|2+c/a—1|§°|2+c/|w°|2+C(1+/\—1)/a|vt—17°|2.

Item (iii) in the case a = 0 then easily follows from the Gronwall inequality.

Step 3. Proof of (iii) for (1.1).

We denote by C' any positive constant as in the statement of item (iii). Noting that the identity v — 7° =
a" 'V (diva V) H(w—w°) follows from (B.4) together with the constraint div(av) = div(av°®) = 0, and recalling
that by assumption v—2° € L2 ([0, T); L*(R?)?), we deduce w—&° € L ([0, T); H~1(R?)) and (diva~'V) ™ (w—

loc loc

@°) € L2 .([0,T); H'(R?)). In particular, this implies by integration by parts
/a|v _ P = /a_1|V(div a1V w — )P = /(w %) (= diva V) (w— &), (4.4)
From equation (1.9), we compute the following time derivative
Oy /(w —@°)(=diva™'V) Hw — @°)

= 2/V(diva_1V)_l(w —@°) - (U 4 v)t + BT +v))w

—2/a(v — 5t (v = 0°)* + B0 —5°) + (¥ + )+ BT +7°) Jw
= —2a/a|v — 2w — 2/aw(v — )t (a(T 4+ 5°)t 4 B(T +°)).

Combining this with identity (4.4), we are now in position to conclude exactly as in Step 2 after equation (4.3)
(but with here ¢, (° = 0). O

The energy estimates given by Lemma 4.1 above are not strong enough to deduce global existence, and the key
is to find an additional a priori LP-estimate for the vorticity w with p > 1. We start with the following new result,
based on a careful examination of the evolution of LP-norms of the vorticity. The argument can unfortunately not
be adapted to the mixed-flow compressible case (that is, (1.2) with o > 0, 8 # 0), as it would require a too strong
additional control on the norm ||¢?||;»+1; this is why this case is excluded from our global results in Theorem 1.

Lemma 4.2 (LP-estimates for vorticity). Let \,a >0, 3 € R, T > 0, h,¥ € WH>*(R?), v° € L>®(R?)?, and
v° € 7° + L*(R?)?, with w° := curlv® € P(R?), @° := curlo® € P NL>®(R?). In the case (1.1), also assume
div(av®) = div(aw®) = 0. Let v € Li2([0,T);7° + L2NL®(R?)?) be a weak solution of (1.1) or of (1.2) on
[0,T) x R? with initial data v°, and with w := curlv € LS ([0, T); PNL>*(R?)). Foralll <p<oo andt € [0,T),

(i) in the case (1.1) with o >0, § € R, we have

a —1 1/p
(222) Il 4 1l < 1l + G, (15)

Lf+1 Lp+1

where the constant C, depends only on an upper bound on (p — 1)7', «, o=t |8, T, [|(h, ¥)|w1.,
[(©°,@°)[lLe<, and on [|v° — v°[|r2;

(i) in both cases (1.1) and (1.2) with « >0, B =0, A > 0, the same estimate (4.5) holds, where the constant
Cyp = C depends only on an upper bound on o, T, and on ||(curl U)_||pe. O
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Proof. Tt is sufficient to prove the result for all 1 < p < oo. In this proof, we use the notation < for < up to a
constant C' > 0 as in the statement but independent of p. As explained at the end of Step 1, we may focus on
item (i), the other being much simpler. Set 0° := div©°, 6 := divv. We repeatedly use the a priori estimate of
Lemma 4.1(i) in the following interpolated form: for all s < ¢ and ¢ € [0,T)),

’ ot A !y
ol < w8 ot = ot )L (4.6)

We split the proof into three steps.
Step 1. Preliminary estimate for w (in case (i)): for all 1 <p < oo and all t € [0,T),

o —1
a(p = Dwllf ) + w7y < wlFs + Co = DEP + [ollup o) wll? e (4.7)

Pttt Lttt

Using equation (1.9) and integrating by parts we may compute
0 [ @ =p [y div@ a( + ) + B0 + )
——pp=1) [ @IV a0+ B+ o)
— (1) [ VW) (W4 o)+ B+ )
=(p-1) /(wt)p div(a(¥ + o)t + B(¥ +0h)).

In case (i), using the constraint div(av) = 0 to compute div(av® + fv) = —aw + Bdive = —aw — fVh - v, we
find

@—m*a/st—qﬂwV“+c/wquMMsﬂ/wW“+ouﬂwmw/ww.
By interpolation (4.6), we obtain
a/WWH+@—U*a/wWsoa+mwmmwmﬂh

and the result (4.7) directly follows by integration with respect to ¢ and by the Holder inequality. In case (ii) we
rather have div(a(¥ + v)* + B(¥ +v)) = —a(curl ¥ + w), and hence
1-1/
o [t -7t [ @ <al(cut )i [P < al () (@)
from which the conclusion (ii) already follows.

Step 2. Preliminary estimate for v (in case (i)): for all 2 < ¢ < oo and t € [0,T),
[l S 14 (1= 2/0) "2 ]! 1147 10g" (2 + [|o'[10): (48)

Let 2 < ¢ < oo. Note that o' —° = VEA™ (W' —w®) + VATH(6' — 6°). By Lemma 2.4(i) for w := w' — &°
and Lemma 2.4(ii) for w := 0" — §° = div(v* — ©°), we find
[ [l < [19°]lLee + IVATH W' = &°)|Le + [[VATHO" = 6°) L
ST+ (1-2/q) o’ — &2 log"?(2 + |’ — &°||L1 1)
+ 10" = 0°|l21og (2 + 16" = 0°||12 <) + [0 — 0°)|p2.
Noting that 6! — §° = —Vh - (v! — 9°), using interpolation (4.6) in the form |jw!||j2 < ||wt||quq/2, and using the a
priori estimates of Lemma 4.1 in the form |[v' — 0°[|;2 + [|w!||r1 < 1, we obtain

[URFEpS

~

(1= 2/q) " ?||w! I/ 10g" /(2 + [[w! o) +log"*(2 + ! — ° =),
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and the result follows, absorbing in the left-hand side the last norm of v.

Step 3. Conclusion.
Let 1 < p < oo. From (4.8) with ¢ = p + 1, we deduce in particular

_ 1(1+1 _ 3(1+1
[l S 14+ (1= 1/p) 2wt 25 10822 + [l |pren) S (1= 1/p) Y2 (14 ot 25T,

and hence, integrating with respect to ¢ and combining with (4.7),

1 3(1+1/p) -1
oo = DTy + 104 < 107 + Co(L+ Il 3T ol 7,
p—1/p p+3
< s + CpllllZy {7, + CpllTE
We may now absorb in the left-hand side the last two terms, to the effect of
alp—1) +1
Bl s + It < I + C,
where the constant C), further depends on an upper bound on (p —1)~!, and the conclusion follows. [l

The following result partially improves and completes the results of Lemma 4.2 above in the case (1.1) with
either & = 0 or h constant (cf. item (ii) below), and in both cases (1.1) and (1.2) with & > 0, 8 = 0 (cf. item (iii)
below). For that purpose, inspired by the work of Lin and Zhang [39], we exploit by ODE arguments the very
particular structure of the transport equation (1.9). In the parabolic case a > 0, 5 = 0, note that we establish in
item (iii) an a priori LP-estimate for the vorticity w through its initial L'-norm only, which is the key for global
existence results with vortex-sheet initial data. While in [39] for the simpler model (1.4) such an a priori estimate
is achieved by explicitly integrating the evolution of the vorticity along characteristics, this explicit structure is
lost for the more sophisticated models (1.1) and (1.2), and a more subtle argument is required.

Lemma 4.3 (LP-estimates for vorticity, cont’d). Let A > 0, a > 0, 8 € R, T > 0, and h, ¥,v° € WH°(R?)2,
with w® := curlv® € PN COR?). Set ¢° := div(av®), and in the case (1.1) assume that div(av®) = 0. Let
v € WL([0,T); W22 (R?)?) be a weak solution of (1.1) or of (1.2) on [0,T) x R? with initial data v°. For all
1<p<ooandtel0,T), the following properties hold,

(i) in both cases (1.1) and (1.2), without restriction on the parameters,
o . b — 1
ol < el min { exp (222 (Co+ CIBlIGl e + CIBIITHIL~ ol 1))
p—1

exp ("= (C+ Ot + CIBICH; 1+ Cal VA= o] 1) };

(i) in the case (1.1) with either B =0 or a =0 or h constant, and in the case (1.2) with § =0, we have
le'llLe < Ce®[lw®|lLrs

(i11) given o > 0, in the case (1.1) with either 8 =0 or h constant, and in the case (1.2) with 8 =0, we have

1-1/p

o'l < ((at) ™t + Catect)

where the constant C' depends only on an upper bound on «, |8], and on ||(h, ¥)||y1,c . %

Remark 4.4. In the context of item (iii), if we further assume ¥ = 0 (i.e. no forcing), then the constant C' in
Step 2 of the proof below may then be set to 0, so that we simply obtain, for all 1 < p < oo and all £ > 0,

1/p
[wllLr < (/ [w®|P (1 + atwo)l_p> < (oét)—(l—l/p)7

without additional exponential growth. O
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Proof. We split the proof into two steps, and we use the notation < for < up to a constant C' > 0 as in the
statement.

Step 1. General bounds.
In this step, we prove (i) (from which (ii) directly follows, noting that choosing a constant implies Vi = 0).
Let us consider the flow

0! (2) = —a(¥ +0) - (' (x) = ¥ +0)(¥'(2),  ¥'(@)|=0 ==

The Lipschitz assumptions ensure that 1 is well-defined in W,2%°([0,T'); W1 (R?)?). As w satisfies the transport
equation (1.9) with initial data w® € C°(R?), the method of propagation along characteristics yields

w'(z) = w (") 71 (@) det V(") 7 (@) = w® (") 7 (@) | det Vo' (") 7 (@) 7,

and hence for all 1 < p < co we have

[l = [l (@) @)pldet vl (@) @) o = [ w0 @P|det Vo @) e, (49)

while for P = oo,
llw lLoe < [lw® [l [l (det V') 7.

Now let us examine this determinant more closely. By the Liouville-Ostrogradski formula,

| det Vo' ()] ! = exp (/Ot div (a(\IJ o)t + BT+ v“)) (¢“(x))du>. (4.10)
A simple computation gives
div(a(v))* + pv') = —acurlv! 4+ gdive’ = —aw! 4+ Ba™1¢! — VA -0, (4.11)
hence by non-negativity of w,
div(a(v)* + Bv') < [Bllla Lo |IC Iuee + [BIIVAllLee [0 e
We then deduce from (4.10),
| det Vo' (2)| 7" < exp (tall curl Wl + ¢ div @[ + |Bllla™ L lI€llLy e + BVl vl 1),

and thus, combined with (4.9), for all 1 <p < oo,
t o p— 1 .
lw'lLe < J|lw®||Le exp T(MHCHYWHLOO + t|] div |

+1BMlla L ¢y Lo + |ﬁ|||Vh||L°°||v||LgLoo))- (4.12)
On the other hand, noting that
Ah(¥ (x)) = =Vh(¥' () - (¥ + o) + BY + ")) (¥ (2)),
we may alternatively rewrite

div(a(v')* + got) (@t (z)) = ( —aw' 4+ Ba= ¢t — BVA - vt) (Y(x))
= 0ih(¥'(2)) + (— aw’ + Ba™'¢" —aVTh v + Vh - (a¥h + 1)) (¢ (2)).

Integrating this identity with respect to ¢ and using again the same formula for | det Vi!|~!, we obtain

o p— 1 . _
o' flLe < flw®lLe exp (T(to‘”CUﬂ‘I’HLW + 1Bl div ¥ llL~ + [Blla™ L= ¢l Lo

+ 2[|pllLe + tla + [BDIVA[Le [[¥][Le + al[VA||Lee[|v]Ls L“’))- (4.13)
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Combining (4.12) and (4.13), the conclusion (i) follows.

Step 2. Proof of (iii).
It suffices to prove the result for any 1 < p < co. Let such a p be fixed. Assuming either 8 =0, or ( =0 and
a constant, we deduce from (4.9), (4.10), and (4.11),

[t = [l e (-1 [ div (a(w+ 09+ 500 +09) 0
< eClebt / |w® (z)|P exp ( —a(p—1) /Ot w“(w“(x))du) dx. (4.14)

Let z be momentarily fixed, and set f,(t) := w’(¢'(z)). We need to estimate the integral fo fz(u)du. For that
purpose, we first compute 0y f,: again using (4.11) (with either § = 0, or ( = 0 and a constant), we find
Oufa(t) = div (' (@@ + v')= + BT +0")) (' (@) = Vo' (¥'(2)) - (a( + )"+ BT + ")) (¢ (2))
W' (! (2)) div (¥ + ')~ + BT +0"))) (' (x))
—a(w' (¥ (2)))* + (— aw' curl ¥ + fuw’ div ¥) (¥ (),

and hence
815]01 Z —Oéf;E2 — sz

We may then deduce f, > g, pointwise, where g, satisfies

31&91 = _agi - Cgaca gm(o) = fm(o) = WO(‘T)'

A direct computation yields
Ce e ()
C+a(l —eCwe(x)’

gx(t) =
and hence

/t fo(u)du > /t gz (u)du = a~ ' log (1 +aC™ (1 - eiCt)wo(x))

Inserting this into (4.14), we obtain for all ¢ > 0

1
/|wt|p<ec(p Lt /|w |p 1+ aC (1 —e °(x)) "

Ca—1eCt\ P! Ca—1eCt\ P!
< (ﬁ) /|W (@)ldz = (ﬁ) :
The result (iii) then follows from the obvious inequality e“*(1 —e=“*)~! < eCt 41+ (Ct)~! for all t > 0. O

The previous two lemmas establish uniform bounds on the vorticity w in various regimes. As a preliminary
to the propagation of regularity, we now show that any uniform bound on w implies similar bounds on v and on
the divergence ¢. In the incompressible case of equation (1.1), this already follows from Step 2 of the proof of
Lemma 4.2 above, but more analysis is needed in the compressible case (1.2).

Lemma 4.5 (Relative LP-estimates). Let A > 0, a >0, 3 € R, T > 0, h, ¥,1° € WL (R?)2, and v° € ©° +
L?(R?)?, with w® := curlv® € P(R?), @° := curlo® € PNL>(R?), and with either div(av®) = div(av®) = 0 in the
case (1.1), or ¢° = div(av®), ¢° := div(aw®) € L NL>®(R?) in the case (1.2). Letv € L.([0,T); 5° +L*(R?)?) be
a weak solution of (1.1) or of (1.2) on [0,T) x R? with initial data v°, and with w := curlv € L*([0, T]; L™ (R?)).
Then we have for all t € [0,T)

IClznre <€, ldiv(e" = °)lznr= <O, [P'[lL> < C,

where the constant C' depends only on an upper bound on o, |B], \, A=1, T, ||hllwr.e, [|(¥,0°)|lLes, [J0° —0°ly2,
@0t aree, [1(¢% ¢t aree, [lwllLge Lo, and additionally on ||[(V®,V©°)|Le= (resp. on a™') in the case a =0
(resp. o> 0). O
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Proof. In this proof, we use the notation < for < up to a constant C' > 0 as in the statement, and we also set
6 := dive and 6° := dive°. In the incompressible case (1.1) the conclusion follows from Step 2 of the proof
of Lemma 4.2 together with the identity dive = —Vh -v. We may thus focus on the case of the compressible
equation (1.2). We split the proof into three steps.

Step 1. Preliminary estimate for v: for all ¢ € [0,T),
[0l S 1+ 116" = 812 log * (2 + 16" = 6|12 o). (4.15)
Note that vf — 7° = VA" (w! — @°) + VAT — 6°). By Lemma 2.4(i)-(ii), we may then estimate
t o) —1 t —0 —1/pt no
[0° = 0°[|pee < [[VATH W' = &%)l + [[VATH(0" — %)L
S llw’ =@z log"?(2 + flw’ = @It ) + 167 — 6°llp2 log! 2 (24 [16° — 8° |2 o) + [[0F = 2% e,

so that (4.15) follows from the a priori estimates of Lemma 4.1 (in the form |[v* — °||p2 + ||w!||; < 1) and from

the boundedness assumption [|w|[re 1 S 1.

Step 2. Boundedness of #: we prove ||6F — 0°||;2qp~ <1 forallt € [0,7).
We start with the L?-estimate. As ( satisfies the transport-diffusion equation (1.10), Lemma 2.3(i) with s = 0
leads to

¢ L2 S ¢l + llaw(—a(¥ +v) + B(¥ + 'U)l)”Lf L2 S 1+ [Jwlezpellv = 0% lLee 2 + llwllz L2 [ (¥, 9°) e,

and hence [|¢*]|;2> < 1 follows from the a priori estimates of Lemma 4.1 (in the form |[v* — 7°[| 2 + [w'|lr < 1)
and the boundedness assumption for w. Similarly, for 8 = a=¢* — VA - v?, we deduce 6" — 0°||p2 < 1. We now
turn to the L*-estimate. Lemma 2.3(iii) with P = ¢ = s = oo gives

¢ e S NCC Nl + law(—a (¥ + o) + B(¥ +0) )|l e S 1+ [[wllnge Lo (14 [0l L), (4.16)
or alternatively, for ' = a=¢* — Vh - 0?,
107l S 1+ [0l + [lwllzge Loe (1 + [ollLge Loe).

Combining this estimate with the result of Step 1 yields

16" L S 1+ (16" — 6°[|1.2 log" /(2 + 0" = 6°[|p2 . )

+ @il Lo (14 116 = 0°[|Le 12 log"* (2 + 116 = 6° L= (12 1))
Now the boundedness assumption on w and the L-estimate for § proven above reduce this expression to
16" L= < log"*(2 + [[6]| L= 1<)

Taking the supremum with respect to ¢, we may then conclude |||~ < 1 for all ¢ € [0,T).

Step 3. Conclusion.
By the result of Step 2, the estimate (4.15) of Step 1 takes the form [[v!||L~ < 1. The estimate (4.16) of Step 2
then yields ||¢*||L~ < 1, while the L*-estimate for ¢ is already established in Step 2. O

4.2 Propagation of regularity

Since local existence is established in Section 3 only for smooth enough data, it is necessary for the global
existence result to first prove propagation of regularity along the flow. In this section, we show that propagation
of regularity is a consequence of the boundedness of the vorticity w, which has itself been proven to hold in various
regimes in Lemmas 4.2 and 4.3 above. We start with the propagation of Sobolev H?®-regularity.
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Lemma 4.6 (Sobolev regularity). Let s > 1. Let A >0, a >0, B € R, T > 0, h,¥,9° € WstL2(R?)2 and
v° € 5° + L*(R?)?, with w° := curlv®,@°® := curlo® € PN H*(R?), and with either div(av®) = div(av®) = 0 in
the case (1.1), or ¢° := div(av®),(° := div(av®) € H*(R?) in the case (1.2). Let v € L°°([0,T];v° + H*+1(R?)?)
be a weak solution of (1.1) or of (1.2) on [0,T) x R? with initial data v°. Then for all t € [0,T) we have

'l <€, S Nm <C 0 =g <€, [V e <G

where the constant C' depends only on an upper bound on s, (s —1)~', a, [B], A, X1, T, ||(h, ¥, 0°) |l yes1.oc,
0o = °l2, [[(w®,@°,¢°, COMlas, [lwllise Lo, and additionally on o™ in the case a > 0. O

Proof. We set 0 := divu, §° := dive®. In this proof, we use the notation < for < up to a constant C' > 0 as in
the statement. We focus on the compressible case (1.2), the other case being similar and simpler. We split the
proof into four steps.

Step 1. Time derivative of ||w| gs: for all s > 0 and ¢t € [0,T),
Ocllw s S 1+ V0 [lLoe) (1 + ' lzz) + 116° = -
Lemma 2.2 with p = w, w = a(¥ +v) + (¥ +v), and W = (¥ + 0°)L + B(V + 0°) yields
Ocllwllazs S (1 + [V [lLoe) [l 1z + [[0° = 0° [ rea " [[Loe (4.17)

~

Using Lemma 2.7, noting that ||(w’ — ©°, 0" — 6°)|| ;-1 < |lot — 9°||r2, and using Lemma 4.1(iii) in the form
[[vt —v°||12 < 1, we obtain

[v" = 0l ress SNl =@ N garrge + 10" = 0l orrpre S 1+ llw" —@°llas + 116" — 0°| 1.
Injecting this into (4.17), the claim follows from Lemma 4.5 and the boundedness assumption [|w|[pse e < 1.
Step 2. Lipschitz estimate for v: for all s > 1 and t € [0,T),
Vo' flLee S log(2 + [l [[me + 16" = 6°||7+). (4.18)

Since v! —1° = VLA w! —@°) + VAT (0! —0°), Lemma 2.4(iii) yields, together with the Sobolev embedding
of H?® into a Holder space for all s > 1,

V(' = 7°)llee < [V2ATHw" = @)L + [V2ATHO" = 0°) ||~
S llw" = @%flLe log(2 + [|w’ — @°[|e) + w’ — @°|ps
+ 116" — 0%l log(2 + [16° — 6°]| 172) + 10" — 6° [,

and the claim (4.18) then follows from Lemma 4.1(i), Lemma 4.5, and the boundedness assumption on w.

Step 3. Sobolev estimate for 6: for all s > 0 and t € [0,T),
16— &l S 1+ Il s (4.19)
As ¢ satisfies the transport-diffusion equation (1.10), Lemma 2.3(i) gives for all s > 0,
IS 1z S NIC° e + llaw(=a(¥ + ) + B +v)5) iz o
Using Lemma 2.1 to estimate the right-hand side, we find for all s > 0,

¢ s S 1+ [law(—a(v —©°) + Bv — 0°) 1)z = + llaw(—c(¥ +0°) + B + 0°) )|z g
S 1t [wlige e llo = 0|2 gs + lwllez g llv — 9% fluge nee

+llwllez 2 (U4 [10%lwee) + llwllez s (1 + 0°[[L=),
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and hence, by Lemma 4.5 and the boundedness assumption on w,
1C* 1 ms S 1+ llwlluge ms + [lv = 0°||rge mre. (4.20)
Lemma 2.7 then yields for all s > 0,
¢ e S 1+ [wllLge mre + llw — QO”LgO(HflmHSfl) +11¢ - EO”L;?O(HflmHS*l)'
Noting that ||(w—@°,¢—(°)|| -1 < [Jlv—2°||L2, and using Lemma 4.1(iii) in the form ||v —2°||y2 < 1, we deduce
(¢ e S 1+ llwllnge me + [1C]lLee mramr-

Taking the supremum in time, we find by induction [|([|re s S 1+ [lwllLge mre + [|C][1ee 12 for all s > 0. Recalling
that Lemma 4.5 gives ||67 — 6°||> < 1, and using the identity 6! = a='¢* — Vh - v?, the claim (4.19) directly
follows.
Step 4. Conclusion.

Combining the results of the three previous steps yields, for all s > 1,

Oillw e S (14 ([l o) log (2 + [[w' || rrs + 16" — 0% || 1e) + [|6° — 6°| e
S (L [[wllige m=) 1og(2 + [[wllLge m+),

hence

Opllwllrze e < sup Opflwllars < (14 [lwllige o) log(2 + [[wlLge m),
[0,t]

and the Grénwall inequality then gives [|w||Lge g+ < 1. Combining this with (4.18), (4.19) and (4.20), and recalling
the identity vt — v° = VLA (wf — ©°) + VATL(0! — 0°), the conclusion follows. O

We now turn to the propagation of Holder regularity. More precisely, we consider the Besov spaces C%(R?) :=
B3, . (R?). Recall that these spaces coincide with the usual Holder spaces Cjf (R?) only for non-integer s > 0 (for
integer s > 0, they are strictly larger and coincide with the corresponding Zygmund spaces).

Lemma 4.7 (Holder-Zygmund regularity). Let s > 0. Let A\ >0, a >0, 3 € R, T > 0, and h, V,v° € C5+1(R?)?
with w® = curlv® € P(R?), and with either div(av®) = 0 in the case (1.1), or ¢° := div(av®) € L*(R?) in the
case (1.2). Let v € L™°([0, T]; C:TH(R?)?) be a weak solution of (1.1) or of (1.2) on [0,T) x R? with initial data
v°. Then we have for all t € [0,T),

Hwt”Cf <C, HCt”Cﬁ <C, HUtHC*5+1 <C,

where the constant C depends only on an upper bound on s, s~%, a, |B], \, A7, T, (R, W, 0°) [ sy (1€° L2,
[wlrse Lo, and additionally on o' in the case o > 0. O

Proof. We set 0 := divwv. In this proof, we use the notation < for < up to a constant C' > 0 as in the statement.
We may focus on the compressible equation (1.2), the other case being similar and simpler. We split the proof
into four steps, and make a systematic use of the standard Besov machinery as presented in [6].

Step 1. Time derivative of ||w||cs: for all s > 0 and ¢ € [0,T),

Orlw']

os S (14|

o)A+ IVl nesmr) + 116

Cs-

The transport equation (1.9) has the form dw! = div(w'w!) with w! = a(¥ + v*)+ + B(¥ + v!). Arguing
as in [6, Chapter 3.2] (that is, similarly as in the proof of Lemma 2.2, but using the corresponding commutator
estimates in Besov spaces [6, Lemma 2.100]), we obtain for all s > 0,

Orllw'llcs S llw'|

o [|[Vw' || nos—t t [|w? div w||cs.

25



Using the usual product rules [6, Corollary 2.86] for all s > 0,

Orllw'llcs S lw eIV lpe nes—r + lwllus | divetes + l|lw’[los | divw!||Le

S lw'llos X+ 1V e nes—1) + @l (1 + llw'lles + 16°]c:),
and the result follows from the boundedness assumption [[w||Lse e S 1.
Step 2. Lipschitz estimate for v: for all s > 0 and ¢ € [0,T),
10 g et S oo lgamr + 18 gamr + Tog(@ + o + 167 o).

Since v! — v° = VEATL(w! — w®) + VATL(H" — 0°), Lemma 2.5(ii) yields for all s € R,
V']

ot ST 0" =@l groanesr 10 = 0°ll o

and thus, noting that [|(w —w®,0 —0°)| ;-1 < ||v — v°[|12, and using Lemma 4.1(iii) in the form |jv —v°[|;2 <1,
IVo'llge-r S 1+ lw'llge-r + 16| gz

Arguing as in Step 2 of the proof of Lemma 4.6 further yields for all s > 0,

Vo ||Lee < log(2 + [lw'llc; + (167 — 6°]

Cc: )7
and the result follows.

Step 3. Estimate for §: for all s >0 and t € [0, 7)),
16"]

c: S1+ ||w||L;?° o1
As ¢ satisfies the transport-diffusion equation (1.10), we obtain for all s > 0, arguing as in [6, Chapter 3.4],
¢ lle: SN lles + llaw(—a(¥ +v) + B¥ +0) ) |[px ooty

and thus, by the usual product rules [6, Corollary 2.86], the boundedness assumption on w, and Lemma 4.5, we
deduce for all s > 0,

1<l

0 51+ Nolgoe e ety (1 Iolize 0e) Il e (1 4+ Bolle e ety
ST+ wllpe g1 + [ollpee o1,
or alternatively, in terms of 0§ = =1t — Vh - v,

16°]

c: S e nes + [0l nes S 1+ lwllpe gs-1 + llvllLge -

Decomposing vf —v° = VLAY w! —w®) + VA~L(#" — 0°), using Lemma 2.5(ii), and again Lemma 4.1(iii) in the
form [[(w —w®,0 —6°)[| -1 < ||lv —v°|p2 $ 1, we find

[0'lles ST+ W' = w°llgornger +110° =0l g-1nce—r STH W g1 + 10" ga1,
and hence
10llLge 0z S 1+ [[wllpee ot + 10l 00 cz-1-

If s <1, then we have || - ||o:-1 < || - |, so that the above estimate, the boundedness assumption on w, and
Lemma 4.5 yield 0| ¢s < 1. The result for s > 1 then follows by induction.

Step 4. Conclusion.
Combining the results of the three previous steps yields, for all s > 0,

Ol s < supdillwlles S (14 [wle o) (lollyoe ozt + 16l oot + 1o + e + 1]

)

cz)) + 10llLs ¢

S+ @l e) (ol o +log(2 + @l c2))-

If s <1, then we have || [|s—1 S || [l so that the above estimate and the boundedness assumption on w yield
Ol|wllree o5 S (14 [|wllLee ¢2) log(2 + [|wl|Lse o5 ), hence |w|[ree ¢ S 1 by the Gronwall inequality. The conclusion
for s > 1 then follows by induction. O
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4.3 Global existence of solutions

With Lemma 4.6 at hand, together with the a priori bounds of Lemmas 4.2 and 4.3 on the vorticity, it
is now straightforward to deduce the following global existence result from the local existence statement of
Proposition 3.1.

Corollary 4.8 (Global existence of smooth solutions). Let s > 1. Let A > 0, « > 0, § € R, h,¥,0° €
Wetheo(R2)2) and v° € ©° 4 L2(R?)?, with w® := curl v®,&° := curlv® € PNH*(R?), and with either div(av®) =
div(av®) = 0 in the case (1.1), or ¢° := div(av°®), (° := div(av®) € H*(R?) in the case (1.2). Then,
(i) there ezists a global weak solution v € LS, (RT;0° + H¥TH(R?)?) of (1.1) on RT x R? with initial data v°,
and with w = curlv € LS, (RT; P N H*(R?));
(ii) if B = 0, there exists a global weak solution v € Lis.(RT;0° + H¥T1(R?)?) of (1.2) on RT x R? with initial

loc

data v°, and with w := curlv € LS. (RT; PN H*(R?)) and ¢ := div(av) € LS. (RT; H¥(R?)). O

loc

Proof. We may focus on item (ii), the first item being completely similar. In this proof we use the notation ~ and
< for = and < up to positive constants that depend only on an upper bound on «, a= !, |8], A, A7, s, (s — 1)1,
[[(h, 0, %) [ wesr.oc, [[0° = 0°I1z, [[(w®, @0, C%, C°) | are. .

Given 7° € W*t1°(R?)2 and v° € 0°+L*(R?)? with w®, w° € PNH*(R?) and ¢°,(° € H*(R?), Proposition 3.1
gives a time T' > 0, T ~ 1, such that there exists a weak solution v € L>([0,T); v°+H*(R?)?) of (1.2) on [0,T) xR?
with initial data v°. For all ¢t € [0,7), Lemma 4.3(ii) (with 8 = 0) then gives ||w’||L~ < 1, which implies by
Lemma 4.6,

el zzs + 1S a2 + 1" = 0°|ro+2 S 1,

and moreover by Lemma 4.1(i) we have w! € P(R?) for all ¢t € [0,T). These a priori estimates show that the
solution v can be extended globally in time. O

We now extend this global existence result beyond the setting of smooth initial data. We start with the
following result for L?-data, which is easily deduced by approximation.

Corollary 4.9 (Global existence for L?-data). Let A >0, a >0, B € R, h, ¥ € WL (R?)2. Let t° € W (R?)?
be some reference map with ©° := curlv® € PN H*(R?) for some s > 1, and with either div(av®) = 0 in the
case (1.1), or (° := div(at°) € H*(R?) in the case (1.2). Let v° € ©° +L*(R?)?, with w° := curlv® € PNL*(R?),
and with either div(av®) = 0 in the case (1.1), or ¢° := div(av®) € L*(R?) in the case (1.2). Then,
(i) there exists a global weak solution v € LS, (R*;7° + L?(R?)?) of (1.1) on Rt x R? with initial data v°, and
with v € L (R*;5° + HY(R?)?) and w := curlv € L% (RT; P N LA(R?));
(i) if B = 0, there exists a global weak solution v € LS. (R*;5° + L*(R?)?) of (1.2) on RT x R? with initial
data v°, and with v € L _(Rt;5° + H'(R?)?), w := curlv € LS (RT; P NLA(R?)) and ¢ := div(av) €
Lic (R L (R?)). %

Proof. We may focus on the case (ii) (with 8 = 0), the other case being exactly similar. In this proof we use
the notation < for < up to a positive constant that depends only on an upper bound on «a, a1, A\, (s — 1)1,
||(h, W, 0°)|[y1.00, |[(@°, )| a5, ||0° — °[|12, and ||(w®,¢°)||12. We use the notation <; if it further depends on
an upper bound on time t.

Let p € C(R?) with p > 0, [p = 1, and p(0) = 1. Define p.(z) := e Ip(x/e) for all € > 0, and set
WS 1= Pe * W, W i= pe xw°, (2 1= pex(°, (= pe ¥ (°, ac := pe xa and V. := p. * V. For all ¢ > 0, we have w¢,
w? € PNH>™(R?), ¢, (¢ € H*(R?), and a, a!, ¥, € C°(R?)2. By construction, we have a, — a, a_* — a1,
U, — Uin WHo(R?), @0 —@°, (¢ —(° — 0in H~'N H*(R?), and w® — w°, ¢ — ¢° — 0 in H~ ' NL*(R?). The
additional convergence in H~'(R?) indeed follows from the following computation with Fourier transforms,

lwg — w7 = /Iﬁlleﬁ(%) — 1P| (©)[*dg < (VAT l|w®(IE2

and similarly for @2, ¢°, and ¢°. Lemma 2.7 then gives a unique v® € v° + H'(R?)? and a unique ©° €
0

2° + H*F1(R?)? such that curlv® = w?, curlv? = @¢, div(av?) = ¢°, div(a ) = (¢, and we have v° — v° —
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in H'(R?)? and #° — 9° — 0 in H*T}(R?)2. In particular, the assumption 9° € W1>°(R?)? yields by the Sobolev
embedding with s > 1, for € > 0 small enough,

[oellwroe S92 = 0%l gavr + [0°lwre S 1,
and the assumption v° — 7° € L*(R?)? implies
lv¢ = T2z < llvd = v®(lL2 + [[0° = 0°[L2 + g — 0%l S 1.

Corollary 4.8 then gives a solution ve € LS, (RT; 02 + H(R?)?) of (1.2) on RT x R? with initial data v2, and
with (a, V) replaced by (ac, ¥.). Lemma 4.1(iii) and Lemma 4.3(ii) (with 8 = 0) give for all ¢ > 0,

[ve = 0¢llge 2 + [I€ellLz L2 + [[wellge 12 e 1
hence by Lemma 2.7, together with the obvious estimate ||(we — @2, ¢ — ()| -1 < Jve — 02|z,
lve = 0ellL2 g1 < flve — 0llLz e + [|Ce — ESHL? L2+ llwe — @ |lpzpe <o 1.

As 92 is bounded in H]! (R?)2, we deduce up to an extraction v — v in Li, (RT; H! (R?)?), and also w, — w,
¢ — ¢ in L _(R*;L*(R?)), for some functions v,w,(. Comparing equation (1.9) with the above estimates,
we deduce that (dw.). is bounded in L, (R*; VVIECM(RQ)) Since by the Rellich theorem the space L*(U) is
compactly embedded in H=1(U) ¢ W~1Y(U) for any bounded domain U C R?, the Aubin-Simon lemma ensures
that we have w, — w strongly in L _(R*; H,_!(R?)). This implies weve — wo in the distributional sense. We may

loc
then pass to the limit in the weak formulation of equation (1.2), and the result follows. O

We turn to the case of rougher initial data. Using the a priori estimates of Lemmas 4.2 and 4.3(ii), we establish
global existence for L?-data with ¢ > 1. In the parabolic regime o > 0, 5 = 0, the finer a priori estimates of
Lemma 4.3(iii) further imply global existence for vortex-sheet data w® € P(R?). Arguing by approximation, the
main work consists in passing to the limit in the nonlinear term wv. For that purpose, as in [39], we make a crucial
use of some compactness result due to Lions [40] in the context of the compressible Navier-Stokes equations. The
conservative regime (iv) below is however more subtle due to a lack of strong enough a priori estimates: only very
weak solutions are then expected and obtained, and compactness needs to be carefully proven by hand.

Proposition 4.10 (Global existence for general data). Let A > 0, a > 0, 8 € R, and h, ¥ € WH>(R?)2. Let
v° € WH>(R?)? be some reference map with @° := curle® € P N H*(R?) for some s > 1, and with either
div(at®) = 0 in the case (1.1), or (° := div(av®) € H*(R?) in the case (1.2). Let v° € ©° + L*(R?)? with
w® = curlv® € P(R?), and with either div(av®) = 0 in the case (1.1), or ¢° := div(aw®) € L*(R?) in the
case (1.2). Then the following hold.
(i) Case (1.2) with o > 0, 8 = 0: There exists a weak solution v € L (Rt;5° + L*(R?)?) on Rt x R? with
initial data v°, and with w = curlv € L°(R*; P(R?)) and ¢ = div(av) € L (R1; L*(R?)).
(ii) Case (1.1) with a > 0, and either 8 = 0 or a constant: There exists a weak solution v € LS, (Rt; 9° 412 (R?)?)
on R x R? with initial data v°, and with w = curlv € L>(R*; P(R?)).
(iii) Case (1.1) with a > 0: Ifw® € LY(R?) for some q > 1, there exists a weak solution v € LS (R*; 7° +L*(R?)?)
on RT x R? with initial data v°, and with w = curlv € Lis.(RT; P N LI (R?)).
(iv) Case (1.1) with o = 0: If w® € LY(R?) for some q > 1, there exists a very weak solution v € LS, (RY;0° +
L?(R?)?) on Rt x R? with initial data v°, and with w = curlv € L2 (RT;P N LY(R?)). This is a weak
solution whenever ¢ > 4/3. O

Proof. We split the proof into three steps, first proving item (i), then explaining how the argument has to be
adapted to prove items (ii) and (iii), and finally turning to item (iv).

Step 1. Proof of (i).

In this step, we use the notation < for < up to a positive constant that depends only on an upper bound on
a, N [[(h, U, 0°) |lpee, [1(@0°,C0) || arss |[v° — 0°||12, and [|¢°]|r2. We use the notation <; (vesp. <gp) if it
further depends on an upper bound on time ¢ (resp. and on the size of U C R?).
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Let p € C2°(R?) with p > 0, [p=1, p(0) = 1, and p|g2\p, = 0, define p(z) := e p(z/e) for all € > 0, and
set w 1= pe * W, WS 1= pe* @°, (1= pe *C°, ° := p. xC°. For all € > 0, we have w?, @° € P N H®(R?), ¢°,
(° € H®(R?). As in the proof of Corollary 4.9, we have by construction @° —@°, ¢° — ¢° — 0 in H~' N H*(R?),
and ¢° — ¢° — 0 in H~' N L?(R?). The assumption v° — 5° € L2(R?)? further yields w® — @° € H~(R?), which
implies w® — @° — w® — ©°, hence wW® — w® — 0, in H~'(R?). Lemma 2.7 then gives a unique v¢ € v° + L?(R?)?
and a unique 7° € v° + H*T1(R?)? such that curlv® = w?, curlv® = @?, div(acv?) = ¢, div(a08) = (2, and we
have v° —v° — 0 in L?(R?)? and 7° —7° — 0 in H**1(R?)?. In particular, arguing as in the proof of Corollary 4.9,
the assumption v° € W12 (R?)? yields |02 |1, < 1 by the Sobolev embedding with s > 1, and the assumption
v° — ° € L*(R?)? implies [[v° — °||r> < 1.

Corollary 4.9 then gives a global weak solution v, € L%, (R*: 50 + L?(R?)?) of (1.2) on RT x R? with initial
data v2, and Lemma 4.1(iii) yields for all ¢ > 0,

[ve = 0 llLge 2 + [ICelliz 1z S 1, (4.21)
while Lemma 4.3(iii) (with 8 = 0) yields after time integration for all 1 < p < 2,

t 1/p
||we||Lf P S (/ (ul—p + eCu) du> St (2 _ p)—l/P'
0

Using this last estimate for P = 3/2 and 11/6, and combining it with Lemma 4.1(i) in the form [Jwe[[pe 1 < 1,
we deduce by interpolation

[wellpzrars Arrzmy Se 1.

Now we need to prove more precise estimates on v.. First recall the identity
Ve = Vel + Ve 2, Ve,q 1= viaTle,, Ve, 1= VA~ div .. (4.22)

On the one hand, as w, is bounded in L _(R*; L3N L12/7(R2)), we deduce from Riesz potential theory that v 1
is bounded in LIOC(R+, L*NL'%(R?)?), and we deduce from the Calderon-Zygmund theory that Vo, ; is bounded

in L2 _(RT; L**(R2)). On the other hand, decomposing
Vep = VA div(ve — 00) + 70 — VEATIGP,
noting that v, — #° is bounded in L{% (R*;L*(R?)?) (cf. (4.21)), that ©° is bounded in LIOC(R2)2, and that

IVATIGC e < ||w it aree <1 (cf. Lemma 2.4), we deduce that v, is bounded in Ly (RT; L7 (R?)?). Further,
decomposing -

Veo = VA a (G =) — VAT (VR (ve — 7)) + 02 — VEAT @,
we easily check that Vo, 5 is bounded in L, (RT; L7 (R?)?). We then conclude from the Sobolev embedding that
Ve 2 is bounded in LIOC(RJF;L;IOC(RQ)Q) for all ¢ < co. For our purposes it is enough to choose ¢ = 4 and 12. In

particular, we have proven that for all bounded subset U C R?,

[wellrz rass + ICellLz Lz + Vel L2y

+ lvellrzwannizy + IVoellz Lvs + llvezllizws nvizwy) + Vveglliz ey Sev 1. (4.23)

Therefore we have up to an extraction w, — w in L2 _(RT; LY3(R2)), ¢, — ¢ in LY (RT;L3(R?)), v — v; in
LY (RT;LY(R?)?), and v.p — vy in L (R L (R?)?), for some functions w,(,v1,v2. Comparing the above
estimates with equation (1.9), we deduce that (dyw,). is bounded in L{, (R*; Wl_1 '(R?)). Moreover, we find by
interpolation for all |¢| < 1 and all bounded domain U C R2, denoting by U! := U + Bj its 1-fattening,

[ve = ve(- + )Lz Loy < Nver = ve1 (- + Lz Lawy + [[ve2 = ve2(- + )Lz Laqw

1/4
< Jver = vea (- + s pass e lver = vea( + Ols 1,

2/5 3/5
Hves = vea (- + Oz 1062 = ve2 (- + T L

1/4
< 2fjven —vea(- + g)HLé L4/3(U) [[ve, 1||L2 LI2(Ut) + 2[[ve2 — ve2( + §)||L2 1.2 U)HUE 2||L2 L2(Ut)
1/4 2/5
< 20N V0eallh passgn IVeallfa s oy + 21E7 2 1 V0ela T oy a2 78 e g
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and hence by (4.23),

[ve = ve(- + Lz Le) St €M+ 1¢*75.

Let us summarize the previous observations: up to an extraction, setting v := v; + vo, we have

we = win L (RS LY3(R?), v — v in L, (RY; L (R?)?),
(8,we)e bounded in L (RT; W~ M(R?)),

loc

sup [[ve — ve(- + &)Lz L2y — 0 as [§] — 0, for all £ > 0 and all bounded subset U C R?.
e>0 )

We may then apply [40, Lemma 5.1], which ensures that weve — wv holds in the distributional sense. This allows
to pass to the limit in the weak formulation of equation (1.2), and the result follows.

Step 2. Proof of (ii) and (iii).

The proof of item (ii) is again based on Lemma 4.3(iii), and is completely analogous to the proof of item (i)
above. Regarding item (iii), Lemma 4.3(iii) does no longer apply in that case, but, since we further assume
w® € LY(R?) for some ¢ > 1, Lemma 4.2 gives the following a priori estimate: for all t > 0

||WHL§+1 pat1 + ol e e 1, (4.24)

hence in particular by interpolation |[w||lLr» <¢ 1 for all 1 < p < 2. (Here we use the notation <; for < up to
a constant that depends only on an upper bound on t, (¢ — 1)t «a, a™t, |B], ||(h, ¥)|w1., ||v° — 9°|12, and
|w||ra.) The conclusion follows from a similar argument as in Step 1.

Step 3. Proof of (iv).

We finally turn to the incompressible equation (1.1) in the conservative regime o = 0. Let ¢ > 1 be such that
w® € LY(R?). Lemma 4.2 or 4.3(ii) ensures that w, is bounded in L;2 (R*; L' NLY(R?)), and hence, for ¢ > 4/3,
replacing the exponents 4/3 and 12/7 of Step 1 by 4/3 and ¢, the argument of Step 1 can be immediately adapted
to this case, for which we thus obtain global existence of a weak solution. In the remaining case 1 < ¢ < 4/3,
the product wVA~lw (hence the product wv, cf. (4.22)) does not make sense any more for w € LY(R?). Since
in the conservative regime o« = 0 no additional regularity is available (in particular, (4.24) does not hold), we do
not expect the existence of a weak solution, and we need to turn to the notion of very weak solutions as defined
in Definition 1.1(c¢), where the product wv is reinterpreted a la Delort. Let 1 < ¢ < 4/3. We establish the global
existence of a very weak solution. (For the critical exponent ¢ = 4/3, the integrability of v found below directly
implies by Remark 1.2(ii) that the constructed very weak solution is automatically a weak solution.) In this
step, we use the notation < for < up to a constant C' that depends only on an upper bound on (¢ — 1)1, |A],
[[(h, @, 0°) |, [|[U° —0°||L2, [|@°]12, and ||w®|Le, and we use the notation <; (resp. S, ) if it further depends
on an upper bound on time ¢ (resp. on ¢ and on the size of U C R?).

Let w®, @, v°, ©° be defined as in Step 1 (with of course (¢ = (2 = 0), and let v, € L® (R*; 0 4+ L*(R?)?)
be a global weak solution of (1.1) on Rt x R? with initial data v?, as given by Corollary 4.9. Lemmas 4.1(iii)
and 4.3(ii) then give for all ¢ > 0,

[wellLge (i Anay + lve — 02 [|Lge 2 Se 1. (4.25)

As 7° is bounded in L2 _(R?)?, we deduce in particular that v, is bounded in L (R*; L2 (R?)). Moreover, using

the Delort type identity
1
Wele = —§|’U6|2VLh —a"(div(aS,,))*,

we then deduce that wv, is bounded in LS, (RT; ngcl "1(R2)2). Let us now recall the following useful decomposi-
tion,

Ve = Ve,1 + Ve 2, Ve,1 1= VAt Ve,g 1= VA~ div .. (4.26)
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By Riesz potential theory v is bounded in LS. (R*; LP(R?)?) for all 2 < p < 22qu, while as in Step 1 we check
that v, 2 is bounded in L3, (R*; HL (R?)?). Hence by the Sobolev embedding, for all bounded domain U C R?
and all ¢ > 0,

1(ves Ve )llnpe 200 ) St 1. (4.27)

Up to an extraction we then have v, = v in L (RT; LY (R?)?) and w. = w in L2 (RT;LY(R?)), for some
functions v, w, with necessarily w = curlv and div(av) = 0.

We now need to pass to the limit in the nonlinearity w.v.. For that purpose, for all 7 > 0, we set ve ,, := py, * Ve
and we,y = py * we = curlve ,, where p,(z) = n~%p(x/n) is the regularization kernel defined in Step 1, and we

then decompose the nonlinearity as follows,
WeVe = (Wey — We) (Vey — Ve) — We Ve, + We e + Wele -

We study each right-hand side term separately, and split the proof into four further substeps.
Substep 3.1. We prove that (we,, — we)(ve,; — ve) — 0 holds in the distributional sense (and even strongly in
2 (RT; W D' (R?)?)) as 7 ) 0, uniformly in € > 0.

loc

For that purpose, we use the Delort type identity

1
(We,y — We) (Ve — V) = a_l(vem — ve) div(a(ve,y; — ve)) — §|Ue,n — v€|2VJ‘h — a_l(div(asvem_ve))J‘

Noting that the constraint 0 = ¢! div(av.) = Vh - v, + div o, yields
a tdiv(a(ve,y —ve)) = Vh - ve,y +divoe, = V- (py * ve) + py * divoe = Vh - (p, % ve) — py * (VR - ve),
the above identity becomes
(We,n = we) (Ve = Ve) = (Ve = ve) (VR - (py % ve) = py * (VR - vc))
1
— §|v€177 — v *Vth — ail(div(aSvem,ve))L.

2

ic(R%)?), we may estimate, for all bounded domain

First, using the boundedness of v, (hence of v, ;) in Ly (RT; L
U C R?, denoting by U" := U + B, its n-fattening,

| (0 =0 (9 (o ) = py # (V- 00)

IN

Iocvelhws ([ ([ oatw)at) = Fnte = oo - )iay) a -
e Een ([ o) [ 190@) = Fhto - )dwdy)

A

where the right-hand side converges to 0 as n | 0, uniformly in e. Second, using the decomposition (4.26), and
Setting Ve 1 := Py * Ve, 1, Vey,2 = P * Ve 2, the Holder inequality yields for all bounded domain U C R2,

/ (0 — o) ® (e — ve)] < / e — Venllves — vemal + / e — venllvez — venal
U U U

< (v, UEJ})”L%/(?*‘I)(U)HUGJ - U677771||L2Q/(3q*2)(U) + ||(U67U67W)HL2(U)”U6,2 - Ue,n,2||L2(U)-
Recalling the choice 1 < g < 4/3, we find by interpolation
3 241
Ve = vemllea/ a2 @) < [1ver = vemallizgrllver = vemallay,

4—3q

ﬂ S—qg 2(1:_1
< nQHH(ve,l,ve,n,1)||L22(?J)||V“671”L§ T
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and hence by the Calderon-Zygmund theory,

P =
lves = vemallgansooa @y S T 1we, vem) 5 loellon

while as in Step 1 we find

[[ve,2 — UE,nQ”Lf L) < 77||VUE,2||L$ L2(Un) Su

Combining this with the a priori estimate (4.27), we may conclude

t
g—1
/ / |(U6 - Uevn) ® (Uﬁ - Uan)l §t7U 77227‘1 +n,
0 U

and the claim follows.

Substep 3.2. We set v, 1= p, * v, wy, = p, xw = curlvy,, and we prove that —we Ve y + Wene + Wby —
—Wy Uy + wyv + wuy,, in the distributional sense as € | 0, for any fixed n > 0.

As g < 2 < ¢, the weak convergences v, — v in LS (RT; LY (R?)?) and w, — w in LS (R*; LY(R?)) imply for
instance v, , — v, in Ly~ (R; Wﬁ)’fl (R?)?) and w, ,, — wy, in LS, (RY; HY(R?)) as € | 0, for any fixed 5 > 0 (note
that these are still only weak-* convergences because no regularization occurs with respect to the time variable t).
Moreover, examining equation (1.9) together with the a priori estimates obtained at the beginning of this step,

we observe that dyw, is bounded in LS, (R*T; W 2" (R?)), hence diw.,, = py, * dyw. is also bounded in the same

space. Since by the Rellich theorem the space L(U) is compactly embedded in W=14(U) ¢ W=21(U) for all
bounded domain U C R, the Aubin-Simon lemma ensures that we have w, — w strongly in LS, (R+; W, 19(R?)),
and similarly, since H'(U) is compactly embedded in L*(U/) ¢ W~21(U), we also deduce w, ,, — w, strongly in
> (R*; L3 .(R?)). This proves the claim.

loc loc

Substep 3.3. We prove that —wy,v, +wyv + wvy = —%[v[?V+h — a7 (div(aS,))* holds in the distributional sense

as n | 0.
For that purpose, we use the following Delort type identity,

1
— WUy + wWyv + wo, = —a” (v, —v)div(a(v, —v)) + §|v77 —v|?V+th + a_l(div(aSvn,v))J‘

1
+a v div(av) — §|v|2VJ‘h —a '(div(aS,))*t.
Noting that the limiting constraint 0 = a~! div(av) = Vh - v + divv gives
a~tdiv(a(v, —v)) = Vh v, +dive, = Vh- (p, *v) + p, * dive = Vh - (p, *v) — p, * (Vh - v),

the above identity takes the form

1
— wyy + wyv + wvy = —a” (v, — ) (Vh - (py %) — py x (Vh-0)) + §|U,, — v’V h 4+ a”(div(aS,, )"
1
- §|v|2Vlh —a " (div(aS,))*,

and it is thus sufficient to prove that the first three right-hand side terms tend to 0 in the distributional sense as
1} 0. This is proven just as in Substep 3.1 above, with v ,, ve replaced by v, v.

Substep 3.4. Conclusion.
Combining the three previous substeps yields wcve — —% [0]?V+h —a~1(div(aS,))" in the distributional sense
as € } 0. Passing to the limit in the very weak formulation of equation (1.9), the conclusion follows. O
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5 Uniqueness

We turn to the uniqueness results stated in Theorem 3. Using similar energy arguments as in the proof of
Lemma 4.1, in the spirit of [48, Appendix B|, we prove a general weak-strong uniqueness principle. Note that
in the degenerate case A = 0 an additional term needs to be added to the usual energy, in link with the fact
that w and v are then on an equal footing with regard to regularity. In the incompressible case, we further prove
uniqueness in the class of bounded vorticity, based on transport arguments a la Loeper [41] (see also [50]), but
these tools are not available in the compressible case.

Proposition 5.1 (Uniqueness). Let a,3 € R, A > 0, T > 0, and h,¥ € WH°(R?)2. Let v° : R? — R? with
w® := curlv® € P(R?), and in the incompressible case (1.1) further assume that div(av®) = 0.

(i) Weak-strong uniqueness principle for (1.1) and (1.2) in the non-degenerate case A > 0, a > 0:
If (1.1) or (1.2) admits a weak solution v € L ([0, T);v° +L2(R?)?)NL2. ([0, T); WH(R?)2) on [0, T) x R?
with initial data v°, then it is the unique weak solution of (1.1) or of (1.2) on [0,T) x R? in the class
L2 ([0, T);v° + L2(R?)2) with initial data v°.

(i) Weak-strong uniqueness principle for (1.2) in the degenerate parabolic case A = =0, a > 0:
Let EF o denote the class of all w € L2 .([0,T);v° + L*(R?)?) with curlw € LY ([0, T); L*(R?)). If (1.2)
admits a weak solution v € E7 o ML, ([0,T);L*(R?)?) on [0,T) x R* with initial data v°, and with
w = curlv € LiS.([0,T); WH(R?)), then it is the unique weak solution of (1.2) on [0,T) x R? in the class
E%)Uo with initial data v°.

(i4i) Uniqueness for (1.1) with bounded vorticity, a, 8 € R:
There erxists at most a unique weak solution v of (1.1) on [0,T) x R? with initial data v°, in the class of all
w’s such that curlw € LS. ([0, T); L™ (R?)).

Moreover, in items (i)-(ii), the condition o > 0 may be dropped if we further restrict to weak solutions v such
that curlv € LS. ([0,T); L*°(R?)). O

Proof. In this proof, we use the notation < for < up to a constant C' > 0 that depends only on an upper bound
on a, |B], A, A7t and ||(h, ¥)| w1, and we add subscripts to indicate dependence on further parameters. We
split the proof into four steps, first proving item (i) in the case (1.1), then in the case (1.2), and finally turning
to items (ii) and (iii).

Step 1. Proof of (i) in the case (1.1).

Let @ > 0, 8 € R, and let vy,vs € LY ([0,T);v° + L*(R?)?) be two weak solutions of (1.1) on [0,T) x R?
with initial data v°, and assume vy € L5, ([0,T); Wh*°(R?)2). Set dv := v1 — v2 and 6w = w; — wa. As the
constraint div(adv) = 0 yields 6v = a~'V+(diva~'V) 1w, and as by assumption év € L ([0, T); L*(R?)?), we
deduce dw € L ([0,7); H~'(R?)) and (diva~'V) 6w € LY ([0, T); H'(R?)). Moreover, the definition of a wealk
solution ensures that w; := curlv; € L([0,T); P(R?)) (cf. Lemma 4.1(i)), and |v;|?w; € L. ([0, T); L*(R?)), for
i = 1,2, so that all the integrations by parts below are directly justified. From equation (1.9), we compute the
following time derivative

8t/5w(— diva™'V) tow = Q/V(div a V) tow - ((a(\IJ + 1)t + BT +v1))wn
— (a(P +v2)t + BV + ’UQ))(UQ)
= —2/(161)L . ((04(61))L + Bov)wr + (a(¥ + vy)® + BT + U2))5w>

= —2a/a|5v|2w1 — 2/a5w50L (T + vo) + BT + vy)). (5.1)

As vy is Lipschitz-continuous, and as the definition of a weak solution ensures that wiv; € Li ([0, T); L' (R?)?),
the following Delort type identity holds in L ([0, T); W' (R?)?),

1
Swovt = §|5’U|2Vh +a~ "t div(aSs,).
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Combining this with (5.1) and the non-negativity of aw; yields
0, / S — diva—1V)~Tow < — / al0PVh - (W + va) " + B + vp)) + 2/aS5v V(W + 02) "+ BT + )
< C(1+ ezl ) | aldu?
The uniqueness result Jv = 0 then follows from the Gronwall inequality, since by integration by parts
/a|(5v|2 = /a71|V(div a V) tow]? = /&u(— diva='V) tow.

Note that if we further assume w; € L>([0,7); L>°(IR?)), then the non-negativity of o can be dropped: it indeed
suffices to estimate in that case —2a [ aldv|?w; < C|lwi||L~ [ alév|?, and the result then follows as above. A
similar observation also holds in the context of item (ii).

Step 2. Proof of (i) in the case (1.2).

Let a > 0, B € R, A > 0, and let vy,v2 € LY ([0,T);v° + L*(R?)?) be two weak solutions of (1.2) on
[0,T) x R? with initial data v°, and assume vy € LS ([0,T); W1°°(R?)?). The definition of a weak solution
ensures that w; := curly; € L([0,T); P(R?)) (cf. Lemma 4.1(1)), ¢ := div(av;) € L ([0,7); L*(R?)), and
lvi|?w; € Li.([0,T); L} (R?)), for i = 1,2, and hence the integrations by parts below are directly justified. Set
v = w1 — Vg, 0w := w1 — wa, and ¢ := (3 — (2. From equation (1.2), we compute the following time derivative

8t/a|6v|2 = 2/a6v . ()\V(a_l(SC) — (U + 1wy + BT 4+ v1) b wr + (U + v)ws — BT + ’UQ)J'(U2>
= —2)\/a71|5§“|2 - 2a/a|6v|2w1 + 2/a(5w51} (T 4+ v2) — B(Y +v2) 7).

As vy is Lipschitz-continuous, and as the definition of a weak solution implies wiv; € Li.([0,T) x R?)?, the
following Delort type identity holds in L ([0, T); W, " (R2)2),

loc
Swdv = a~t5¢svt — %|6v|2vj‘h — a~(div(aSs,))*.
The above may then be estimated as follows, after integration by parts,
8t/a|(5v|2 < —2)\/a_1|6C|2 —2a/a|5v|2w1 Lo+ |\U2||Lm)/|5<||5v| Lo+ ||v2|\wl,m)/a|5v|2,
and thus, using the choice A > 0, the inequality 2zy < 22 + %2, and the non-negativity of aws,

8t/a|5v|2 <Cca+X"Ha+ ||v2|\%vl,m)/a|5v|2.

The Gronwall inequality then implies uniqueness, dv = 0.

Step 3. Proof of (ii).

Let A\ = 8 =0, a = 1, and let v;,v2 € L ([0,7);v° + L*(R?)?) be two weak solutions of (1.2) on
[0,7) x R? with initial data v°, and with w; := curlv; € L ([0,T);L*(R?)) for i = 1,2, and further as-
sume v € Lo ([0,7);L°(R?)?) and we € Lis.([0,T); WH>°(R?)). The definition of a weak solution ensures
that w; := curly; € L>([0,7); P(R?)) (cf. Lemma 4.1(1)), ¢; := div(av;) € Li ([0, T); L*(R?)), and |v;|%w; €
Li.([0,7); L' (R?)), for i = 1,2, and hence the integrations by parts below are directly justified. Denoting
dv := v — vy and dw := wy — wa, equation (1.2) yields

Opov = —(V + v9)dw — widv, (5.2)
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while equation (1.9) takes the form

Orow = div((¥ 4 vp) dw) + div(widvt)
= div((¥ + v2) dw) + Vwy - 6o — wydw
= div((¥ + v9) dw) + Vws - 6vt + Viw - 6o — widw. (5.3)

Testing equation (5.2) against dv yields, by non-negativity of wy,

8t/|5v|2 . —2/|5v|2w1 - 2/51} (U 4 vo)dw < C(1 + ||v2HL°°)/|5v||5w|.
Testing equation (5.3) against dw and integrating by parts yields, by non-negativity of wy and wo,
8t/|5w|2 = —/V|(5w|2 (P )t + 2/5wVw2 Sovt + /V|&u|2 vt — 2/ |6w|?wr
=— / |6w|?(curl ¥ + wo) + 2/5wVw2 SSvt 4 / |6w|? (w1 — wa) — 2/ |6w|wy
< C/|5w|2+2||Vw2HLoo/|6v||5w|.
Combining the above two estimates and using the inequality 2zy < z2 + 32, we find
& /(|5v|2 +0wl?) < C(1+ |\(v2,Vw2)|\Lw)/(|5vl2 +]0w]?),

and the uniqueness result follows from the Gronwall inequality.

Step 4. Proof of (iii).

Let o, € R, and let vy, vy denote two solutions of (1.1) on [0,T) x R? with initial data v°, and with
wi,wa € LS ([0, 7); L (R?)). First we prove that v!, v} are log-Lipschitz for all ¢ € [0,T') (compare with the easier
situation in [50, Lemma 4.1]). For i = 1,2, using the identity v! = Vt A~ lw!+ VA~ div o} with dive! = —=Vh-ol,
we may decompose for all z,y,

[vi (2) — vi(y)| < VAT wi(@) = VAT wi(y)| + VAT (VA - v)(2) = VAT (VA v) (y)]-

By the embedding of the Zygmund space C}(R?) = Béoﬁoo(R2) into the space of log-Lipschitz functions (see e.g.
[6, Proposition 2.107]), we may estimate

[vi(2) —vi()| < (IV*A7 willco + IV2ATH (VA vl co) |z — y|(1 +log (|2 — yl)),
and hence, applying Lemma 2.5(ii) and recalling that L>(R?) is embedded in C?(R?) = BY, _(R?), we find for
all 1 <p < o0,

v (@) = vi ()] Sp (lwiller nce + IV villLe nco) [ = yl(1 +log_ (|2 — y]))

< (lwilles e + [Vl aree ) |z = yl(1 +log_ (Jz = yl))-

Noting that v! = =tV (diva=1V) 1w}, the elliptic estimates of Lemma 2.6 yield ||v!||Lro nree < [|w!]|p1 A for
some exponent 2 < py < 1. For the choice P = pg, the above thus takes the following form,

t

[0 () = v ()] < llwill: areele — yl(1+1og _(lo —yl)) < (1 + [lwillue)l — yl(1 +log_(|z —yl)), (5-4)

which proves that v}, v are log-Lipschitz for all ¢ € [0, T).
For i = 1,2, as the vector field a(¥ + v;) + B(¥ + v;)* is log-Lipschitz in space, the associated flow ; :
[0,7) x R? — R? is well-defined globally,

Oetpi(x) = —(a(¥ + ;) + BT + i) ) (i(x)).
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%

As the transport equation (1.9) ensures that w! = (¢
solutions w!,w} € P(R?) is bounded by

).w® for i = 1,2, the 2-Wasserstein distance between the

Walo ) < Q' i= [ 16} (@) - wh(o)Pw (o) (5.5)
Now the time derivative of Q is estimated by
0Q" = 2 [ (Wh(x) — vh(a)) - (@ + BUH)(WA(0)) — (0¥ + U4 (h(2))" (@)
~2 [ (Wh(e) ~ wh(a)) - (avh + B4 (@) ~ (a0} + B(u3) )W) (2)do
< Q'+ 0@ ( [ I (wi(e)) - sh(wh (o) P (o) -
< CQ'+C@)A(T + Ty,
where we have set
7= [ It - D E@)P s, T = [ 1 (0h(@) - o (h(e) Pt o)
We first study Ty. Using that v; = ¢~V (diva=1V) lw;, we find
7! = [ 10t - uhPt < fusloe [ 1ot - b = b= [ 19 (diva V) wf - )P
S bl [ 1987t - u)
(Here, we use the fact that if —div(a™!'Vuy) = —Aug with uy,us € H(R?), then [a™!|Vu1|? = [ Vuy - Vug <

2 [a Vu > + 5 [ a|Vuz|?, hence [a=!|Vui|? < [a|Vug|?.) Loeper’s inequality [41, Proposition 3.1] and the
bound (5.5) then imply

Ty < [lwslliee (lwillue V llwplle ) Wa(w], wp)? < [l(wi, w))[IE- Q"

We finally turn to T. Using the log-Lipschitz property (5.4) and the concavity of the function z + x(1+log_ )2,
we obtain by Jensen’s inequality,

TS < k2 / (1+log_(Jw — g4))2I! — b P
2
< e 2 (1 -+ log / 0} — it ) / ot — %
< et B (1 4+ log_ @) Q.

We may thus conclude 9,Q < (1+|(w1,w2)|lL>)(1+log_ Q) @, and the uniqueness result follows from a Gronwall
argument. [l
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A Appendix: Degenerate parabolic case (jointly written with Julian
Fischer)

We now turn to the study of the compressible equation (1.2) in the degenerate parabolic case A = 8 = 0,
a =1, that is,

O = —(V +v) curl v, in Rt x R2, (A.1)

with initial data v|;—¢ = v°. A local existence result is already established in Proposition 3.2 above, and uniqueness
is obtained in Proposition 5.1(ii), but the absence of strong enough a priori estimates on the divergence divv due
to the degeneracy of the equation makes the question of global existence delicate. In the present appendix, jointly
written with Julian Fischer, we show how to exploit the particular scalar structure of the solution v to establish
global existence and finer uniqueness results. More precisely, we establish the following, which in particular
implies Theorem 4.

Proposition A.1. Let \=3 =0, a =1, let v°, ¥ € L>.(R?)? with curlv®, curl ¥ € LS (R?) and curlv® > 0,

loc
and assume that v° and ¥ are log-Lipschitz, that is, for all x,y,

[v°(x) = v (y)| + [U(2) — ¥(y)| < Clz —y|(1 +log_(lz —y]))-

There exists a unique global strong solution v € LS. (RT xR?) of (A.1) with curlv € LS. (RT xR?) and curlv > 0.
Moreover the following hold:
(i) if v°, U € WLo(R?)2 ] then the solution v satisfies curlv € LS. (RT; L(R?)), and if in addition curlv® €
P(R?), then there holds v € LS, (Rt;v° + L' NL®(R?)?) and curlv € LS (RT; P N L (R?));
(ii) if for some s > 0 we have v°, ¥ € W*VL°(R?)? and curlv®, curl ¥ € W#°(R?), then for all 0 < u < s the
solution v belongs to W1 (R*; W50 (R?)2);

(iii) if for some s > 1 we have v°, ¥ € W**°(R?)2, curlv® € H* NW*>®(R?), and curl U € W*>(R?), then the
solution v belongs to Lis. (RT;v° + H® N W (R?)?). O

We start with a suitable reduction of equation (A.1), making its scalar structure appear. Assume that
v € WU (RT; L2, (R?)) is a strong solution of (A.1) with curlv € LS, (Rt x R?). Since the forcing vector field
V¥ is time-independent, equation (A.1) for v can be rewritten as follows,

(VU +v) = —(V +v)curlv, (U +0)|tmg = U +0°,

which implies for all z € R and ¢ > 0,

t
(U +v')(z) = &' (2) (¥ + 0°) (), k' (r) := exp ( - / curl v®(z) ds), (A.2)
0
together with the following scalar equation for x,

Oik = —k curlw, Kli=o = 1.

Assuming curl ¥ € LS (R?), the definition (A.2) of x in the form v = —W¥ + k(¥ + v°) and the assumption
curlv € LS (RT x R?) ensure that the directional derivative ((U + v°)+ - V)x is well-defined in LS, (RT x R?),

and the above scalar equation for s turns into
Ok =k (U +0°)F - V)k — k% curlv® + k(1 — k) curl ¥, Klt—o = 1. (A.3)

Along the characteristic curves of the vector field (¥ + v°)=+, this equation takes the form of a Burgers’ equation
with additional quadratic damping and forcing terms. Although such a Burgers’ equation may in general develop
discontinuities in finite time (shock waves), we show that this cannot occur for constant initial data k|i—o = 1 as
considered here. Recall that we focus on the case with nonnegative vorticity curlv® > 0.
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Lemma A.2. Let W € LS (R?)? be log-Lipschitz (that is, |W(z) — W(y)| < Clz — y|(1 + log_(|z — yl|)) for
all 7, y), and let f,g € Lis.(R?) with f > 0. We consider the following Cauchy problem on Rt x R,

Ok =k (W -V — k2f + k(1 — K)g, Kli=o = 1, (A4)
where (W - V)k denotes the directional derivative of k along the flow of W. There exists a global strong solution
K€ VVlifo(RﬂL; Lis.(R?)) N L= (RT x R?) with £, (W - V)r € Lis.(RT x R?). This solution is unique in the class

C:={rk € WL (R L (R?)) : (W - V)k € LS, (RT x R?)}.

loc

Moreover the following hold:
(i) if f.g € L®(R?) and W € W1>°(R?)?, then the solution r satisfies X, (W - V)r € LS, (RT; L™(R?)), and if
in addition f € L'(R?), then there holds 1 — k € LS (RT; L' NL*°(R?));
(ii) if for some s > 0 we have W € W*VL(R?)2 and f,g € W*>°(R?), then for all 0 < u < s the solution k
belongs to W12 (R+; W50 (R?));
(iii) if for some s > 1 we have f € H* N W>®(R?), W € W*>®(R?)?, and g € W*>(R?), then the solution r
satisfies 1 — k € Lis (RT; H*(R?)). O

Proof. Let W € Li%.(R?)? be log-Lipschitz, and let f,g € Ly, (R?) with f > 0. Then the flow ¢ : R x R? — R?:
(s,2) — 1S associated with the vector field —W is well-defined globally on R x R,

8s¢asc = _W(wi)v 1Z);|S:O = T.

We have ¢ € CH(R; C(R?)), and for all s € R the map ¢° : R? — R? is a homeomorphism with inverse 1) ~%.
More precisely, since W is log-Lipschitz, the map 9*® is a Hélder homeomorphism in the following sense: we have

for all s, z,v,

_Clsl o—Cls|

eClsl s s
We split the proof into three steps.

Step 1. Uniqueness.
In this step, we show that for all x € R? and ¢° € R there exists a unique global solution o, (c°) : R* — R :
t— ol(c°) of

0:(0°)

oo =1- [ sunen (- [T rouna)s o= @9

and that the corresponding map of : R — R is invertible on R. In addition, assuming that for some T > 0 there
exists a local strong solution x € W,L°([0, T); L2, (R?)) of (A.4) on [0,T) x R? with (W -V)x € L2, ([0, T) x R?),
we show that such a solution « is necessarily given by the following explicit formula,

e =1 [ swen (= [ o) (A5)

This implies the stated uniqueness result.
Setting &% (s) := k'(¥2), and noting that dsik%(s) = —(W - Vk!)(¢2), we deduce by assumption &, €

x
Wli’coo([(), T) x R) for almost all z. Picard’s existence theorem then ensures the local existence and uniqueness of

the flow o, on R associated with the vector field &,: for almost all z, for all o°, there exists 0 < T,,(¢°) < T and
a unique local solution o, (c°) € C1([0,T,(c°))) of the Cauchy problem

010,(0°) = #(00,(0%)),  04(0%)|e=0 = 0°. (A7)

Now note that by definition the function t — &% (c%(c°)) belongs to WL ([0, T;:(c°))) and satisfies

B, (R (08(0°))) = —(RL(0%.(0°))) *F(2= 7)) + &L (0L (6°)) (1 = & (0 (0°))) g (3=, (A8)
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For f,g € LS. (R?), this equation admits a unique global solution in W,.>°([0, T,:(c°))), which must be given by
the explicit formula

i) =1~ [ " ftmyen (- / " ) o) s, (A9)

0

On the one hand, since the positive part 0V f,(0,(c°)) belongs to W,>°([0,7,(c°))) and also satisfies equa-
tion (A.8), we deduce by uniqueness that %,(c,(c°)) must remain nonnegative. Moreover, formula (A.9) with
f > 0 ensures that %, (0, (c°)) remains bounded above by 1, so that it is actually [0, 1]-valued on its domain. On

the other hand, due to formula (A.9), equation (A.7) takes on the following guise,
0,05 (0°) = Z(04(0°),0°), 02(0°)|t=0 = 0°, (A.10)

where we have set

2(0.0%) =m0 1= [ rwnren (- [T+ awan)as)

As 0 < Z(0,0°) < 1, we deduce 0° < 0.(0°) < 0° +t for all t > 0. Since in addition for f,g € L. (R?) we
have Z € VVﬁ):O (R x R), the flow 0,(c°) must exist globally. We may therefore choose T,(0°) = T and the
representation (A.9) holds for all 0 <¢ < T.

It remains to invert (A.9) and deduce the formula (A.6) for the solution & itself. For that purpose, we need
to invert the (non-decreasing) map o’ : R — R globally for all ¢ > 0. Since we have shown & (cl(c°)) =
Z(ct(0°),0°) € [0,1] for all t € [0,T"), equation (A.10) leads to

x

0,257 — oo (- [ e owm)

do° o
o5 (0°)

P2 o) ) [T e (- [T g gwmaes). @

do° o0

For all z,t,0°, define the compact set K!(c°) := B+{¢? : 0° < s < ¢°+t}, where B is the closed unit Euclidean
ball at the origin in R2. Hence, for f,g € L{.(R?) with f > 0, we find for almost all z, for all t € [0,T),

loc
t o t o
8t(901(0 ) - 0oy (o )(

o, (%)

do° do°
003,(0°) (04(0°) =) gl
z co(ret(mony (14 7=\ )T )Ig L°°<K;<a°)))
= s HfHL (Kt(o ))( €

ot (c°)
> 2= 2 oo (Tt (0
> 90° Il fllLee (k2 (00 €

[ fllLes (&t (o)) + ||9|\L°°(K;(a°))||f||L°°(K;(ao))/ elo=( )S)”g””"("i(””dS)

o°

tHQHLO@(K;(aO))
)

while from (A.9) we deduce

022~ iy e (-

do° o

o, (0°)

(f +9)()du)

9ot (0°) (. N (2 ) _ °)) F
+ 220 (1 ko071 o027 = ik 0) )
g
o Aol (o°
< Mo | fl o (g 00 + 350 gl s oo

For almost all x, for all ¢ € [0,T), this implies

t o ao’i UO oo t o
exp ( — 2t flloe (s (goyy NI ko >>) < 20:(0") < (14t flle (xogooyy ) eIt eon,

- Jo°
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which shows that the map of : R — R is a Lipschitz diffeomorphism, with also

9(0;)" 1 (0°)

(14t f e reagoey) e Moo < < exp (2t||f||L°°<K;<a°>>€t”g””°“‘W’”)- (A.12)

Oo®°

The representation (A.9) applied to 0° = (¢)~1(0) then yields the desired result (A.6).

x

Step 2. Existence.
Let k,0 be given by (A.5)—(A.6). Noting that for all o there holds

(o5)""

80'0

0=08;((07) " (02(0))) = (Bu(05) ™) (%(0)) + ez, (0) CACH

equation (A.7) leads to the relation

The definition (A.6) and the estimate (A.12) then ensure that & € W,'™°(R*; L% (R?)). We now check that

loc

(W -V)k € LS. (RT x R?). For almost all x and for all ¢,0°, rewriting equation (A.5) in the form

r4oyr (o)

o) =1 [ e (< [ v s

r4+o°

we easily find that the map r — Ufpr (0°) belongs to Wli)’coo (R). Using the relation

0 O't . —1
D)1 (0) = ~(0r) (1) 0) 22— o),

it follows that the map 7 + (o7, )~"(0) also belongs to WL%(R). For almost all 2 and for all ¢, writing
(W - V) (z) = —0,k"(¢7)]r=0, and using the definition (A.6) in the form

en=1-[ e (- [ rowinas

Jr(crfpg

we then easily deduce that (W - V)x € LiS.(RT x R?). We now check that x is a strong solution of the Cauchy
problem (A.4). By construction, the map ¢ — nf(u;;’m(" )) is given by (A.9) and thus satisfies

6,5(/#(@&2;(”0))) _ —(Ht(wg;(go)))2f(¢g;(go)) 4 Iit(wg;(go))(l _ Ht(¢g;(go))) g(wg;(do)),
or alternatively,
(@Ht k(W V)lit)(d)g””(”o)) _ (_ (K')2f + Kt(1 — Ht)g)(wggg(w))_

As this holds for almost all x and for all 0°, we indeed deduce that & is a strong solution of (A.4). It remains to
check that £ € LY (RT x R?). For that purpose, we note that equation (A.4) implies

loc
10: (|6 (@) 71| < K" @) TN (W - V)! (@)] + (1 + |6 (2)Dlg(@)]) + [ f ()],

which easily implies by a Grénwall argument that 1 € LS, (RT x R?).

Step 3. Regularity and integrability.

The additional regularity statement (ii) in W*°°(R?) is a straightforward consequence of formulas (A.6)—(A.5),
together with the identity (A.11) and the estimate (A.12). Also note that for f,g € L>(R?) and W € WH>(R?)
the argument in Step 2 ensures that =, (W - V)& € Lix.(RT; L (R?)).
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We now turn to the additional integrability (i) for 1 — k. Assume that f € L' NL>(R?), W € W1>°(R?), and
g € L°(R?). For all R > 1, denote by yr(x) := e~ 1#I/R the exponential cut-off function at scale R. We compute

0 [ xult=n1 < [ W VL= w4 [ a2+ [ el -
R2 R2 R2 R2

and hence, after integration by parts, using the property |Vxgr| < xr of the exponential cut-off function, for all
R>1,

00 [ xnlt =1 < I [l + (" i)l + sl [ xnlt =o'
R R
< IRl + IOV - D+ [ [ e + s llo) [ xnlt =o'

Applying the Grénwall inequality, and letting R 1 co, we deduce 1 — & € LS (Rt; L' (R?)).

loc

We finally turn to the H*-regularity. Let s > 1 be fixed. Assume that f € H* N W*>(R2?), W € W (R?)?,
g € W*>=(R?). For all R > 1, denote by Xr(z) := exp(—(1 + |z|?)}/2/R) a smooth exponential cut-off function
at scale R. We compute

aulIxr(1 = KDl = 2 /R (VY (e = mD)(V)* (5T XRW - VA

=2 [ (90" (Rl = ) (V) (= Rl + a1 = n)g). (A3
Decomposing
—2(V)*(k"'XrW - VE') = 2[(V)*, k"W [V (Xr(1 — ) + 2'W - V(V)*(Xr(1 — K"))
—2(V)*((1 = &")K'W - VXR),

we find, after integration by parts in the second right-hand side term,

OulIXR(L = K1 = 2/ (V)*(Xr(L = s (V)" s WIV(RR(L = &) = [ V) (Xr(1 = &) div(s'W)

R2 R2 |
- 2/ (V)*(Xr(1 = &))(V)*((1 = £")&'W - VX = Xr(K")*f + Xra"(1 = &')g),
Rz
and hence,
Fxr(L = k) SNV K WIV(XR(L = K)) L2 + 16 Fye e [ X RS |1
+ ([ div(x W) [ + [XR'&W - VXgllwee + £ gllwe=) [ Xr(1 = &)l

Applying the Kato-Ponce commutator estimate [33, Lemma X1] in the form (B.2) with s > 1 in order to estimate
the first right-hand side term, we find

Ol xR =K S (I W lweme +[IXR KW VxR wee +[[K65 g lweee ) IXR(L = &) #2e + |6 oo X R F 122
and thus, for all R > 1, using the properties of the smooth exponential cut-off function xg,
OulXr(L =& )lae S 1868 lwese [|(W )l weoe [ XR(L = K| are + |6 [ye.ce [Lf ] 22

Applying the Grénwall inequality, using the regularity result for the solution x in W%°°(R?), and letting R 1 oo,
this implies 1 — x € L%, (RT; H*(R?)). O

loc

We may now conclude with the proof of Proposition A.1.
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Proof of Proposition A.1. Let v°, ¥ € L°.(R?)? be log-Lipschitz vector fields with curlv®, curl ¥ € LS (R?) and
curlv® > 0. We start with the ex1stence part By Lemma A.2 with W := (U +0°)+, f:= curlv®, and g := curl ¥,
there exists a global strong solution x € Wu™(R*; L%, (R?)) of (A.3) with L, (¥ +v°)* - V)& € LS (R x R?).

Then the function v := — U + k(¥ +0°) € WL (RF; L2, (R?)) is by construction a global strong solution of (A.1)
with initial data v° and with curlv € LS (RT x R?). The additional regularity statements follow from the
corresponding statements for x in Lemma A.2 together with the representation v — v° = —(1 — k) (v° + V).

We now turn to the uniqueness part. Assume that v1,ve € L%, ([0,7) x R?) are strong solutions of (A.1) on
[0,T) x R? with curlvy, curlvy € LS. ([0,7) x R?) and curlvy, curlvg > 0. From (A.2), it follows that for i = 1,2
we have v; = =V + k;(V + v°) where &; is given by

Kki(z) := exp ( - /Ot curl v} (z) ds).

As v; is a strong solution of (A.1) on [0,7) x R? we deduce that r; is a strong solution of equation (A.3)
on [0,7) x R?, and the boundedness assumption on curlv; implies that x; € W,>°([0,T); L2, (R?)) satisfies
L (0 +2°)* - V)k; € Lig.([0,T) x R?). The conclusion k; = ko then follows from the uniqueness statement in
Lemma A.2. O

B Appendix: Proof of the preliminary results

In this appendix, we prove the various preliminary results stated in Section 2. We start with the a priori
estimate for transport equations, stated in Lemma 2.2.

Proof of Lemma 2.2. We split the proof into two steps: we first prove (2.1) as a corollary of the celebrated
Kato-Ponce commutator estimate, and then we check estimate (2.2), which is but a straightforward observation.

Step 1. Proof of (2.1).
Let s > 0. The time derivative of the H®-norm of the solution p can be computed as follows, using the notation
(V) = (1+ V]2,

o' =2 [ (V) ) div(otut)) =2 [ (V) (0 vl + 2 [ () )t - V(9%
22/(<V> HV)® div, w']p —/| 2 divw'

< 2/ p! [ (V) div, w']p" ||z + || (divw®) ||l |7+,
and hence,
s 1 s 10 1, ..
Oellp'llers < (V)" div, ' = Wpfllez + [[[(V)" div, W]p' |1z + 5 [H(div ")~ e[| e (B.1)

Now we recall the following forms of the Kato-Ponce commutator estimate [33, Lemma X1| (see e.g. [38]): given
p € (1,00), and % + % = % with p;, q; € (1,00] for i = 1,2, we have for all f,g € C>°(R?),

IKV)°V, Agllee Sspprms [ Fllwsrrallglim + [V Lo {lgllwee,

and also

I(V)?, FIVallLe Sspprpe | fllwsallglinres + L1 IV Flluez lgllwe.a. (B.2)
Together with the Kato-Ponce inequality of Lemma 2.1, these estimates yield on the one hand
(V)" div, W]l Ss W llwesroellp Lz + IVW [[Loellp" | 2+
and

I(V)* div, w' = W]p e S llp L lw" = Wgass + [V (" = W)l [lp" ]| 5,
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and on the other hand,
I(V)* div, w" = W]p' ||z < [|p" div(w" = W)|[g= + [[(V)*, (w" = W)-]Vp'||2
Ss IV (" = W)l ol me + (o e || div(w' = W)l + [lp lwres [0 — W g

Injecting these estimates into (B.1), the result (2.1) follows.

Step 2. Proof of (2.2).
Let € > 0. We denote by @ the Fourier transform of a function u on R%. Set G' := pw, so that the equation for p

pNe)

takes the form 9;p = div G. Rewriting this equation in Fourier space and testing it against (e + |£])72(p" — p°)(€),
we find

8t/(5+ EN7215"(€) — p°(€)|2de = 2i/(6+ €172 - GH(E) () — p°(€))dE
< 2/(6+ €D ~HA () — B (E)IG ()] dE,

and hence, by the Cauchy-Schwarz inequality,

1/2 R 1/2
o [eerien2ine - rora) < ( [ie1@ra)
Integrating in time and letting € | 0, we obtain
10" = PNl g1 < NGl < llplliee 2 llwllps Lo
that is, (2.2). O

We turn to the proof of the a priori estimates for transport-diffusion equations, stated in Lemma 2.3.

Proof of Lemma 2.3. We split the proof into three steps, proving items (i), (ii), and (iii) separately.

Step 1. Proof of (i).

Denote G := g — wVh, so that w satisfies dyw — Aw = divG. Set (&) := (1 + |£|>)'/2, and let @ denote the
Fourier transform of a function u on R%. Let s > 0 be fixed, and assume that Vh,w, g are as in the statement
of (i) (which implies G' € L ([0, T); H*(R?)) as shown below). In this step, we use the notation < for < up to a
constant C' as in the statement. For all € > 0, rewriting the equation for w in Fourier space and testing it against

(e+ [€])72(£)** 0w (&), we obtain

|1
(e +1¢))?

and hence, integrating over [0,t], and using the inequality 2xy < 2% + 32,

! —2 2s AU 2 1 |£|2 QS,Ll‘)t 2
| [l eman @ pdein+ 5 [ s le it era

_l |€|2 2s Ww° 2 i ! € -2 2s¢ | Au T u
-5 [ EE@t @i [ [er i one Gt
1

3 [ @Pde+ 3 [ [@mieueraa g [ [erien oo ©Pdd.

[texiehemloat @ P+ ;5 [ © ot ©OPds =i [ (e Ie) 6% GBIk,

Absorbing in the left-hand side the last right-hand side term, and letting € | 0, it follows that

2s wt 2 2s wo 2 ! 25| A 2 U
/<s> [ (¢) d§§/<§> [0°(€)| d5+/0/<5> G (6)2dedu,
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or equivalently
lw' e < wllme + |G lLz -

Lemma 2.1 yields
Gz s < llgllez e + 1wVAlLz 5= S Hlgllez me + [1VAwes [wllez 12 + VAL [w]lrz g
Sllgllez gs + lwllee g
so that we obtain
¢
w3 < 1wl + 1glIT2 4. +/0 w7 du,
and item (i) now follows from the Grénwall inequality.

Step 2. Proof of (ii).
Set again G := g — wVh, and let Vh,w®,w,g be as in the statement of (ii). For all ¢ > 0, rewriting the

equation for w in Fourier space and then integrating it against (e + [£]) ™2 (0! — @°)(€), we may estimate

0 [[(e-+16) 210" — 07)OPds =2 [ (e + e[ = @0 (e
|§|2 At 1[)0 2 |£|2 wt _ wo wo € —1 ﬁ)t _ ,LZ)O At
‘2/7__FW} mn+2/7——a< O @Hﬂ/(+M)K YOG (©))de

A E+IED

[4s W°(£)]2 ‘ 2|t — ° 2 2\ =1 At ()2
< [ Rl + [+ le) it @R + [ 1+ 1RGO
that is

0 [ (e I 21" — 67O de < [ (et €)@ — 0°) P + [ + |G-
and hence by the Gronwall inequality,
/(6 +[ENT2|(@" — @) (€)PdE < e (tllw 12 + |Gz g1 )-
Letting € | 0, it follows that w® — w® € H~'(R?) with
lw" = w®|lgr-r < e (w2 + 1Gllez 1) < e (lw?lliz + llgllz s + I VAL~ lw]pz 2).

Combining this with (i) for s = 0, item (ii) follows.

Step 3. Proof of (iii).

Let 1 < p,q < oo, and assume that w € L”([0,T); LY(R%)), Vh € L°(R?), and g € L?([0,T); L(R%)). In this
step, we use the notation < for < up to a constant C' as in the statement. Denoting by I'(z) := Ct=4/2¢~121*/(20)
the heat kernel, Duhamel’s representation formula yields

w'(z) ="« w®(z) + ¢ (x / /VF“ -Vh(z —y)w™“(z — y)dydu,

= /Ot/VF“(y) -g' " (x — y)dydu.

t
'l < ol [ @ldy+ bl + VA~ [ = [ 197"y

where we have set

We find by the triangle inequality
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hence by a direct computation

t
[w'llLe < w® e + [1églLa +/ lw' =" |Lou™" 2 du.
0

Integrating with respect to ¢, and using the triangle and the Holder inequalities, we find
t t 1/p
< 41/p|[,,,0 v—1u —-1/2 P
lwllLrre S /P [lwlue + ldgllie e + Lucollw’™"|lLau™"""du) dv
0 0
t
S P)w e + | bgllLr La +/ ]| Lo (= u) ™ ?du
0
11 t r
SO+ 16l + (0= o277 ([l o)
0

for all » > 2. Noting that (1 —//2)"/" <1+ (r —2)7'/2, and optimizing in 7, the Gronwall inequality then
leads to

4 o —2)72) tT/2). (B.3)

T
oty o S (7wl + 6gllug o) exp (| inf =

Now it remains to estimate the norm of ¢,. A similar computation as above yields [¢g([rr o < t1/2”9||Lf La, but
a more careful estimate is needed. For 1 < s < ¢, we may estimate by the Holder inequality

t 1/s' 1/s
sl < [ ( / |vr“|s/2) ( / |vru<x—y>|5/2|gt-“<y>|5dy) du,

and hence, by the triangle inequality,

t 1/s’ 1/q 1/s
H¢§||Lq S/ (/|VI‘“|S /2) (/|V1"u|q/2> (/lgt—u|s) du.
0

Assuming that x := %(é + % - %) > 0 (note that x < 1/2 follows from the choice s < ¢), a direct computation
then yields

t
AR / gt e
0

Integrating with respect to ¢, we find by the triangle inequality

t ) t—u 1/p .
Ioalugee S [ - ( / ||gv||1’sdv) du <R
0 0

and the result (iii) follows from this together with (B.3). O
We turn to the proof of the potential estimates in L>°(R?), stated in Lemma 2.4.

Proof of Lemma 2.4. Recall that —A~'w = g4 * w, where we define g4(x) := cqlz|>~? if d > 2 and go(x) =
—colog |z| if d = 2. The stated results are based on suitable decompositions of this Green’s integral. We split the
proof into three steps, separately proving items (i), (i) and (iii).

Step 1. Proof of (i).
Let 0 <y < T < oo. The obvious estimate |[VA ™ w(z)| < [ |z — y[*~¢|w(y)|dy may be decomposed as

vau@) s [

|z—y|<vy

& — 41" u(y)|dy + /

y<|z—y|<T

& — g u(y)|dy + / & — 5" u(y)|dy.

|z—y|>T
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Let 1 <p < d < q<oo. We use the Hélder inequality with exponents (¢/(¢—1), ¢) for the first term, (d/(d—1),d)
for the second, and (p/(p — 1), p) for the third, which yields after straightforward computations

VA w(@)] S (0(1=d/q) 7= wlje + (log(T/9) ™  wllpe + (@' (d/p — 1)) /F TP ]|

Item (i) now easily follows, choosing y'~%? = ||w||pa/||w|rs and TP~ = ||lw||s/||w||;.¢, noting that v < T
follows from interpolation of L? between LP and L*°, and observing that

(q’(l — d/q))—l/l/ S (1 — d/q)—l-l-l/d, (pl(d/p _ 1))—1/17/ 5 (1 —p/d)_l+1/d,

Step 2. Proof of (ii).
Let 0 < v <1<T < o0, and let xr denote a cut-off function with xp = 0 on Br, xr = 1 outside Bry1, and
|[Vxr| < 2. We may then decompose

VA w(z) = /|m e Vga(z — y)w(y)dy + /qu<F Vga(r — y)w(y)dy
+ / Vga(z —y)(1 — xr(z — y)w(y)dy + / Vga(r —y)xr(z — y)w(y)dy.
I'<lz—y|<T+1 |lt—y|>T

Using w = div{ and integrating by parts, the last term becomes

/ng(x —y)xr(z —y)w(y)dy = — / Vgi(r —y) @ Vxr(zr —y) - {(y)dy — /XF(I —y)V3ga(z —y) - E(y)dy.

Choosing I' = 1, we may then estimate

VA ()] < / & — " uw(y)|dy + / & — " uw(y)|dy + / & — ¢ (y)dy.

|[z—y|<vy y<|z—y|<2 |z—y|>1

Using the Holder inequality just as in Step 1 for the first two terms, with d < ¢ < oo, and using the Hoélder
inequality with exponents (p/(p — 1), p) for the last term, we obtain, for any 1 < p < oo,

VA  w(@)| € (¢ - d/q) 7y =V w||Le + (log(2/7)) @V 4wl e + (dp’ — 1) VP[|€ ],

so that item (i) follows from the choice 4*~#9 = 1 A (||w||pa/||w||r4), observing that (d(p’ — 1))~ 1/?" < p.

Step 3. Proof of (iii).
Given 0 < v <1, using the integration by parts

/ V2ga(z — y)dy = / n @ Vga(z — y)dy,
|z —y|<v |z—y|=v

we may decompose

(x —y)®? —y)**
IVZA  w(z)| < ' w(y)dy
lz—y|<vy |£L' - y|d+2 y<|lz—y|<1 |‘T - y|d+2 |z—y|>1 |£L' - y|d+2
<|f ®2<<> )iy + (@) wyd}
w(r) —w(y))dy| + |lw(x E—T
l[z—y|<vy |:E - |d+2 |z—y|=y |J7 - y|d

‘/ ) ®2
y)dy| + U (y)dy‘-
<|z—y|<1 |515—y|d+2 lz—y|>1 |95—y|0l+2

Let 0 < s <1and 1 <p < co. Using the inequality |w(z) — w(y)| < |z — y|*|w|cs, and then applying the Holder
inequality with exponents (1,00) for the first three terms, and (p/(p — 1),p) for the last one, we obtain after
straightforward computations

IV2A w(w)| S 57y lwles + [|wllie + [logy[[lw]lue + (d(p’ = 1)~ |[wl|ps.

Item (iii) then follows for the choice v* = ||w||r /||w|

o < 1. O
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We turn to the proof of the potential estimates in Sobolev and Hélder-Zygmund spaces, stated in Lemma 2.5.

Proof of Lemma 2.5. Asitem (i) is obvious via Fourier transform, we focus on item (ii). Let s € R, let y € C°(R?)
be a fixed even function with x = 1 in a neighborhood of the origin, and let x(V) denote the corresponding
pseudo-differential operator. Applying |6, Proposition 2.78] to the operator (1 — x(V))VA™L, we find

VA~ w]|

c: < (1= x(V))VA™ ]

cx + INV)VAw]

c: Ss lwllgs—1 + [X(V)VAT ]

Cs-

Let k denote the smallest nonnegative integer > s. Noting that ||v[|cs < Z?:o |[V7v]|1,2 holds for all v, we deduce

k

IVAT wle; S lwlles-1 + Y IV X(V)VA™ wl|,
j=0
and similarly
k .
VA wllos S llwlles + ) IVIx(V)VEA™ w| .
j=0

Writing VIx(V)VA~lw = Vi * VA~ 1w, we find
IVIX(V)IVA | < VX2 VAT ez = [V X e [w]] -1

and the first two estimates in item (ii) follow. Rather writing V/x(V)VA~lw = VA=Y (VI * w), and using the
estimate [VA™ v (z)| < [ |z — y[*~¥|v(y)|dy as in the proof of Lemma 2.4, we find for all 1 < p < d,

[VIX(V)VA™ wl|p Ssup/ B Ix—ylldIijc*w(y)ldyﬂLsup/ ‘ |l — y|' VI = w(y)|dy
z—y|<1 r—y|>1

x x

Sp IV x wllee are < VIRl Jwllee e,

and the third estimate in item (ii) follows. The last estimate in item (ii) is now easily obtained, arguing similarly
as in the proof of Lemma 2.4(iii). O

We turn to the proof of the 2D global elliptic regularity results stated in Lemma 2.6.

Proof of Lemma 2.6. We split the proof into three steps, first proving (i) as a consequence of Meyers’ perturbative
argument, then turning to the Sobolev regularity (ii), and finally to the Schauder type estimate (iii). The
additional L>-estimate for v directly follows from item (i) and the Sobolev embedding, while the corresponding
estimate for Vu follows from items (i) and (iii) by interpolation: for 2 < p < pg and s € (0, 1), we indeed find

[VulLe S [Vuller +[Vu

cs < Cpllfllrzesarar + Csll fllizra-o < Cpsll fllr aree-

In the proof below, we use the notation < for < up to a constant C' > 0 that depends only on an upper bound
on A, and we add subscripts to indicate dependence on further parameters.

Step 1. Proof of (i).

We start with the norm of v. By Meyers’ perturbative argument [43], there exists some 1 < 9 < 2 (depending
only on A) such that | VoL < ||lg|l- holds for all ro < r < r(, % + % = 1. On the other hand, decomposing
the equation for v as

—Av =div(g+ (b —1)Vv),
we deduce from Riesz potential theory that for all 1 < r < 2
[llpzrs@-n Srllg + (0= D) Vol < llgller + [[Voller,

and hence ||[v]| 2r/c-n Srllgllur for all ro <7 < 2, that is, [[v]|Le Sq [|g]|120/+2 for all 22_T:0 < g < .
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We now turn to the norm of Vu. The proof follows from a suitable adaptation of Meyers’ perturbative
argument [43|, again combined with Riesz potential theory. For the reader’s convenience a complete proof is
included. First recall that the Calderén-Zygmund theory yields [|[V2Aw|» < K,|lw|jrr for all 1 < p < oo and
all w € C2°(R?), where the constants K,’s moreover satisfy lim sup,_,» K < Ks, while a simple energy estimate
allows to choose Ky = 1. Now rewriting the equation for u as

2 . 2 A+1
e (25 4w,

we deduce from Riesz potential theory and from the Calderén-Zygmund theory (applied to the first and to the
second right-hand side term, respectively), for all 2 < p < oo,

2 2 A+1
p < —— -1 P —Ldi —
IVl < 57IVA™ +HVA d1v<A+1(b : )Vu)

Lr

2K, A+1
< — p/(p b— —)
> A+1||f||L2 Jp+2) + —— ( 5 Vu .

2C, K,(A—1)
< L p/(p — P
= A+1||f||L2 /+2) + A+l Ve,
where the last inequality follows from Id < b < AId. Since we have & A—+1 < 1 and limsup,,_,, K, < Ko =1, we
Ey(A-1)

may choose Py > 2 close enough to 2 such that < 1 holds for all 2 < p < pg. This allows to absorb the
last right-hand side term, and to conclude [|VullLr Sp || fllp2e ez for all 2 < p < po.

Step 2. Proof of (ii).
We focus on the result for u, as the argument for v is very similar. A simple energy estimate yields

J1vu < [ Vuivu= [ fu< g9l

hence ||Vul2 < || f]lg-1, that is, (ii) with s = 0. The result (ii) for any integer s > 0 is then deduced by
induction, successively differentiating the equation. It remains to consider the case of fractional values s > 0. We
only display the argument for 0 < s < 1, while the other cases are similarly obtained after differentiation of the
equation. Let 0 < s < 1 be fixed. We use the following finite difference characterization of the fractional Sobolev
space H*(R?): a function w € L*(R?) belongs to H*(R?), if and only if it satisfies ||w — w(- 4+ h)||> < K|h|* for
all h € R?, for some K >0, and we then have ||w|| ;. < K. This characterization is easily checked, using e.g. the
identity Hw w(-+ h)||}, ~ [ |1 — e 2w (€)[>dE, where @ denotes the Fourier transform of w, and noting that
|1 — e <2 A |a| holds for all @ € R. Now applying finite difference to the equation for u, we find for all h € R?,

—div(b(- + h)(Vu — Vu(- + h))) = div((b = b(- + h))Vu) + f — f(- + h),
and hence, testing against u — u(- + h),
/|Vu— Vu(-+ h)]* < —/(Vu —Vu(-+h))-(b—>b(-+h))Vu+ /(u —u(-+h)(f = f(-+h))
< [pPlos [Vullz [IVu = V(- + h)l[ez + [[f = O+ W)l g [Vu = Vu(- + )|z,

where we compute by means of Fourier transforms
If = £+ DI 1_/|5| 21— €2 f(e) |ds</|s| 206 B2\ FE)PAE < P20y

Further combining this with the L*-estimate for Vu proven at the beginning of this step, we conclude
IVu = Vu(-+ h)|lrz S B (Plo= [Vullez + 1 Fl g-1ama-1) S RO+ Blo)If Il g-1qpe-1s

and the result follows from the above stated characterization of H®(R?).
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Step 3. Proof of (iii).
We focus on the result for u, while that for v is easily obtained as an adaptation of [28, Theorem 3.8|. Let
7o € R? be fixed. The equation for u may be rewritten as

— div(b(zo)Va) = f + div((b — b(xo))Vu).

For all 7 > 0, let w,. € u+ Hg(B(wg,7)) be the unique solution of — div(b(zo)Vw,) = 0 in B(zg,r). The difference
vy i=u — w, € HY(B(zo,7)) then satisfies in B(zo,r)

— div(b(z0) Vo) = f + div((b — b(z0))Vu).

Testing this equation against v, itself, we obtain

/|V1}T|2 < ‘/ for —I—/ |b — b(xo)||Vul||Vo,| < ‘/ for
B(xo,r) B(zg,r) B(xo,r)

We estimate the first term as follows

Lo
B(zo,r)

and hence by Riesz potential theory, for all 2 < p < oo,

] [
B(zo,r)

The Holder inequality then yields, choosing ¢ :=

] [
B(xo,r)

Combining the above estimates, we deduce

+7%1bles | VullLz (B(we,m) I VVr L2

— ‘ /B( )er . VA_l(ﬂB(mo,r)f)‘ < ||V’UT||LP’(B(m07r))HVA—l(ﬂB(;EO,T)f)Hva
xTo,T

Sp HVUTHLP/(B(QCO,T))||f||L2P/<P+2>(B(:c0,r))'

2
T > 2,

2 _ 2_2 _1
Sp 7 T IVole T fllie = 720D Vol | fllue = 70 Vo llz | Fllea-o -

/|er|2 S TQ(HS)Hinz/u—s) + T25|b|205Hvul|i2(3(m0,7‘))'

We are now in position to conclude exactly as in the classical proof of the Schauder estimates (see e.g. [28,
Theorem 3.13]). O

We turn to the proof of Lemma 2.7, concerning the reconstruction of v from the knowledge of curlv and
div(av).

Proof of Lemma 2.7. We split the proof into two steps.

Step 1. Uniqueness.

We prove that at most one function év € L*(R?)? can be associated with a given couple (dw,d¢). For that
purpose, we assume that dv € L?(R?)? satisfies curldv = 0 and div(adv) = 0, and we deduce dv = 0. By
the Hodge decomposition in L?(R?)?, there exist functions ¢, € HL_(R?) such that adv = V¢ + V¢ with
Vo, Vip € L*(R?)2. Now note that A¢ = div(adv) = 0 and div(a~'V) + curl (a='V¢) = curldv = 0, which
implies V¢ = 0 and Vi = 0, hence dv = 0.

Step 2. Existence.
Given dw, 8¢ € H™(R?), we observe that V(diva'V) 6w and V(divaV) ¢ are well-defined in L?(R?)2.
The vector field
Svi=a 'VH(diva V) low + V(divaV)1e¢
is thus well-defined in L?(R?)?, and trivially satisfies curl dv = dw, div(adv) = 6¢. The additional estimate follows
from Lemmas 2.1 and 2.6(ii). O
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Finally, we turn to the control on the pressure stated in Lemma 2.8.

Proof of Lemma 2.8. In this proof, we use the notation < for < up to a constant C' depending only on an upper
bound on |[[(h, U, 7°)||p~. Let 2 < po,q0 < 1 and rg = Po be as in Lemma 2.6(i) (with b replaced by a or a=!),
and note that gy can be chosen large enough such that p—o + qio < 3. Assume that w € L. ([0, 7); P N L% (R?))

holds for this choice of the exponent gy. By Lemma 2.6(i), the function
P = (—divaV) ! div(aw(—a(¥ +v) + B(¥ +v) 1))
is well-defined in L;$.([0,7); L% (R?)) and satisfies for all ¢ > 0,

”Pt”qu S Hawt(—a(kll + Ut) + ﬁ(\ll + Ut)L)||L2qo/(2+qo)
SN+ 0|l w200 /a0y + [[0° = 5|2 [l |Lao

S @+l =0 e2) el oo

Now note that the following Helmholtz-Leray type identity follows from the proof of Lemma 2.7: for any vector
field F' € C°(R?)?,

F =a 'V (diva V) curl F + V(divaV) ! div(aF). (B.4)
This implies in particular, for the choice F' = w( —a(U+v)+ (T + v)l),
a 'V (diva V) div (w(a(T +v) + (T +0)))

= o 'V(diva 'V) " curl (w(—a (¥ +v) + BT +v) 1))
= w(—a(¥+v)+B(¥+0v)")+ VP (B.5)

For ¢ € C°([0,T) x R?)2, it follows from Lemma 2.6(i) that (diva=1V)~! curl( _1¢) E COO([O T); L% (R?)) and
that V(diva='V) 'curl (a='¢) € C°([0,T); L> NLP°(R?)). With the choice p— + 4 < 3, the L®-regularity of
w then allows to test the weak formulation of (1.9) (which defines weak solutions of ( 1), cf. Definition 1.1(b))
against (diva™1V)™curl (a=1¢), to the effect of

/wo(div a” V) teurl (a // (diva™ Leurl (a™10,0)

// (U 4+ v)F + BT +v)) - V(diva V) curl (a7 o).
As by (B.4) the constraint div(av) = 0 implies v = a7 'V (diva V) 1w and v° = ¢ 'Vi(diva=1V)~!

and as by definition w € L2 ([0, T); L' NL*(R?)), Lemma 2.6(i) implies v € L= ([0, T); LP°(R?)?). We may then
integrate by parts in the weak formulation above, which yields

/d) <0+ //(%gb v= // a ¢ VH(diva V) Hdiv(w(a(P +v)t 4+ BT +v))),
and the result now directly follows from the decomposition (B.5). O
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