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Abstract

Approximations of Laplace-Beltrami operators on manifolds through graph Lapla-
cians have become popular tools in data analysis and machine learning. These
discretized operators usually depend on bandwidth parameters whose tuning re-
mains a theoretical and practical problem. In this paper, we address this problem for
the unnormalized graph Laplacian by establishing an oracle inequality that opens
the door to a well-founded data-driven procedure for the bandwidth selection. Our
approach relies on recent results by Lacour and Massart [LM15] on the so-called
Lepski’s method.

1 Introduction

The Laplace-Beltrami operator is a fundamental and widely studied mathematical tool carrying a
lot of intrinsic topological and geometric information about the Riemannian manifold on which it is
defined. Its various discretizations, through graph Laplacians, have inspired many applications in
data analysis and machine learning and led to popular tools such as Laplacian EigenMaps [BNO3|| for
dimensionality reduction, spectral clustering [VLO7], or semi-supervised learning [BNO4], just to
name a few.

During the last fifteen years, many efforts, leading to a vast literature, have been made to understand
the convergence of graph Laplacian operators built on top of (random) finite samples to Laplace-
Beltrami operators. For example pointwise convergence results have been obtained in [BNOS] (see
also [BNOS|)) and [HALQ7], and a (uniform) functional central limit theorem has been established
in [GKOG]. Spectral convergence results have also been proved by [BNO7] and [VLBBO0S8]. More
recently, [THJ11]] analyzed the asymptotic of a large family of graph Laplacian operators by taking
the diffusion process approach previously proposed in [NLCKO06].

Graph Laplacians depend on scale or bandwidth parameters whose choice is often left to the user.
Although many convergence results for various metrics have been established, little is known about
how to rigorously and efficiently tune these parameters in practice. In this paper we address this
problem in the case of unnormalized graph Laplacian. More precisely, given a Riemannian manifold
M of known dimension d and a function f : M — R, we consider the standard unnormalized graph
Laplacian operator defined by
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where h is a bandwidth, X1, ..., X, is a finite point cloud sampled on M on which the values of f
can be computed, and K is the Gaussian kernel: for y € R™
1

K(y) = (47r)d/2e_”y”?”/4’ (1)

where ||y||m is the Euclidean norm in the ambiant space R™.

In this case, previous results (see for instance [GKO06]) typically say that the bandwidth parameter h

in A}, should be taken of the order of n~ @ ¥a for some o > 0, but in practice, for a given point
cloud, these asymptotic results are not sufficient to choose h efficiently. In the context of neighbor
graphs [THI11]] proposes self-tuning graphs by choosing & locally in terms of the distances to the
k-nearest neighbor, but note that £ still need to be chosen and moreover as far as we know there is
no guarantee for such method to be rate-optimal. More recently a data driven method for spectral
clustering has been proposed in [Riel3]. Cross validation [ACT10] is the standard approach for
tuning parameters in statistics and machine learning. Nevertheless, the problem of choosing h in Ay
is not easy to rewrite as a cross validation problem, in particular because there is no obvious contrast
corresponding to the problem (see [ACT10]).

The so-called Lepski’s method is another popular method for selecting the smoothing parameter
of an estimator. The method has been introduced by Lepski [Lep92b| [Lep93| |[Lep92a] for kernel
estimators and local polynomials for various risks and several improvements of the method have then
been proposed, see [LMS97,[GL09, IGL"08]. In this paper we adapt Lepski’s method for selecting
h in the graph Laplacian estimator Ay. Our method is supported by mathematical guarantees:
first we obtain an oracle inequality - see Theorem - and second we obtain the correct rate of
convergence - see Theorem [3.3]- already proved in the asymptotical studies of [BNO5]] and [GKO06]]
for non data-driven choices of the bandwidth. Our approach follows the ideas recently proposed in
[LM15], but for the specific problem of Laplacian operators on smooth manifolds. In this first work
about the data-driven estimation of Laplace-Beltrami operator, we focus as in [BNOS]] and [GK06] on
the pointwise estimation problem: we consider a smooth function f on M and the aim is to estimate
Ay f for the L2-norm || - ||2,ar on M C R™. The data driven method presented here may be adapted
and generalized for other types of risks (uniform norms on functional family and convergence of the
spectrum) and other types of graph Laplacian operators, this will be the subject of future works.

The paper is organized as follows: Lepski’s method is introduced in Section 2] The main results are
stated in Section [3]and a sketch of their proof is given in Section ] (the complete proofs are given in
the supplementary material). A numerical illustration and a discussion about the proposed method
are given in Sections 5] and [6]respectively.

2 Lepski’s procedure for estimating the Laplace-Beltrami operator

All the Riemannian manifolds considered in the paper are smooth compact d-dimensional subman-
ifolds (without boundary) of R™ endowed with the Riemannian metric induced by the Euclidean
structure of R™. Recall that, given a compact d-dimensional smooth Riemannian manifold M with
volume measure p, its Laplace-Beltrami operator is the linear operator A defined on the space of
smooth functions on M as A(f) = —div(V f) where V f is the gradient vector field and div the
divergence operator. In other words, using the Stoke’s formula, A is the unique linear operator

satisfying
JviPdn= [ s

Replacing the volume measure p by a distribution P which is absolutely continuous with respect to p
, the weighted Laplace-Beltrami operator Ap is defined as

Apf=Af+ %wp, Vi), @)

where p is the density of P with respect to p. The reader may refer to classical textbooks such as,
e.g., [Ros97] or [GriQ9] for a general and detailed introduction to Laplace operators on manifolds.

In the following, we assume that we are given n points X1, ..., X,, sampled on M according to
the distribution P. Given a smooth function f on M, the aim is to estimate Ap f, by selecting



an estimator in a given finite family of graph Laplacian (A hf)newn, where H is a finite family of
bandwidth parameters.

Lepski’s procedure is generally presented as a method for selecting bandwidth in an adaptive way.
More generally, this method can be seen as an estimator selection procedure.

2.1 Lepski’s procedure

We first shortly explain the ideas of Lepski’s method. Consider a target quantity s, a collection
of estimators (55, )recx and a loss function £(+, ). A standard objective when selecting §j, is trying
to minimize the risk E{(s, §;,) among the family of estimators. In most settings, the risk of an
estimator can be decomposed into a bias part and a variance part. Of course neither the risk,
the bias nor the variance of an estimator are known in practice. However in many cases, the
variance term can be controlled quite precisely. Lepski’s method requires that the variance of each
estimator §;, can be tightly upper bounded by a quantity v(h). In most cases, the bias can be
written as £(s, 5;,) where 55, corresponds to some (deterministic) averaged version of §j. It thus
seems natural to estimate £(s, 5) by £(8p, §5) for some k' smaller than h. The later quantity
incorporates some randomness while the bias does not. The idea is to remove the “random part"
of the estimation by considering [¢(3p/, 34) — v(h) — v(h')] ., where [ ] denotes the positive part.
The bias term is estimated by considering all pairs of estimators (s, §/) through the quantity
supp,s <y, [0(8n, 81) — v(h) — v(h')] . Finally, the estimator minimizing the sum of the estimated
bias and variance is selected, see eq. (3] below.

In our setting, the control of the variance of the graph Laplacian estimators Ay, is not tight enough to
directly apply the above described method. To overcome this issue, we use a more flexible version of
Lepski’s method that involves some multiplicative coefficients ¢ and b introduced in the variance and

bias terms. More precisely, let V' (h) = V;(h) be an upper bound for E[[| (E[A] — Ah)f||§M} The
bandwidth / selected by our Lepski’s procedure is defined by

h=h;=arg };I.lelﬁ {B(h) +bV(h)} 3)

where

B(h) = By(h) 1B = A Fl3ar = aV (W) )

= max

h'<h,h'€H
with 0 < @ < b. The calibration of the constants a and b in practice is beyond the scope of this paper,
but we suggest a heuristic procedure inspired from [LM15]] in section 5]

2.2 Variance of the graph Laplacian for smooth functions

In order to control the variance term, we consider for this paper the set F of smooth functions
f + M — R uniformly bounded up to the third order. For some constant C'x > 0, let

F={feCOLR), |f ) < Cr k=0,... .3} ®
We introduce some notation before giving the variance term for f € F. Define
| Cllullg*? i
D, = Z™0d o lulla/4 q 6
(47T)d ,/]Rd ( 2 +Cl||qu € u ( )
H oL Cllulg™ o) o—llul3/s
Do = (47472 /Rd ( 1 + Ciflullg ) e "1" du (7

where C' and C are geometric constants that only depend on the metric structure of M (see Appendix).
We also introduce the d-dimensional Gaussian kernel on R¢:

1
Kd(u) = (47T)d/2

e-luld/a 4 e Rd

and we denote by || - ||,,.a the LP-norm on RY. The next proposition provides an explicit bound V (h)
on the variance term.



Proposition 2.1. Given h € H, for any f € F, we have

C2
V(h) = WL{;Q (2wa || Kall3.4 + aa(h)),

where De 4 3D
aa(h) = h* (2D + D + 3w | Kall3 4) +h* =57 8)
with 3(M)
_ O _ d/2—-1
D_(47T)d/2 and wg=3x2 .
3 Results

We now give the main result of the paper: an oracle inequality for the estimator A, or in other words,
a bound on the risk that shows that the performance of the estimator is almost as good as it would be
if we knew the risks of each estimator. In particular it performs an (almost) optimal trade-off between
the variance term V'(h) and the approximation term

D(1) = D) = wac { (pp ~ ELA) e, 505 B[]~ BLAGD o |

< 2sup [[(pAp — E[AW]) fll2.01-
h'<h
Theorem 3.1. According to the notation introduced in the previous section, let e = \/a/2 — 1 and
L2
o(h) = h;h max {exp (W) , exp (cezfyd(h'))}

where ¢ > 0 is an absolute constant and

/ 1 2wq ”KdH%,d"_ad(h/)
[plloch’® | (2wq || Kall1.a + Ba(h))
with o defined by (8) and
Ba(h) = 2hwy | Kall1.a + h?(2D3 4+ D) + h3(Dy + D). )

Given f € C*(M,R), with probability at least 1 — 2", .5, 6(h),
- A; < :
I = &) flloas < jnf {3D(R) + (1 + V2)V/BV ()}

Broadly speaking, Theorem says that there exists an event of large probability for which the
estimator selected by Lepski’s method is almost as good as the best estimator in the collection. Note
that the size of the bandwidth family  has an impact on the probability term 1 — 237, -, d(h). If

‘H is not too large, an oracle inequality for the risk of A 5/ can be easily deduced from the later result.
Henceforth we assume that f € F. We first give a control on the approximation term D(h).

Proposition 3.2. Assume that the density p is C2. It holds that
D(h) <~ Cxh

where Cx is defined in eq. (5) and v > 0 is a constant depending on ||p||co, || ||oos [|P”']|co and on
M.

We consider the following grid of bandwidths:

H={e ", [loglog(n)] <k < [log(n)]}.

The previous results lead to the pointwise rate of convergence of the graph Laplacian selected by
Lepski’s method:

Theorem 3.3. Assume that the density p is C2. For any f € F, we have
E[lpap — A3)fllzu| S n=7. (10)

4



4 Sketch of the proof of theorem 3.1]

We observe that the following inequality holds

o + /2 (B(h) + bV (h)). (1)

|(pAP — Ay) fllzar < D(h) + [[(E[AR] — Ap) £
Indeed, for h € H,

I(pAp — Ap) fllaae < 1(pAP — D) Fllzns + (A — Ap) fll2,az + 11(An — Aj) fll2,m
< D(h) + |[(An — Ap) fllzn + [(An = A;) fll2,mr
By definition of B(h), for any b’ < h,
1(An = Ap)fII5,0s < B(h) + aV (k') < B(max{h,h'}) + aV (min{h, 1'}),
so that, according to the definition of h in eq. and recalling that a < b,
(A, = Ap)fII5.ar < 2[B(h) + aV (h)] < 2[B(h) + bV ()]
which proves eq. (TI).

We are now going to bound the terms that appear in eq. . The bound for D(h) is already given

in proposition so that in the following we focus on B(h) and |(E[As] — Ap) f|l2.a. More
precisely the bounds we present in the next two propositions are based on the following lemma from
[LM15].

Lemma4.1. Let Xy, ..., Xybe ani.i.d. sequence of variables. Let S a countable set of functions
and let n(s) = £ 3, [9:(Xi) — Elgs(Xy)]] for any s € S. Assume that there exist constants 0 and

vg such that for any s € S
lgslloc <O and Var[gs(X)] < vg.
Denote H = E[supsegn(s)]. Then for any € > 0 and any H' > H

< e2nH" min{e, 1}enH'
max q exp | — exp| ————— | ¢.
= P\ 60, )7 F 240
Proposition 4.2. Let ¢ = @ — 1. Given h € H, define

d1(h) = > max {exp <Im“{6;46}ﬁ> , exp <2§27d(h’)) } .

h'<h

P |f;up7)(s) >(1+eH
seS

With probability at least 1 — §1(h)
B(h) < 2D(h)%.
Proposition 4.3. Let ¢ = \/a — 1. Given h € H define

50 = e oy (ST (2

With probability at least 1 — do(h)
I(B[AR] = An)fllz,ar < V/aV ().

Combining the above propositions with eq. (TT)), we get that, for any h € H, with probability at least
1= (81(h) + 62(h)),

I(pAp — Ap) fll2ae < D(h) + \/aV (h) + \/4D(h)2 + 26V (h)
< 3D(h) + (14 V2)/bV (h)

where we have used the fact that a < b. Taking a union bound on i € H we conclude the proof.




5 Numerical illustration

In this section we illustrate the results of the previous section on a simple example. In section[5.1] we
describe a practical procedure when the data set X is sampled according to the uniform measure on
M. A numerical illustration us given in Section when M is the unit 2-dimensional sphere in R3.

5.1 Practical application of the Lepksi’s method

Lepski’s method presented in Section [2]can not be directly applied in practice for two reasons. First,
we can not compute the L2-norm || ||2,as on M, the manifold M being unknown. Second, the variance
terms involved in Lepski’s method are not completely explicit.

Regarding the first issue, we can approximate || [|2,as by splitting the data into two samples: an
estimation sample X; for computing the estimators and a validation sample X, for evaluating
this norm. More precisely, given two estimators Ay, f and Ay, f computed using X1, the quantity
[(An = An) fII5 s/ (M) is approximated by the averaged sum - 37 v A, f(x) — Ap f(2)]%,
where ng is the number of points in Xo. We use these approximations to evaluate the bias terms B(h)
defined by (@).

The second issue comes from the fact that the variance terms involved in Lepski’s method depend on
the metric properties of the manifold and on the sampling density, which are both unknown. Theses
variance terms are thus only known up to a multiplicative constant. This situation contrasts with more
standard frameworks for which a tight and explicit control on the variance terms can be proposed, as
in [Lep92b, Lep93|, Lep92al. To address this second issue, we follow the calibration strategy recently
proposed in [LM15] (see also [LMR16])). In practice we remove all the multiplicative constants from
V(h): all these constants are passed into the terms a and b. This means that we rewrite Lepski’s
method as follows:

R 1
h(a,b) = arg hmel?r{l {B(h) + bnh“}
where

) . 1
— ’ — 2 — 07

We choose a and b according to the following heuristic:

1. Take b = a and consider the sequence of selected models: E(a, a),
2. Starting from large values of a, make a decrease and find the location ag of the main
bandwidth jump in the step function a — h(a, a),
3. Select the model h(aq, 2ao).
The justification of this calibration method is currently the subject of mathematical studies ([LM15]]).

Note that a similar strategy called "slope heuristic" has been proposed for calibrating ¢, penalties in
various settings by strong mathematical results, see for instance [BMO7, | AM09, BMM12]].

5.2 TIllustration on the sphere

In this section we illustrate the complete method on a simple example with data points generated
uniformly on the sphere S? in R®. In this case, the weighted Laplace-Beltrami operator is equal to
the (non weighted) Laplace-Beltrami operator on the sphere.

We consider the function f(z,y, z) = (2® + y? + 2) sin & cos x. The restriction of this function on
the sphere has the following representation in spherical coordinates:

f(0,¢) = (sin? ¢ + cos ¢) sin(sin ¢ cos ) cos(sin ¢ cos 6).
It is well known that the Laplace-Beltrami operator on the sphere satisfies (see Section 3 in [Gri09]):

Agau = 1 @—F L g singb@
ST 26002 T sing 06

for any smooth polar function u. This allows us to derive an analytic expression of Ag2 f.



We sample n; = 10° points on the sphere for computing the graph Laplacians and we use n = 103

points for approximating the norms |[(A, — Ay/)f ||§ v+ We compute the graph Laplacians for
bandwidths in a grid H between 0.001 and 0.8 (see fig. [T). The risk of each graph Laplacian is
estimated by a standard Monte Carlo procedure (see fig. [2).

Laplacian Estimation (# = 3.8)

‘‘‘‘‘‘‘
.....

Laplacian Operator

Af
A,,f Lh =003 |
— Apf =000 \
L ARf L h =074

Figure 1: Choosing h is crucial for estimating A g2 f: small bandwidth overfits As: f whereas large
bandwidth leads to almost constant approximation functions of Ag: f.

Estimated risk of the graph-Laplacian operators

Risk of A, f

h

Figure 2: Estimation of the risk of each graph Laplacian operator: the oracle Laplacian is for
approximatively A = 0.15.

Figure [3]illustrates the calibration method. On this picture, the 2-axis corresponds to the values of a
and the y-axis represents the bandwidths. The blue step function represents the function a — h(a, a).

The red step function gives the model selected by the rule a — fz(a, 2a). Following the heuristics
given in Section 5.1} one could take for this example the value ag ~ 3.5 (location of the bandwidth

jump for the blue curve) which leads to select the model ﬁ(ao, 2ap) =~ 0.2 (red curve).

6 Discussion

This paper is a first attempt for a complete and well-founded data driven method for inferring Laplace-
Beltrami operators from data points. Our results suggest various extensions and raised some questions
of interest. For instance, other versions of the graph Laplacian have been studied in the literature (see



Bandwidth Jump

—  hla,2a)

== /;Hrz‘rz)

Figure 3: Bandwidth jump heuristic: find the location of the jump (blue curve) and deduce the
selected bandwidth with the red curve.

for instance [HALQ7,IBNOS]), for instance when data is not sampled uniformly. It would be relevant
to propose a bandwidth selection method for these alternative estimators also.

From a practical point of view, as explained in section [5] there is a gap between the theory we
obtain in the paper and what can be done in practice. To fill this gap, a first objective is to prove an
oracle inequality in the spirit of Theorem [3.1]for a bias term defined in terms of the empirical norms
computed in practice. A second objective is to propose mathematically well-founded heuristics for
the calibration of the parameters a and b.

Tuning bandwidths for the estimation of the spectrum of the Laplace-Beltrami operator is a difficult
but important problem in data analysis. We are currently working on the adaptation of our results to
the case of operator norms and spectrum estimation.

Appendix: the geometric constants C' and C'

The following classical lemma (see, e.g. [GKO6][Prop. 2.2 and Eq. 3.20]) relates the constants C'
and C introduced in Equations (6) and (7) to the geometric structure of M.

Lemma 6.1. There exist constants C,Cy > 0 and a positive real number r > 0 such that for any
x € M, and any v € T, M such that ||v|| <,
1
‘ det(gi;)(v) — 1’ <Cilloly  and  Slollg < olE = Cllollg < 1€x(v) = 27 < ol

(12)
where £, : Ty M — M is the exponential map and (g; ;)i; € {1,--- ,d} are the components of the
metric tensor in any normal coordinate system around x.

Although the proof of the lemma is beyond the scope of this paper, notice that one can indeed give
explicit bounds on r and C' in terms of the reach and injectivity radius of the submanifold M.
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Appendix: Proofs

For the sake of simplicity, we introduce the renormalized kernel

1 1 2 ane n
Hy(y) = WK(y/h) = We lellem /47, y € R™,

so that A p, rewrites as
Anfly) = =3 Haly — X)) [F(X) ~ f )]
i=1

where we recall that X7, ..., X, is a finite point cloud sampled on M. Denote by A}, the expectation
of Ay, so that

Anf(y) = EAWf(y) = / Hy(y - 2) [f(x) — /()] dP(x).

6.1 Some technical results

In this section we present some technical results whose proof is postpone to section[6.7]

Lemma 6.2. Let T" be any operator on M of the form
1
Tfy) = > Gly = Xi) [f(X0) = f(y)

for a symmetric positive function G. Then, giveny € M and f € F,

E[ITf(y) - E[Tf ()]
- 2C%

<= (E [Gly — X)?ly — X|12] + iIE [G(y—X)ZIIy—XlliJ) :

Moreover, for f € F,
E[|Tf —E[T ]3]

< 2% (&|let - 01 ~XIn

] 58 e - X —xiz,

)

Proof. See section[6.7.1] O

2.M

Remark 6.3. Lett € R and s,q > 0. It holds that
75_11(3—1&2/52 < )\e—tz/ZS2

where A = s9q1/2¢=/2,

Remark 6.4. Let a,b > 0. It holds that
ef(afb) _ e @ < befa/Q
so that, according to lemmal6.1] given s > 0

CHU”§67HUH§/2SQ
52 '

e €)=zl /s* _ ~llvllE/s* < e~ lZ=CllvlD)/s* _ ~llvlli/s* <

Finally we present some bounds on the L? and L'-norm of the kernel Hj,. According to the notation
introduced in section 3] the following results hold.

10



Lemma 6.5. Let x € M. It holds

2 wa [ Kall3 a, 1 D
[ =0l =l , < 2t + 5 (D14 5)

6wa || Kall3 4 1
hd hd—2

where wq and D are defined in proposition@and D, in eq. @ As a consequence

Hn(- = 2)ll- —x||mH = hd/2+1 \/2‘*’11 I1Kall3 4+ cva(h)

with o defined in eq. (@)

(D6 +3D),

2
| = )l - —all,

)

slEe -l =l

Proof. See section[6.7.2} O

Corollary 6.6. Let x € M. For h' < h,
2 2
H_H, o o TTLH <4HH,._ T mH
|t = ) =)=l < 4| =)=l

Wd ||Kd||§,d 1 D
<4<h/d+2 +W D4+§

6wa | Kall3 4
<4< = +h,d2(D6+3D)

and

| = Hy) (- = @) - =2
Asa consequence

2 1 2
I(Hp = Hp)(- = X =Xlmllz ar + 5 [(Hp = Hp) (- = X1 - =X 5150

2

< s (2w | Kallh g+ cal®).

Lemma 6.7. Let x € M and h € H. It holds that
K . D
[t~ o =l < 25 n (504 D)

where D, is defined in eq. (7). Moreover,
Hy(-— )| - —z|?
(EAGEIREETEN I

< 2wy | Kallra +* (D1 + D).

Proof. See section[6.7.3] O
Corollary 6.8. For h' < h,

[(Hn = Hp) (- = X)[| - =Xlmlly pr <
[ — Hy) (- = X - =Xl < dwa IIKdHl,d +20%(Dy + D).

Asa consequence

%y || K. ~
7“” Kallva o pop, + py

[t = )= X=X+ 5 e = B = X0 =X

1
< 57 (2wa [Kallv,a + Ba(h)) -
Proof. Ttis sufficient to observe that
[(Hp = Hi)(- = X)|| - = X501 0
M (- = X = X5 1y ar + 1HHRC = 20 =X
and to use lemma recalling that A’ < h. O

11



6.2 Proof of proposition2.1]

The proof of proposition 2.1 follows directly from lemma[6.2] with G(y — ) = Hy(y — z) and
lemmal6.3]

6.3 Proof of proposition[3.2]

We first prove that, given z € M,
Ip(2)Ap f(2) — Ap f(2)| < Px(H) (13)

where

o ~ 2
0r() =1 Cr 570 (L= s o 1071 ) + 0B+ o

Pllco
i o | ||oom+(||p||m+D4'Q )]

1 A [ llp
+ 51 CrDs (202 4 Wl 4 19 ) + 31 Cl o

2
+ ka Cr (”p ”oo + HpHOO/ )(4(d+ 3))d/2 log(h/—l)d/2h1d+3
(47r)d/2
Kd—1 CF|plls (d—1)/2 1—1\(d—1) /2 1d+2

with

2

o= Fiio 2(d s €7,
Rd+ F((d+0’+1)/2) d+ ( ( +U)) o

and

f;o pA+o+1—t2/4 qp
Fd+0 (‘r) = zd+06712/4 . (14)

According to eq. (2) we can rewrite the weighted Laplace-Beltrami operator in z-normal coordinates
as

Arfw) = s [ (R )+ S ) )

so that, introducing

S() = (/@) 00/ @), 1 + 22 (), (15)
it holds )
)0 f(0) = 57 [ etmins ) du (16)

We observe that

A f(x) = W ( /B + / e I () — () dP<y>)

where B={y € M | |ly — z||m < LK log(h’_l)l/Q}, with L > 0 to be chosen, and

1 y—a 2 2C

Moreover, the other term can be written in the xz-normal coordinates as

W /g . e IE W= ln /I (F(£,(v)) = f(2)) P(Ex(v)y/det(gis) (v) dv

recalling that dP(y) = p(y)du(y). Thus, using the Taylor expansion of f in z-normal coordinates

F(El0)) = F(@) = F(Eo(w) = J(E0)) = (' (2), )+ 5" (@00} + 51 (€) v, v.v)

12



for a suitable ¢ = £(x) € M and where f(*) denotes the k-th derivate with respect to v of f o &, (v),
we get

1

A2 (4) 72 /B e Iv=ell5 /7 (f(y) — f(2)) dP(y) — pla)Ap f(2) = Ta f(x) + Tof (z)

where

1 2 2 1
_ —|€x (v)—x||;, /4h ’ -
Tl (@) = faagyar /g B i/ (<f (2),0) + 3

x p(€x(v))y/det(gis)(v) dv — p(z) Ap f(2)
1

Trf(z) = W /5;1(5) ef|\5w(v)7m”$n/4h'2f///(g)(v7va) p(&x(v))y/det(gi;)(v) dv.

o))

We first claim that

5 D
Tof(x) < Crlplloc W <3 4+ ?"’ h’2> .

Indeed, it can be written as

1 —||Ex (v)—2z||%, /4R'?
WWW/g;l(B)e 12 (v)=llm/ F"(€) (v, v,0) p(Ex(v))4/det(gij) (v) dv
1

- —llell3 /4R pon £.(0)dv £ R
6R/4+2 (47 )d/2 /5;1(5)6 7€) (v, v,v) p(E€x(v)) dv + Ro

where

1
Rol = Grramaamyar

G
Gh/d+2 (47T)d/2

/ (e el /an™ _ =W/ () (0, 0,0) p(Ex(v)) do
£x1(B)

+

2 12
/51(5)6"5“”<“"x'm/4h 1(€) (0, 0,0) [0l p(Ex(v)) dv

According to remarkwith s =2h' and g = 3 so that A < 10R/3,

1

—lwl|2/4h"% i
6h/d+2 (477)d/2 /5;1(3)6 ¢ (v, v,0) p(Ex(v)) dv

Crlipllo —[lvl|2/4n"2 113
_W@m)d/z/gl(s)e R ol do

5Cr|pllss / “Jlvll2/8h'2
v d
= BRI ()2 Jo-1 () € v

< 2Crlplloca b

w| ot

Moreover, according to remark[6.4]

Crlplls s —poizzsne (Cllvlg
Ro| < 2 (4m) A2 o ol e~ llolla/sh ?/QdJFClHUHZ dv

IN

1 -
ECFHPHoch .

We now look at T} f(x). Using the Taylor expansion of p in z-normal coordinates

1

S0 (Qv,0)




for a suitable ¢ = {(x) € M and where as before p¥) denotes k-th derivate of p o £,, we have that

Tif(z) <Lif(z) +1of (#) + I f(2) + Laf (z) + L5 f (2)

where
1 - v)—x 2

L f(z) = h,dﬁ(zm)d/g/a“lw) €)=l /407 S () [det(gi5) (v) dv — p(x) Ap f ()
1 € (v)— |2 2

/(@) = Faman /glw)e I8~ p ) ((x), )y det () (v) dv

ij( ) W /1(8) e_l‘gu:(v)_wnfn/‘lh@ <f/(x),'l)> <p//(C),U’v> det(g”)(v) dw

L f(z) =

1

(

1 2 2 e /

1) = gz | Ly & T @ 0 00, ) et () o
1

AR'a+2 (47

a7 /5_1@ e N0/ 11 ) ) (G, o) et (935 (v) |

Let us now analyze each term separately.
Lemma 6.9. It holds

K, _ 2 ~
L1 f(2) < Cr (1Pl + lIplloo/2) [(M;‘Mﬁ log(h'~)2n't/" + Dy h’ﬂ :

Proof. Observe that

1

Lif(zx) < W /e,,l(B) e llvlia/an’ S()dv — p(z)Ap f(z)| + Ry

where

1
Ry < RA+2(47)d/2

/ (e texmelin/an® _ o=Ioli/4h™) S (v) v
£:1(B)

Gy
+ hld+2 (47T)d/2

_ v)—z 2 2
/5_1(5)6 1=l 4% o3 S(v) du.

Moreover 9
IS@®)] < Cx ([Pl + lIPlloo/2) I3
and

Bi={veR! | |lvlla < LW log(h' ™)/} < £.(B). a7

Thus accordmg to eq.

h/d+2 471. d/2

(1)
/ e IWIE/AR S () dv — p(z) Ap f(x)

/ eI I3/42 5 () dy
(e21(B))°

1 2 002
- - —llvllz/4h
< hid+2 (47r) /2 /gce IS ()l dv
Cr (Ip"lloc + lIPlloo/2) —lloli2/an72 ), 12
= hid+2 (477)d/2 /Igce Fella/ 48 o] 3 dw
F ([Pl + [1Pllso/2) /
(4m)a/2 {llulla>L10g(h=1)1/2}

< £ Cr (1P |0 + [IPll0/2)
— (47r)d/2

1
h/d+2 (47T)d/2

< e la/ 4|y 12 du

e 1og(h’_1)d/2h’L2/4.
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Moreover, according to remark|[6.3]

Cr (1P llo + [IPlloo/2) ~folz/snz e (Cllvlla 2
Rl < hld+2(4ﬂ‘)d/2 /(;EI(B)G d ||UHd AR'2 +Cl||'UHd dv

< Cr (IP'lloo + lIplloc/2) Da "2

which concludes the proof.

Lemma 6.10. It holds

Kd— _ _ _ _ N
Igf(x) SC}'HPHOQ {«47;1);/2[’(1 110g(h' 1)(d 1)/2h/L2/4 1—|—D3 h/].

Proof. Observe that

]. 2 12

(o) < s | [ ¢ " @) (@) o) do] 4 R

2 h/d+2 (47‘r)d/2 5;1(8) 2
where

Ryp— b / ((\lsx(v)ﬂn;mh'z _ 6—nv||5,/4h'2) () (F (), 0) do
W2 (47)d/2 e=1(8)
%! —lEa @)=z, /4R 12 /
R T | Jor iy € ol R (7))

Since

/ eI/ (410 ) du = 0
Rd
and recalling eq. (T7) we get

1 / ~loll3/4n? :
PN YR e~ WHa/=h () (f'(x),v) dv
h’d+2(47r)d/2 £ (B) ( < ( >
1 s
- - —||v]|5/4h /
- h'd+2(47)d/2 Lwl(l’j’)ce ¢ p(z) (f'(z),v) dv
1 ST 2
S i (am)ine /Bce 1Wla/ 4 p() (f (), v) do

Crlpllos —||v||3 /4R
= W2 (47)d/2 /,gce T [olla dv

Cf||p||oo/
= W ET)Y2 S u)a> Liog(h-1)1/2)

Kd—1 Crplloo ;a1 1—1\(d—1)/23,/L%/4—1

Moreover according to remark [6.3]

Crlpllo —|lv|%/8h'2 CH”H?{ 2
Rz < h/d+2(47)d/2 /f:ﬁ(zs) Iolla e e Tl ) dv

< CrllpllscDs 1.

e uld/4) | 4 dw

Similar bounds hold for I3 f(z), I, f(z) and I5 f ().
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Lemma 6.11. It holds }
D
If(z) < Crllp”|loo B (57‘d + 75 h’2> .

Proof.

L3f(z) <

1
_W + Rs3

/ eI (110 ) (p(C), ) do
£.1(B)

where

]- _ v)—x 2 2 v 2 12
R3 < W /5—1(5) (e € (v)—2ll7, /4h"2 _ —lIlvll3/4h ><f/(:E),U> <p”(§)v,v> do

Cl 7”51(1))7:1:“2 /4h'2 1 /7 2
+ S / . W (@), ) (" (v, o] o

Crllp"lloe onzzsny s ((Cllvlla )
—WW/&I(B)B P pollg { = + Callvla

< 5Cxlp"llsc Ds B

| =

and according to remark|[6.3|with s = 2h" and ¢ = 3 so that A < 10"

1
Qh/d+2 (47T)d/2

/ eIIE/AN" (£1(2) ) (p7(C)o,v) dw
&£ 1(B)

e [ e
£1(B)

< SHia (i) 72
<5Cx|p"|soTa .

O

Lemma 6.12. It holds ~

Lif(z) < Crlp|o W <5rd + % h’2> .
Proof. Observe that
L) < 52l / e I o] dv 4+ Ry < 5Cx[p'|loo7a B + R
202 (4m) /2 foor (g
with . i
R4 < §CFHP/||OOD5 h'®.

O

Lemma 6.13. It holds

D,
Is f(z) < OF||p" |l B (3457'd + f h’2> :

Proof. Observe that

Crllp"ll —lwli3/an2 ), 14 35 " ”
I f(z) < A2 (4 ) a2 /511(6) e = o[ dv 4+ Rs < ZCfHP loo7a " +Rs5
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where the last inequality follows from remark [6.3| with s = 24" and ¢ = 4 so that A < 35’4 and
where

1 .
Rs < EC}_Hp”HOODG h'4.

Putting everything together we get
Ip(x)Ap f(z) — Ap f ()|

2CF Ka Cr (IP' [l + lIplloc/2) - 2
~ (4m)i2 WS (4m) /2 L log(h'= )" 2h /1

kd—1CF|plloc ;a1 1—1\(d—1)/23,/L%/4—1

p o0 =~
IR [sm (” e 4 e + 1p” ||oo) n ||p'|ooD3]

Pl
L (e )

. ~ p o)

+ 21 €Dy (” L ||oo)
1 ~

* Zh% Cxp"|| o Ds-

Thus choosing L = /4(d + 3) we get eq. . Thus
| (pAr — EIAW]) fllzar < p(M) D5(H)
which concludes the proof.

6.4 Proof of theorem[3.3

We first prove the following lemma:
Lemma 6.14. Assume that the density p of P is in C(M,R"). For f € F, we have

E[llpAr = A)fI13 0] <2 inf {9D(0)? + (1 + V20V (1)}

2
+2C% ) 6(h) l d+2 (2wa [1Kall3.4 4 ca(hmas)) + 9|2 llso + [P0 /2) M(M)T(?], (18)
heH Pomin

where T4 = )d/Z Jpa€™ ullZ/8 dy,

Proof. Let A be the set on which the oracle inequality in theorem 3.1]holds true. Then
E[I(p2p — A7) 13 ]

<E[lpar = 3)f13.000a] + 2B [(IpAe fI3 a0 + 18713 0) 1ac] . 19)

Observe that, according to eq. (Z), we can rewrite the weighted Laplace-Beltrami operator in
z-normal coordinates as

Arf(o) = i [ (T g,

w= e [ (e (@0 (7 + P2 ) ) aute
¢ U /2P 100 ([ vy )

2
< 9CE ([IP'lloo + IPlloo/2)” p(M) 74

(@, u>) du,

N | =

so that

17



where in the last line we have used remark [6.3|with s = 2, ¢ = 2 so that A < 3. Moreover for any
h € H it holds that
) 2

i2 (Z (”Hh( — X)(f'(), (- = X)) ll2,ar

n
i=1

101 ar < (Z (- = X0) (FX) = £()

IN

*IIHh( = X) (1 = Xa), (- = Xi))

>2
02 - 9
ZIIHh -X; ||m||2M+*||Hh( Xi)ll - =Xillzll2,0m0

2

\ /\

= hd+2 (de HKd||2 dT ad(h))

02
< hd+2 (de HKd||2 dT ad(hmax))

min

according to lemma[6.3] Thus the second term of eq. (T9) is bounded by

| (IoAr A1 ar + 185 ) 1

< % ez (o Nl 4 a0) 4 915 o + /20 V)73 ) BLAY

1 2
<203 | s (2 VKl o) + (1 + /) u<M>n%] S a(n).

min

The bound on the first term follows from theorem [3.11 O

2wy || Kall3,q+cea(Pmin)
Iplloo Cwa | Kall1,a+B8d(hmax))? "

};{5(@ < ’;{ hlz;h max {GXP (mm{i’le}\/ﬁ) , exp (thf;?)}

: 2 /
< [H[* exp (_mln{hed -9 Cd)

max

We now prove theoremE Note that v4(h') > h,d with Cg = Thus,

where C/; > 0 is a constant and |#| denotes the cardinality of the bandwidth set #. For

H={e " [loglog(n)] <k < |log(n)|},

we get that the second term in eq. (I8) is negligible with respect to the first one. Finally, observe that
combining proposition With the definition of the variance term V' (h), the optimal trade-off in

lemma is given by h ~ n_dﬁ, which concludes the proof.
6.5 Proof of proposition[d.2]
Recalling the definition of B(h), since, for any b’ < h,

1Rw = A FI2 0 <2 [|<Ah' A4 A= A A2+ (A — Ahm@,M}

<2 [|<Ah/ At An— A + D(h)?]

we get

B(h) < max [20/(Aw — Aw + A, = An)fI3,, +2D(h)? — aV (1]

h'<h +

18



Thus it is sufficient to prove that
2/(Ap — A+ Ay — Ap) flI3.0 < aV (R).
We can write

1A — Ap + Ay = Ap) flloar = sup  n(f.t)
teB2, M (1)

where By /(1) = {t € L2(M) | ||t||2,p = 1},

10 = (6 B = B+ A= B)) = = 30 (50) — Elge s (X)]

and

ge.(x) = /t(y) [Hu (y — ) = Hu(y — )] (f(2) = f(y)) du(y)-

Since the function ¢ — 7(f, t) is continuous on By 5s(1), we consider ¢ € T where T is a countable
set of By p7(1). In order to apply lemmawe need to compute the quantities 0, vg and H.

Lemma 6.15. Lett € T. It holds that

2Cr
I9e.1lloe < ey /20 | Kall3 4 + ) =: 6

C? oo
Var(g:, r(X)] < % (2wq || Kall1,4 + Ba(h))? =: v,

2CF
= g0 < e

2w [Fall3 g + aah) = H.

Proof. In the following we use the Taylor expansion of f in y

(@) — ) = ')y —2) + 2O — ),y — ) (20)

2
for a suitable £ = £(y) € M.
According to the definition of g; ; and eq. (20), we get

9,5 ()| < / t(y) [Hu (y — x) — Hp(y — )] (f (=) — f(y))| dp(y)
< [ 166) (Hioty ~ 2) = Haly = 0] ).y~ 2} du(w)
+ 5 [160) Hioly = 2) = Huly = 2)) (7€) — 21,5~ 0)] (o).
Thus, by the Cauchy-Schwarz inequality and recalling the definition of Cx in eq. (3),
[ 1) 1ty = 2) = il = 0] 0.y = ) duty)
< [ 1460) (e (o= )~ Haly = D) 1F el = 2l dit)

< Cr s | (Hie = Hn) (- = @) |- =l

2,M
Similarly, the second term is bounded by
[ 1) oty = 2) = Hily = 2 (@ — 21, — )| aute)
< [ [ e to =) = ity = )1 ol = o1 )
< Coltlo | (B = Ho) (=) |- =), -
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According to corollary [6.6]and recalling that ||t[|2,n; = 1, we get that

1 D¢ + 3D
905 ()] < ch\/ s (2wd |Eall3 0+ (2D4 + D+ 3wa | Kal3.) +h2)

Recalling the definition of oy we prove the first inequality. To prove the second inequality we observe
that, by the Cauchy-Schwarz inequality,

Var(g,, 1(X)] < E [g4,7(X)?]

=F (/ t(y) [(Hn — Hp)(y — X)] (f(X) = f(v)) du@)) ]

X

<E H/ ((Hp — Hp)(y — X)) (f(X) = f(y)) du(y)

(e = H )y = X0) (F(X) = £0)) ) ] .
Using the Taylor expansion of f in eq. (20) we have that
| (= 10 = 20) (70 - £0) duty )\
< [ 1 = Hi)y = X)) = X)) du(w)
g [ 1y = Hi)y = X" = X),y = X)] duly)
< Cr (s = E)(- = X0 =Kol + 5 (e = H)C = 200 =X P )-
Thus by Corollary@we obtain that

CF g | Kl + Ba(h))

Varlge (X)) £ =2

x E

/If(y)2 |(Hp — Hp)(y — X)(f(X) = f(y))] du(y)] :

Moreover we get

E

[t = ) - X000 - ) du(y)]
< [t = )y~ U W),y = 0l ple) duy)duta)
5 [ 1P (= H)y = XU O = X,y — X)) dulp)dn(z)
< Ol [ 100 (100 = B = )=l o

3t = =l =l ) duo)

Using again corollary[6.8]we conclude the proof of the second inequality. Finally, to prove the least
inequality, we recall that

fggn(f, t) = H(Ah' ~Auf-E [(Ah’ B Ah)f] Hz,M
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so that, according to lemmal[6.2}

E {supn(f, L‘)Q} =E {H(Ah’ ~Ap)f-E [(Ah/ - Ah)f} H2 }

teT 2,M

< 22 (& [t — )= 001Xl ]

. EE [||(th —HY) (- X)) - *XH?QnH;,M} >

Thus according to corollary [6.6] we conclude the proof. O

According to lemma with probability at least 1 —max {exp (— 62625 ’ ) , exp (— min{i%) },

I(An — A+ Ap — Ap) fllor < (1+€)H

where

H/0=1/yn and  H?/v, < : [ 2 | Kally.g + 0al®) ] dya (')
g — ( .

nlplloc?’® | 2wq || Kallva+ Ba(h)?| 7

Moreover, by definition, H? < 4V (h'), so that choosing € such that a > 4(1 + €)? we get that with
. 2
probability at least 1 — max {exp (—W) , exp (—%’yd(h’)) }

2|(An — A+ Ay — Ap) fl3 0 <AL+ €2V (R) < aV (R).

In particular we choose € = \/a/2 — 1. The result follows taking a union bound on /’.

6.6 Proof of proposition[d.3]
The proof follows the one of proposition[#.2](in section[6.5). We can write
1(An = Ap)fllznr = sup  ii(f,1)
teEB2,pm (1)

where
n

A1) = = 3 (305 (X0) — Elg (X))

i=1
and

Gus(z) = / H) Hn(y — 2)(F(2) — F(y)) dpu(y).

Moreover we observe that we can consider t € 7 where 7 C Ba jr(1) is a countable set.
Lemma 6.16. Lett € T. It holds that

- Cr -
19¢.¢llse < W\/de 1Kall3 4+ cva(h) =: 0

8 CZ1pls M\?
Varlg (0] < FE (w1 Kala+ 250 ) =i,
E |supii(F.0)] < ——o 2 | Kall3, + aalh) = A
sep M0 S e 2. .

Proof. Consider the Taylor expansion of f in y

F(@) = F) = W)y = ) + 5 (€ — )y - o)
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for a suitable £ = £(y) € M.
According to the definition of g; ; and the Taylor expansion of f, we get

rte)) < [ 1)y = 2)(J @)~ 1) duly)
< [ 1) Hnty - 2)(7'(). -~ )] dutw)
45 [ ) Hy = )€ ~ o).y - 2)] duty)

1
<Cr (Hh(- — ) =llmllpg + 5 [ HAC = )] —xn%nHQ,M)

where in the last line we have used the Cauchy-Schwarz inequality and the fact that ||¢]|2 a7 = 1.
According to lemmal6.5]we prove the first inequality. To prove the second bound, we observe that,
by the Cauchy-Schwarz inequality,

Var[ge, ¢ (X)] < E [ge,7(X)?]

—E l( [t - 00 - 56) du(y))Z]
<E [ \ [t Bt = )00 - 1) du<y>\

X

/Hh(y—X)(f(X) - f(y))du(y)H-

By the Taylor expansion of f we have that
| [y = 0000 = 1) dutw)
< [ 1y = 0 )y = X)] duto)
45 [ 1 = 0 (©w — ). - )] duty)

1
< Cr (W = 2011 =Xl o+ 3 1 = 01 =X )

C h
<& <wd 1K all1a+ 5‘3“)

where in the last line we have used lemmal6.7)and the definition of 3, in eq. (9). Thus

vl ()] < G (wa Il + 247 )

X E [ / Hy)? [ Hily — X)(F(X) — F@))] du(y)]
where

E /t(y)2 [Hn(y — X)(f(X) = f(¥)) du(y)]

< [ 4 1Huly = )7 () = X0 pla) duy)dn(o)
45 [ HWP HHaly = XU O~ X0,y - X)) pe) du(w)dn(a)

< Crlpll [ 00 (- = DI =l g + 5 NG = I =01 ) )

22



Using again lemma [0.7|and the fact that ||¢||2,,s = 1 we get the second inequality. Finally, we
observe that, according to lemma

E [SUP (f, t)ﬂ =E {HA’J -k {Ahf} HEM}

teT

< 2 (&1 01 =Xl ] + JE [~ 00 -XIEI, ] )

Thus according to lemmal6.5]and the definition of aq in eq. (§) we conclude the proof. O

. . . E2nH? min{52,€}n1€1
According to lemmad.1} with probability at least 1 —max { exp | — <= yexp(——%r5 )
9
we have

(A = Ap) flloae < A+ H
where

H/§=1/v/n  and

A2/, < 1 2wa || Kall3 4 + aa(h) _ 7a(h)
O dn|pllech?® | (2wa | Kall1.a + Ba(h))? dn

Moreover, since H? = V (h), choosing € such that a > (1 + ¢)2 we get that with probability at least
min{e2,e}/n &2
1 — max {exp (—%) , exp <—ﬂ'}/d(h)>}

1(An — Ap)flI3.0 < aV (h).

In particular choosing € = v/a — 1 we conclude the proof.

6.7 Proofs of the technical results
6.7.1 Proof of lemmal6.2]
Using the Taylor expansion of f in y
- X) O - X)

Fly) — FO6) = {70y — X0+
for a suitable £ = £(y) € M, according to the definition of 7', we get

E (IT7() ~ BT ()] ( UZ Lif(w) ~ E[Lif(y )1)\2]
|| (Rirw) - E R W) ﬂ )

where

Observe that

UZ Lif(y) —E[Lif(y)])

S W), Gl X - X)) ~E[Gly - Xy - XJ])H

<CZE

(Z Gy — Xi)(y — Xi) —E[G(y — Xi)(y — Xi)] m) ]

=nCEE[|G(y - X)(y— X) -E[G(y — X)(y — X)][I2,]
<nC%E[G(y— X)?|ly— X|I2,].
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On the other hand, it holds that
E U 3 (R.f ) - BIR W) ﬂ
- ;E[(mﬂy) —E[Rif())) (R; f(y) — E[R; f()]) ]
- > (B[R 0)Ri ()] ~ B[RS )

<nE[Gy - X)*(f"(€)(y - X),(y — X))?]
<nC%E[Gly—X)*|ly—X|] -

Combining the two inequality we get the first bound. The second inequality follows observing that
(17 - ST ar) = B | [ 17706) ~ BITA]P auty)|.

6.7.2 Proof of lemmal6.5

Introduce
B= {u e M| |z —ulm < thog(;fl)l/?}

with L > 0 a constant to be chosen later, so that

2 1 2 2
- - - - —ly—==115./2h% ||, — 2|2
|6 = =l = Gy ( /B [ et Iy mmdu(w),

where by remarkwith s2=2h%and ¢ = 2, so that A < %,

1 ly—z? 2
[ ey a2, )

(4r)dh2d+4
3h2 e
= 2(471-)dh?d+4/Bce ly=al3. /407 )

3u(M)
— 2(47T)dh2d+27L2/4 !

Moreover taking into account that the measure y has a density /det(g;;) in the z-normal coordinates
and using twice eq. (I2)), we get

1 ly—zl? 2
W/B@ ly=lln /2071y — (|2, dpu(y)

1 - v)—z||? 2
_ (47r)dh2‘”4/51(3)e 1€ )=210 /217 g, (0) — |2, \[det(giy) (v) dv

1 — ) — 2 2
S WLI(B)Q HST(T) me/Zh ||’U||?l (1_1_01”1}”3) d’U

1 ETPNTE 2
:(47T)dh2d+4/1(5)e lla/2h 19|12 dv + R

where

]. 2 2 2 2
Re— - (efufww)fwnm/zh _ e—lIvliz/2n ) o2 dv
(4 )dh2d+4 /8;1(8)

Cl _ v)—z 2 2
+ (47’(’)dh2d+4/8_1(8)6 1€ )=l P20 0| o

According to remark |6.3|with s2 = 2h2 and ¢ = 2 so that \ < %,
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1 v 2 2h2 2 3 v 2 4h2
(47T)dh2d+4/£1(6)6 Illa/2h% 1y[|3 dv < W/Rde loli2/48? g,

d/2 d/2—-1 2
_ 3 X2 / e_HuHZ/Q du = 3x2 ||Kd||2,d
2(47r)dhd+2 Rd hd+2

and using remark[6.4] we get

1 Cllwll§ 4\ —|lvl2/4n?
R<(47r)dlz2de4/gzl(B)< gzt Crllvlla ) e dv
1

C”UHS 4\ —|lull%/4 D,
< (@) 7hd /]Rd< 5 + Cyflullf ) e lvlla/ duzﬁ.
Thus we have proved that
HH (— )| —z| H2 < 3u(M) 3x 29271 Kal34 | Dy
e Flim 2,M ~ 2(4m)dp2d+2-L2/4 hd+2 Bd*

Choosing L = \/4(d + 2) we get the first inequality. Similarly we prove the second bound. Define
B= {u e M| |z —ulm < thog(h—1)1/2}

and observe that, according to remarkwith 5?2 = 2h? and ¢ = 4 so that \ < 9h?,
1 2 2 9 2 2
- —lly—zll5,/2h — 2l 7 —lly—zll5, /4h
i [, =l dnt) < e [ dugy)
Iu(M)
= (dm)dp2d-L7/a°
Moreover in the z-normal coordinates, using eq. (I2), we get

1 y—z|2 2
W/Be ly=ellm /25 ly — |7, dp(y)

1

— v)—x 2 2
< G sy & I+ ol o

1 1ol /22
< (47T)dh2d+4/£1(8)6 Fella 20 )13 do + R

where

1 2 2 2 2
Re—— ((\lsx(u)fmnm/% _ e~ lIvllz/2n ) v]|4 dv
(47T)dh2d+4 /811(8)

C1 _ o) —z2 2
+ (47T)thd+4/gl(B)e 1€ () =2l /2071516 dv.

As previously done, according to remarkwith A < 9h%,
/2 2
;/ e*“”|‘3/2h2||u||?‘ldv < M
(47)dp2d+1 =1 (8) X

and, using remark [6.4]
1 Cllvll§ 6\ —|lv]|3/4h? Ds
Thus we have proved that

2 M) 9 x 292 Kq)3 4 n Dg
oM ~ (47r)dh2d—L2/4 hd hd—2

so that choosing L = 1/4(d + 2) we conclude the proof.

(AT
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6.7.3 Proof of lemmal6.7]

Define
B={y e R [lly— allm < Lhlog(h™")"/*}

and observe that

1 12 2
[t~ =], = Gz ([ [ et )

where, according to remark[6.3|with s = 2h and ¢ = 1 so that A < 3h/2,

1 o2 an2 3u(M)
- ly—=ll5, /4h _ K
(47)d/2pd+2 /Bce ! ly = zllm dp(y) < 2(4r)d/2 pd+1-L7]8

Moreover, using eq. (I2), we get

1 _ —x 2 2
g e )
1 - v)—x 2 2
< G oy a0+ Gl
1 2 2
< — —HUHd/‘lh d R
= (4m)d/2pd+2 /Sml(B)e [v]|a dv+
with
R = (W;Q“/ (ef\lgm(v)fxl\fn/4h"‘ _ e*|\v\|:"i/4h2) [v]q dv
47T h + 5;1(3)

Gy

G €2 () —all2, /402 113
+ (47)4/2pd+2 /sml(zs)e [0l dv.
According to remark[6.3]

1 2 2 3 5 5
—_ —lvlla/4h L —|lv)|3/8h
(4r)d/2pd+2 /551(3)6 ’ HU”ddv2(4ﬂ-)d/2hd+1 /Rde @ dw

d/2 d/2—1
_ W/ o—lul/a gy = 3% 22 M Kall1.a
2(47T)d/2h Rd h

and by remark [6.4] we get

R<— - / (C”””d + 01||v|3> e~ llvla/sh® g,
Rd

(47T)d/2hd+2 4h2
= hDs.
Thus, we have proved that
3u(M) 3x 292 N Kyllha |, ~
[ ==l , < s mo kD

so that choosing L = /8(d + 2) we prove the first inequality. To obtain the second inequality it is
sufficient to observe that, denoting

B={yeR" ||y zlnm < Lhlog(h~")"/?}

we have that according to remark with s = 2h and ¢ = 2 so that A < 342,

1 INRENENE 3u(M)
. ly=2l12, /46 1) _ 112 o 3u(M)
(47T)d/2hd+2 /BC € Hy amed/J(y) < (4’/T)d/2hd7L2/8.
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Moreover

1 My—=zl? 2
g e = el duty)
]. 2 2
< —l[0l13/4R% || 112 do + R,
= (4m)d/2pd+2 /5;1(8)6 [vllg dv +
where
]. 2 2 2 2
R= e (efusm)fmwam _ e llvliE/an )IlvHédv
(47r)d/2hd+2 /8,1,‘1(5)
9 €0 () a2, /4R |1 14
- - = (v)—z|,, d
* (47) 372 +2 /Swl(B)e [vllg dv
< h?D,
and )
2 2
e s " o <3522 K

Thus choosing L = 1/8(d — 2) we conclude the proof.
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