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Abstract. Dependent types are a key feature of type systems, typically
used in the context of both richly-typed programming languages and
proof assistants. Control operators, which are connected with classical
logic along the proof-as-program correspondence, are known to misbe-
have in the presence of dependent types, unless dependencies are re-
stricted to values. We place ourselves in the context of the sequent cal-
culus which has the ability to smoothly provide control under the form of
the pa operator dual to the common let operator, as well as to smoothly
support abstract machine and continuation-passing style interpretations.
We start from the call-by-value version of the pji language and design a
minimal language with a value restriction and a type system that includes
a list of explicit dependencies and maintains type safety. We then show
how to relax the value restriction and introduce delimited continuations
to directly prove the consistency by means of a continuation-passing-
style translation. Finally, we relate our calculus to a similar system by
Lepigre [18], and present a methodology to transfer properties from this
system to our own.

Keywords: dependent types, sequent calculus, classical logic, control opera-
tors, call-by-value, delimited continuations, continuation-passing style transla-
tion, value restriction

1 Introduction

1.1 Control operators and dependent types

Originally created to deepen the connection between programming and logic,
dependent types are now a key feature of numerous functional programing lan-
guages. On the programming side, they allow for the expression of very precise
specifications, while on the logical side, they permit definitions of proof terms
for axioms like the full axiom of choice. This is the case in Coq or Agda, two
of the most actively developed proof assistants, which both provide dependent
types. However, both of them rely on a constructive type theory (Coquand and



Huet’s calculus of constructions for Coq [5], and Martin-Lof’s type theory [19]
for Agda), and lack classical logic.

In 1990, Griffin discovered [11] that the control operator call/cc (short for
call with current continuation) of the Scheme programming language could be
typed by Peirce’s ((A — B) — A) — A), thus extending the formulae-as-types
interpretation [16]. As Peirce’s law is known to imply, in an intuitionistic frame-
work, all the other forms of classical reasoning (excluded middle, reductio ad
absurdum, double negation elimination, etc.), this discovery opened the way for
a direct computational interpretation of classical proofs, using control operators
and their ability to backtrack. Several calculi were born from this idea, such as
Parigot’s Au-calculus [21], Barbanera and Berardi’s symmetric A-calculus [2],
Krivine’s A.-calculus [17] or Curien and Herbelin’s Apjfi-calculus [6].

Nevertheless, dependent types are known to misbehave in the presence of
control operators, causing a degeneracy of the domain of discourse [13]. Some
restrictions on the dependent types are thus necessary to make them compati-
ble with classical logic. Although dependent types and classical logic have been
deeply studied separately, the question to know how to design a system com-
patible with both features does not have yet a general and definitive answer.
Recent works from Herbelin [14] and Lepigre [18] proposed some restrictions on
the dependent types to tackle the issue in the case of a proof system in natural
deduction, while Blot [4] designed a hybrid realizability model where dependent
types are restricted to an intuitionistic fragment.

1.2 Call-by-value and value restriction

In languages enjoying the Church-Rosser property (like the A-calculus or Coq),
the order of evaluation is irrelevant, and any reduction path will ultimately lead
to the same value. In particular, the call-by-name and call-by-value evaluation
strategies will always give the same result. However, this is no longer the case in
presence of side-effects. Indeed, consider the simple case of a function applied to
a term producing some side-effects (for instance increasing a reference). In call-
by-name, the computation of the argument is delayed to the time of its effective
use, while in call-by-value the argument is reduced to a value before performing
the application. If, for instance, the function never uses its argument, the call-
by-name evaluation will not generate any side-effect, and if it uses it twice, the
side-effect will occurs twice (and the reference will have its value increased by
two). On the contrary, in both cases the call-by-value evaluation generates the
side-effect exactly once (and the reference has its value increased by one).

In this paper, we present a language following the call-by-value reduction
strategy, which is as much a design choice as a goal in itself. Indeed, when
considering a language with control operators (or other kind of side-effects),
soundness often turns out to be subtle to preserve in call-by-value. The first is-
sues in call-by-value in the presence of side-effects were related to references [24]
and polymorphism[12]. In both cases, a simple and elegant solution (but way
too restrictive in practice [10,18]) to solve the inconsistencies consists in a re-
striction to values for the problematic cases, restoring then a sound type system.



Recently, Lepigre presented a proof system providing dependent types and a con-
trol operator[18], whose consistency is preserved by means of a semantical value
restriction defined for terms that behave as values up to observational equiva-
lence. In the present work, we will rather use a syntactic restriction to a fragment
of proofs that allows slightly more than values. This restriction is inspired by
the negative-elimination-free fragment of Herbelin’s dPAw system [14].

1.3 A sequent calculus presentation

The main achievement of this paper is to give a sequent calculus presentation
of a call-by-value language with a control operator and dependent types, and
to justify its soundness through a continuation-passing style translation. Our
calculus is an extension of the pfi-calculus [6] to dependent types. Amongst
other motivations, such a calculus is close to an abstract machine, which makes it
particularly suitable to define CPS translations or to be an intermediate language
for compilation [7]. In particular, the system we develop might be a first step to
allow the adaption of the well-understood continuation-passing style translations
for ML in order to design a typed compilation of a system with dependent types
such as Coq.

However, in addition to the simultaneous presence of control and dependent
types, the sequent calculus presentation itself is responsible for another difficulty.
As we will see in Section 2.4, the usual call-by-value strategy of the ufi-calculus
causes subject reduction to fail. The problem can be understood as a desynchro-
nization of the type system with the reduction. It can be solved by the addition
of an explicit list of dependencies in the type derivations.

1.4 Delimited continuations and CPS translation

Yet, we will show that the compensation within the typing derivations does not
completely fix the problem, and in particular that we are unable to derive a
continuation-passing style translation. We present a way to solve this issue by
introducing delimited continuations, which are used to force the purity needed for
dependent types in an otherwise impure language. It also justifies the relaxation
of the value restriction and leads to the definition of the negative-elimination-free
fragment (Section 3). Finally, it permits the design in Section 4 of a continuation-
passing style translation that preserves dependent types and allows for proving
the soundness of our system.

1.5 Contributions of the paper
Our main contributions in this paper are:

— we soundly combine dependent types and control operators by means of a
syntactic restriction to the negative-elimination-free fragment;

— we give a sequent calculus presentation and solve the type-soundness issues
it raises in two different ways;



— our second solution uses delimited continuations to ensure consistency with
dependent types and provides us with a CPS translation (carrying dependent
types) to a calculus without control operator;

— we relate our system to Lepigre’s calculus, which offers an additional way of
proving the consistency of our system.

For economy of space, most of our statements only comes with sketches of their
proofs, but proofs are given in details in the appendices.

2 A minimal classical language

2.1 The language

As shown by Herbelin [13], it is possible to derive inconsistencies from a minimal
classical language with dependent types. Intuitively, the incoherence comes from
the fact that if p is a classical proof of the form

call/ccy (0,throw k (1,refl)) : Xz.x =1,

the seek of a witness by a term wit p is likely to reduce to 0, while the reduction
of prf p would have backtracked before giving 1 as a witness and the correspond-
ing certificate. The easiest and usual approach to prevent this is to impose a
restriction to values for proofs appearing inside dependent types and operators.
In this section we will focus on this solution in the similar minimal framework,
and show how it permits to keep the proof system coherent. We shall see further
in Section 3 how to relax this constraint.

We give here a stratified presentation of dependent types, by syntactically
distinguishing terms—that represent mathematical objects—from proof terms—
that represent mathematical proofs®. We place ourselves in the classical frame-
work of the pfi-calculus [6] (we will assume familiarity of the reader with this
proof system), to which we add:

— a category of terms which contain an encoding? of the natural numbers,

— proof terms (t,p) to inhabit the strong existential 3z A together with the
corresponding projections wit and prf

— a proof term refl for the equality of terms and a proof term subst for the
convertibility of types over equal terms.

For simplicity reasons, we will only consider terms of type N throughout this
paper. We adress the question of extending the domain of terms in Section 6.2.
The syntax of the corresponding system, that we call dL, is given by:

3 This design choice is usually a matter of taste and might seem unusual for some
readers. However, it has the advantage of clearly enlight the different treatments for
term and proofs through the CPS in the next sections

4 The nature of the representation is irrelevant here as we will not compute over it.
We can for instance add one constant for each natural number.



Terms t i=xz|neN|witp
Proofs p ==V | pa.c| (t,p)]|prfp]|substpg
Values Vi=al|Xap|Azp]| (t, V)| refl
Contexts ex=a|p-el|t-e|pa.c
Commands ¢ = (p|e)
The formulas are defined by:
AB = T|L|t=u|Va".A|3aN.A| T.4B.

Note that we included a dependent product I1,.4 B at the level of proof terms,
but that in the case where a ¢ FV(B) this amounts to the usual implication
A — B.

2.2 Reduction rules

As explained in the introduction of this section, a backtracking proof might give
place to different witnesses and proofs according to the context of reduction,
leading to incoherences [13]. On the contrary, the call-by-value evaluation strat-
egy forces a proof to reduce first to a value (thus furnishing a witness) and to
share this value amongst all the commands. In particular, this maintains the
value restriction along reduction, since only values are substituted.

The reduction rules, defined below (where ¢ — ¢’ denotes the reduction of
terms and ¢ ~~ ¢’ the reduction of commands), follow the call-by-value evaluation
principle:

(naccle)  ~ cle/al (Ep)le) ~ (plaalt,a)le)) (P& V)
(Vlpa.c) ~  c[V/a] {prf (£, V)[e) ~ (Vle)
(Aa.plg-e) ~ (qlaa.(ple))| (substpgle) ~ (p|ia.(substagle)) (p ¢ V)
(Azplt-e) ~ (plt/z]le) |{substrefigle) ~» (g]e)
wit (¢, V) =t t—=t =clt] ~ c[t]

In particular one can see that whenever the command is of the shape (Clp]|e)
where C|p| is a proof built on top of p which is not a value, it reduces to
{p|fa.(C[a]|e)), opening the construction to evaluate p 5

Additionally, we denote by A = B the transitive-symetric closure of the
relation A > B, defined as a congruence over term reduction (i.e. if t — ¢’ then
Alt] > A[t'] ) and by the rules:
0=00p> T 0 > L
)=01> 1L St)=5u) >t

S(t

® The reader might recognize the rule () of Wadler’s sequent calculus [23].



2.3 Typing rules

As we previously explained, in this section we will limit ourselves to the simple
case where dependent types are restricted to values, to make them compatible
with classical logic. But even with this restriction, defining the type system in the
most naive way leads to a system in which subject reduction will fail. Having a
look at the S-reduction rule gives us an insight of what happens. Let us consider
a proof Aa.p : I1,.oB and a context ¢ -e : II,. 4B (with ¢ a value). A typing
derivation of the corresponding command is of the form:

Hp Hq He
I'a:AFp:B|A TI'bkq:A|A TI'|e:Blg/alF A
I'tXap:I.aB| A I'lg-e:HaaBF A

(Aa.plg-e): I'F A

while the command will reduce as follows:

(Aa.plq - €) ~ (gl fra-(ple))

On the right side, we see that p, whose type is Blal, is now cut with e which
type is Blg]. Consequently we are not able to derive a typing judgment for this
command any more.

The intuition is that in the full command, a has been linked to ¢ at a pre-
vious level of the typing judgment. However, the command is still safe, since
the head-reduction imposes that the command (p|e) will not be executed until
the substitution of a by ¢®, and by then the problem would have been solved.
Somehow, this phenomenon can be seen as a desynchronization of the typing pro-
cess with respect to the computation. The synchronization can be re-established
by making explicit a dependencies list in the typing rules, allowing this typing
derivation:

HP He

I''a: At p:Bla]| A T,a:Ale: Blgl+F A;{alq}
11, (ple) : I'na : AF A;{alq}
Trq A4 T | fia(plle) - AF 2; (g}

(glpa-(ple)) : '+ A;e

Formally, we denote by D the set of proofs we authorize in dependent types,
and define it for the moment as the set of values:

D2V.

We define a dependencies list o as a list binding pairs of proof terms”:

o ==¢|of{plg},

5 Note that even if we were not restricting ourselves to values, this would still hold:
if at some point the command (p|e) is executed, it is necessarily after that ¢ has
produced a value to substitute for a.

" In practice we will only bind a variable with a proof term, but it is convenient for
proofs to consider this slightly more general definition



'kp:A|Ajo Tle: AFAo{|p} A €A, a
(ple) : '+ A;o

uT

(a:A)er A (a:A)e A c:(I'FAa: A;o)
I'Fa:A| Ao X I'la: AF A;o{|p} X I'kpac: Al Ao

c:(Ia: AF A;o{alp}) Ia:Avrp:B| Ao
I'| pa.c: AF A;0{:|p} K I'tXap:l.aB| Ao

T

I'tq:A|A;0 I'le:Blg/alt A;o{-|t} ¢¢D—a¢ FV(B)

—1
r | q-€: 1,.4aB = A,O’{lp}

I'e:NFp:A| Ao I't:NFAjo I'|e:Alt/z]F A;o{-|t}
I'Fazp:VaVA| Ao : I'|t-e:VaVAF A;o{|p}

T

I'+-t:N| A4;o F}—p:A(t)\A;UEI I'tp:32NA(x) | Ao peD
'k (t,p): 3VA(z) | Aso I'tprfp: A(witp) | A0

prf

I'tp:A| Ao AEB: I'le:AFA;0 A=B

I'tp:B| Ao - I'le:BlF Ao -

I'bp:t=ul|Ajo I'kgq:Bt/z]| Ao b I't¢:T| Ao q
I'tsubstpq : Blu/z] | A;o subst Iirefl:t=t| Ao e

neN I'tp:3zA(x) | A0 peD
I'e:NFz:N| Ao I'tn:N| Ao I'Hwitp:N| Ao

wit
Fig. 1. Typing rules

and we define A, as the set of types that can be obtained from A by replacing
none or all occurrences of p by ¢ for each binding {p|¢} in o such that q € D:

A £ {4} ofelar = 4, otherwise.

o {Ac, U (Ala/p))e ifqeD

Furthermore, we introduce the notation I' | e : A+ A;{:|T} to denote that
any future binding {a|f} introduced when the definition of a second type of
sequent I' | e : AF A; o to type contexts when dropping the (open) binding {-|p}.
Alternatively, one can think of { as any proof term not in D, which is the same
with respect to the dependencies list. The resulting set of typing rules is given
in Figure 1, where we assume that every variable bound in the typing context is
bound only once (proofs and contexts are considered up to a-conversion).

Note that we work with two-sided sequents here to stay as close as possible to
the original presentation of the pfi-calculus [6]. In particular it means that a type



in A might depend on a variable previously introduced in I" and reciprocally, so
that the split into two contexts makes us lose track of the order of introduction
of the hypothesis. In the sequel, to be able to properly define a typed CPS
translation, we consider that we can unify both contexts into a single one that is
coherent with respect to the order in which the hypothesis have been introduced.
We denote by I'UA this context, where the assumptions of I" remain unchanged,
while the former assumptions (a : A) in A are denoted by (o : A).

2.4 Subject reduction

We start by proving a few technical lemmas we will use to prove the subject
reduction property. First, we prove that typing derivations allow weakening on
the dependencies list. For this purpose, we introduce the notation ¢ = ¢’ to
denote that whenever a judgment is derivable with ¢ as dependencies list, then
it is derivable using o’:

o0 L VeVIVYA(e: (I Ajo) = c: (T'F A;jd')).

This clearly implies that the same property holds when typing contexts, i.e. if
o = ¢’ then o can be replaced by ¢’ in any derivation for typing a context.

Lemma 1 (Dependencies weakening). For any dependencies list o we have:
1. VV(e{V|V} = o) 2. Yo' (0 = o0’).

Proof. The first statement is obvious. The proof of the second is straightforward
from the fact that for any p and ¢, by definition A, C Ag4q}- O

As a corollary, we get that t can indeed be replaced by any proof term when
typing a context.

Corollary 2. If 0 = o/, then for any p,e, I', A:
I'le: A Ajo{ ]t} = TI'le: A A;d'{|p}.

We can now prove the safety of reduction, using the previous lemmas for
rules performing a substitution and the dependencies lists to resolve local incon-
sistencies for dependent types.

Theorem 3 (Subject reduction). If ¢, are two commands of dL such that
c:(I'FA)andc ~ , thend : (I'+ A).

Proof. The proof is done by induction on the typing rules, assuming that for
each typing proof, the CONV rules are always pushed down and right as much
as possible. To save some space, we sometimes omit the dependencies list when
empty, noting ¢ : I' = A instead of ¢ : I' - A; e, and we denote the CONV-rules
by:
I'le:BF Ao
I'le:AFAjo
where the hypothesis A = B is implicit. We only give the key case of S-reduction,
the full proof is given in appendix.



Case (Aa.plq-e) ~ (gl ia.(ple)):
A typing proof for the command on the left is of the form:
1.
1, I, I'|e:B'[g/a] - A {1}
Ia:AFp:B|A TI'|q-e:lgaB F A{|hap} _
IF'bXap:aaB|A T'|q-e:aaBt Aj{|Aap}
(Ma.plg-e): T'F A

If ¢ ¢ D, we define By £ B’ which is the only type in B%a‘q}. Otherwise, we

define By £ PB’[q/a] which is a type in Bialq}' In both cases, we can build the
following derivation:

1,
Na:AFp:B|A 1I.
1, Na:Abp:B|A  Ta:A|e:B,F A {alg}{|p}
I'Hq:A"1A (ple) : I'ya : A+ A;{alq}
F'Fq:A|A I'| pa(ple) : A A;{|q}

(qlpa-(ple)) : I' - A;e

using Corollary 2 to weaken the dependencies in I1.. a

2.5 Soundness

We sketch here (details of the proof are given in appendix) a proof of the
soundness of dL. with a value restriction. A more interesting proof through a
continuation-passing translation is presented in Section 4. We first show that
typed commands of dL. normalize by translation to the simply-typed up-calculus
with pairs (i.e. extended with proofs of the form (p1, p2) and contexts of the form
f(a1,as).c). The translation essentially consists of erasing the dependencies in
types, turning the dependent products into arrows and the dependent sum into
a pair. The erasure procedure is defined by:

(vaNA)* & N* A T* 2 N* 5N
(32NA)* & N*AA*| 1* 2 NN
(IT,.AB)* £ A* = B*|(t=u)* £ N*—N*

and the translation for proofs, terms, contexts and commands is defined by:

(ple)” = (p*le”)

(1>

x* Ly (Aa.p)* £ \a.p*
o 2, n* 2 q (Az.p)" £ Az.p*
(t-e)" 2 ¢ e (witp)" 2 m(p*) | (poc)” £ pact
(g-e) 2¢ ¢ | @&  =a (prfp)” £ mo(p*)
(fa.c)* £ fia.c* refl® £ (t,p)" £ pa(p*|pa((t*, a)la))
(substV q)" £ pav.(g*|a)
(substpq)” £ pa.(p*|fi-(pe.(g* o)) PgV)



where 7;(p) £ pa.(p|fi(a1,az).{a1|a)). We define i as any encoding of the nat-
ural numbers with its type N*, the encoding being irrelevant here.

We can extend the erasure procedure to contexts, and show that it is adequate
with respect to the translation of proofs.

Proposition 4. If ¢: '+ A;o, then ¢* : I'* = A*. The same holds for proofs
and contexts.

We can then deduce the normalization of dL from the normalization of the
pp-calculus, by showing that the translation preserves the normalization in the
sense that if ¢ does not normalize, neither does c*.

Proposition 5. If c: (I'+ A;e), then ¢ normalizes.
Using the normalization, we can finally prove the soundness of the system.

Theorem 6 (Soundness). For any p € dL, we have ¥ p: L.

Proof. (Sketch) Proof by contradiction, assuming that there is a proof p such
that Fp: L, we can form the well-typed command (p|*) : (F x : L) where x is
any fresh a-variable, and use the normalization to reduce to a command (V).
By subject reduction, V' would be a value of type L, which is absurd. ad

2.6 Toward a continuation-passing style translation

The difficulty we encountered while defining our system mostly came from the
simultaneous presence of a control operator and dependent types. Removing one
of these two ingredients leaves us with a sound system in both cases: without
the part necessary for dependent types, our calculus amounts to the usual puji-
calculus. Without control operator, we would obtain an intuitionistic dependent
type theory that would be easy to prove sound.

To demonstrate the correctness of our system, we might be tempted to define
a translation to a subsystem without dependent types or control operator. We
will discuss later in Section 5 a solution to handle the dependencies. We will focus
here on the possibility of removing the classical part from dL, that is to define a
translation that gets rid of the control operator. The use of continuation-passing
style translations to address this issue is very common, and it was already studied
for the simply-typed pfi-calculus [6]. However, as it is defined to this point, dL
is not suitable for the design of a CPS translation.

Indeed, in order to fix the problem of desynchronization of typing with respect
to the execution, we have added an explicit dependencies list to the type system
of dL. Interestingly, if this solved the problem inside the type system, the very
same phenomenon happens when trying to define a cps-translation carrying the
type dependencies.

Let us consider the same case of a command (¢|fa.(p|e)) with p : Bla] and
e : B[q]. Its translation is very likely to look like:

[a] [7a-(ple)] = [al (Aa-([pD)IeD),

10



where [p] has type (Bla] — 1) — L and [e] type Blg] — L, hence the sub-
term [p] [e] will be ill-typed. Therefore the fix at the level of typing rules is not
satisfactory, and we need to tackle the problem already within the reduction
rules.

We follow the idea that the correctness is guaranteed by the head-reduction
strategy, preventing (p|e) from reducing before the substitution of a was made.
We would like to ensure the same thing happens in the target language (that
will also be equipped with a head-reduction strategy), namely that [p] cannot
be applied to [e] before [¢] has furnished a value to substitute for a. This would
correspond informally to the term?®:

([l (Aa.[pD)) [€]-

The first observation is that, if instead of a value, ¢ was a classical proof
throwing the current continuation away, for instance pa.c where o ¢ FV(c),
this would lead to an incorrect term [c] [e]. We thus need to at least restrict to
proof terms that could not throw the current continuation.

The second observation is that such a term suggests the use of delimited
continuations” to temporarily encapsulate the evaluation of ¢ when reducing
such a command:

(Aaplg-e) ~ (up(qlia-(pltp))]e),

which is safe under the guarantee that ¢ will not throw away the continuation
fia.(p|tp). This will also allow us to restrict the use of the dependencies list to the
derivation of judgments involving a delimited continuation, and to fully absorb
the potential inconsistency in the type of tp.

In Section 3, we will extend the language according to this intuition, and see
how to design a continuation-passing style translation in Section 4.

3 Extension of the system

3.1 Limits of the value restriction

In the previous section, we strictly restricted the use of dependent types to
proof terms that are values. In particular, even though a proof-term might be
computationally equivalent to some value (say pa.(V|a) and V for instance), we
cannot use it to eliminate a dependent product, which is unsatisfying. We shall
then relax this restriction to allow more proof terms within dependent types.

8 We will see in Section 4.3 that such a term could be typed by turning the type
A — L of the continuation that [q] is waiting for into a (dependent) type I1..4 R|a]
parameterized by R. This way we could have [q] : VR(II..a R[a] — R|[q]) instead of
Il : ((A— L) — 1). For R[a] := (B(a) —» L) — L, the whole term is well-typed.
Readers familiar with realizability will also note that such a term is realizable, since
it eventually terminates on a correct position [p[g/al] [e].

9 We stick here to the presentations of delimited continuations in [15,1], where tp is
used to denote the top-level delimiter.

11



We can follow several intuitions. First, we saw in the previous section that
we could actually allow any proof terms as long as its CPS translation uses
its continuation and uses it only once. We do not have such a translation yet,
but syntactically, these are the proof terms that can be expressed (up to a-
conversion) in the pfi-calculus with only one continuation variable x (see Figure
2), and which do not contain application!®. Interestingly, this corresponds ex-
actly to the so-called negative-elimination-free (NEF) proofs of Herbelin [14]. To
interpret the axiom of dependent choice, he designed a classical proof system
with dependent types in natural deduction, in which the dependent types allow
the use of NEF proofs.

Finally, Lepigre defined in a recent work [18] a classical proof system with
dependent types, where the dependencies are restricted to values. However, the
type system allows derivations of judgments up to an observational equivalence,
and thus any proof computationally equivalent to a value can be used. In par-
ticular, any proof in the NEF fragment is observationally equivalent to a value,
hence is compatible with the dependencies of Lepigre’s calculus.

From now on, we consider dLg, the system dL of Section 2 extended with de-
limited continuations, and define the fragment of negative-elimination-free proof
terms (NEF). The syntax of both categories is given by Figure 2, the proofs in the
NEF fragment are considered up to a-conversion for the context variables!!. The
reduction rules, given below, are slightly different from the rules in Section 2:

(pavcle) ~ cle/al (prfple) - (ntp-(plfia.(prf altp))[e)
Oaplg-e) " (utp.(qlfa. (o)) e) | (substpale) "~ (p|fia.(substag|e))
(Maplg-e) ~ (glia-(ple)) (substreflgle) ~ ({qle)

AzplVi-e) > (p[Vi/2]e) (rtp-(plp)e) ~ (ple)

(Vplfa.c) : c[Vp/al c—c = {utp.cle) ~ (utp.c'|e)

(Ve.p)le) " (pliaa.((Ve, a)]e)) wi t <= Ya, (pla) ~ (¢ p)]a
(prf (Ve, Vo)le) ~ (Vle) ttp:y ;: o[t] @ i[tq 60l
where

Vic=xz|n Vpi=a|Xap| Azp| (Vi,Vp) | refl.

In the case (Aa.p|q-e) with ¢ € NEF (resp. (prfp|e)), a delimited continua-
tion is now produced during the reduction of the proof term ¢ (resp. p) that is
involved in dependencies. As terms can now contain proofs which are not values,
we enforce the call-by-value reduction by asking proof values to only contain
term values. We elude the problem of reducing terms, by defining meta-rules
for them!2. We add standard rules for delimited continuations [15, 1], expressing

19 Tndeed, Aa.p is a value for any p, hence proofs like pua.{\a.p|q-«) can drop the
continuation in the end once p becomes the proof in active position.

11 We actually even consider a-conversion for delimited continuations tp, to be able to
insert such terms inside a type, even though it might seem strange it will make sense
when proving subject reduction

12 Everything works as if when reaching a state where the reduction of a term is needed,
we had an extra abstract machine to reduce it. Note that this abstract machine could
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Proofs p = | ptpcg NEF  py = V| (t,pN) | px.cn
| prf pn | substpn g

De.hmlt(.%d Cg i <~pN||€1i,> | <p||tp> eN = (pszIezv)
continuations €gp H= Ha.Cg _ -
en u= x| fia.cy
(a) Language
c:(C'kFqg A Ase) I'tp:A|A I'le:Abq At B;o{|p}
I'kputpe: Al A ! (ple) : IT'+q A, tp: Bo
BeA, - c:(Ia: Abq A tp: Biofalp})

- - LY - -
I'|tp:Abs Atp:Bio{-|p} ° I' | pa.c: AFqg Ajtp : B;o{-|p}
(b) Typing rules

Fig. 2. dLg: extension of dL with delimited continuations

the fact that when a proof ptp.c is in active position, the current context is
temporarily frozen until ¢ is fully reduced.

3.2 Delimiting the scope of dependencies
For the typing rules, we can extend the set D to be the NEF fragment:
D £ NEF

and we now distinguish two modes. The regular mode corresponds to a derivation
without dependency issues whose typing rules are the same as in Figure 1 without
the dependencies list (we do not recall them to save some space); plus the new
rule of introduction of a delimited continuation tp;. The dependent mode is used
to type commands and contexts involving tp, and we use the sign F4 to denote
the sequents. There are three rules: one to type tp, which is the only one where
we use the dependencies to unify dependencies; one to type context of the form
fia.c (the rule is the same as the former rule for fia.c in Section 2); and a last
one to type commands (p|e), where we observe that the premise for p is typed
in regular mode.

Additionally, we need to extend the congruence to make it compatible with
the reduction of NEF proof terms (that can now appear in types), thus we add
the rules:

Alp] > Alg] if Vo ((per) ~ (gle))
Allglpza-(pln] > Al(plg/all)] with p,q € NEF

possibly need another machine itself, etc... We could actually solve this by making
the reduction of terms explicit, introducing for instance commands and contexts
for terms with the appropriate typing rules. However, this is not necessary from a
logical point of view and it would significantly increase the complexity of the proofs,
therefore we rather chose to stick to the actual presentation.

13



Due to the presence of NEF proof terms (which contain a delimited form
of control) within types and dependencies lists, we need the following technical
lemma to prove subject reduction.

Lemma 7. For any context I'; A, any type A and any e, px.c:
(px.cle) : TFqg A fp: Bie = cle/x]: kg Ae.
Proof. A derivation for the hypothesis is of the form:

11, 1.
F'tpxc:AlA TI'le:Abgq Atp: B;{:|pux.c}
(ux.cle) : I'q A tp: Bse

By definition of the NEF proof terms, ux.c is of the general form
px.c = px.(p1||far-{p2|pas.{. . .| jan-(pn|*)))). For simplicity reasons, we will
only give the proof for the case n = 2, so that II. is of the shape (we assume the
CONV-rules have been pushed to the left of cuts):

11,
INai: Aibpa: A|A%x: A - |*x: AFAx: A
I (p2||*>:F,a1:A1}—A,*:A
I'kbpr:A | A% A I'| pay.(p2|x) : AiE A% : A

(prllfias(pal)) : I'H A, x 2 A
I'E px(prlfiar(p2]*)) : A| A

Thus we have to show that we can turn IT, into a derivation II] of

I'le: Abq Agi{ai|pi}{:|p2} with Ay £ A, p : B, since this would allow us to
build the following derivation:

11> I,
Fai:AiFp: AlA - |e: Abg Ag;{arlpi H |p2}
I, (p2*) : Iya1 : A1 F Ag; {a]p1}
I'kpi:A|A I' | par.(p2)e) : A1 Fa Ags {‘|p1}

(p1liar-(p2le)) : I' Fa Agse

It suffices to prove that if the dependencies list was used in II, to type tp,
we can still give a derivation with the new one. In practice, it corresponds to
showing that for any variable a and any o:

{alpx.cto = {ai|p1 Halp2}o.
For any A € B,, by definition we have:
Alpx (p1lfiay-(p2[*)) /b] = Alux.(p2[p1/a1][x)/b]
= Alpz[p1/a1]/b] = Alp2/b][p1/a1].

14



Hence for any A € By such that A = A/,

and we can derive:

there exists A" € Byg,

pxcloo |p1}{alp2}o

A" € Ba,|piHalpa}o
I|tp: A g Atp: B;{ai|pi }{blp2}o A=A
I'|tp: Abq A tp: Bi{ai|p1 }Hblp2}o

We can now prove subject reduction for dLg,.

Theorem 8 (Subject reduction). Ifc,c’ are two commands of dLg, such that
c: (' A) and ¢ ~ ¢, then ¢ : (I'E A).

Proof. Actually, the proof is slightly easier than for Theorem 3, because most of
the rules do not involve dependencies. We only present one case here, other key
cases are proved in the appendix.

Case (Aa.plq-e) ~ (utp.(q|fia-(p|tp))|e) with g € NEF:
A typing derivation for the command on the left is of the form:

Hp Hq He
I'Na:A+Fp:B|A TI'kFq:A|A I'|e:Blg/all A
I'tXap:Il,aB| A I'g-e:IuaBF A

(Ma.plg-e): T'EF A

We can thus build the following derivation for the command on the right:

1, Blq] € (Blal){alq}
La:AbFp:Bla]|A I'|tp: Bla] Fa A tp: Blg); {alg}{-|t}
11, (plp) : Ia: Ata A, : Blgl; {alq}
I'-q:AlA I'| fia(p|tp) : Ata A, tp: Blgl; {"|q}
(qlpa.-(pltp)) : I'Fa A, tp - Blgl;e .
I+ ptp.(g] pa.(p]tp)) | A I'|e: Blg/a] - A

(utp(qlfia.(pl))]e) : I' = A

O

We invite the reader to check that interstingly, we could have already taken
D £ NEF in dL and still be able to prove the subject reduction. This shows that
the relaxation to the NEF fragment is valid even without delimited continuations.

4 A continuation-passing style translation

We shall now see how to define a continuation-passing style translation from dLg,
to an intuitionistic type theory, and use this translation to prove the soundness
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t w=uz|n|witp (n €N) Az.p)t —
p u=al|Xap|Azp|pg|pt (Aa.p)g —
| t,p) | prfp | refl | substpg pg — p'q (ifp —p")
k(wit (t,p)) — kt
AB:=T|L|t=u|lsaB prf (t,p) —
|vaVA | 32NA | vX.A substreflg —

(a) Language and formulas (b) Reduction rules

A (x:N)EFA (a:A)erl
TFr:N 2% TFao:N % T'Fa:A

~—

AX,

: : I, : I''z:NFp: A
Ia:Ab+-p:B ., I'tp:1,.4B 1"|—q.A_> x P

I'tXap:I,.4B I'+pq: Blq/d] E 't Xz.p:ValA

I'rp:Va"A TI'+t:N Lhp:A XgFPV(D) I'Fp:VX.A
I'Fpt: Alt/x] ‘ I'Fp:VX.A L T'kFp:AP/X]

E

'kt:N I'tp:Afu/z] I'kp:32N4 I'kp:32N4
i r _—
't (t,p): 32 A I+ prfp: A(witp) P I'witp: N

wit

I'bg:t=u I'kFq: Al I'tkp:A A=B
— refl subst =
I'brefl:z=2x '+ substpgq : Afu] I'tp:B

(c) Type system

Fig. 3. Target language

of dLg,. Indeed, continuation-passing style translations are very useful to embed
a language with a control operator into another one that is purely functional [11,
6]. From a logical point of view, they generally amount to negative translations
that allow to embed classical logic into intuitionistic logic [8]. Yet, we know
that removing the control operator (i.e. classical logic) of our language leaves us
with a sound intuitionistic type theory. We will now see how to design a CPS
translation for our language which will allow us to prove its soundness.

4.1 Target language

We choose as the target language an intuitionistic theory in natural deduction
that has exactly the same elements as dLg but the control operator: the lan-
guage makes the difference between terms (of type N) and proofs, it also includes
dependent sums and products for type referring to term as well as a dependent
product at the level of proofs. As it is common for CPS translations, the eval-
uation follows a head-reduction strategy. The syntax of the language and its
reduction rules are given by Figure 3.

The type system, presented in Figure 3 is defined as expected, with the
addition of a second-order quantification that we will use in the sequel to refine

16



[z]: =Mk [nl 2 Akkn
[witp]: £ Me.[p]p (Ag.k (witq))

lal» £ N\eka [refll, £ Mk.k refl
[Aa.plp £ Nk (Aa.[plp) Papl, = Mk (Aa.[p]p)
[peclp, = Mk.[c]e[k/a] [up.cly = Ak.[c]gk
[prfpl, = Me.([plp (Agk' K (prfq))) k

[(t,p)]p = Me.([t] (Nur.r (Ag-k (u, q)))) [p]» (p € NEF)
[t p)]p = Me.[t]e Aw.[plp Ag-k (u, ) (p ¢ NEF)
[substpql, £ Ak.[plp (Ap'-[alp(Aq -k (substp’ ¢')))

[a]e £ \p.ap [pa.cle = Aa.[c]ec
[t-ele £ Ap.([t]: (Mv.pv)) [e]e

[an - €]e £ Ap.([an]p (Av.pv)) [e]e (gv € NEF)
[a-ele = Ap.laly (vpo[e]e) (q & NEF)
[ple)]e = [ele [pl» [pl®)]s % [pl»

[ple)ls 2 ol [ele, (e # %) [Ba-cley = Aalds

Fig. 4. Continuation-passing style translation

the type of the translation of terms and NEF proofs. As for dLg, the type system
has a conversion rule, where the relation A = B is the symmetric-transitive
closure of A B, defined once again as the congruence over the reduction —
and by the rules:

1
t = u.

0=00p> T >
Sit)=0r1 L >

4.2 Translation of the terms

We can now define the translation of terms, proofs, contexts and commands.
The translation for delimited continuation follows the intuition we presented in
Section 2.6, and the definition for stacks ¢ - e and ¢ - e with ¢ NEF inline the
reduction producing a command with a delimited continuation. All the other
rules are natural, except for the translation of pairs (¢,p) in the NEF case:

[(t,p)]p £ Me.([t]e (Nurr (Aq-k (u, q))))[plp

The natural definition is the one given in the non NEF case, but as we will see in
the proof of Lemma 11, this definition is incompatible with the expected type
for the translation of NEF proofs. This somehow strange definition corresponds
to the intuition that we reduce [t]; within a delimited continuation, in order
to guarantee that we will not reduce [p], before [t]; has returned a value to
substitute for u. Indeed, the type of [p], depends on ¢, while the continuation
(Ag.k (u, q)) depends on u, but both become compatible once w is substituted by
the value return by [t]:. The complete translation is given in Figure 4.
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ot £y (hap)t 2 Xa.[p], (/ui.c tr & cF
nto 2R Qep)t 2wl (o)™ e
(Wltp) = witp (t,p)+ L (t+,p+) (<p"*>)+ A p+
at  2a (prfp)t S prfp? (o)™ 2 p*

N bstpq)T £ substp® ¢t At
reflt 2 refl (substpq P q ((plfia.ce))™ £ ¢ [p* /a]

Fig. 5. Linearity of the translation for NEF proofs

Before defining the translation of types, we first state a lemma expressing
the fact that the translations of terms and NEF proof terms use the continuation
they are given once and only once. In particular, this makes them compatible
with delimited continuations and a parametric return type. This will allow us to
refine the type of their translation.

Lemma 9. The translation satisfies the following properties:

1. For any term ¢ in dLg,, there exists a term tT such that for any k we have
[tlek =5 kt.

2. For any NEF proof term p, there ewists a proof p™ such that for any k we
have [pl, k =5 kp™.

Proof. Straightforward mutual induction on the translation, adding similar in-
duction hypothesis for NEF contexts and commands. The terms ¢+ and proofs
pt are given in Figure 5. We detail the case (¢, p) with p € NEF to give an insight
of the proof.

[, p)p k=5 ([t]: (Mur.r (Ag-k (u, 9)))) [Plp (by def.)
=g ((Mur.r (A\g-k (u,q)))t%) [p], (by induction)
=5 [plp Mgk (tF,q))
=5 (A\g.k(t1,q))p" (by induction)
= k(t*,p")

Moreover, we easily verify that the translation preserves the reduction.

Proposition 10 (Preservation of reduction). Let ¢,c’ be two commands of
dLg. If ¢~ ¢, then [c]. =5 [c]¢

Proof. By induction on the reduction rules for ~», using the previous lemma for
cases involving a term ¢. ad

We could actually prove a finer result to show that any reduction step in dLg,
is responsible for at least one step of reduction through the translation, and use
the preservation of typing (Proposition 12) together with the normalization of
the target language to prove the normalization of dLg, for typed proof terms.

Claim 1 If c: '+ A, then ¢ normalizes.

18



4.3 Translation of types

We can now define the translation of types, in order to show further that the
translation [p], of a proof p of type A is of type [A]*, where [A]* is the double-
negation of a type [A]T that depends on the structure of A. Thanks to the
restriction of dependent types to NEF proof terms, we can interpret a dependency
in p (resp. t) in dLg by a dependency in pt (resp. tT) in the target language.
Lemma 9 indeed guarantees that the translation of a NEF proof p will eventually
return p* to the continuation it is applied to. The translation is defined by:

[A]* £ ([AT—-1) -1 [t =u]t™ £ tT =u*
[vaN.A]t & vzT" [A]* [T 271
[BaN.A]T 2 377 [A]+ [T & 1
[Hu:aB]* 2 Hpap+ [B]” N* = N

Observe that types depending on a term of type 1" are translated to types de-
pending on a term of the same type T, because terms can only be of type N.
As we shall discuss in Section 6.2, this will no longer be the case when extend-
ing the domain of terms. We naturally extend the translation for types to the
translation of contexts, where we consider unified contexts of the form I" U A:

[La: A]Y 2[0*a: [A]*

[,z :N]* [t z: T+
Mo ALY 2 [0, o [A]T — L.

L
L

As explained informally in Section 2.6 and stated by Lemma 9, the translation
of a NEF proof term p of type A uses its continuation linearly. In particular, this
allows us to refine its type to make it parametric in the return type of the
continuation. From a logical point of view, it amounts to replace the double-
negation (A — 1) — L by Friedman’s translation [9]: VR.(A — R) — R.
Moreover, we can even make the return type of the continuation dependent
on its argument I1,.4—R(a), so that the type of [p], will correspond to the
elimination rule:

VR.(ITy.o—R(a)) — R(p™).

This refinement will make the translation of NEF proofs compatible with the

translation of delimited continuations.

Lemma 11. The following holds:
1.TFt:N|A = [TUAJF [t]y : VX (V2T X (2) = X(t1)).
2.VpeNEF,(I'Fp: A|A = [TUA]JF [p], : VX (I, a7+ X (a) = X (pT))).
3. Ve eNEF, (c: ' Ayx: B = [[TUA],*: IT,g+ X (b) F [c]c : X(c1)).

Proof. The proof is done by mutual induction on the typing rule of dLg, for
terms and NEF proof terms. We only give one case to give an insight of the
proof, other key cases are given in the appendix.
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Case (t,p): in dLg, the typing rule for (¢,p) is the following:

I't:N|A T'kp:A@)| A
' (t,p): 3aNA(z) | A

i
Hence by induction we obtain, using the same notation I for [I" U A]:

I'F[t]e : VX.(V2T" X (2) — X(t1))
I plp : VY. (Hg:a@yY (@) = Y(p™))

and we want to show that for any Z:
I'E1tp)p : H, e 4 Z(a) = Z(tT,pT).
By definition, we have:

[ D)o = Ak ([E]e Aur-r (Ag-k (u, 0)))) [P]p,

so we need to prove that:

I = ([t Aur.r (Ag-k (u, )Pl : Z(E,p™)

where I'y = I,k : Il 5+ 4Z(a). We let the reader check that such a type is
derivable by using X (r) £ P(x) — Z(x,a) in the type of [t], where P(t*) is
the type of [p],, and using Y (a) £ Z(t*,a) in the type of [p],. The crucial
point is to see that the bounded variable r is abstracted with type P(x) in the
derivation, which would not have been possible in the definition of [(¢,p)], with

p ¢ NEF.
O

Using the previous Lemma, we can now prove that the CPS translation is
well-typed in the general case.

Proposition 12 (Preservation of typing). The translation is well-typed, i.e.
the following holds:

1.if 'Fp:A|A then [I'UA]F [p],: [Al",
2.4f I'le: A+ A then [IT'UA]F [e]e: [A]T — L,
3. 4f ¢c:I'FA then [TUA]F [c].: L.

Proof. The proof is done by induction on the typing rules of dLg,. It is clear
that for the NEF cases, Lemma 11 implies the result by taking X(a) = L. The
rest of the cases are straightforward, except for the delimited continuations that
we detail hereafter. We consider a command {(utp.(q|ia.(p|tp))|e) produced by
the reduction of the command (Aa.p|q-e) with ¢ € NEF. Both commands are
translated by a proof reducing to ([¢], (Aa.[p],)) [e]e. The corresponding typing
derivation in dLg, is of the form:

HP Hq He
INa:Arp:B|A TI'kFq:A|A I'|e:Blg/aF A
I'Xap:lgaB| A I'lg-e:aaBF A

(Maplg-e): T+ A
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By induction hypothesis for e and p we obtain:

I'" + [e]e: [Blgt]]t — L
I'a:AY F [p],: [Blal]*
I+ Xa.[plp : Hy.a+[Bla]]",

where I = [I" U A]. Applying Lemma 11 for ¢ € NEF we can derive:

I"Fqlp : VX (I, 4+ X (a) = X (¢T))
I'"F[dlp : (Ha.a+ [Bla]]* — [Blg*]]*

We can thus build derive that:
I+ laly (Aa.[plp) - [Bla*1I"
and finally conclude that:

"= (lalp (Aa-[plp)) [ele : L.

VE

O

We can finally deduce the correctness of dLg through the translation,
since a closed proof term of type L would be translated in a closed proof of
(L — 1) — L. The correctness of the target language guarantees that such proof
cannot exist.

Theorem 13 (Soundness). For any p € dLg,, we have: ¥ p: L.

5 Embedding in Lepigre’s calculus

In a recent paper [18], Lepigre presented a classical system allowing the use of
dependent types with a semantic value restriction. In practice, the type system
of his calculus does not contain a dependent product I1,.4 B strictly speaking,
but it contains a predicate a € A allowing the decomposition of the dependent
product into

Va((a € A) — B)

as it is usual in Krivine’s classical realizability [17]. In his system, the relativiza-
tion a € A is restricted to values, so that we can only type V : V € A, but
the typing judgments are defined up to observational equivalence, so that if ¢ is
observationally equivalent to V', one can derive the judgment ¢ : V € A.
Interestingly, as highlighted through the CPS translation by Lemma 9, any
NEF proof p : A is observationally equivalent to some value p™, so that we could
derive p : (p € A) from pT : (p* € A). The NEF fragment is thus compatible with
the semantical value restriction. The converse is obviously false, since observa-
tional equivalence allows us to type realizers that would otherwise be untyped

terms!3.

13 In particular, Lepigre’s semantical restriction is so permissive that it is not decidable,
while it is easy to decide whether a proof term of dLg is in NEF.
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We will sketch here an embedding of dLy, into Lepigre’s calculus, and explain
how to transfer normalization and correctness properties along this translation.
Actually, his language is more expressive than ours, since it contains records and
pattern-matching (we will only use pairs, i.e. records with two fields), but it is
not stratified: no distinction is made between a language of terms and a language
of proofs. We only recall here the syntax for the fragment of Lepigre’s calculus
we will use, for the reduction rules and the type system the reader should refer
to [18]:

vyw n=a | Axd | {l = vyl = v}
tbu s=alv|tu|pat]|p]|vl;
mp n=alv-w| [t

p,q n=txw

A, B =X, (t1,...,tn) | A= B|Va.A|Ja. A
| VXn.A|{lliA1,lg:A2}|t€A

Even though records are only defined for values, we can define pairs and projec-
tions as syntactic sugar:

(p1,p2) = (Avva{ly = v1,le = ve}) p1p2
7i(p) (Az.(2.0;)) p
A1 /\A2 é {ll : Ahlg . AQ}

4
4

We first define the translation for types (extended for typing contexts) where
the predicate Nat(z) is defined as usual in second-order logic:

Nat(z) £ VX (X(0) = Vy(X(y) = X(S(y))) = X(2))

and [[t]; is the translation of the term ¢ given in Figure 6:

(3zN.A)" £ Jz(Nat(z) A A*) . A

(t=w)" 2vX(X[t], — X[u) | (Dz:N" =070 Nat(z)
T 2VX(X > X) (Pa:A) I a:dr
¥ éVXY(X%Y) (F,OZSA ) :F*,Oéi_'A*

Note that the equality is mapped to Leibniz equality, and that the definitions of
1*and T* are completely ad hoc, in order to make the conversion rule admissible
through the translation.

The translation for terms, proofs, contexts and commands of dLyg, given in
Figure 6 is almost straightforward. We only want to draw the reader’s attention
on a few points:

— the equality being translated as Leibniz equality, refl is translated as the
identity Aa.a, which also matches with T%,

— the strong existential is encoded as a pair, hence wit (resp. prf) is mapped
to the projection my (resp. ).
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[]. == [l = ([the,[plp) | lg-ele = lalo - [e]e
[n]: £ Azs.s™(2) [paclp, 2 pa.]de. [t-ele = [t]: - [e]e
[witple = m([p]») %Prfﬂpﬂp = ma([ply) [fa.cle = [Aa.[ce}*
[al, =a refll, = Aea [{ple)]e = [plp * [e]e
Da-pl, £ Xa.[ply [substpal, = [p]» [al [utp.clp, = po.fc)s
[z.ply = Xa.[p], [a]e Za [{ple)]s = [pl»

[{plfa.c)]s 2 (pep]p * Ma.[c]gla) *

Fig. 6. Translation of proof terms to Lepigre’s calculus

In [18], the coherence of the system is justified by a realizability model, and
the type system does not allow us to type stacks. Thus we cannot formally prove
that the translation preserves the typing, unless we extend the type system in
which case this would imply the adequacy. We might also directly prove the
adequacy of the realizability model (through the translation) with respect to
the typing rules of dLg,. We detail a proof of adequacy using the former method
in the appendix.

Proposition 14 (Adequacy). If I'tp: A| A and o is a substitution realiz-
ing (I'U A)*, then [p]yo € [A*]+.

This immediately implies the soundness of dLyg,, since a closed proof p of type
1 would be translated as a realizer of T — L, so that [p], Az.xz would be a
realizer of L, which is impossible. Furthermore, the translation clearly preserves
normalization (that is that for any ¢, if ¢ does not normalize then neither does
[c]c), and thus the normalization of dLg, is consequence of adequacy.

It is worth noting that without delimited continuations, we would not have
been able to define an adequate translation, since we would have encountered
the same problem as for the CPS translation (see Section 2.6).

6 Further extensions

As we explained in the preamble of Section 2, we defined dL and dLg, as minimal
languages containing all the potential sources of inconsistency we wanted to mix:
a control operator, dependent types, and a sequent calculus presentation. It had
the benefit to focus our attention on the difficulties inherent to the issue, but on
the other hand, the language we obtain is far from being as expressive as other
usual proof systems. We claimed our system to be extensible, thus we shall now
discuss this matter.

6.1 Adding expressiveness

From the point of view of the proof language (that is of the tools we have to
build proofs), dLg, only enjoys the presence of a dependent sum and a dependent
product over terms, as well as a dependent product at the level of proofs (which
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subsume the non-dependent implication). If this is obviously enough to encode
the usual constructors for pairs (p1,p2) (of type A1 A As), injections ¢;(p) (of
type A1 V Aj), etc..., it seems reasonable to wonder whether such constructors
can be directly defined in the language of proofs. Actually this is a case, and we
claim that is possible to define the constructors for proofs (for instance (pi,p2))
together with their destructors in the contexts (in that case fi(a1,az2).c), with
the appropriate typing rules. In practice, it is enough to:

— extend the definitions of the NEF fragment according to the chosen extension,

— extend the call-by-value reduction system, opening if needed the constructors
to reduce it to a value,

— in the dependent typing mode, make some pattern-matching within the de-
pendencies list for the destructors. For instance, for the case of the pairs, the
corresponding rule would be:

c:Tay:Aj,as: Ay g A tp : Bso{(a1,az)|p}
I'| fi(ar,az2).c: (A1 A As) bqg A tp: B;o{-|p}

The soundness of such extensions can be justified either by extending the CPS
translation, or by defining a translation to Lepigre’s calculus (which already
allows records and pattern-matching over general constructors) and proving the
adequacy of the translation with respect to the realizability model.

6.2 Extending the domain of terms

Throughout the article, we only worked with terms of a unique type N, hence it is
natural to wonder whether it is possible to extend the domain of terms in dLg,, for
instance with terms in the simply-typed A-calculus. A good way to understand
the situation is to observe what happens through the CPS translation. We see
that a term of type T = N is translated into a proof of type =—TT = —-N,
from which we can extract a term of type N. However, if T" was for instance
the function type N — N, we would only be able to extract a proof of type
T+ =N — —=N. In particular, such a proof would be of the form \z.p, where p
might backtrack to a former position, for instance before it was extracted, and
furnish another proof. This accounts for a well-know phenomenon in classical
logic, where witness extraction is limited to formulas in the X}-fragment [20].
It also corresponds to the type we obtain for the image of a dependent product
Il,. 4B, that is translated to a type =—Il,. 4+ B* where the dependence is in a
proof of type AT. This phenomenon is not surprising and was already observed
for other CPS translations for type theories with dependent types [3].

In other words, there is no hope to define a correct translation of (t¢,p) :
3NN A that would allow the extracttion of a strong pair ([t¢], [p]) : /NN A"
More precisely, the proof [¢/] is no longer a witness in the usual sense, but a
realizer of f € N — N in the sense of Krivine classical realizability.

This does not mean that we cannot extend the domain of terms in dLg, (in
particular, it should affect neither the subject reduction nor the soundness), but
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it rather means that the stratification between terms and proofs is to be lost
through a CPS translation. However, it should still be possible to express the
fact that the image of a function through the CPS is a realizer corresponding to
this function, by cleverly adapting the predicate f € N — N to make it stick to
the intuition of a realizer.

6.3 A fully sequent-style dependent calculus

While the aim of this paper was to design a sequent-style calculus embedding
dependent types, we only present the IT-type in sequent-style. Indeed, we wanted
to ensure ourselves in a first time that we were able of having the key ingredients
of dependent types in our language, even presented in a natural deduction spirit.
Rather than having left-rules, we presented the existential type and the equality
type with the following elimination rules:

I'Fp:32NA(z) | Ao peD I'tp:t=u|Ajo I'bgq:Bt/z]| Ao
It prfp: A(witp) | A;0 Pr I't+substpq : Blu/z] | A;0
However, it is now easy to have both rules in a sequent calculus fashion, for
instance we could rather have contexts of the shape fi(x, a).c (to be dual to proofs
(t,p)) and fi=.c (dual to refl). We could then define the following typing rules
(where we extend the dependencies list to terms, to compensate the conversion
from A[t] to A[u] in the former (subst)-rule):
c: Iz :Nyja: A(z) F A;0{(z,a)|p} c: 't A;o{tlu}
I'| j(z,a).ct A;o{-|p} I'|p=c:t=ut A;o{|p}

subst

and define prf p and substp ¢ as syntactic sugar:

prfp = po(plfi(z, a).(afe)) substpg = pa.(p|i=-(q]a)).-
For any p € NEF and any variables a, o, A(witp) is in A(wit (z,a)){(z,q0)|p}

which allows us to derive (using this in the (cut)-rule) the admissibility of the
former (prf)-rule (we let the reader check the case of the (subst)-rule):

a:A(x)Fa: A(x) _
a:Alx)Fa: Awit(z,a)) ~  T'|a: Alwitp) - a: A(witp) | A
(ala) : Iz : Nya: A(z) B A« A(witp); o{(z,a)|p}
I'kp:32NA| Ao I | j(z,a).(a|a) : I2NAF A a: A(witp); of{-|p}
(pli(z,a)(a|a)) : I'F A, a0 A(witp); of-|p}
I'E po(pli(z, a) (ala)) = A(witp) | A;0

cut

As for the reduction rules, we can define the following (call-by-value) reduc-
tions:
(Vi V)l a).c) ~ c[Vi/z][V/a] (refllfi=.c) ~ ¢
and check that they advantageously simulate the previous rules (the expansion
rules become useless):

(substrefl g|e) ~ (g|e) (subst p g|e) rgY (p|fra.(substa q|e))
(prf (Vi, Vp)le) ~ (V]e) (prfple) ~ (utp.(plia.(prf aftp))]e)
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A Proofs of Section 2

A.1 Subject reduction

We first prove the usual lemmas that guarantee the safety of terms (resp. values,
contexts) substitution.

Lemma 15 (Safe term substitution). If I'+t:N | A;e then:

1. c: (I : N, I+ A 0) = cft/z]: ([, IT'[t/x] - Alt/z];olt/x]),

2. Ne:NI"Fq:B|Ajo = I,I'[t/z]Fq[t/z] : Blt/z] | Alt/z];olt/x],
3. e :NJI"|e: BF Ao = I,I'[t/x] | elt/x] : Blt/x] - Alt/x];olt/x],
4. N N, I"Fu:N| Ajo = I't/x] b ult/z] : N | Alt/x]; ot/z].

Lemma 16 (Safe value substitution). If I'+V : A| A;e then:

1.c:Ta: AT+ A;o = ¢[V/a|: I,I"[V/a] b A[V/a];0[V/a],

2. INa: A, T"Fq:B| Ay = I,I"[V/a]Fq[V/a]: B[V/a] | AlV/al;o[t/x],
3 Ia: A I"|e: BF-A;0 = L[I'[V/a]|e[V/a]: B[V/a]l - A[V/a];co[V/d],
4. Tya: A \T'"Fu:N| Ao = IV V/alFulV/al : N| AlV/a];0[V/a)l.

Lemma 17 (Safe context substitution). If I'|e: A A;e then:
1.c:T'FAa:A A0 = clefa]: T+ A A0,
2.T+q:B|Aa:A A0 = I'bgqle/a]: B|A A0,

3. I'le:BFAa:A Ao = I'lele/a]: BE A A0.

Proof. The proofs are done by induction on typing rules. ad

We give here the full proof for subject reduction in Section 2.

Theorem 3 (Subject reduction). If ¢, ¢’ are two commands of dL such that
c:('FA)and ¢ ~ ¢, then ¢ : (I'F A).

Proof. The proof is done by induction on the typing rules, assuming that for
each typing proof, the CONV rules are always pushed down and right as much
as possible. To save some space, we sometimes omit the dependencies list when
empty, noting ¢ : I' = A instead of ¢ : I' - A; e, and we denote the CONV-rules
by:

I'le:BF Ao

I'le:AF Ao
where the hypothesis A = B is implicit.

~ Case (\aplt - ) ~ (plt/alle).
A typing proof for the command on the left is of the form:

I, JIE
m, I'tt:N|A I'|e:B[t/z]+ A {|t}
Nz:NFp:A|A I'|t-e:Va"BF A {|Azp}
I'Foxp:VaVA| A T|t-e:Va AR A {-|\z.p} N

(Az.p|t-e): I'F Aje
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We first deduce A[t/x] = BJt/x] from the hypothesis Va¥.A = V2. B. Then
using that Iz : NFp: A| Aand I'H¢:N| A, by Lemma 15 and the fact
that Aft/z] = A we get a proof I, of I' = p[t/x] : Aft/z] | A. We can thus
build the following derivation:

1.
1, I'|e: Blt/a] b A {-|plt/=]} _

I'bplt/a]: Alt/a] | A I'|e: Alt/a] - A {|pft/z]}
(plt/z]le) : I'F A

using Corollary 2 to weaken the binding to p[t/z] in I1,.

— Case (Aap|q-e) ~ (qlia-(ple)).
A typing proof for the command on the left is of the form:

1.

1, I, I'|e:B'[g/a]l- A;{|f}
Ia:AbFp:B|A TI'|q-e:HuaB' F A {|xap}
F'bXap:HuaB|A T|q-e:aaBF A {|dap}

(Ma.plg-e): T'F A

If ¢ ¢ D, we define B £ B’ which is the only type in Bf{a‘q}. Otherwise,

we define B}, £ B'[g/a] which is a type in B |- In both case, we can build
the following derivation:

Hq
IFqg:A[A 1;
I'bq:AlA — T'|japle): AF A;{|q}
@liale)) - T Are

1,
I'a: Atp:B| A 1.
I'a:Abp:B'|A TIa:A|e: Bt A;{a|lg}{|p}
wle) - Toa: Ar A {al)
1 = I'| fia-(ple) : At As{.|q}

using Corollary 2 to weaken the dependencies in I1..
— Case (ua.cle) ~ cle/al].
A typing proof for the command on the left is of the form:

11,
c:I'FAa: A 1.
I'tpac: A|lA TI'|e: AF A;{|pa.c}
(pacle) : I'e A

We get a proof that cle/a] : I' + A;e is valid by Lemma 17.
— Case (V|ja.c) ~ c[V/al.
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A typing proof for the command on the left is of the form:

11,
c:Tya: A"+ Ay {a|V}
Iy I'|jpac: A" A { |V}

'FV:A|A T jhac: AFA{ |V}
(Vlpa.c): '+ A

We first observe that we can derive the following proof:

_ v
F'FV:A|A

TFV:A|A

and get a proof for ¢[V/a] : I' = A;{V|V} by Lemma 16. We finally get a

proof for ¢[V/a] : I' - A; e by Lemma 1.
— Case ((t,p)]e) ~ (plia.((t, a)le)), with p & V.
A proof of the command on the left is of the form:

11 HP
I't:N|A TI'kp:Aft/z]| A 1I.
Tt (t,p):32VA| A Tle:32VAF A {|(t,p)}

(tp)le): ' A

We can build the following derivation:

1I.
O T'le:3a"AF A{alp}{|(t,a)}
I, ((t,a)le) : I'a: Alt/z] = A;{a|p}

I'ep:Alt/z]| A T'|fia((t,a)le) : Alt/z] - A;{:|p}
(plia-((t,a)le)) : I'F A

where I1; 4) is as expected, observing that since p ¢ D, the binding {-[(, p)}
is the same as {-|t}, and we can apply Corollary 2 to weaken dependencies
in I1..

— Case (prf (¢, V)]e) ~ (Ve).
This case is easy, observing that a derivation of the command on the left is

of the form:
11y
I, TFV:AQ®)|A
'@ V):32A(z) | A II.
T'Eprf(t,V): Awit(t, V) | A I'|e: Awit(¢,V)) F A; {1}
(prf (t, V)|e): I'F A
Since by definition we have A(wit (¢,V)) = A(t), we can derive:

11,
Iy I'le: A(wit (¢, V) = A {-|V}
FFV:A®t) | A I'le: AV)F A { |V} —

(prf (t,V)]e) : 'F A
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Proofs p ==V | pa.c| (p1,p2) I'tpi:Ai|A T'kEp2:Ax| A
Values Vi=al|dap] E‘/h‘/g) Tk (p1,p2): Ay A Ay | A "
Contexts e ==a|p-e]| pa.c| fi(ar,az).c c:T,a1:A1,a2: As - A A
Commands ¢ ::= (p|e) I'| (a1, a2)c: Ay AAs F A !
(a) Syntax (b) Typing rules
(pocle) — cle/a] ((p1,p2)|it(ar, az).c) —  c[p1/a1][p2/az]
(Aaplg-e) — {alpa-(ple)) papla) — p
(plfia.c)y — c[p/a] fia.(ale) — e

(c) Reduction rules

Fig. 7. pfi-calculus with pairs

— Case (substreflg|e) ~ (g]e).
This case is straightforward, observing that for any terms ¢, u, if we have
refl : t = u, then A[t] = Afu] for any A.

— Case (substpgq|e) ~ (p|ia.(substag]e)).
This case is exactly the same than the case ((¢,p)]e).

— Case c[t] ~ c[t'] with t — ¢'.
Obvious by observing that by definition of the relation =, we have A[t] =
A[t'] for any A.

O

A.2 Soundness

We detail here the proof of soundness in Section 2.5. The proof is based on an
embedding to the pfi-calculus extended, whose syntax and rules are given in
Figure 7. We do not consider here a particular reduction strategy, and take —
to be the contextual closure of the rules given in Figure 7.

We briefly recall the erasure procedure:

vz = — = —
A)* N* — A* * N* — N*

2N = A S —
JzNA)* N* A A* L N* — N*

I1,:4 = A — t=u = —

and the corresponding translation for terms, proofs, contexts and commands:

(ple)”

(1>

(p"le) x* Ly (Aa.p)” = Aa.p*

at A, n* £ (Az.p)* £ \z.p*

(t-e)" 2 ¢ e (witp)" 2 m(p*) | (poc)” £ pact

o 2 | @ a (prfp)" 2 ma(p")

(fa.c)* £ fia.c* refl = Az (t,p)" = po(p*|fia-((t", a)|a))
(substV'q)" £ pev.(q" )
(substpq)” = pov.(p*|fi- (ua(q" o) | o)) pgV)
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where m;(p) = pa.(p|ii(ai,az).{ai|a)). The term 7 is defined as any encoding
of the natural number n with its type N*, the encoding being irrelevant here as
longasneV.

We first show that the erasure procedure is adequate with respect to the
previous translation.

Lemma 18. The following holds for any types A and B:

1. For any terms t and u, (A[t/u])" = A*.

2. For any proofs p and q, (A[p/q])* = A*.

3. If A= B then A* = B*.

4. For any dependencies list o, if A € B,, then A* = B*.

Proof. Straightforward: 1 and 2 are direct consequences of the erasure of terms
(and thus proofs) from types. 3 follows from 1,2 and the fact that (t =u)" =
T* = 1*. 4 follows from 2. O

Proposition 4. If ¢: '+ A;o, then ¢* : I'™* = A*. The same holds for proofs
and contexts.

Proof. By induction on typing rules. The fourth item of the previous lemma
shows that the dependencies list becomes useless for the (cuT)-rule, and con-
sequently it can be dropped for all the other cases. The case of the conversion
rule is a direct consequence of the third case. For refl, we have by definition,
refl = \z.z : N* — N*,

The only non-direct cases are the cases for (¢,p) and substpg. To prove the
latter with p ¢ V', we have to show that if:

I'ktp:t=u|Ajo I'kq:B[t/z]| Ao
I'substpq: Blu/z] | A0

subst

then substp ¢* = pa.(p* |- .(ua.{g*|a)|)) : Blu/z]*. According to Lemma 18,
we have Blu/x]" = B[t/x]" = B*. By induction hypothesis, we have proofs of
I'*Fp*: N* - N* | A* and I'* - ¢* : B | A*. Using the notation 7, =
pee.(g*|a), we can derive:

I''vq": B* | A"
I'tneg:B*"| A" a:B*Fa:B*
(ng*|e) : ' A", o : B*
I't+p* :N*" - N | A" I | po.(ng=|e) : B'"H A" o : B*
Wl G la) : T°F Aya: B
T oo [ - o)) - B | A°
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The case subst V ¢ is easy since (substV ¢)* = [q¢], has type B* by induction.
Similarly the proof for the case (¢, p) corresponds to the following derivation:

It :N*|A* a:A"Fa: A"
I™a:AF (t"a)  NAA [A* a:NAAFa: NAA
(" a)|a): I'a: A"F A", a: N*A A"
I'Fp : AYA* T pa{(t*,a)|a): A*F A" a: N*AA*
(p*|a.((t*,a)|e)) : I'"F A* o : N*AA*
T°F po(p TaA(F, o)) - N A 4] A°

Every other cases follows directly from the induction hypothesis.
O

We can then deduce the normalization of dL from the normalization of the
pii-calculus [22], by showing that the translation preserves the normalization in
the sense that if ¢ does not normalize, neither does c*.

Proposition 19. If ¢ is a command such that c* normalizes, then ¢ normalizes.

Proof. We will actually prove a slighty more precise statement:

Veq, ¢, (€1 > co=In>1,(c1)" A (c2)™).

Assuming it holds, we get from any infinite reduction path (for ~») starting from
¢ another infinite reduction path (for —) from ¢*. Thus the normalization of ¢*
implies the one of c.

It remains to prove the previous statement, that is an easy induction on the
reduction rule ~-.

Case wit (t,V) — ¢
(wit (£, V)" = mi(ua(V*|fa.((t*, a)|)))
— i (pa (7, V) |a))
— (L5, VF)
= pa((t, )| Alar, az).(a1]a))
— pa (e — .

Case (ua.cle) ~ cle/al:
(pocle))* = (orcle?) m c*[e* /o] = clefa]"

Case (V|fa.c) ~ c[V/al:
(Vlfia.c))* = (V| fia.c*) — e*[V*/a] = c[V/a]".

Case (Aaplg - ¢) ~ (glia.(ple)):
((Mapla-c))* = Qap*lg* - c*)
— g | (p" )

= ((glfaa-(ple)))"
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Case (Az.p[t - e) ~ (p[t/]]e):
Az.p|t-e)” = Az.p*|t*-e*
— (] - (p* e

— (p"[t*/x]le”) = ((plt/=]]e))"

e {(t.p)]e) ~ (plaa-((t, a)le)):
(t.p)le))” = (pa.(p*|pa.((t, a)|e))]e)
— (p*|fa((t*, a)e))
= ((plaa-((t,a)le)))".

)
")

Case ((t
((

( :

(ma(po (V™| pa-((t*, a)|a)))[e”)
(ma(pe (", V*)|e))|e*)

(ma(t*, V) ]e*)

(poe((t", V)| i(ar, az).(az]a))|e”)
(&, V)|ilar, az)-(azle™))
(V*e*) = ((V]e))".

Case (substrefl g|e) ~ (q]e):
((substreflgle))” = (pa(g*|a)|e)
— (q*le*) = ({gle))”

Case (substpgle) ~
({substpgle))” =

—

—~

plia.(substagle)) (p & V):

pa(p* |- (pa (g a)a))fe)

prli- - (pa(g*|a)fe™)) 0
por-(q*|efe”) = ((substagle))”

o~~~

—

Proposition 5. If ¢: (I' F A;¢), then ¢ normalizes.

Proof. Proof by contradiction: if ¢ does not normalize, then by Proposition 19
neither does ¢*. However, by Proposition 4 we have that ¢* : I'* = A*. This is
absurd since any well-typed command of the pfi-calculus normalizes [22]. O

Using the normalization, we can finally prove the soundness of the system.

Theorem 6. For any proof p in dL, we have: ¥ p: L.

Proof. We actually start by proving by contradiction that a command ¢ € dL
cannot be well-typed with empty contexts. Indeed, let us assume that there is
such a command ¢ : (). By normalization, we can reduced it to ¢ = (p'|¢’)
in normal form and for which we have ¢’ : () by subject reduction. Since ¢
cannot reduce and is well-typed, p’ is necessarily a value and cannot be a free
variable. Thus e’ cannot be of the shape fia.c” and every other possibility is
either ill-typed or admits a reduction, which are both absurd.

We can now prove the soundness by contradiction. Assuming that there is a
proof p such that - p: L, we can form the well-typed command (p|*) : (Fx: L)
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where % is any fresh a-variable. The previous result showe that p cannot drop
the context * when reducing, since it would give raise to command ¢ : (F). We
can still reduce (p|*) to a command ¢ in normal form, and see that ¢ it has to be
of the shape (V|x) (by the same kind of reasoning, using that ¢ cannot reduce
and that ¢ : (F * : L) by subject reduction). Therefore V is a value of type L,
which is absurd. O

B Proofs of Section 3

B.1 Subject reduction

Theorem 8 (Subject reduction). If ¢, ¢’ are two commands of dLg, such that
c:(I'kA)and ¢ ~ ¢, then ¢ : (I'F A).

Proof. Actually, the proof is slightly easier than for Theorem 3, because most of
the rules do not involve dependencies. We only give some of the key cases.

~ Case (Aaplq- ) ~ (utb.{glfia.(pltp)) |e) with g € NEF.
A typing derivation for the command on the left is of the form:

Hp Hq He
INa:AtFp:B|A TI'bq:A|A TI'le:Bg/allk A
I'Xap:laaB| A I'lg-e:II.aABF A

(Aa.plg-e): I'F A
We can thus build the following derivation for the command on the right:
Hq
Tro AlA m,
(gl fia-(pltp)) : I'Fa A, tp : Blg);e 1,
I' - ptp- (gl fia-(pltp)) | A I'|e: Blg/a] - A
(utp-(alfia-(plto))le) : I' = A
1, Blg] € (Blal){alq}
Ia:Abp:Bla]|A I'|tp: Bla]Fa A,tp: Blg); {alg}{ |1}

(pltp) : I''a: A A tp : Blg];{alg}
11, = I'| pap|tp) : Ata A = Blg); {la}

— Case (prfple) ~ (utp.(p|iia.(prf altp))|e).
We prove it in the most general case, that is when this reduction occurs
under a delimited continuation. A typing derivation for the command on the
left has to be of the form:

1,
I'tp:3z.Ax) | A II.
I'koprfp: A(witp) | A I'|e: A(witp) Fq A, tp : B;o{-|prf p}
{prfple) : I'tq A, tp: Bjo
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The proof p being NEF, so is utp.(p|jia.(prf a|tp)), and by definition of the
reduction for types, we have for any type A that:

Alprf p] > Afptp.(pljia. (prf a| )],

so that we can prove that for any b:

o{blprf p} = o {b|utp.(plia.(prf altp))}.

Thus we can turn II, into II] a derivation of the same sequent except for the
dependencies lists that is changed to o{-|utp.(p|ia.(prf a|tp))}. We conclude
the proof of this case by giving the following derivation:

HP
I'kp:3Jz.A(z) | A
(plaa-(prfalp)) I Fal A, tp : A(witp);e g
I+ ptp.(plfa.(prf altp)) : A(witp) | A

with I1g, the following derivation where we removed I" and A when irrele-
vant:

a:3z.AbFa:3z.A A(witp) € (A(wita)){alp)
a: 3z Al prfa: Alwita) tp: A(wita) Fq tp : A(witp); {a|p}
(prfaltp) : Ia: Fz.A(x) Fa A, tp : A(witp); {a|p}
T | pa.{prfa|tp) : Iz.A(z) Fa A, tp : A(witp); {-|p}

Case (utp.(p[tp)[e) ~ (ple).
This case is trivial, because in a typing derivation for the command on the
left, tp is typed with an empty dependencies list, thus the type of p,e and tp
coincides.
Case (utp.cle) ~ (utp.c’|e) with ¢ ~ ¢
This case corresponds exactly to Theorem 3, except for the rule {(ua.c|e) ~
cle/a], since pa.c is a NEF proof term (remember we are inside a delimited
continuation), but this corresponds precisely to Lemma 7.

O

B.2 Soundness

Lemma 11. The following holds:

1. If 'Ft:N| A then:

TUA*F [t : VX (V2T X (z) = X (t1)).

2. IfpeneFand I'Fp: A| A then:

LU A" F [l ¥X.(Hagags X(a) = X (57)).

3. IfceNEFand c: ' A, x: B then:

DUA" % Iy g X(b) F [ X(cT).
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Proof. The proof is done by mutual induction on the typing rule of dLyg, for
terms and NEF proof terms. We only give here a few cases to give an insight of
the proof.

— Case witp.
In dLg, the typing rule for witp is the following:
I'rp:3aNA(x) | A peD
'Fwitp:N| A

wit
We set IV = I'U A*. We want to show that:
I F Me[p], Mak(wita)) : VX (V2T X (2) — X (t1))
where tT £ wit p™. But by induction hypothesis, we have:
I F [l V20T, 5yre g Z(0) = Z(07)),

hence it amounts to showing that for any X we can build the following
derivation, where I, = I,k : VxT+X(x):

I'i,a: 3T [A]T Fa: 3T [A]*
Fkl—k:Va:T+X(a:) Fk,a:ﬂgvT+[[A]]+I—Wita:T+
I'y,a: 37" [A]T F k (wita) : X (wita)

Iy = Aak(wita) : I o r+ HA]]JrX(Wit a)

— Case (t,p).
In dLg, the typing rule for (¢,p) is the following:
I't:N|A TI'kp:A@)|A
Tt (t,p):32NA(z) | A

i
Hence by induction we obtain, using the same notation IV for I" U A™:

I [t] VX (V2T X (z) = X (t1))
I = [plp : VY (a4 Y (@) = Y (p))

and we want to show that for any Z:
It p)p : I, 50+ 4 Z(a) — Z(tt,ph).
By definition, we have:

[t p)]p = Ak ([E]: (Nurr (Ag-k (u, 0))))[plp,

so we need to prove that:

T = ([t (Zurr (Ag-k (u, @) [plp - 2T, p™)

37



where I, = I,k : II o r+ 4Z(a). We let the reader check that such a type is
derivable by using X (z) £ P(z) — Z(z,a) in the type of [t], where P(tT) is
the type of [p],, and using Y (a) £ Z(t*,a) in the type of [p],. The crucial
point is to see that the bounded variable r is abstracted with type P(x)
in the derivation, which would not have been possible in the definition of
[(t,p)]p with p ¢ NEF.
— Case u*.c

For this case, we could actually conclude directly using the induction hy-
pothesis for c¢. Rather than that, we do the full proof for the particular case
px.(p|ia.{q|*)), which condensates the proofs for y*c and the two possible
cases (pnlen) and (pn|*) of NEF commands. This case corresponds to the
following typing derivation in dLg,:

1,
I''a:Arq:B|A - |x:BFAx:B
I, (gl*): Na: A-Ax: B
I'kp:A|lA I'| paq|*): A- Ax: B

(plpa(gl*)) : I'| A, x: B
't px(pliia.(gl*) | A) : B

We want to show that for any X we can derive:
I'" = Mk plp (Na.[qlp k) : s X (b) — X (¢F[pT/al).
By induction, we have:

I'" b [plp: VY.(II.2+Y (a) = Y(pT))
I a: A"+ [q]s : VZ.(Iy.5+ Z(b) — Z(qT)),

so that by choosing Z(b) £ X (b) and Y (a) £ X(qT), we get the expected
derivation:

Ia:A"Fqlp:... k:MupX(d)Fk:k:IpX(b)
I k: g X(b),a: AT [qlpk: X(¢h)
Ik DysX(0) F Aa[alpk : 1,as X(q7)
[plp:--- I k:IX(d)F Xaqlpk: M, 4+ X(q)
Ik : Dyp X (b) - [plp (Aa-[glp k) : X (" [p" /al)

C Proof of the embedding into Lepigre’s system

We prove here the adequacy of our typing rules (through the embedding) with
respect to Lepigre’s realizability model. As explained in Section 5, we first need
to extend Lepigre’s system to be able to type stacks. In fact, the proof of ade-
quacy [18, Theorem 6] suggests a way to do so, since any typing rule for typing
stacks is valid as long as it is adequate with the realizability model.
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. «a
I'te:l%t Noa:AYFa: AL

Fo: A" +Ht: A Fbt:A Iba: A% |
I'Fpat: A I'Htxm: B
1”_7"5(/4[3175:75})JL l I't:A I'kn:B% =,
I'kx: (VeA)t I't-n: (A= B)*
I'tt:A=B I'br:BY Lot
Fl—[t}ﬂ:AlL

Fig. 8. Extension of Lepigre’s typing rules for stacks

We denote by AL the type A when typing a stack, in the same fashion we
use to go from a type A in a left rule of two-sided sequent to the type A in
a one-sided sequent (see the remark at the end of Section 2.3). We also add a
distinguished bottom stack e to the syntax, which is given the most general type
1. We change the rules () and (u) of the original type system in [18] and add
rules for stacks, whose definitions are guided by the proof of the adequacy [18,
Theorem 6] in particular by the (=.)-case.

We shall now show that these rules are adequate with respect with the real-
izability model defined in [18, Section 2].

Proposition 20 (Adequacy). Let I' be a (valid) context, A be a formula with
FV(A) Cdom(I") and o be a substitution realizing I'.

— If I'Ggi v A then vo € [A],,
— if I'F 7 AL then no € [A]Z,
—if I'=t: A then to € [A]:+.

Proof. The proof is done by induction on the typing rules, we only need to do
the proof for the rules we define above (all the other cases correspond to the
proof of [18, Theorem 6]).

(e) By definition, we have [ L], = [VX.X], = 0, thus for any stack m, we have
7 € [L]} = II. In particular, e € [L]+.

(o) By hypothesis, o realizes I',a : A from which we obtain aoc = o(a) €
[A]5-

(*) We need to show that to * mo € [B]+, so we take p € [B]+ and show that
(to x o) * p € 1. By anti-reduction, it is enough to show that (to x 7o) € L.
This is true by induction hypothesis, since to € [A]Z+ and 7o € [A]L.

(1) The proof is the very same as in [18, Theorem 6].
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(V1) By induction hypothesis, we have that 7o € [A[z := t]]£. We need to show
that [A[z := t]]+ C [VoA]%, which follows from the fact [VzA], C [A[z := #]],.

(=) If t is a value v, by induction hypothesis, we have that vo € [A], and
7o € [B]% and we need to show that vo - 7o € [A = B]%. The proof is
already done in the case (=) (see [18, Theorem 6]). Otherwise, by induction
hypothesis, we have that to € [A]+* and mo € [B]} and we need to show
that to - 7o € [A = B]+. So we consider \z.u € [A = B],, and show that
Ar.u x to - mo € 1. We can take a reduction step, and prove instead that
to * [Az.ulre € 1L. This amounts to showing that [Az.u]r € [A]L, which is
already proven in the case (=).

(tet) We need to show that v € [A],, v * [to]mo € L. Taking a steap of
reduction, it is enough to have to x v - mo € L. This is true since by induction
hypothesis, we have to € [A = B]:+ and 7o € [B]}, thus v- 7o € [A = B]+.

O

It only remains to show that the translation we defined in Figure 6 preserve
typing to conclude the proof of Proposition 14.

Lemma 21. If 't p: A| A (in dLg), then I' U A &= [p], : A* (in Lepigre’s
extended system). The same holds for contexts, and if c: I' = A then ' U A
[e]e: L.

Proof. The proof is an induction over the typing rules. Note that the translation
of a delimited continuation somehow decompiles it to simulate the reduction in
a natural deduction fashion of the applications of functions to stacks (that could
have generated the same delimited continuations in dLﬁJ), while maintaining the
frozen context (at toplevel) outside of the active command (just like a delimited
continuation would do). This trick allows us to avoid the problem of dependencies
conflict in the typing derivation. For instance, we have:

[(wtp- (g1l ar (gl fzaz-(pltp))) le)] e
= po(po-([an]p * [Mar-[(g2] iaz-(plp))Jpler) * @) = [e]e
= po([audp * Mar-[{g2l iaz-(pltp)) ] lev) * [e] e
= lailp * Par [{a2l iaz- (p]t)) ] [e]e
=" lazllp * [Aaz-[plplla2lp/ar]lle]e
= [plpllar]p/ar]llgzlp/az] + [€]e
< (Aaraz.[plp) * [a1llp - [g2]p - [e]e = [{(Aa1Aaz.plar - g2 - €)]c

*

where we observe that [e]. is always kept outside of the computations, and
where each command (g; | fia;.c, tp.) is decompiled into (pa.[g:]p*[Aai.[cg]q) ) *
[e]e, simulating the (natural deduction style) reduction of Aa;.[cglg * [4il, -
[e]e. These terms correspond somehow to the translations of former commands
typable without types dependencies.

O
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As a corollary we get a proof of the adequacy of dLg, typing rules with respect
to Lepigre’s realizability model.

Proposition 14. If ' - p : A | A and o is a substitution realizing (I"U A)",
then [p],o € [A*]L .

This immediately implies the soundness of dLyg,, since a closed proof p of
type L would be translated in a realizer of T — L, so that [p], Az.z would be a
realizer of L, which is impossible. Furthermore, the translation clearly preserves
the normalization (that is that for any ¢, if ¢ does not normalize then neither
does [c].), and thus the adequacy has for consequence the normalization of dLg,.

Theorem 13. For any proof p in dLg, we have: ¥ p: L.
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