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Philippe Chartier * Nicolas Crouseilles Mohammed Lemou *
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Abstract

In this paper, we develop a new strategy aimed at obtaining high-order asymptotic
models for transport equations with highly-oscillatory solutions. The technique relies
upon averaging theory for ordinary differential equations, in particular normal form
expansions in the vanishing parameter. Noteworthy, the result we state here also allows
for the complete recovery of the exact solution from the asymptotic model. This is
done by solving a companion transport equation that stems naturally from the change
of variables underlying high-order averaging. Eventually, we apply our technique to
the Vlasov equation with external electric and magnetic fields. Both constant and non-
constant magnetic fields are envisaged, and asymptotic models already documented
in the literature and re-derived using our methodology. In addition, it is shown how
to obtain new high-order asymptotic models.

1 Introduction

In a large variety of situations, one is confronted to the resolution of a family of transport
equations of the form

8tf(t7 y) + Fa(y) ’ Vyf<t7y) = 07 f<07y) = fO(y) € R? te Ra Yy e Rn? (11)

indexed by a small positive parameter €, whose occurrence in real-life models often lies at
the core of numerous theoretical and numerical difficulties encountered in obtaining a(-n)
(approximate-) solution. The nature of the difficulties triggered by the presence of € may
vary according to the form of the vector field y — F¢(y) € R™. In this article, we shall
address the specific situation where it can be split into two parts

1
Fo(y) = —w(y) Gly) + K(y) (1.2)
where the flow (¢,40) — ®¢(yo) associated with the differential equation

y(t) = Gy(1)),  ¥(0) = yo, (1.3)
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is assumed to be periodic, regardless of the specific trajectory (i.e. independently of
the initial condition yo at time ¢ = 0) and where y — w(y) is a scalar function bounded
from below by a positive constant. Owing to the 1/e-term in front of the vector field G,
the solution of the transport equation evolves in a highly-oscillatory regime as soon as
€ becomes small, which is specifically the regime under investigation here. Given their
relevance in this context, we shall pay special attention to geometric aspects, such as
volume- or energy-preservation, and for this reason, we will also discuss into more details
the case where both G and K are divergence-free and/or Hamiltonian. Examples of
highly-oscillatory equations of the form (1.1) are numerous [2, 3, 4, 5, 18, 19, 20, 21]. It is
obviously out of the scope of this introductory paper to treat all of them: we will rather
concentrate on the following model that will constitute hereafter our target application,
namely the Vlasov equation with strong magnetic field:

Of(t,x,v)+v-Vyf(t,z,v)+ (E(ac) + év X B(:B)) -V f(t,z,0) =0 (1.4)

where z € R3 and v € R? denote respectively the position and the velocity of a particle,
where f: RxR? xR? — R is the distribution function, i.e. the density of particles at time
t, position = and velocity v, and where E : R3 — R3 and B : R3 — R3 are respectively
the electric and magnetic fields, assumed to be ezternal at this stage (i.e. not coupled
with f through Maxwell equations for instance). Our first objective is this paper is to
derive asymptotic models for equation (1.1) with F* satisfying (1.2) and w = 1. Rather
then merely obtain the limit equation where € tends to zero, we strive after higher-order
terms in powers of e. The methodology we propose relies on the theory of averaging for
highly-oscillatory ordinary differential equations [27, 28], and more precisely on normal
forms obtained as e-expansions. Such series have been derived with B-series in [7, 8, 10]
or somehow more simply in [24, 25, 26] with word-series. The underlying results we shall
lean onto will be presented in Section 3. Prior to that, we shall show in Section 2 how
the splitting of the vector field F¢ into two commuting vector fields naturally leads to two
independent transport equations. The first result of this paper (for constant w) will be
stated in Section 4. In Section 5, we will address the much more involved situation of a
varying frequency (w non-constant in (1.2)), which requires to work in an augmented space.
In particular, the main result of this paper will be stated there. It allows to rewrite the
original transport equation (1.1) as a set of four non-stiff equations for a phase-function (5)
and a profile-function (k). The two equations for the profile function are the counterpart of
the averaged equation obtained elsewhere in the literature. However, solving the equation
for the phase-function S allows to recover exactly the complete solution of (1.1). This part
is up to our knowledge completely new. Since we use series-expansions, it is possible to
write down explicitly and in a systematic way the terms appearing in the four equations for
S and h. In Section 6, we shall eventually envisage our target application (1.4) and show
how to obtain the terms of these developments. Firstly, in Section 6.1, we will consider the
case of a constant magnetic field B(x) = B in two dimensions (1.4), as it appears to be a
simple application of the results of Section 4. Secondly, in Section 6.2, we will address the
more complicated situation of a varying magnetic field (B non-constant in (1.4)), which
requires a preliminary treatment of the transport equation, as exposed in Section 5. At
last, we shall treat equation (1.4) in full generality, i.e. in three dimensions and with a



non-constant magnetic field, and compare the equations we obtain with our methodology
to results previously published in the literature.

2 Decomposition of a transport equation
Let us consider the Liouville equation
O f(t,y) + F(y)-Vyf(t,y) =0,
associated to a split vector field of the form
F=F + F,

and let us make the fundamental assumption that the Lie bracket of F; and F5 vanishes,
that is to say that

Yy e R",  [F1, Fyl(y) = (9, F1)(y) Fa(y) — (OyF2)(y) Fi(y) = 0.

2.1 A few elementary relations from differential geometry

This commutation of vector fields further manifests itself as the commutation of the two
flows' associated with F; and Fy. More precisely, denoting respectively by ¢;, ®;, and
W,, the t-flows corresponding to respectively F', Fy and Fb, as defined by the differential
equations

d d

2Pt W) =Fopy), - ®uly) =Fro®(y) and %\I’t(y) = Fr0oWy(y), (2.1)

then the following relations hold true
V(s,t) €R?, P;oV, =T, 0®; and ;= d0W; =T;0d;, (2.2)
In other words and equivalently, the pullback of F; through ®; and V; is F} itself, i.e.
VteR,Vy € R", 9,®:(y) Fi(y) = F1o®(y) and 9,W(y) Fi(y) = F1oWe(y), (2.3)
and the pullback of F, through ®; and ¥, is F; itself, i.e.
Vte R,Vy € R", 0,®(y) Fo(y) = Fo 0o ®(y) and 0,V(y) Fo(y) = Foo Wy (y). (2.4)

These relations can be found in most textbooks on dynamical systems or easily re-derived.

!These flows are assumed to be defined for all ¢ € R and all y € R™ without further notice.



2.2 Characteristics and separation of variables

The method of characteristics immediately gives for any smooth solution of (1.1)

V(t,y) € R x R, %f(tv‘»@t(y)) = f(y),

and given the initial condition at time ¢ = 0, the solution of (1.1) may be written as

V(t,y) e R xR f(t,y) = fole-t(y))- (2.5)

Now, owing to relations (2.2), a somehow natural step forward consists in separating the
two times in ® and ¥ and defining the new function f with additional variable 7

\V/(t,T, y) ERXRX Rn, f(tha y) = fO((“Df‘r o \Ilft(y)) (26)
We are now in position to state a few elementary results:

Lemma 2.1 The solution (t,y) — f(t,y) of equation (1.1) may be obtained as the value
on the diagonal T =t of any solution f (it is not unique) of the equation

Ouf(t,m,y) + 0 f(t,my) + F(y) - Vy f(t,t,y) =0, £(0,0,9) = foly), (2.7)

i.€.
V(t,y) eR xR, f(t,y) = f(t,79)|,_,-

Proof. Let f be any solution of (2.7). It is straightforward to see that, for any given
fixed value y € R™, one has

(atf)(tv t7 y) + (8Tf)(t7 t7 y) = at(f(tv t’ y))

so that f(t,t,y) satisfies equation (1.1) with the same initial condition as f(t,y). The
result follows by uniqueness of the solution of (1.1). [ |

This result is of little interest per se. More interesting is the following lemma, which shows
that, as far as the specific solution f of (2.7) is concerned, it satisfies two independent
equations.

Lemma 2.2 The function f defined by (2.6) satisfies the following two transport equa-
tions:

V(t, 7, y) ERx R xR, 0-f(t,7,y) + Fi(y) - Vyf(t,7,y) =0, (2.8)
and
V(t,T,y) € R x R x R", 8tf(t, 7,y) + Fa(y) - Vyf(t, 7,y) =0, (2.9)

with initial condition £(0,0,y) = fo(y). The solution of (2.8,2.9) with this initial condition
1S unique.



Proof. We have on the one hand
an(t7 T, y) = any od®_;o ‘1’4(?/) 0;®_; o \I’ft(y)
= —Oyfoo®_roV_4(y) FroP_;oW_4(y)

= —(Oyfo F1)o@_roV_4(y)

where we have used the second relation of (2.1) with 7 replaced by —7 and y by ¥_,(y),
and on the other hand
0,f(t,7,y) Fi(y) = Oyfo0 ®roW_y(y) 9y®—roW_y(y) dV_i(y) Fi(y)
= Oyfoo®roV (y) yP oW 4(y) FroW 4(y)
= Oyfoo® oWV _4(y) Fio®_roV_4(y),
= (OyfoFr)o® - oW _4(y)
where we have used the second relation of (2.3). Adding up the two terms, we get equation

(2.8). Now, repeating similar arguments, using the third relation of (2.1) with ¢ replaced
by —t and the first relation of (2.4), we get

Wf(t,my) = Oyfoo® ;0T 4(y) 0yP_r oV _4(y) HT_4(y)
= —Oyfoo oW _(y) OyP_roV_(y) FroV_4(y)
= —(Oyfo F2)o® oW 4(y)

and on the other hand, using the second relation of (2.4)

Oy f(t,7y) Faly) = Oyfoo®_roV_4(y) 8,®_r 0V _4(y) ,V_4(y) Fa(y)

)
)

= Oyfoo® oW (y) 9P -0V y(y) Fao W 4(y)
= OyfooProW_(y) FroP_roWy(y)
= (Oyfo F2) o @7 0 W_4(y),
and again, upon adding up these two terms, we obtain equation (2.9). [ |

It is worth emphasizing that, as stated in previous lemma, the initial condition

f(o’o’y) = fO(y)

is enough to determine a unique solution: in order to get f at (t,7), the two equations
(2.8) and (2.9) have to be solved successively. Nevertheless, the order in which they are
solved does not play any role.

3 Averaging of ordinary differential equations in a nutshell

Since our approach for averaging the transport equation (1.1) consists in averaging first the
characteristics and then rewrite the corresponding Liouville equations, we hereafter recall
the main results upon which we shall lean. In this expository paper, we content ourselves
with formal expansions, thus neglecting at this stage the occurence of error terms. This
is justified by the fact that these errors actually become exponentially small in terms of
e (they are bounded by Ce~¢/¢ for some positive constant C'). A completely rigorous
treatment of this part can be found for in [8] and the consequences in our situation will



be analysed in a forthcoming paper [11], together with the numerical counterpart of the
technique presented here.

3.1 A normal form theorem

Consider the highly-oscillatory differential equation

. 1

y=F(y):=_Gy) + K(y) (3.1)
i.e. equation (1.2) with w = 1, where both vector fields G and K are assumed to be
smooth?. As already alluded to in the Introduction section, the fundamental assumption
(H) required to go any further is that:

(H) G generates a periodic flow, regardless of the specific trajectory (i.e. with a period
which remains independent of the initial value). By convention, we will suppose here that
this period is 2.

Now, in accordance with previous notations, let us write ¢7 the ¢-flow of the differential

equation
d
(W) = (F= o vi)(y)

and @, and ¥; the 7- and t-flows of the two differential equations

o) = (@ok))  and () = (Ko W)

Since the Lie-bracket of G and K has here no reason to vanish, the two flows ®, and ¥,
do not commute and we can not reproduce right away the analysis conducted in previous
section. It is precisely the aim of averaging to rewrite I as the sum of two commuting
fields®. As already emphasized, this is in general possible only up to small error terms, so
that the theorem stated below is to be understood in a formal sense.

Theorem 3.1 Suppose that the vector fields F€ can be split according to equation (3.1)
and that G satisfies assumption (H). Then there exist two vector fields G* and K¢ such
that

(i) the Lie-bracket of G and K¢ vanish, i.e. (G, K¢](y) =0 for all y € R™;

(ii) the vector field G° generates a flow ®F which is 2w-periodic, regardless of the specific
trajectory, i.e.

v(tu y) € R x Rnu §+2ﬂ'(y) - @%(y)

2Either of class C* or analytic. The precise smoothness assumption determines the type of error bounds,
either polynomial or exponential in ¢ and is thus not essential here (see [11]).

3 At least, this is one way to envisage averaging for ordinary differential equations and this is the point
of view adopted both in [10] and in the recent series of papers by Murua and Sanz-Serna [24, 25, 26].




Remark 3.2 As a consequence of the first point of Theorem 3.1, we have
Vt, o = Py 0¥y = Vi By,
where W5 denotes the t-flow associated with vector field K*.

This result brings us back to Section 2 and indeed allows to split equation (1.1) into
two equations of the form (2.8, 2.9); details will be given in Section 4. We conclude
this subsection with a few additional statements related to the conservation of geometric
properties by stroboscopic averaging.

Theorem 3.3 Suppose that the vector fields F€ can be split according to equation (3.1)
and that G satisfies assumption (H). Then the two vector fields G° and K¢ of Theorem
3.1 have the following properties:

(i) if both G and K are divergence-free vector fields, then so are G* and K¢;
(ii) if both G and K are Hamiltonian vector fields, then so are G* and K¢;
(iii) if A® is an invariant of the flow ¢5, i.e. if

vt y), A(pi(y) = A(y)

then it is also an invariant of both ®; and Vi where Vi is the t-flow of K¢, i.e.
v(t,y), AN(PF(y) = A°(Vi(y) = A°(y).

Remark 3.4 The properties of Theorem 3.3 are intimately linked to the choice of strobo-
scopic averaging (see [10, 1/]), which is the only averaging procedure preserving geometric
properties of the initial vector field F*©.

3.2 Expansions in powers of ¢ of the vector fields G* and K*

Since we wish in particular to identify the asymptotic behaviour of (1.1) in the limit when
€ tends to zero as well as higher-order terms in ¢, it is essential to consider e-expansions
of the various functions appearing in Theorem 3.1. Since this was precisely the point of
view adopted in [10, 14], where B-series were used to this aim, we shall again quote the
following result*:

Theorem 3.5 Consider the Fourier series of

1
Ko () = (a(.;f/ <y>> (K o®,)(y) = 3 ¥ Rily). (3.2)

kEZ

The averaged vector field K¢ admits the following formal e-expansion

too too -1

_ S - ~ A ~ ~

Ke=Y 'K =%" — > B [ Ky Ky Ky, K] (3.3)
r=1 r=1 (’il,...,ir)EZT

“Note that an alternative proof, somewhat simpler, of this result may also be found in [24] and [25].



where the coefficients 3 are universal (problem-independent). Similarly, the vector field
G*® admits the following formal e-expansion

G* = ¢e(F°—K°). (3.4)
Remark 3.6 The fact that geometric properties of G5 and K¢ are inherited from F¢ may
also be seen as a direct consequence of the form of previous expansions, which are linear
combinations of embedded Lie-brackets of the Ki’s. As a matter of fact, the process of
changing the variables in K, and forming Lie-brackets of the K},’s commute. For instance,
if both G and K are Hamiltonian, then K. is of the form

K. (y)=J'VyH:(y) = _ e Hy(y)
keZ

and all Fourier coefficients Ky(y) = J_lvyf]k(y) are also Hamiltonian. Since
(k1) €27, [Ky Ki] = J 'V, {Hy, Hi}

where {-,-} denotes the Poisson bracket operation, it is then immediate to see that both
G® and K¢ are Hamiltonian with Hamiltonians given by formulas (3.3) and (3.4) where
Lie brackets are replaced by Poisson brackets and the K’ by the Hy’s. Similarly, if
div(G) = div(K) = 0, then div(Ky) = 0 for all k € Z and a standard computation shows
that

V(k,1) € 22, div ([f(k,f(l]) —0

so that again both G* and K¢ are divergence-free.

In order to be able to derive the expansions of G* and K¢, it still remains to give the value
of the coefficients 8 appearing in formula (3.3). This is the purpose of next proposition.

Proposition 3.7 The coefficients B can be computed recursively from the following for-
mulas, which hold for all values of j € Z*, r,s € N* and (I1,...,ls) € Z°:

Bo =1, Bj =0 i
B =0 B = B,
Bityts = 3 (Brte = Bijtiyigt) s Borjiyts = i (Bor=1j13-15 — Bor (41111, -



For the sake of illustration and later use, we now give the first terms of K¢ = K1 + K5+
e?K3 + O(e%), as stated in [7]:

KD]ZKO?
2 N~ (kR v ke R
K Z L ([Kka—k‘] + [K()ka K—k]) )
k>0
3 =S~ L (1R ol Rl 1, Bl Bl — SR o, ol Bl + 1o, B
K = Zﬁ (K&, Ko, Ko] + [[K—, K], Ki] — 5 [[K-2x, Ki], Kx] + [[Ko, K], K]
k0
1 NN 1.~ A 4
_ Ko, K|, K. K, ) K
> l(m+l)[[ 0. Kl Kl + ) i ks Kil, K]
0£mA—1£0 k<]
1
- > oy Bk, K], K]
m
0>k<m,m+k#0
1 A .
- — K1, K, K. .
Z m(m—i—l)[[ m—lI» 1]7 m] (3 5)

0#£m#+IA0,m>—m—I<l

Remark 3.8 The following expressions of the first three terms of the averaged equation
have also been derived in various places and do not use Fourier coefficients:

1 2 2 pT
KW(y) = K (y)dr, Ky / (y)]dsdr,

Ky) = L / yi / 8 W), Kr(9)drdsdr

247r 2ﬂ/ T/ T (y), K7 (y)lldrdsdr.

Further terms can be formally obtained by using a non-linear Magnus expansion [1]. FEach
of these is a linear combination of iterated integrals of iterated brackets of K.

4 Averaging for highly-oscillatory kinetic equations

Compiling the arguments of the two previous sections, it is now straightforward to obtain
the following corollary, which establishes in particular the formal existence of an averaged
transport equation for problems of the form (1.1, 1.2).

Corollary 4.1 Let F* = %GE + K¢ be the normal form splitting of a highly-oscillating
vector field F¢ = %G + K satisfying (H). The solution of the transport equation

may be obtained as the diagonal value (i.e. for the value T = t/e) of the two-scale function
f(t,7,y), 2m-periodic in T, satisfying the following set of two equations

(i) V1Y), O-f(tTy) + G (y) - Vyf(t,my) =0,

(i) V(t,7y), Of(t,my)+ K (y) Vyf(t,7,y) =0



Equation (ii) is the so-called averaged kinetic equation. Moreover, the e-expansions of G°
and K¢ are given by formulas (3.3, 3.4) of Theorem 3.5. If in addition G and K are both
divergence-free, then so are G* and K¢, and similarly, if G and K are both Hamiltonian,
then so are G* and K¢, with Hamiltonians that can be obtained again from formulas (3.3,
3.4) by replacing Lie brackets by Poisson brackets.

Proof. The statements follow immediately by taking F} = %GE and Fy = K¢ in Lemma
2.2. [ |

As a first illustration of this corollary, we consider the very simplified case of a set of par-
ticles evolving in a constant electric field (independent of time and phase-space variables)
and submitted to a constant magnetic field. The corresponding equation

atf+v-V$f+<iJv+E>-va:0, (4.1)

-where f depends on time ¢ € R, position x € R? and velocity v € R?- is obviously of the
form (1.1) with y = (21, 22, v1,v2)T € R*. Here, J denotes here the 2 x 2-matrix

0 1
-1 0 )
Due to the extreme simplicity of the vector field F°, the solution f (t,z,v) can be written
explicitly as f(t,7,z,v) for 7 = t/e and
ft,mm,0) = fo(z—eJ(e™ —Iv—e*(e™E— E)+etJE,e™v—eJ(e™ —I)E). (4.2)
In order to apply the result of this section, we write

v

Fa(y):<iJU+E>:iG+K with G(y):<fv) and K(;,):(%).

The corresponding flow @, (associated with G) simply reads

P, (y) = < ef]v )

and
eTJU IT —iT
K0 = (S ) =R + e TR AG)
with
A 1 v —1Jv A 1 v+ iJu
Ky =5 < E+iJE ) and - K1(y) =3 ( E—iJE >

where we have used the relation e/ = (cos )1 + (sin6).J and have written cos 6 = (e +

e and sin @ = %(ew — e ). Formula (3.3) then gives

KW = Ky=o,
KP = iRy, K] = 23 ((0,K)K ) = ( o )

10



and all other KU for » > 3 vanish as can be checked by easy calculations. Equation (1)
of Corollary 4.1 for f(¢t,,z,v) thus has the following form

O-f + (ev —€JE) -Vof + (Ju+€E)-Vof =0
while equation (%) is simply
Of +eJE-V,f =0.
By direct differentiation of formula (4.2) w.r.t. ¢ and then 7, it can be seen that f satisfies
both equations (i) and (i), as expected.

5 High-oscillations with varying frequency

In this section, we again consider the transport equation

of(t,y) + F(y) Vyf(t,y) =0 (5.1)
where the vector field F¢ is now of the form
1
Fe(y) = EW(y)G(y) + K(y) (5.2)

with G still generating a 2w-periodic flow @, independently of the initial condition. In
this form, Theorem 4.1 does not directly apply, owing to the non-existence of a common
frequency for all trajectories (if w varies). In order to rewrite (5.1) in a more amenable
form, we thus divide it by w

1 1o _
@8tf(t7y)+@F (y) - Vyf(t,y) =0. (5.3)

Upon denoting Y = (¢, y), previous equation may then be rewritten as
Dp[fI(Y) =0 (5.4)

where D [f] is the Lie derivative of f in the direction of the augmented vector field

) 1

o) 1 0 w(y)
< =orl) ) =< (etn ) ( s ) )
év(y)+K(

((Y), (5.5)

~

where G still generates a 2m-periodic flow. Denoting S the s-flow associated with the
vector field F©, we may write from (5.4)

L 16a1) = Dpef)(@s(1)) = 0 (5.6)
so that

Vs €R, fo@®,(t,y) = f(ty).

11



5.1 Immersion as the stationary solution of an extended equation

The extended function g(s,Y) = f(¢5(Y)) can be regarded as the (stationary) solution of
the transport equation

0sg(s,Y) + F5(Y) - Vyg(s,Y) =0, ¢(0,Y) = f(Y) = f(t,y)-
Proceeding as in Section 2, we then get two equations for
G(s,7,Y) = g(0,9° o U= (Y))
of the form

(5,7,Y) =0 (5.7)

(i) 0sg(s,7,Y) + K°(Y) - Vy
5, (5,7,Y) =0 (5.8)

(ZZ) Tg(sa T, Y) + GE(Y) ' VY
which in principle can be solved one after another in any order. Note the usual relation

g(s,s/e,Y) = g(s,Y) = f(Y). However, there is here no initial condition at s = 7 = 0,
since §(0,0,Y) = ¢(0,Y) = f(t,y), i.e. precisely the unknown of the original problem.

g
g

5.2 Eliminating the extra-variable s

Our objective in this subsection is to transform the two equations (5.7,5.8) into new
equations which do not involve the variable s and are provided with a proper initial
condition. We will then show how to recover the original solution f(¢,y) using only these
new equations. To this aim, we thus introduce a phase-function (¢, 7,y) — S(t,7,y) in the
spirit of [22], which will be defined later on as the solution of a transport equation, and a
profile-function (¢, 7,y) — h(t,,y) defined by

h(t7 T? y) = g(s<t7 T7 y>7T7 t? y)7 (5.9)
which will satisfy a companion transport equation. The following relations

Oth = (0:9(S,7,t,y)) 0:S + 0:g(S, 7,t,y),
Oyh = (0:9(S,7,t,y)) 0yS + 0y9(S, 7, t,y),
aTh = (88§(S(t77—7y)77—7t7y)) 8TS+BT§(S7T7t7y)7

where we have omitted the obvious arguments of functions A and S, may be straightfor-
wardly obtained. Together with equations (5.7) and (5.8), they lead immediately to

Ki(y)d:h(t, 7,y) + K5(y) - Vyh(t, 7,y)
= (63§(S, T, tv y)) (Kf(y)ats(ta T, y) + f(%(y)ayS(t, T, y) - 1) )

and

O-h(t,7,y) + G (y)Oh(t, 7,y) + +G3 5(y) - Vyh(t, 7, y)
= (0:g(S(t,7,9), 7, t,9) (G5 ()3 S(t, 7,y) + G5()8,S(t, 7, y) + 8:5(t, 7,y)) ,
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where the index 1 in K§ and G5 refers to the first component of K¢ and G¢, while the
index 2 in f(§ and G*g refers to all remaining components of K¢ and G¢. Now, in order to
eliminate the dependence on s from the previous two equations, one has to choose S and
h such that

K%(y)&gS(t, T, g/) + Kg(y) ’ vyS(t’yTv y) =1, (5‘10)
8TS(t7 T, y) + Gi (y)ats(ta T, y) + G%(y) : VyS(tv 7, y) = 07
and 5
i ()ah(t.7.) + K5(0) - Vyh(t,7,y) =0, s
Orh(t, 7,y) + Gi(Y)deh(t, 7,y) + G5(y) - Vyh(t, 7,y) = 0,
with initial conditions
S(0,0,y) =0, h(oaoay) = fO(y) (512)

From these functions S and h, one can recover the distribution function f(¢,y) as follows.
For any given (¢,y) we define 7(t,y) as a solution of

S(t,7(t,y),y)

T(tvy) = -

Then we have

h(t,7(t,y),y) §<S(t,7(t7y)7y),

S(t,7(t,y),y) ; y)
8 ) b )

g(St,7(t,y),y),t,y)
f(ty).

Theorem 5.1 Consider the functions S and h given by the following two separate Cauchy
problems

Ki(y)aeS(t,m,y) + K5(y) - VyS(t,,y) = 1, (5.13)
Ki)orS(t,7y) + (Ki(W)C5w) - Gi WK (v)) - VyS(t71) = ~C5(y), (5.14)
5(0,0,y) =0, (5.15)

and
Ki(y)deh(t, m.y) + K5(y) - Vyh(t, 7,.y) = 0, (5.16)
K)ot my) + (Ki)Gly) - Ciw)K3W)) - Vyhit,ry) =0, (5.17)
h(0,0,y) = fo(y)- (5.18)
Then the exact solution f(t,y) of equation (5.1) with (5.2) can be recovered from h through

the formula
f(ty) =ht. 7, y),v),
where (t,y) — 7(t,y) € R is implicitly defined (locally) from S by the relation

er(t,y) = St 7(t, ), v).

13



Proof. Assuming that K does not vanish, equations (5.13, 5.14) and (5.16, 5.17) are
straightforwardly derived from (5.10) and (5.11). |

Remark 5.2 Several remarks are in order:

e The result in previous theorem is at this stage only formal. It will be the subject of
a forthcoming paper to prove error estimates for the defects in (5.10) and (5.11).

e [t can be easily seen from the two second equations of (5.10) and (5.11) that both S
and h are periodic in 7. This indeed follows from Theorem 3.1 and the method of
characteristics.

o The two equations (5.13, 5.14) and (5.16, 5.17) can be solved in arbitrary order. As
a matter of fact, recalling that the fields K°(Y) and G*(Y), used in the averaged
models (5.7) and (5.8), have a vanishing Lie-bracket, the following relations hold
true:

0yKi(y) G5(y)—0,Gi(y) K3(y) =0, 9,K5(y) G5(y)—0,G5(y) K5(y) = 0. (5.19)

The commutation of the flows of (5.16) and (5.17) now follows provided that

KE . . R’z—: . . Ks KE
Ay <2> <G§— iﬁ) — 9, (G;-Gi V2> 22 =,
Kt Kt Ky/) Kt

which an easy consequence of relations (5.19) and of the following equation, which
holds for any scalar function o, any vector field F and any vector u € R™:

Ay ((y)F(y)) u = (Vyaly) - w)F(y) + ay)(9yF(y)) u.

5.3 An illustrative elementary example

Our aim here is to illustrate the result of Section 5 on an elementary example for which
exact solutions can be easily obtained. Consider the following transport equation

ouf + <1w<y>Jy +y) Y F=0, f0,y) = foly), (5.20)

e
where y € R?, and where
— 2 _ 2 2 o 01
wly)=1+yl*=1+y7+y5 and J= 10 )

This equation can be solved as follows: let ©f(y) be the flow of the characteristics equation

1
Y= gw(y)Jy + .

By taking its inner product by y, we have immediately |¢f(y)| = exp(t)|y|, so that
€ _ 1 2t ‘y’2
pi(y) = exp(t)exp { - (t+ (7 =17~ ) J )y

14



As a consequence, the explicit solution of (5.20) reads

f(ty) = fo <exp (—t - é (t +(1- th)wf) J> y> . (5.21)

Now, we observe that the two fields w(y)Jy and K(y) = y do not commute, and in order
to transform the problem into a highly-oscillatory problem with y-independent frequency,
one has to divide equation (5.20) by w and immerse the equation on f into an augmented
one for the unknown g(s,t,y)

1 1 Y _ B
@&sg + <8Jy + w(y)> Vyg=0,  g(0,t,y) = f(t,y). (5.22)

Unlike the fields w(y)Jy and K, we now observe that the two augmented fields G(y) =

y T
(0,Jy)T and K(y) = (ﬁ,%) do commute. This means that equation (5.22) is

already written in a normal form and therefore the averaged fields in this case are simply

0sg +

. . . . . 1 . Y
Ge = (0,Jy)", K= (K K57 ith Kéf= —— K= -—7_.
( ) y) ) ( 1 2) ) w1 1 w(y)a 2 w( )

We now apply Theorem 5.1 in this particular case. The solution h = h(¢,0,y) to
ath+yvyh:07 h(0707y) :fﬂ(y)u
is h(t,0,y) = fo(e 'y). As a consequence, the solution h = h(t, 7,y) to
Orh+Jy-Vyh=0,  h(t,0,y) = fole 'y),
is
h(t,m,y) = fole "¢ y). (5.23)
The solution S = S(¢,0,y) to

8tS+yVyS:w(y)7 S(O7O7y) :Oa

is simply S(¢,0,y) =t + (1 — 6*2"/)%, so that the solution S = S(¢,7,y) to

2
0S+Jy-V,S=0,  S(t,0,y)=t+(1- e”)'gﬁ,
is constant w.r.t. 7, given that |e™/y|? = |y|?, i.e.
NS

Theorem 5.1 asserts that f(t,y) = h(t,7(t,y),y) where 7(t,y) is given by e7r(t,y) =
2
t+(1— e*Zt)%, an assertion which can be easily checked on our explicit example.

15



6 The Vlasov equation with a strong magnetic field

In this section, we consider the case of particles submitted to a strong magnetic field and
evolving in an electric field E(x) depending on the position. We recall hereinafter the
corresponding equation (1.4)

O f(t,z,v)+v-Vuf(t,z,v)+ <E(l’) + v X B((j)> Vo f(t,z,v) =0 (6.1)

which is closely related to the illustrative example of Section 4, though with the additional
difficulty that £ and B may vary. We further assume here that F derives from a potential
U, i.e. that E(x) = =V, U(z).

6.1 Constant magnetic field

Over a first phase, we assume that the magnetic field is constant. This means that, up to
constant rotation, we have B(z) = (0,0,b(x))” and b(z) = b. Upon rescaling the time
t —t/bin f,i.e. considering the equation for f(¢/b,x,v) instead of f(t,z,v) we may even
assume that b = 1. This hypothesis allows to assert that equation n = 4 and

v

Fe(y) = < . > _ §G+K with G(y) = < 0 ) and K(y) = ( B )

We now repeat the steps followed for the example of Section 4, starting first with the flow
& (associated with G)
T
v =( 5, )

The time-dependent vector field K, then writes

e

k)= (Sl ) =R e TRAG)

Kily) = % ( E(:Slﬁﬁ%(m) ) and  K-1(y) = % ( E(:;;i—g%(x) ) :

Formula (3.3) then gives

KUY = K,=0,
K = ik Kol =29 (k0 ) = (4 i, )

where we used computed successively

oK, 1 ( 0 (I —ilJ) )

gy 2\ —(I+iN)V:U(x) 0
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oK, 1 (I —iJ)?E(x)
371 K= 4 ( —(I +iJ)V2U (2)(I +iJ)v )
1 2(I —iJ)E(x)
T4 < — (V2U(z) — JV2U (2)J +i(JV2U (2) + V2U(z)J)) v )
! 2(I —iJ)E(x)
T4 ( — (V2U(z) + det(V2U (2))I + iAU (z)J) v ) '

At second order, equation (i) of Corollary 4.1 for f(t,7,z,v) thus has the following form
O-f +e(w—eJE(z)) - Vof +((1 —2AU(z))Jv + eE(x)) - Vof =0
while equation (i7) is simply

Ouf +eJB(x) - Vaof + %(AU(&:))JU V,f=0.

6.2 Magnetic field with varying intensity and constant direction

Over this second phase, we address the case of a magnetic field with varying intensity
b(x) and constant direction B(z) = (0,0,b(z))?. In order to handle this new difficulty,
one has to re-parametrize the time as in Section 5. Equivalently, this amounts to dividing
equation (1.4) by b(x). In order to do so, b(x) should not vanish for any x in R? and we
will make this assumption for the remaining of this section. The “new” equation writes

b

0 (trn) + LVt + CJU - 1va<x)> Vof(tz,0) = 0. (62)

b(x) b(x)

Denoting Y = (¢, 21, ¥2,v1,v2) € R® the now extended phase-space variable, we may also
write previous equation as the Lie-derivative of f in the direction of an extended vector
field ¢, i.e. Dp. f = 0 with

FE(Y) = %fu

or equivalently as the stationary solution of

Dsg(s,Y) + FE(Y) - Vyg(s,Y) =0

5Note that if S is a 2 x 2 symmetric matrix then

sesi (4 0)(5 )+ (3 3)( §)-eens

so that JV2U + V2UJ = (AU)J and

JSJ:(_O1 é)(: g)(_ol é):fdet(S)I.

17



where ¢ then denotes a function of the 2 variables (s,Y). We may now resume the
derivation of the equations (i) and (iz) of Theorem 4.1, by first splitting F*© into F€ =
1G + K with

) 0 ; 1 L
GY)= 0 and K(Y)= e v
Jv —VU(z)

It is clear that G now generates a 27-periodic flow

t t
(i)T(Y) — éf T = X
v e

K, (Y)= L eTlJU
!  b(z) e*TJE(x)

and the corresponding Fourier modes are all vanishing except the modes 1, —1 and 0 (the
additional one w.r.t. the case of a constant field):

Ro(Y) b((l)) Ri(Y) = — (1 O'J) Ra(y)=— (1 +O‘J)
oY) = JK (YY) = —— —iJ)v K (V)= —— iJ)v
0 26(2) \ (14 inE@) () \ (71— inBE@)

According to Theorem 4.1, we thus have
KN(Y) = Ko(Y)
and
KB =i ([, K] + [Ko, Ky — K1)) = =28([Ko, Ka)) 28 (0v KK 1)

Omitting the argument x in F, U and b, and denoting simply V for V,, we have

. T
oKy _ -1 (¢ Vob ’
_— = 72 R
oY b 0O 0 0
and
- 0 0 0
ok, 1 R .

—b(I +4iJ)V2U + (I +iJ)VU VTh 0

18



so that

(Oy K1)K_4

and finally

23 ((aykl)k_l) -

Besides, we have

0 0 0
0 —(I —iJ)uVTy b(I —ilJ)
0 —b(I+iJ)V2U+ (I +iJ)VUVTDH 0
0
—(I—iJ)wVTb (I +iJ)v+b(I —iJ)*E
—b(I +iJ)V2U (I +iJ)v+ (I +iJ)VU VT (I +iJ)v
0
—(Vb-v+iVb- Jv)v — (Vb Jv —iVb-v)Jv+2b(I —iJ)E
—bV2U v — ib(AU)Jv + bdet (V32U )v

) |

0
553 ( (Vb- Ju)v — (Vb-v)Jv+2JE

b(AU)Jv

o [0 Vb o 0
(8yK0)K1 = ﬁ 0 0 0 (I - iJ)'U
0 0 0 (I+1iJ)E(x)
1 Vb-v—iVb- Ju
= — 0
3
20 0
and
o L [0 0 0 1
(OyK1)Ky = 55 | 0 —(I—iJ)vVTy b(I —iJ) 0
0 —b(I+iJ)V?U+ (I +iJ)VUVTh 0 0
so that
o 1 Vb - Ju
—23([Ky, K1]) = 5 8 .

Finally, at first order

K¢ =KW 4 g = %

and

in €, we have

1 —¢ V(())QJ’U
[
—€ (VZ;U)JU—F& (VQbI;ZJ”)v —e3JVU | = ( gé > 5
=(V09) 717 & e(Vb-Jvo) gpr _ =AU g, 2

2b2 2b2 2b

) 0
G‘e:e(Fs—Ké‘)ZE eV )
W196)Jv—eVU(ge)
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Therefore the transport equations on h are at first order in e:

8th+?b b Jv b

€ <Vb-v Vb - Ju
_|_7

° <Vb’” . Vb'J”v+2JVU> V,h

5% JVU +

; 7 VU~ (AU)JU) - Vyh =0, (6.3)

and
€

13
O-h + Bv -Vzh+ 2

with the initial condition h(0,0,y) = fo(y). Similarly the transport equations on S are

(Jv) - Vyh =0, (6.4)

8,5 + % (W’b'“h _ Vb 2JVU> V.S
+ 2% (Vbb' YIvU + Vbé Togu - (AU)JU) VS = b(x) (1 te Vbbz)']“> . (6.5)
and - -
0-S+ vV, 8+ 5 (Jv) - V,8 =0, (6.6)

b b2
with the initial condition S(0,0,y) = 0.

Now we make an important comment on these transport equations. First, the transport
equation (6.3) coincides with the gyro-kinetic model derived by Frénod & Sonnendriicker
in [19]. However, our approach provides more information through the phase S and
the dependence in 7. These informations are necessary to correctly reconstruct the full
original distribution function f (and not only the averaged model) at first order in . This
reconstruction may be performed through the relation f(¢, z,v) = h(t, 7(t,z,v), x,v) where
7(t, x,v) is a solution to e = S(t, 7, z,v). Up to our knowledge, no such construction can
be found in the literature.

6.3 Magnetic field with varying intensity and varying direction

We now consider the transport kinetic equation in its general form (1.4). This means that
now we allow variations of B in both amplitude and direction. Our aim in this part is to
extend our previous approach to this more general case.

We first immerse the model (1.4) in an augmented problem in the unkown g(s, ¢, z,v),
as follows

1 v E(x) 11} B(z) . _

with the initial condition ¢(0,t¢,x,v) = f(¢,z,v). The main interest of this form is that

Blz) v, which,
)]

the oscillatory part in the variable s is now driven by the vector field |§
as we shall see, generates a periodic flow with a constant period 27. In particular the
period does not depend on the trajectory, although the unitary vector ‘gg;' depends on
this trajectory . Indeed let ep a unit vector and let (eq, e, e2) an orthonormal basis such

that eg X e = eg and e; X e2 = eg. The matrix representing the skew-symmetric linear
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0 0 . .
0 J > . Since exp(tJ) is

2m-periodic, the flow exp(tL,) is 2m-periodic. We now apply our methodology on model
(6.7). Here the vector field F° = 1G + K is given by

map Le, : v +— v X eg in the basis (e, €1, e2), is simply J = (

1 0
1

K(t,gg7v) = v s G(t7.’17,’l)) = 0
| B(x)] B(z)
E(x) U X BT

We introduce the following notations
B
e(x) = |BE$;|’ Loo=vxe, Pou=I(-v)e VecS*veRzcR (6.8)
x

Using Theorem 3.5, the vector field K can be easily computed from

t
O (t,x,v) = x
exp (Tﬁe(x)) v

The following elementary identities

L:=-T+P,, LP.=P.L.=0

imply that
t
O, (t,z,v) = x
(cosT)v + (1 — cos T)Pe(z)v + (8In T) L (z)v
t
= x . (6.9)

(cosT)v+ (1 —cosT)(e(x) - v)e(x) + (sinT)v x e(x)

We then deduce the expression of the Jacobian matrix 0 ;@ = (0;®+, 0, P, 0, P+ ):

1 0 O
at,ac,vq)T = 071 0 ’
0 R @
where
R = (1—=c0o87)0s (Pe(zyv) + (8in7)0y (Le(z)v)
= qgp + ae'™ +ae ",
Qr = (cos T)I + (1 — cos T)Pe(a;) + (sin T)Ee(x) ’
= qp + ae” + aeiiTa
and



In order to compute the inverse of the matrix J; ;. ,®-, we observe that

10 0
(vt,x,vq)T)il = 0 1 0 )
0 —Q-'R Q'
which means that we only need to compute Q- !. Using again the identity £2 = —I + P,
one may check
Q7' = (cosT)I + (1 = cosT)Pey) — (SInT) Lo (),
=ag+ae’” +ae”" =Q_,.

Now we also have

1
1
Ko®, (t,z,v) = Qv
Therefore
1 1
KT(ta z, U) = T5 N QTU
|B(z)

—Q-+RQrv + Q_TE(:C)
One can easily see that the Fourier expansion of K. (in the periodic variable 7) only
contains modes k € Z with |k| < 3. Note that we can recover the previous case (B(x)
with constant direction and (z,v) € R? x R?) by taking Pe)0 =0, Lezy = J and a = 0,
which means that R =0 and Q, = e™”.

Although all the Fourier coefficients of K. can be derived from this expression, we just
give for simplicity the zero-th mode:

1
- 1
Ko(2,0) = == | Pe(yv = (e(z) -v)e(z) | = KW,
|B(z)| (Ko)s

with
(Ko)3(z,v) = agE(x) — (agboao + agba + agba + @boa + abag + aboa + abag)v
= Pe)E(x) — |4Pe(2)02 (Pe(w)v) Pew) + %,Pe(x)az (Le()v) Le)
—%ﬁeu)aw (Pe(ayv) Le(w) — %@(x)ar (Le(a)v) Pe(a)
~Pe(@)0z (Pe@)v) = Oz (Pe(a)v) Pew) + %‘% (Pe«n)v)} v.

We then deduce the vector field G¢ at the 0" order in e:

0
Gl = e(F —~ KM) + O(e) = gy e (0= Peyv) +0(e)
B@) Loy + = (B(2) = (Ko)s(x,v))
0
= 0 + O(e).
Ee(m)v
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The averaged model at the 0** order in € can now be written in terms of h(t,,z,v)
and S(t,7,z,v). We have

Oth + (‘ggg' 'v> B(z) V.h+ (Ko)g(x,v) Vyh =0,

O+ (v x gggg|)|  Vyh =0,

and

oS + (1o - v) iy - VoS + (Ko)s(w,v) - VoS = |B(a)],
)

with the initial conditions: h(0,0,z,v) = fo(x,v) and S(0,0,z,v) = 0. Note that in the
particular case where B(x) has a constant direction B(x) = (0,0,b(z))?, we get

Osf+ 0Oy h + B0y h =0,
o-h+v| ~vah:0.
and
0S + UH&CHS + E||8”HS = b(:L‘),
aTS—l-UL'VULS:O.
The averaged equations at the first order in € can also be derived in the case of a magnetic

field B(z) with constant direction B(z) = (0,0,b(x))”, with b(x) > 0. In this case we
have R = 0, e(x) is the constant unit-vector e, |B(z)| = b(x), and therefore

1
K (t,z,v) = — -
which implies
0 0
N 1 . 1
K= s av , K = s av
@)\ aB@) @)\ 4B()

The computation of K¢ at first order in ¢ can then be derived from Theorem 3.5 and
provides, up to a rescaling in time, an asymptotic model which is similar to the one
recently derived by Degond & Filbet in [17].
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