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Abstract: We present equivalent boundary conditions and asymptotic models for the solution of a trans-
mission problem set in a domain which represents the Sun and its atmosphere. This problem models the
propagation of an acoustic wave in time-harmonic regime. The specific non-standard feature of this prob-
lem lies in the presence of a small parameter § which represents the inverse rate of the exponential decay
of the density in the atmosphere. The atmosphere can be approximated by local equivalent boundary con-
ditions for small values of this parameter. We derive rigorously equivalent conditions up to the fourth order
of approximation with respect to & for the exact solution u. The construction of equivalent conditions is
based on a multiscale expansion in power series of ¢ for u. Numerical results illustrate the good behavior
of these equivalent boundary conditions for realistic values close to those observed for the Sun. Finally we
measure the boundary layer phenomenon by introducing a "skin depth" function that turns out to depend on
the mean curvature of the interface between the subdomains.
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Conditions aux limites approchées pour des milieux acoustiques a
densités exponentielles. Application a I’heliosismologie.

Résumé : Nous présentons des conditions aux limites équivalentes et des modeles asymptotiques en vue
de la résolution de problemes de transmission posés dans un domaine représentant le soleil et son atmo-
sphere. Le probleme modélise 1a propagation d’ondes acoustiques en régime harmonique. L’ originalité de
ce probléeme réside en la présence d’un petit parametre § qui représente 1’inverse du taux de décroissance
exponentielle de la masse volumique de 1’atmosphere. Celle-ci peut étre approchée par des conditions aux
limites locales équivalentes pour des petites valeurs de ce parametre. Nous dérivons rigoureusement des
conditions équivalentes jusqu’a I’ordre 4 vis-a-vis de ¢ par rapport a la solution exacte u. La construction
de conditions équivalentes se base sur un développement multi-échelle en puissances de ¢ pour u. Des
résultats numériques illustrent le bon comportement de ces conditions aux limites équivalentes pour des
valeurs réalistes proches de celles du Soleil. Enfin, nous quantifions un phénomene de couche limite en
introduisant une fonction "épaisseur de peau" qui s’avere dépendre de la courbure moyenne de I’interface
entre les deux domaines.

Mots-clés : Analyse Asymptotique, Conditions aux Limites Equivalentes, Méthodes Numériques pour
I’Héliosismologie
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4 Chabassier & Duruflé & Péron

1 Introduction

The concept of Equivalent Boundary Conditions (also called approximate, effective, or impedance con-
ditions) is rather classical in the modeling of wave propagation phenomena. Equivalent Conditions (ECs)
are introduced to reduce the computational domain, for instance for scattering problems from highly ab-
sorbing obstacles [18, 14, 13, 19, 12, 1, 10, 8, 4, 3, 7]. The main idea consists in replacing an “exact”
model inside a part of the domain of interest by an approximate boundary condition. This idea is relevant
when the effective condition can be readily handled for numerical computations, for instance when this
condition is local [19, 2, 11].

The main application of this work concerns helioseismology. It requires a precise knowledge of the
acoustic wave field both in the Sun and in the atmosphere of the Sun. We intend to work in the context
of this application for which we consider that the region of interest consists of two subdomains : a first
spherical region (the Sun) which is surrounded by a second region (the atmosphere) where the density is
exponentially decreasing and behaves like exp (—a 7) (here « is a large parameter and r represents the
distance to the surface of the Sun). Then the rapid decay of the density inside the atmosphere limits the
penetration of the acoustic wave inside a boundary layer which occurs inside the atmosphere in a vicinity
of the Sun. The characteristic size of this boundary layer is proportional to the small parameter § = 1/a.

This boundary layer phenomenon is an obstacle that prevents from reaching the required accuracy for
the acoustic field. It raises the difficulty of applying a discretization method (e.g. a finite element method
FEM) on a mesh that combines fine cells in the second region and much larger cells in the first region.
To overcome this difficulty and to solve this problem, we adopt an asymptotic method which consists in
“approximating” the second region by an EC. It is then possible to solve a simpler problem resulting of
the Helmholtz equation (set in the first region) with this new boundary condition. The boundary layer
phenomenon which is described in this paper looks like the so-called skin effect phenomenon which
occurs inside a highly absorbing obstacle in electromagnetism [18, 14, 15, 10, 11, 16, 8, 4]. However
these boundary layer phenomena are different.

In this paper we derive ECs up to the fourth order of approximation with respect to the parameter
0. These ECs are of “Neumann—to—Dirichlet” (NtD) nature for the wave field u since a local impedance
operator links the Neumann traces of the solution u and the Dirichlet traces. From NtD ECs, we deduce
“Dirichlet—to—Neumann” (DtN) ECs up to the fourth order of approximation. The construction of ECs
relies on a derivation of a multiscale expansion for u in power series of §. This expansion exhibits
profile terms (defined in the second region) rapidly decaying and which describe the boundary layer
phenomenon. One difficulty to validate the equivalent conditions lies in the proof of uniform energy
estimates for the exact solution. We overcome this difficulty using a compactness argument and removing
a discret set of resonant frequencies which may appear in the first region. As a consequence of these
estimates we develop an argument for the convergence of the multiscale expansion by proving error
estimates. We prove stability results for DtN ECs up to the fourth order of approximation. The proof is
based on a compactness argument. Finally we can deduce convergence results for ECs from both error
estimates and stability results.

The outline of the paper proceeds as follows. In Section 2 we introduce the mathematical model,
we present briefly a formal derivation of equivalent conditions and we state uniform estimates for the
solution of the transmission problem. In section 3 we prove uniform estimates for the solution of the
transmission problem. In section 4, we exhibit the first terms of a multiscale expansion for the solu-
tion of the transmission problem and we prove error estimates. Then, we state a hierarchy of equiv-
alent “Neumann-to-Dirichlet” boundary conditions up to the fourth order of approximation, we derive
“Dirichlet-to—Neumann” ECs. In section 5 we present and prove stability results for ECs. In section
6, we present numerical results. In Appendix A we present elements of derivations for the multiscale
expansion. In Appendix B, we present additional results and applications of this expansion. We measure
the boundary layer phenomenon by introducing a "skin depth" function that turns out to depend on the

Inria



Atmospheric Equivalent Boundary Conditions for Acoustic Media 5

mean curvature of the interface and we make the comparison with the skin effect in electromagnetism.

2 The mathematical model, equivalent conditions and main results

In this section, we introduce the model problem and the framework, §2.1. We present a formal derivation
of the approximate boundary conditions. Then we define the order of accuracy for equivalent conditions
and we state uniform estimates for the solution of the exact problem.

2.1 The model problem. Framework

In this paper, we denote by (r, 6, ¢) the classical spherical coordinates. Let 2 be a smooth bounded
domain in R3, with boundary 92, and Q_ := {r < rt]£ ) be a ball of radius r;, with boundary 3. We
denote by Q4 := Q\ {r < r;} the complementary of {)_ in (2, see Figure 1.

Figure 1 — A cross-section of the domain €2 and the subdomains 2_ and 2

Notation 2.1 We denote by u™ (resp. u™ ) the restriction of any function u to {2 (resp. Q_).

In this paper we investigate the Helmholtz equation
1 2
—div (Vu) ~ L (+ivu=f in Q.
P pc

where p is the density, c the celerity of acoustic waves, w the pulsation, v a damping parameter. Here
the density p satisfies a specific assumption in the domain €2, thatis : p; := p|q, is a radial function
defined as

p(r) = vexp(—a(r —rt)) ,

. . w .
where the parameter « > 0 is large with respect to the wave number at the surface £ = — and +y is a real

C
constant. The coefficient v takes two different values in Q4 : v = (0,v) in Q_ x Q4 where v € R\ {0}
(i.e. the domain 2 corresponds to a dissipative media). For the sake of simplicity, we assume that the

RR n° 8954



6 Chabassier & Duruflé & Péron

right-hand side f (which represents an acoustic source) is a smooth function and its support does not
touch the domain €2 . We will work under usual assumptions (regularity and positiveness) on the density
and the celerity

Hypothesis 2.2 (i) The density p and the celerity c are real valued smooth functions in Q.
(i) The density p and the celerity c are strictly positive in Q.

A consequence of the hypothesis 2.2 is that p and c are bounded with strictly positive constants:
po,— <p-<p1,—, Cy-<c_<c1, o+ <cp <14

We introduce the small parameter 6 := o~ > 0. Then u = (uy, u6+) satisfies the following problem

1 2
—div (qu(;) — ;J?ug = f in Q_,
1 w? .
—Auf — garuj{ — 6—2(1 +ivjuf = 0 in Qy, o
u}' = uy on X, '
Onuf = Onpuy on X,
uf = 0 on 0N.

Our goal is to derive approximate models for the restriction uy of us to the interior domain 2_ when
6 — 0. The limit problem (when § tends to zero) has the following solution : uar = 0 in the domain Q.
and u; (in the domain §2_) which satisfies the problem

div (tvu) - <o fin Q
—div | — - — = _
p ) T et ! 2.2)
Uy 0 on X.

Remark 2.1 The limit problem (2.2) with f = 0 may exhibit eigenfrequencies w.

In this paper we prove stability and convergence results for approximate models (which are denoted by
ui. in Sec. 2.3) when 6 — 0 by removing resonant frequencies which may appear in the domain 2_, Rem
2.1. Therefore we work under the following spectral assumption.

Hypothesis 2.3 The angular frequency w is non-zero and is not an eigenfrequency of the problem

1 2
div<vu)+w2u:0 in Q_
P pc
u=20 on X.

2.3)

In the framework above, we prove that it is possible to replace the domain €2 by approximate boundary
conditions set on X provided that the parameter ¢ is small enough.

2.2  Uniform estimate

We introduce a suitable variational framework for the solution of the problem (2.1) with more general
right-hand sides. This framework is useful to prove error estimate (2.18).

Inria
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Weak solutions

For given data (f_, f, g) we consider the boundary value problem

1 2
—div (qu5> — %ug =f_ in Q_
(1o 1) WP - .
—div| =Vui | = — (1 +w)uf =f, in Qg
P pe 2.4)
ug' =uy on X
Onuf = 0quy +g on ¥
u}' =0 on 0.

Hereafter, we explicit a weak formulation of the problem (2.4). The variational problem writes : Find
us € V = H}(£) such that
NAAS ‘/7 as (u(;’V) = <F7 V>V/,V ) (25)

where the sesquilinear form as is defined as

1 1
as (u,v) :/ = Vut. vt dx7w2/ UV dxfwz(lJriy)/
Q Q

+ P+ _ p-cZ Q. P+C1

utvt dx,

(here the data p depends on the parameter 6: p (r) = yexp (=0 - r))) and the right-hand side

F is defined as
(Fov)y y = —/ f\_/dx—/g\_/da.
’ Q by

We assume that the data (f, g) satisfies the regularity assumption

fcl?(Q) and gel?(%). (2.6)

Statement of uniform estimate

In the framework of Sec. 2.1 we prove d-uniform a priori estimates for the solution of problem (2.5). The
following theorem is the main result in this section.

Theorem 2.4 Under Hypothesis 2.2-2.3, there is a constant C > 0 such that for all § > 0 the problem
(2.5) with data (f, g) satisfying (2.6) has a unique solution us € V which satisfies the uniform estimates

luy oo + 1= uf ooy + 7= Vuillo.o, < Clflloa + lgllo.s) - 27

This result is proved in Sec. 3. As an application of uniform estimate (2.7), we develop in Sec. 4.2 an
argument for the convergence of the asymptotic expansion introduced in Sec. 2.3.

2.3 Formal derivation of equivalent conditions

In this sub-section, the main results of the paper are presented : equivalent boundary conditions (ECs)
up to the fourth order of approximation. In the framework above, it is possible to derive high-order
boundary conditions set on the interface 3., when the parameter § is small enough. We shall derive for all
k € {0,1,2,3} an EC on X which is associated with the problem (2.1) and satisfied by u]g, i.e. ulg solves
the problem

1 2
div<va§);’CQu§ = f in Q_,
u¥ + Dy 5(9uf) = 0 on X.

(2.8)

RR n° 8954



8 Chabassier & Duruflé & Péron

Here Dy, s is a surface differential operator acting on functions defined on ¥ and which depends on 6. In
this section, we first present a multiscale expansion ansatz for the solution. Then Equivalent Conditions
(ECs) up to the fourth order are derived for the solution of the exact problem. These conditions are of
“Neumann—to—Dirichlet” (NtD) nature. Then we introduce “Dirichlet—to—Neumann” (DtN) conditions.

First step : a multiscale expansion

The first step consists in deriving a multiscale expansion for the solution (uy, u}r) of the model problem
(2.1): it possesses an asymptotic expansion in power series of the small parameter §

uy (x) = ug (x) + uy (x) + 6%uy (x) + 0%uz (x) +--- in Q_,
uf (x) = ud (x;8) + Suf (x; ) + 0%ug (x;0) + 6%ud (x;6) +--- in Q,

with U} (x;6) = x(r); (6, 6, ).
The term £L;(0, ¢, S) is a “profile” defined on ¥ x R, and (r, 6, ¢) are the classical spherical coordinates.
The function x — x(r) is a smooth cut-off with support in {24 and equal to 1 in a tubular neighborhood
of X. This cut-off function is needed to satisfy Dirichlet condition u = 0 on the external boundary of 2.
Each profile $1; tends to 0 when S — 4-o00. We make explicit the first asymptotics (uj_,ilj) for j =
0,1,2,3 in Section 4.1.

Second step : construction of Neumann-to-Dirichlet (NtD) equivalent conditions of order k + 1

The second step consists in identifying for all k € {0, 1,2, 3} a simpler problem satisfied, up to a residual
term in O(6**1), by the truncated expansion

Ups o= Uy +0uy o SRy
We define ui as the solution of the simpler problem:
1 2
— div (wi) -2 = f i oo,
P pc
ud + Dy.5(9nu) = 0 on X.

This simpler problem is the problem set in €2_ with the equivalent boundary conditions (EC) set on X.
Here f is the right-hand side of problem (2.1) and Dy s is a differential operator acting on functions
defined on the surface > and which depends on §:

D0,5 = Oa (29)
Dy =461, (2.10)
Das = 6 (1 - 25) 1, @.11)
Tt
) 2
Dwza(l—5+62{62+w2(1+z‘y)+Az}) : (2.12)
Tt LEZ)

¢o is the Dirichlet trace of ¢ on Y. Ay is the Laplace-Beltrami operator along the surface 3. It writes in
spherical coordinates (6, ¢) as

1 2

1 .
AZ = 2789(SIH989) + m b -

2.1
rysinf 2.13)

Inria
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Remark 2.2 Forall k € {0,1,2}, Dy, 5 is a scalar operator whereas D3 s is a second order differential
operator.

This second step and the construction of equivalent conditions are detailed in Section 4.3.

Third step : Dirichlet-to-Neumann (DtN) conditions
A Dirichlet-to-Neumann equivalent condition of order k& + 1 writes
N;w;(vi) + ('3nv,‘z, =0 on X,

where Ny, 5 denotes a local approximation of the operator N5, and the simpler problem writes

. 1 5 w2 5 .
—div(=Vvp | ——5v; = f in Q_,
p pc (2.14)
Np.s(v3) + OnVd = 0 on X.
We compute in section 4.4 the expressions of N 5, N2 s and N3 5
Nys=0"I, (2.15)
20
Nps=¢" (1 + ) I, (2.16)
T
20 2 2
N375=5*1 ((1+)H—52{2+%(1+iv)+A2}> . (2.17)
T T3 g

For shortness of notations, we define a DtN condition of order 1 as the Dirichlet BC on X..

2.4 Stability and convergence of NtD Equivalent conditions

We present well-posedness and convergence results for NtD conditions, Sec. 2.4. Elements of derivation
and mathematical validations for ECs are presented in Sec. 4 and Sec. 5.

Our goal in the next sections is to validate ECs set on X (Sec. 4.4) proving J-estimates for us — u’g
(k € {0,1,2,3}) where u§ is the solution of the approximate model (2.14) , and us satisfies the problem
(2.1).The functional setting for ug“ is described by the Hilbert space V* :

Notation 2.5 V* denotes the space H(l)(Q_) when k = 0; V¥ = Hl(Q_) when k = 1,2, and V3 =
e (@ )| useH (D)}

The main result of this section is the following statement, that is for all & € {0, 1,2, 3} the problem
(2.14) is well-posed in the space V*, and its solution satisfies uniform H error estimates.

Theorem 2.6 Under Hypothesis 2.2-2.3, for all k € {0, 1,2, 3} there are constants 0y, Cy, > 0 such that
forall § € (0,64), the problem (2.14) with a data f € L*(Q_) has a unique solution u§ € V* which
satisfies the uniform estimates:

us — uf 1o < CRoFTL. (2.18)

The stability result for the problem (2.8) is stated in Thm. 5.1 and it is proved in Sec. 5.2. It appears
nontrivial to work straightforwardly with the difference us — ulg. A usual method consists in using the
truncated series uy, s introduced in Sec. 4.3 as intermediate quantities [11, 17]. Then, the error analysis is
split into two steps :

RR n° 8954



10 Chabassier & Duruflé & Péron

1. We prove a uniform estimate for the remainder us — uy s in Thm. 4.1, Sec. 4.2,
2. The second step consists of proving a uniform estimate for the difference uy s — ulg

lugs — ub|lio < Cpo®tt.

The first step is detailed in the next sections. The second step can be deduced straightforwardly from
stability estimates (5.1a)-(5.1b) stated in Th. 5.1 (Sec. 5.1) since by construction the quantity ug s — u]g
satisfies Problem (2.14) with a right-hand side of order 6**! and which has a support on the surface 3.
Estimates (5.1a)-(5.1b) are proved in Section 5. We refer the reader to [17, Sec. 5.2]-[11] where the
authors adopt the same method and use similar arguments.

3 Uniform estimate for the reference solution

In this section, we prove the Thm. 2.4, that is a uniform estimate for the solution of the reference problem.
We consider the problem (2.4) at a fixed pulsation w satisfying Hypothesis 2.3. We are going to prove the
following Lemma

Lemma 3.1 Under Hypothesis 2.2-2.3, there is a constant C' > 0 such that for all 5 > 0 any solution
us € Hy(Q) of problem (2.5) with a data f € 1*(Q) satisfies the uniform estimate with g = 0 :

Jusllo.o < Cllfllo,0 3.1)

We conjecture that the following estimate holds when g # 0:

lusllo.e + llusllos < C(/If

0.2 +gllos)

This Lemma is going to be proved in this section. The proof of this result involves both a compactness
argument and the spectral hypothesis 2.3. Then as a consequence of estimate (3.1), we deduce estimate
(2.7). Finally Thm. 2.4 is obtained as a consequence of the Fredholm alternative since the problem (2.5)
is of Fredholm type.

Proof of Lemma 3.1 : Uniform estimate of u;

We prove this lemma by contradiction : We assume that there exists a sequence {u,,} € V, m € N, of
solutions of problem (2.5), each solution being associated with a parameter J,,, > 0 and a right-hand side
fr € L2

1 1
Wwev, - vu,in-vvidx—w?/ 5
Qs P+ Q_ pP-CZ

1
—w?(1 +iv) / 5 ub vt dx = / f,vdx, (3.2)
Qy P+CL Q

u_v_ dx

satisfying the following conditions

00=1 forallm € N, (3.3a)
00— 0 as m — oo. (3.3b)

[[um|

[ |

Choosing tests functions v = u,, in (3.2) and taking the imaginary part, since v # 0, we obtain with the
help of conditions (3.3a)-(3.3b) the following convergence result :

Inria
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+

m

(i) the sequence {\/%u } converges to 0 in L?(Q.).
Then taking the real part, we obtain as a consequence of this convergence result the following uniform
bounds on the gradients :

IVuzlloe- + 1= Vuplloa, <C (3.4)

Since p4 < po,— and p_ is bounded, we deduce ||Vu,,|lo,o < C and the sequence {u,, } is bounded in
H'.

Limit of the sequence and conclusion

The domain 2 being bounded, the embedding of H' in L? is compact. Hence, since the sequence {um}
is bounded in H' we can extract a subsequence of {u,, } (still denoted by {u,,}) which is strongly con-
verging in L?(£2) and weakly converging in H'

{ Vun —Vu  in L3(Q) = (L2(Q))*

35
Up —> U in L%(Q). G)

A consequence of the strong convergence in L?(9) and (3.3a) is that ||u||g.q = 1. Using Hypothesis 2.3,
we are going to prove that u = 0, which will contradict ||ul|o,o = 1, and finally prove estimate (3.1).

Since ||u;f lo,0, < v/Po— || \/%um 0,0, letting m — +oo and using (i) we get [[u” o0, = 0.
Hence

u=0 in Q.. 3.6)

In particular, (3.6) implies that u™ := u|q_ belongs to the space Hj(92_).
Letw € H§(Q2_). The extension wy of w by 0 on €2, defines an element of H{(£2). We can use wg
as test function in (3.2) and we obtain

1 1
/ - Vu;-VW_dx—wQ/ ju;W_dx:/f;Lv’vdx.
Q- P- Q_ pP-C_ Q

According to (3.5) and (3.3b), taking limits as m — +o00, we deduce from the previous equalities

/ 1 Vu_~Vde—w2/ 1
Q- P— Q_ pP-Cc

ie.,u” € HY(Q) satisfies (3.7) for all w € Hj(Q_). Then integrating by parts we find

uwdx =0, 3.7

no

1
div(p—Vu_) +um =0 in Q_

p—c*

u =0 on X .

(3.8)

By Hypothesis 2.3, we deduce
um =0 in Q_.
Hence, with (3.6), we have u = 0 in €2, which contradicts ||u||p.o = 1 and ends the proof of Lemma 3.1.

4 Derivation and stability of equivalent conditions

It is possible to exhibit series expansions in powers of ¢ for us in (2.1) :

uy (x) & Y 67u7 (x), @.1)
Jj=0
uf (x) & Y out(x;6) with ul(x;6) = x(r)4;(0, ¢, L _5”) . 4.2)

>0

RR n° 8954



12 Chabassier & Duruflé & Péron

The term (6, ¢, S) is a “profile” which is defined on ¥ x R, it tends to 0 when S — +oc. The
function  is a smooth cut-off, see Sec. 2.3. Elements of derivations for this expansion are presented in
detail in Appendix A. In this section, we explicit the first terms in asymptotics, §4.1. Then we construct
formally equivalent conditions, §4.3. In §4.2 we validate the asymptotic expansion with estimates for the
remainders.

4.1 First terms of the asymptotic expansion

Straightforward calculations lead to the first-order terms 4; and u; . In this section we explicit these
terms when j < 3. We give elements of proof in Appendix A, Section A.3. There holds

ug =0, (4 =0)
Then ug solves the problem
dv(iveg) = “2us = f in Q
IV(; UO) szl = m - 4.3)
ug = 0 on X.
The next term which is determined in the asymptotics is the profile $1;
(0, ¢, 5) = —e “Onuy (X(1:0,71:9)) . 4.4)
Here,
X(ri0,ri¢) = (rysinf cos ¢, ry sin @ sin ¢, 1, cos ) € X . 4.5)
Then u; solves
PN S w? - .
_dlv(;Vu1 )—ozup = 0 in Q_, @.6)
uy = —0Onu, on X.
The next term which is determined is the profile il,
L[Q(ea d)? S) = (a2<97 ¢) + SbQ(ea ¢))e—5' ) (4’7)
where
_ 2 _ 2 _
ax(0,¢) = <—anu1 + ranu()) (X(r:0,71¢)) and  by(0,¢) = ranuo (X(rif,r:9)) .
t t
Then u; solves the problem
o1 _ 2 .
—div(=Vuy) = 25u; = 0 in Q_,
P 9 4.8)
Uy = —0Opuj + T—@nug on X.
t

The next term which is determined is the profile 43

$U3(0, ¢, S) = (as(0, ¢) + Sbs(0, ¢) + S%c3(0,¢))e 4.9)

Inria
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where the functions as, b3, c3 are given by

2 6 2 _ _
ag = —0puy + —0Opuj] — {2 + W—Q(l +iv) + Ag} Onlg
Ty P C§
2 _ 6 w? . _
by = Eanul — {rf + g(l + i)+ AE} Onlg
3 _
c3 T—?anuo
Then, uj solves the problem
o1 _ 2 _ .
—div(=Vuz) — 25ugy =0 in Q_,
P ) 6 L2 (4.10)
uz = —0Onuy + T—(’)nul_ — {2 + = (1 +iv) + AE} Onug on X.
t T €

Existence and regularity results in Sobolev spaces for the asymptotics Ll; and u; are stated in Prop. A.1,
Sec. A4.

4.2 Estimates for the remainders

The validation of the asymptotic expansion (4.1)-(4.2) consists in proving estimates for remainders rév
defined in 2 as

N
ry =us— Y d"u, 4.11)
n=0
The convergence result is the following statement.

Theorem 4.1 Under Hypothesis 2.2-2.3, the solution us of problem (2.1) has a two-scale expansion
which can be written in the form (4.1)-(4.2), with u, € H'(Q_) and i,, € H! (E X R+). For each
N € N, the remainders rév satisfy

N,— _ N, N,
Irs e + 62 F=rd Tlloa, + 62| A=Vry "

N N |0,Q+ < CN§N+1 (412)

with a constant C independent of 6.

PROOF. The error estimate (4.12) is obtained through an evaluation of the right-hand sides when the
Helmholtz operator is applied to the remainder ' . By construction, the remainder is solving the problem:

1 _ 2 N

— div (wé“ > e ) in Q_
P pc

. 1 N7+ (.(.)2 . N,+ _ .

—div [ =Vr; —— I +a)rs T =fngs in Qp
P pe (4.13)

Tévd- — rz]SV’_ on X

RR n° 8954 Oty T =00y N on X

N =0 on 02,



14 Chabassier & Duruflé & Péron

which is nothing but the boundary value problem (2.4) with right-hand sides (f_,f;,g) = (0,fn.5,8n,5)-
The right hand sides gy s and f 5 are residuals which are roughly of the order § N By construction of
the expansion, we obtain :

gns =0"Ouy on X (4.14)
and

r—"Te

fos =0 andforall N >1, fys=—xp 0V "! (AouN+1(9,¢ 5

rorey 0(6)) — OV

(4.15)
where the operator A is defined in appendix (A.2a). The terms with derivatives of y should appear with
higher powers of § (see [5, Eq. (5.6)] and [16, Prop. 7.4, Eq. (7.17)2]). We can apply Theorem 2.4 to the
remainder 7}’ :

x) @16

N,— N,
5™l + =75 Tlloes + I 5=V7r5 Tllog. < Cn (Ifvslloo,
We deduce from (4.14) and (4.15) the estimates
6N_1/2

lgnsllos <C6Y and |fasloq, <C

since Aglyy1 € HY(X x RT). Here C may depend on N. Combining this estimate with (4.16), we infer

N, _
Iy e + =75 ooy + 7=V Flloga, < Cno™ 12
we therefore have:
Irs" "l + 872l A=r5 T oo, + 6" A=Vr; < ooVt

ok

In order to prove optimal estimates for rf;v , we apply the previous estimates to rév +2_ Using the formula
N+2 N | sN+1 N+2
§+ =715y +06 +UN+1—|-5 +uN+2

we finally obtain the wanted estimates since we have for any n € N

~1/2

flu, 1o +6 +481/2 Vulloe, <C.

I=uirllo.qy I 7=

4.3 Construction of Neumann to Dirichlet (NtD) equivalent conditions

In this section, we derive formally equivalent boundary conditions (Sec. 2.3).

Order 1

Since u; solves the problem (4.3), the condition of order 1 is the homogeneous Dirichlet boundary
condition, see (2.9)

up=0 on X

Inria
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Order 2
According to (4.3)-(4.6), the truncated expansion u; 5 := ugy + du; solves the Helmholtz equation

1 <
—div(=Vu ) — —;’; uy s = f in the domain €)_ together with the Robin boundary condition set on
p b :

up 5+ 00auy 5 = 6%0,u;7 on ¥
Neglecting the term of order 2 in the previous right-hand side, we infer the equivalent boundary condition,
see (2.10)
ul +69u$ =0 on X
Order 3
According to (4.3)-(4.6)-(4.8), the truncated expansion Uy s = Uy + duy + 52u5 solves the Helmholtz
equation in €)_ together with the boundary condition set on X

2 2 2
Uy 5+ 0 (1 — 6) Only 5 = ——536nu1_ + 63 (1 — 5) Onu;, on X
’ Tt ’ Tt Tt

We neglect the terms of order 3 in the previous right-hand side and we infer the equivalent boundary
condition of order 3, see (2.11)

ug+5(1i5)8nugo on X
t

Order 4
According to (4.3)-(4.6)-(4.8)-(4.10), the truncated expansion uy 5 := u, + duy + 52u§ + 63u§ solves

the Helmholtz equation in 2_ together with a boundary condition set on

25 6 w?
Uy +0 (1 R & {2 + 51+ iv) +A2}> Ontiz 5 = O(5%)

Tt T Co

We neglect the terms of order 4 in the previous right-hand side to infer the equivalent boundary condition
of order 4, see (2.12)

20 6 2
ug—|—5<1—+52{2+L;}2(1+iu)+A2}>8nug:0
0

Tt Tt

4.4 Dirichlet-to-Neumann (DtN) conditions

We introduce the operator N; = (Ds) ™! where the operator Ds is the exact Neumann-to-Dirichlet oper-
ator that characterizes ug. Then the exact boundary condition for uy can be rewritten as

Nsuy 4+ Oquy =0 on X.
A Dirichlet-to-Neumann equivalent condition of order k& + 1 writes
Nps(v)) +3avd =0 on X,

where Ny, 5 denotes a local approximation of the operator N, and the simpler problem writes
1 2
—div [ =V | — w—zv,‘i = f in Q_,
P pc

0 on X.

4.17)

Np.s(V9) + OnVvd

RR n° 8954
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Remark 4.1 There holds Ny s = d ~L1, i.e the DN condition of order 2 coincides with the NtD condition
of order 2 (2.10).

-1

The expression of Ny, s, for any k& > 2, can be obtained by a formal Taylor expansion of (Dj s) ™" such

that
Di,s = (Nk,(s)_l + O(§k+1) .

Straightforward calculi lead to the following expansions
(Dys) bt =671 < > I+ 0O
2
2
0

(Das) ! =6 1<(1+ 5)11—52{; i(1+zu)+Az}>+0(52).

Tt

We infer the expressions of N2 s and N3 s

Nps=0d"" (1 + 25) I,
Tt

20 2 2
N375:5—1 ((1—1—)11—52{742 2(1—|—zy)+Az}> .
€o

Tt t

For shortness of notations, we define a DtN condition of order 1 as the Dirichlet BC on X (2.9).

5 Analysis of DtN Equivalent Conditions

The main result of this section is Theorem 5.1 in §5.1 which proves the stability of equivalent conditions.

5.1 Main result for DtN equivalent conditions (ECs)

In this section we address the issue of stability results for ECs. We focus on DtN equivalent condition
which are defined for £k = 1,2,3 (2.14). For shortness of notations we define for k¥ = 0 the DtN EC
of order 1 as the Dirichlet BC on . We consider the problem (2.14) at a fixed non-zero frequency
w satisfying Hypothesis 2.3. The functional setting for ulg is described by the Hilbert space V¥ (see
Notation 2.5). The main result of this section is the following statement, that is for all £ € {0, 1,2, 3} the
problem (2.14) is well-posed in the space V¥, and its solution satisfies uniform H' estimates.

Theorem 5.1 Under Hypothesis 2.2-2.3, for all k € {0, 1,2, 3} there are constants oy, Cy, > 0 such that
forall 5 € (0,6},), the problem (2.14) with a data f € L*(Q_) has a unique solution u§ € V* which
satisfies the uniform estimates:

lubllio. < Cullfllo. forall ke{0,1,2}, (5.1a)

—1
lu3lho +Vo[Vsuillos + Vo | < Gsllfllo,e- - (5.1b)

The key for the proof of Thm. 5.1 is the following Lemma.

Lemma 5.2 Under Hypothesis 2.2-2.3, for all k € {0,1,2,3} there exists constants 5y, Cy, > 0 such
that for all § € (0,6}), any solution uf € V* of problem (2.14) with a data f € L*(Q_) satisfies the
uniform estimate:

[u§[lo.o— < Ckllfllo.c- (5.2)

Inria
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Remark 5.1 For k = 0, the Theorem 5.1 and the Lemma 5.2 hold for all § > 0 since the EC is nothing
but the Dirichlet BC on %.. For k = 1,2,3, one proves uniform estimate when ¢ is small enough. The
proof is based on a compactness argument.

The Lemma 5.2 is proved in Section 5.2. As a consequence of this Lemma, any solution of the
problem (2.14) satisfies uniform H'-estimates (5.1a), (5.1b), respectively when k& = 0, 1,2, 3. Then, the
proof of the Thm. 5.1 is obtained as a consequence of the Fredholm alternative since the problem (2.14)
is of Fredholm type.

In this section, one first proves the Lemma 5.2, i.e. uniform L>-estimate (5.2) for any solution of
problem (2.14), Sec. 5.2. For k = 0, the proof of Lemma 5.2 is a consequence of the Hypothesis 2.3
together with the Fredholm alternative. We focus on the proof of Lemma 5.2 for £ = 3 since the proofs
when k£ = 0, 1, 2 are simpler. Hence we consider the problem (here u = ug)

1 2
—div(;Vu)—%u = f in Q_,

P (5.3)
0 on X,

Onu + Ngsu

where the operator N; is defined as

Ns = 571‘75}1 — 0Ax

Here, J5 is a scalar defined as

JTs = <(1+25) 62{22+w2(1+z‘u)}> .

e c?

To prepare for the proof, we introduce the variational formulation for u. If u € V? is a solution of
(5.3), then it satisfies for all v € V*:

1 _
/ (VU~V\7—;’;U\7> dx+ﬁ/Vzu-Vz\7da+ j(—nl)Jg/U\_/da:/ fudx. (5.4)
Q_ \pP by by Q_

5.2 Proof of Lemma 5.2

Proof by contradiction: We assume that there is a sequence (u,,) € V3, m € N, of solutions of the
problem (5.3) associated with a parameter §,,, and a right-hand side f,,, € L2(Q_):

1 2
—div(=Vu,,) — ;’?um =fmn in Q_, (5.5a)
p

Onm + 0, Trnliy — 0Asty,, =0 on X, (5.5b)

(with Jp, := J;,,,) satisfying the following conditions

Om — 0 as m — oo, (5.6a)
lumlloo. =1 forallm € N, (5.6b)
| fmlloo. — 0 as m — oo . (5.6¢)

RR n° 8954



18 Chabassier & Duruflé & Péron

5.2.1 Estimates of the sequence {u,,}

We first prove that the sequence {u,,} is bounded in H*(Q_) (not in V?*). We particularize the weak
formulation (5.4) for the sequence {u,, }: For all v € V?:

1 2
/ <Vum - Vv — “’CQUW\‘/) dx + ‘g;”) / Vsu,, - Vevdo
a_ p 14 P(Tt )

T %jm/ upvdo = [ favdx. (5.7)
P b Q_

Then choosing v = u,, in (5.7) and taking the real part, we obtain with the help of condition (5.6b)
1
the uniform bound (since — € L*°(2_))
pc

1
| IV ax
Q_ P-

p(re)

- 1
Vsum 5.5 + 55 R(Tm) lumll§ s < wZHEHoo +lfmllog -

1
We infer that the sequence {u,,}, resp. {\/6mVsum}, is bounded in H'(Q_) (since — > Dy > 0),
p

resp. in L2(X); and since 7, tends to 1, the sequence {d;-*/%u,,, } is bounded in L2(%) :

umll1,0. <C, (5.82)
(6) 2 | Vstmflos < C, (5.8b)
(6m) " lumllos < C. (5.8¢)

Another consequence of (5.8a) is that the sequence {uy, } is bounded in H? ().

Jumll1s <C. (5.9)

5.2.2 Limit of the sequence and conclusion

The domain ©2_ being bounded, the embedding of H'(Q2_) in L?(Q2_) is compact. Hence as a conse-
quence of (5.8a) we can extract a subsequence of {u,,} (still denoted by {u,,}) which is converging in
L?(Q2_) and we can assume that the sequence {Vu,,} is weakly converging in L?(Q_). As a conse-
quence of (5.9), up to the extraction of a subsequence, we can also assume that the sequence {u,,} is
strongly converging in L?() : We deduce that there is u € L?(Q_) such that

un —u in L*Q.) (5.10a)

Vu, = Vu in L*(Q_) (5.10b)

Up —u in L3*(X). (5.10c)

A consequence of the strong convergence result in L*(2_) (5.10a) and (5.6b) is that |julloo_ = 1.
Furthermore, as a consequence of (5.10c) and (5.8c) one can deduce that u = 0 on X.

Using Hypothesis 2.3, we are going to prove that u = 0 in _, which will contradict ||uljp,o_ = 1

and finally prove estimate (5.2). Let v € C°(£2_), it defines an element of V. Hence we can use v as
test function in (5.7). Since v = 0 on X and Vv = 0 on X we infer

1
/ (Vum v ‘”:;umv> dx= [ fvdx. (5.11)
o \p P o
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As a consequence of (5.10c), taking limits as m — oo, we can deduce from the previous equality and
convergence results (5.10a)-(5.10b)-(5.11) that u € H(l)(Q_) satisfies for all v € C°(Q2_)

1
/ <qu-Vv[‘)";uv) dx=0.
Q_

Then integrating by parts we find that u satisfies the problem

.1 w? .
—le(;VU) —o=u=0 in Q_
u=20 on .

According to Hypothesis 2.3, we infer
u=0 in Q_

which contradicts ||ul|o,o_ = 1 and ends the proof of Lemma 5.2.

6 Numerical illustration

6.1 Numerical method

We solve Helmholtz equation in a radial configuration (r, 8, ¢), where the data only depends on the radius
r. Details and validations of the numerical method described in this section are given in [6]. The interval
[0, r¢] is subdivided into sub-intervals:

0,7¢] = Ulzi, 2i41]

One-dimensional finite elements will be used in r-coordinate, while spherical harmonics will be used in 6,
¢. Since spherical harmonics are orthonormal and diagonalize the laplacian, we will obtain a decoupled
sequence of 1-D problems to solve. The 1-D finite element space is equal to

Vi, = {u € H'(Q) such that [z, 2141 € Pr}

where P, is the space of polynomials of degree lower or equal to r, r being the order of the approximation.
The solution  is then searched under the form

Np, L 4
u(r,0,0) =3 > ui™o(r) Y0, )
=0 £=0 m=—¢

where ¢; are basis functions generating the finite element space V}, of dimension Ny, and Y;™ spherical
harmonics given as

YZ”(G,¢) _ (_1)m\/(2£4'7t 1) Ei;:iipﬁ(cose)eimqﬁ

where P;" are the associated Legendre polynomials. L is the maximal degree of spherical harmonics
used in the expression of u. The variational formulation solved by u*™ is given as

Tt 1 Tt .2 o l,m Op:
—w2/ — r? ué’mgoi dr —|—/ oy 1 dr
0o PoCy o po Or Or

or v

e o1 1 9 2m Tt
+H(E+1) / — ™y dr — { r2 2 soz} — ptm
0 Po 0
RR n° 8954
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where 2
fie,m _ / / / r? f(r,0,0)Y,™(0,¢) sinf dp db p; dr
o Jo Jo

The boundary term in square brackets of the variational formulation is replaced by the correct term de-
pending on the boundary condition imposed at » = r;. For the discretization of the finite element space
V4., tenth order polynomials (r = 10) are used. Gauss-Lobatto points are used both as interpolation and
quadrature points. The source ff "™ is computed with Gauss-Legendre integration formulae.

6.2 Radial source and solution

We consider an artificial data of a star of interior radius equal to 1 with constant celerity and piecewise
exponential density. More precisely,

Dy er /% ifp < 1
— 6.1
po(r) {D1 e—=D/8 ifr > (6.1)
Dy =2 x 10~ kg/m?, co=8x10°m/s, d;, = +oo (6.2)

/ 247y wo
) — 1 W — .
wo 0 7 100 6.3)

The parameters values have been chosen of the same order of magnitude than the Sun’s values after
adimensionalization with respect to the radius, in order to face the same numerical difficulties. 6, =
400 means that the interior density is constant. Two typical frequencies are chosen : wy = 27 fy with
fo =7 x 10" and 7 x 10° Hz (which corresponds for the Sun, before the adimensionalisation procedure
to f§“" = 0.1 mHz and 1 mHz). They are related to the interior wavelengths A = ¢o/fp : 1.14 x 1071
mand 1.14 x 1072 m. A radial gaussian source is located at the radius o = 0.8 m :

flr) = emotmror
As a result the computations are performed for a single mode ¢ = 0. The parameter « is chosen such that

f(ro+0.02) = 107°

We choose to evaluate the performances of our equivalent atmosphere conditions for values of J related to
the wavelength of the considered problem. For f§*" = 0.1 mHz, § € [5-107°, 107?] m. For f5"" = 1
mHz, § € [5-107%, 107 m.

6.3 Reference solutions

1 . . . . .
For each value of § = —, a reference solution is obtained by solving the wave equation on the domain

«
[0, r¢]. An exact Dirichlet-to-Neumann operator is computed by solving the following problem:

r*w” + 2rw’ + ar*w’ + [k2w® — (0 +1)]w =0forr >r, 6.4)
(6.
w(ry) =1

for each ¢, where

[

w

B2 =2

o0 2
€o
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5 delta=0.01 delta=0.001

Reference
Dirichlet
Atmol

Reference
Dirichlet
Atmol
Atmo3

(a) 0.1 mHz (b) 1 mHz

Figure 1: Modulus of the reference solution and solutions using atmosphere boundary conditions.

0
The value of 2 (r¢) will be the exact impedance Zexact, and we impose

or

ou
or (1t) = Zexactu(rt)

as a boundary condition to compute the reference solution. A plane wave analysis provides two complex

wavelengths:
2kt =i+ \/4k2, — a2 (6.5)

The right-going wave will oscillate (for r large enough) as ¢'*"" whereas a left-going wave will oscillate
as € 7. The problem (6.4) is solved in the domain [r;, Rmax] where Rmax is chosen such that

|ei(k+—k*)(RmaX—n) | — 1016

since the left term of this relation corresponds to the amplitude of the reflected wave. This exponential is
always decreasing as soon as 7 is positive. The problem (6.4) is solved by searching w as

w = v exp(ik™r)

The advantage of this approach is that less degrees of freedom are needed to discretize v (since the phase
is removed), and no underflow occurs.

6.4 Equivalent Atmosphere Boundary Conditions

For each value of 4, each of the equivalent atmosphere boundary conditions associated with the problem
(2.14) is imposed at r = r;, leading to four approximate numerical solutions (called Dirichlet, Atmol,
Atmo2 and Atmo3). Dirichlet corresponds to condition (2.9), Atmol to condition (2.15), Atmo2 to the
condition (2.16) and Atmo3 to condition (2.17). In Fig 1 are displayed the obtained solutions. The
relative L? errors with the reference solution on the inside interval [0, 1] as § tends to zero are displayed
in Fig. 2. For the low frequency case ( fgun = 0.1 mHz), a preasymptotic regime is observed with
a convergence in O(6%) for Atmol and Atmo2 and O(6°) for Atmo3, before observing the theoretical
orders of convergence. For the high frequency case (f 3 U — 1 mHz), the preasymptotic regime extends

to the explored range of 6.
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Freq=0.1mHz Freq=1mHz

Relative L2 error
=
)
Relative L2 error
=
S

9 .
07r — Dirichlet 107 +— Dirichlet]]
1000 o e Atmol 101t ] e - Atmol
101 = & Atmo2 o2 =& Atmo2
102}
+—+ Atmo3 +—+ Atmo3
10" 10"
10" 107 10 10 10 10°
5 5
(a) 0.1 mHz (b) 1 mHz

Figure 2: Relative L? errors between the reference solution and solutions using atmosphere boundary
conditions.

6.5 Axisymmetric source and solutions

In a more realistic setting, we consider smooth approximations of pS"T, ¢SU"1 obtained by fitting eighth-
order B-splines with the data given by the Standard Solar Model [9] (c and log p are fitted). The ap-
proximation of pS"" is plotted in figure 3, R, is the radius of the Sun. The density is therefore given

—— Approximated data
- - = Standard Solar Model

-6 1 1 1 L 1
0 0.2 0.4 0.6 0.8 1
r/Re

sun

Figure 3: Exact value and approximated value of p>-" versus the relative radius r/ Rg,.
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as:
) pSun if r/Re < 1.0007126 66)
T) = .
Po Dye("/Ro=1/0 otherwise
Dy ~ 3.292 x 10~ % kg/m?, (6.7)
24y wo
=4/1+— =— 6.8
w + wo wo, Y 100 ( )
The velocity is given as
sun -
c if r/Rs < 1.0007126
co(r) = fTto = (6.9)
& otherwise
C) ~ 6.865 x 10>m/s (6.10)
The source is a 3-D gaussian:
f(x) = exp(—al|z — xol[*)
where zy ~ (0,0,0.99) and « chosen such that
exp(—0.007 o) = 107°.
The computation is done with spherical harmonics with ¢/ < 100 for a frequency gun = 3 mHz. The

reference solution is displayed in figure 4 on a plane Oxz for a given value of §. In figure 5(a), the

1.0

0.5

0.0F

-0.5}

—1.0 L L

L
-1.0 -0.5 0.0 0.5

1.0

2e-06

1.6e-06

1.2e-06

1-4e-07

-8e-07

-1.2e-06

-1.6e-06

-2e-06

1
Figure 4: Real part of u/,/p in the plane Oxz for — = 7000 and Ul — 3 mHz and the parameters of

1)
the Sun.
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Relative L2 error
Relative L2 error
=
o,

+—+ Dirichlet| |
e o Atmol
=& Atmo2
+—+ Atmo3

57 +—+ Dirichlet 100}

e - Atmol .
=& Atmo2 |] [
+—+ Atmo3

5 Frequency (Hz)

(a) Relative L? error between exact solution and approximate  (b) Relative L? error between exact solution and approximate
solution obtained with different boundary conditions versus §  solution obtained with different boundary conditions versus
for parameters of the Sun and f5"" = 3 mHz. SUD for parameters of the Sun and § = 1/7000.

Figure 5: Convergence in the realistic context of the Sun.

convergence of the different equivalent boundary conditions is represented versus d. For this frequency
and these parameters, we observe a convergence in O(5%) for equivalent boundary conditions Atmol
and Atmo2, and in O(6°) for Atmo3. We think that we are in a preasymptotic regime. In figure 5(b),
the different equivalent boundary conditions are compared for different frequencies from 0.3 mHz until
9 mHz. The condition Atmo3 is quite efficient for low frequencies. We observe that all the conditions
(Dirichlet, Atmo1, Atmo2 and Atmo3) are no longer accurate for high frequencies ( fOSun > 5mHz). It
is expected since for this range of frequencies, propagative modes exist inside the atmosphere and they
are no longer restricted to a small tubular neighborhood of the atmosphere. Future works will address the
derivation of accurate equivalent boundary conditions in high-frequency regime.
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A Elements of derivations for the multiscale expansion and equiv-
alent conditions

The aim of this appendix is to present elements of derivations for the multiscale expansion and equivalent
conditions. We make the following ansatz

uy ~ Z 5 u; (x)

Jj=20
ui ~ Z 5 u;'(x; 0) with uj(x;é) = x(r)L; (6, ¢, ! _5”)
j=0
for the solution of the problem (2.1). We present all the details for the calculi of the first terms ut
(3 =0,---,3). As a consequence, we exhibit formally equivalent boundary conditions up to the fourth
order.

A.1 Expansion of the operators in power series of §

To derive the formal expansion of ug' we perform the scaling

T =Tt

S:(S

(A1)

in the equations set in {2 and X in order to make appear the small parameter J in these equations. Then
it is possible to expand the Helmholtz operator in power series of & with coefficient intrinsic operators :

At 50+ (i) =57 (Z 5" A + 5NRN,5> (95,09, 5,0,4) forall N € N.
n=0

The remainder Ry s has smooth coefficients in (5,6, ¢) which are bounded in . Since the Laplace
operator A writes in spherical coordinates (r, 8, ¢) as

1 2

1
A = =0.(r%0,) + ———0p(si + —7F
7"26 (r°oy) s 989(5111 00s) = 8111208(/)
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we observe that

Ao = 0% + 05, (A.2a)
2
A= 2oy, (A.2b)
Tt
2 w? .
Ay = Ay — 5805 + — (1L +iv), (A.2¢)
T €0

where Ay is the Laplace-Beltrami operator along the surface ¥, see (2.13). Similarly the normal deriva-
tive writes

On(0s;0) = %33
on the interface X. Define v by
vs(0,0,5) =uf(x) where x=X(ri0,r:¢) + sn(X(r:0,1:0)) ,
and X(r40, r:¢) is defined by (4.5).

Remark A.1 The coordinate system (10,19, 8) with s = r — 14 is a "normal coordinate system" to the
surface 3 on the manifold Q. [4].

Then, after the scaling s — S = g (where s = r — ), the problem (2.1) writes

DS NN w? = .
- dlv(;Vué )= 2zus = f in Q_, (A3)
uy = v§ on X,
and
(05 +0s)vs+ > _ 0"Apvs = 0 in % x (0,+00),
n>1 (A4)
Osvs = (58nug on XX {0} .

Moreover v tends to 0 when S tends to oo since u} tends to O when r tends to oo.

A.2 Equations for the terms (, and u,,

We insert the Ansatz
uy ~ > U ()8 and v~ Y (6., 2)5"
n=0 n=0

with &, (-, S) — 0 as S — oo, in equations (A.3) and (A.4), and we perform the identification of terms
with the same power in . Then the terms 4, and u,, satisfy the following family of problems coupled
by their conditions on the interface ¥ (corresponding to S = 0):

2 - .
—924,, — Osil, = ;Apun,p in % x (0,+00), AS)
Osih, = Ohu,_, on X,
and 1
—div(-Vu;)— “2u- = 80 in Q_,
WOV - s = S "
u,, = 4, on X.

In (A.5), we use the convention u_; = 0 and in (A.6) (52 denotes the Kronecker symbol. Hereafter, we
make explicit the first asymptotics £l,, and u,, for n = 0, 1, 2, 3 by induction.
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A.3 First terms of the asymptotics

—0%4o(+, ) — Fsiho(-,S) = 0 for S € (0,+00), A7)
dsto(+,0) = 0. .
The unique solution of (A.7) such that ${; — 0 when .S — oo is
g =0.
Hence, according to (A.5) for n = 0, u, solves the problem
div(Evug) — “Lug = in Q
— 1vp Up) = pzlUo = f in Q_, (A8)
Uy = 0 on X.

The next term which is determined in the asymptotics is the profile l;. According to (A.5) for n = 1 and
since Uy = 0, Ly solves the ODE

—0%4,(+, ) — 0sihy (,S) = 0 for S €(0,+00), A9)
ds8hy (+,0) = Oaup - '
The unique solution of (A.9) such that ${; — 0 when .S — oo is
10,0, 5) = —e Onug (X(1:0,71¢0)) . (A.10)

Remind that X(r:0,r.¢) € 3 is defined by (4.5). Hence, according to (A.6) for n = 1, uj satisfies the
problem
RS S W - .
—dlv(;Vu1 )= pmup = 0 in Q_, A1)
uy = —0Onu, on X.

The next term which is determined is the profile Ll5. According to (A.5) for n = 2 and since Ly = 0, Lo
solves the ODE

_O2l5(, S) — Dstla( §) = Tzasul(.,S) for S € (0,4+00)
t
Osis(-,0) = Opuj .

(A.12)

According to (A.10), the unique solution of (A.12) such that 4l — 0 when S — oo is (see (4.7))
(0,0, 5) = (a2(0, ¢) + Sba(6, ¢)) ™%, (A.13)

where
as(0,6) = (—anu; 4 ftanua) (X(r0,706)) and by(6, ) = %anua(xme,wb)) -

Hence, according to (A.6) for n = 2, u;r solves the problem (see (4.8))

1
—div(=Vuy ) — :—;UQ_ =0 in Q_,
p (A.14)

2
us = —anuf—f—ganug on X.
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The next term which is determined is the profile Ll3. According to (A.5) for n = 3 and since Ly = 0, L3
solves the ODE for S € (0, +00)

—0%43(-, 8) — dss(-, S)
85113(-,0) = 8nu2_

2
—0gis(-,8) + Ay (-, S) for S € (0,+
5 0s 2(+, ) + Agthy (-, S)  for (0, +00) (A1)

where the operator As is given by (A.2¢). According to (A.10)-(A.13), the right hand side in (A.15)
writes

2 2 _ w? _ 6 2\ s
—O0stly + Aotly | (+,5) = | —0Onuy — (1+w)+As+ =585 | Onug |7,
Tt Tt 7"t

&
since (remind that the operator Ay; is given by (2.13))
Asx, (anua(X(rtH, Tt¢))) = Ay, (8nug) (X(r:0, 7))
Then the unique solution of (A.15) such that {3 — 0 when .S — oo is (see (4.9))
43(0,6,5) = (as(0, ¢) + Sbs(6, ¢) + S%c3(0, 6))e ™ , (A.16)
where the functions as, b3, c3 are given by

_ 2 _ 6 w? . _
a3 = —OnUy + —0qu; — 4 — + — (L +iv) + Ay p Onug
T4 ri  c

2 6 2
b3 = —8nu1_ — {2 + w—2(1+7,1/) +Ag}8nua s
0

Tt T} C

3 -
€3 = ——50nUq .
Tt

Then, according to (A.6) for n = 3, u3 solves the problem (see (4.10))

1 2
—div (Vu3> - w—ng =0 in Q_,
c
P , p 0 (A.17)
u; = —0nuy; + —0Onu] — {2 + w—Q(l +w)+ Ag} Onug on X.
Ty ry ¢

A.4 Existence and regularity of the asymptotics

We claim without proving the next proposition which ensures existence and regularity results for the
asymptotics.

Proposition A.1 Ler k € N. We assume that f € H*(Q_). Then for all n € {0,1,--- ,k + 1} there
exists asymptotics Y, and u,, satisfying

e 31y = 0 and (A.8), when n = 0,
e (A.10) and (A.11), whenn =1,
e (A.13) and (A.14), when n = 2,
e (A.16) and (A.17), whenn = 3,
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* (A.5) and (A.6), when n > 4.

There holds ,
U, e HF2 (2 x RY) and u, € HF2 ().

There exists functions al,, | € {1,--- ,n}, defined on X such that
un(ea ¢7 S) = (a"}L(e? ¢) + Sai(97 ¢) +ot Sn_1a2(97 ¢)) e_S .

The regularity result for the asymptotics is obtained as a consequence of classical elliptic regularity results
in Sobolev spaces.

B A measure of the boundary layer phenomenon. Comparison with
the skin effect in electromagnetism

As another application of the multiscale expansion, we make the link in this section between the parameter
¢ and the "pointwise energy" of the solution of the problem (2.1) across the boundary layer. We measure
this boundary layer phenomenon by introducing a "skin depth" function that turns out to depend on the
mean curvature of the boundary of the domain {2_. An asymptotic expansion when & — 0 for this
function shows the influence of the geometry of the interface : the skin depth is larger for small values
of 6 when the mean curvature of the interface ¥ is smaller. We refer also to the works [8, 4] where the
authors measure similarly the skin effect phenomenon by introducing a suitable skin depth function.

Introduction of a skin depth function

For a data f of the problem (2.1), let us define us(6, ¢, s) = uf (x) forall s > 0 and (0,¢) € T (ie.
x € Q).

Definition B.1 Let f be a smooth data of problem (2.1) such that for all (8, ¢) € 3, us(6, ¢,0) # 0. The
skin depth is the length L(5;0, ¢) defined on ¥ and taking the smallest value such that

|us (0, ¢; L850, 9))| = Jus(6, $,0)e" . (B.1)

Thus this length £(J; 0, ¢) is the distance from the interface where the field has decreased of a fixed rate
e. It depends on 0, of each point (6, ¢) € X and a priori on the data f. However it is possible to exhibit
the asymptotic behavior of the skin depth function £ for small values of § independently of both (6, ¢)
and the data f.

Asymptotic behavior of the skin depth function when § — 0

Theorem B.1 Let f be a smooth data of problem (2.1). We assume that Onug (X(TtG, rt(b)) #0onX.
Then the skin depth function has the following behavior for small values of §

2
L(5;0,0) =6 (1 - 20+ 0(52)> , 0—0. (B.2)
Tt
PROOF. The proof of this theorem is based on the formula
i
[us(0, é; )| = |us(0, ;0)Im(0, ¢ s) e 0 (B.3)

Inria



Atmospheric Equivalent Boundary Conditions for Acoustic Media 31

with

m(9,¢;s):1—%3+0((5+s)2) .

This formula (B.3) is a consequence of equations (4.4) and (4.7). According to Definition B.1, the skin
depth function £(J; .) satisfies

|us (0, ¢; L5506, 9))| = |us (6, ¢;0)[ e~ . (B.4)

Hence,

m(.; £(5;.)) e £(03:)/0 — -1

Performing an asymptotic expansion when ¢ tends to zero, we infer the asymptotic behavior of the skin
depth function (B.2). |

Comparison with the skin effect in electromagnetism

According to [4, Th. 3.2] the skin depth function Lo(c;y, ) associated with the skin effect phenomenon
has the following behavior for large conductivity o,

Lo(3ya) = (o) (1 = H(ya)l(o) + O(c™ ")), o —o00. (B.5)
Here y,, @ = 1,2 are tangential coordinates on X, H is the mean curvature of the surface ¥ and
o) = ,/wioa is the classical skin depth parameter which corresponds to § in this paper. Hence,

the d-asymptotic behavior of the skin depth function (B.2) coincides only up to the first order of approxi-

mation with the behavior of the skin depth function L (o; y,,) characterizing the skin effect phenomenon
since the mean curvature of the sphere ¥ = {r = r} is H = % Similarly the equivalent boundary

conditions associated with these two boundary layer phenomena coincide only up to the second order of
approximation, (2.9)-(2.10).
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