N

N

On Finite-Time Stabilization of Evolution Equations: A
Homogeneous Approach
Andrey Polyakov, Jean-Michel Coron, Lionel Rosier

» To cite this version:

Andrey Polyakov, Jean-Michel Coron, Lionel Rosier. On Finite-Time Stabilization of Evolution Equa-
tions: A Homogeneous Approach. IEEE Conference on Decision and Control 2016, Dec 2016, Las
Vegas, United States. hal-01371089

HAL Id: hal-01371089
https://inria.hal.science/hal-01371089

Submitted on 23 Sep 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01371089
https://hal.archives-ouvertes.fr

On Finite-Time Stabilization of Evolution Equations: A Homogeneous
Approach

Andrey Polyakov, Jean-Michel Coron, Lionel Rosier

Abstract— Generalized monotone dilation in a Banach space
is introduced. Classical theorems on existence and uniqueness of
solutions of nonlinear evolution equations are revised. A univer-
sal homogeneous feedback control for a finite-time stabilization
of linear evolution equation in a Hilbert space is designed using
homogeneity concept. The design scheme is demonstrated for
distributed finite-time control of heat and wave equations.

I. INTRODUCTION

The homogeneity is a sort of symmetry of an object, when
it remains consistent with respect to a dilation operation
[11, 121, [3], [4], [5], [6], [7], [8]. For models described
by ordinary differential equations (ODEs) homogeneity is
applied for control and observer design as well as for analysis
of qualitative behavior of the closed-loop systems. There are
a lot of controllers and observers with finite convergence
time with negative homogeneous degree to the closed-loop
system, since asymptotic stability in this case implies the
finite-time one [1], [9], [10], [11], [12], [13], [14], [15]. For
example, in [16], [10], [12], [13], [15], [17] homogeneous
feedbacks are designed for fast robust stabilization of linear
plants, but in [12], [18], [19], [20] homogeneous dynamic
observers are developed for non-asymptotic state estimation.
Finally, homogeneity allows robustness analysis to be done
easily for essentially nonlinear systems [21], [22], [23].

Partial differential equations with homogeneous (with re-
spect to uniform scaling) operator were studied in [24],
[25], [26], where some regularizing effects and integrability
properties of homogeneous systems have been discovered. A
version of weighted homogeneity for sub-elliptic operators
is considered in [5]. In [14] a generalized (geometric) homo-
geneity for evolution equation is introduced. It was demon-
strated that all important properties of homogeneous systems
like scalability of solutions, expansion of local results to
global cases and finite-time stability for negative degree can
also be discovered for homogeneous evolution equations in
Banach spaces. Generalized homogeneity can be established
for many well-known partial differential equations [14] like
KdV, Saint-Venant, heat, wave and fast diffusion equations.

The finite-time control of partial differential equations is
a topic of intensive research [27], [28], [29], [30], [31]. This
problem is related with analysis of controllability and null
controllability of the system. This paper presents the first
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attempts to design finite-time control based on generalized
homogeneity presented in [14]. First, the problem of exis-
tence of solutions of quasi-linear systems with homogeneous
non-linearity is studied. Next, a novel universal scheme
of homogeneous finite-time control design for evolution
equation in a Hilbert space is developed using properties
of homogeneous norms of smooth monotone dilations.

Notation: R is the field of real numbers; R = [0, +o0); B
is a real Banach space with the norm || - ||; H is a real Hilbert
space with the inner product (-, -); H"(X,R) = W™2(X,R)
is the Sobolev space of functions X — R (with H° = L?),
where X C R is any open set.

II. HOMOGENEOUS DILATIONS IN BANACH SPACES
A. Dilation group

Let £(B) be the space of linear bounded operators B — B.

Definition 1 ([14]): A map d : R — L(B) is called
dilation in the space B if it satisfies

o the semigroup property: d(0) =1 € L(B) and d(t +

s) =d(t)d(s) for t,s € R;
o the strong continuity property: the mapd(-)u:R — B
is continuous for any u € B;
o the limit property: sl}moo ld(s)ul| = 0 and
SETOC ld(s)u|| = oo uniformly on u € S.
The dilation d is strongly continuous group [14].

Definition 2 ([14]): A nonempty set D C B is said to be
d-homogeneous iff D is invariant with respect to dilation
d:R— L(B), ie.d(s)z € D for z € D and s € R.

In particular, the d-homogeneous set D may be a cone in B.

The homogeneous sphere of the radius r is given by

Sa(r)={ueD:d(-In(r))ue S}, r>0.

Obviously, Sq(1) = S N D. Let us denote
D D .
gll7 = sup | g(u)l, gl7 = inf |g(u
ol = sup gl Lol2 = iaf Tl

for g€ L(B). Obviously, ||g||® is the canonical norm in £(B).
The limit property of the dilation immediately implies that
ld(s)||® — 0 as s — —oco and |g|® — 400 as s — +oc.

Homogeneous sets and spheres have some useful proper-
ties to be utilized below for analysis of evolution equation.
If D is a nontrivial! d-homogeneous set then [14]

o ||[d(s)[|F #0, s € R and d(s) # I € L(B) if s # 0;

e [d(s)|P <1ifs<0and1<|d(s)]z < ooif s>0;

e Sa(1)=DNS # P and for any u € D\{0} there exist

ug € Sa(1) and sp € R such that u = d(sp)uo;
« D\{0} = Uo Sa(r) and Saq(r) = d(In(r))Sa(1).
>

IThe set D is non-trivial if it contains elements different from 0.



B. Generator of dilation

The operator G4 : D(G4q) C B — B defined as
Gau = lim,_,o s~ (d(s)u — u)
is known (see, e.g. [32, Ch. 1]) as the generator of the group
d(s) with the domain D(G4) = {u € B: li_r)%sfl(d(s)u -
u) exists} dense in B. Obviously, the domain D(Gq) is d-
homogeneous linear subspace of B. The generator Gy is
a linear possibly unbounded operator, which satisfies the
following property ([32, Ch. 1, Theorem 2.4]: for any u €
D(Gq) and any s € Ry one holds d(s)u € D(Gq) and the
function d(-)u : Ry — D(Gy) is continuously differentiable
4 d(s)u = Ged(s)u = d(s)Gqu.
Example: If B = H°(R,R) then the dilation defined as
d(s)u(z) = e*u(e’*z),s € Ry,u € B,z € R has the
generator (Ggu)(x) =vazu' (x) + u(x).
Remark 1: If the generator GGy is a bounded linear oper-
ator then the group d is uniformly continuous [32, Ch.1],
[d(s)||B < ellGalls and Ld(s) = Gqd(s) for any s € R.

C. Monotone dilations

In this paper we deal with so-called monotone dilations.
Definition 3: The dilation d is monotone on d-homoge-
neous set D CB if it is a strong contraction for s < 0, i.e.

ld(s)|7 <1, Vs<O. (1)
It is worth stressing that monotonicity of dilation depends
on the norm | - ||. For example, the dilation d(s) = (¢ 9.)

is monotone with respect to B = R? equipped with the
conventional Euclidean norm, but it is non-monotone in the
case of the weighted norm ||ul|p = VuT Pu with

po (%1 (w0 o\ (4
I G /) 0 150 1 V3 )
3 3 3 32

In the latter case, the curve {d(s)u : s € R} may cross the
homogeneous sphere in two different points. One has the
following proposition, which is proved in Appendix A.
Proposition 1: If the dilation d is monotone on d-
homogeneous set D C B then
1) |d(s)|R > 1 for s > 0;
2) for any u € D there exists a unique pair (Sg,ug) €
R x S4(1) such that uw = d(sg)ug;
3) the function ||d(-)u|l : R — Ry (with u € D\{0}) is
continuous and strictly monotone increasing on R;
4) the function ||d(-)|% : R — Ry(d(-)|Z:R—Ry) is
lower(upper) semicontinuous and strictly increasing:
1d(07) |2 - [d(0%)|2 = ld(07) [ = [d(0+) |B= 1.

D. Homogeneous norm

For d-homogeneous set D we can introduce the so-called
homogeneous “norm”.

Definition 4: A functional p : D C B — R is said to
be d-homogeneous norm on D if p(u) — 0 as u — 0 and
p(d(s)u) = e*p(u) > 0 for u € D\{0}, s € R.

In this paper we introduce the canonical homogeneous
“norm” for monotone dilation d as follows

|lulla = €, where s, € R:d(—sy)u € Sq(1). (2)

In this case the identity ||u|la = r implies u € Sa(r),r > 0.
The next obvious relation relates the norm in the Banach
space B and its homogeneous norm:

o1(|lulla) < [lull < oa([[ulla), 3)

where o1 (-) < m and oy() >
some continuous increasing functions.

The homogeneous "norm” || - [|g is not a norm in the
classical sense, but it defines a sort of topology in D, e.g. the
homogeneous ball of the radius r > 0 is defined as follows
Ba(r) = {u €D : |ulla <r}. The next two propositions
are proved in Appendix.

Proposition 2: If d is monotone dilation on D C B,
z € C((a,b),B) and z(t) € D\{0} for all t € (a,b) then
HZ()HJ € C((a’ b)a (07 +OO))

Proposition 3: If d is monotone and uniformly continuous
on B then ||u1||lquH HUQHKI}GALS lur—usa||, u1,ue € B\{0}.
The latter inequality implies Lipschitz continuity of the
homogeneous norm outside the origin if the dilation is
uniformly continuous.

Definition 5: A monotone dilation d is said to be Fréchet
differentiable (smooth) on D C B if the homogeneous norm
| - |4 is Fréchet differentiable (smooth) on D\{0}.

Let d be a dilation of a Hilbert space H and let the norm
in H be induced by the inner product || - || = /(-,-). If d is
monotone on D C D(Gyq) then the Fréchet derivative of the

1
[d(— ()% e

homogeneous norm || - ||¢ admits the representation
—s (d(s) - ,d(s)u
(Dlfulla) () = e~ 8o @)

where s € R : ||[d(s)u|| = 1 and u € D\{0}. This formula
immediately follows from implicit function theorem [33,
Theorem EJ, the identity (Dl|ul)(-) = 2>”J;<\| 2 = <\‘|{;ﬂ>
and the property ‘Ld(s)u = Gad(s)u for u € D(Ga),
which always holds for strongly continuous semigroups [32].
Therefore we have proven the following

Proposition 4: If (u, Gqu) # 0 for all u € D\{0} then d
is Fréchet smooth on D C H.

Remark 2 (Multi-dilations): The dilation d can com-
bine two (or several) strongly continuous groups d(s) =
d;(s)dz(s) provided that they commute : dy(s)da2(s) =
da(s)d;(s) for all s € R. It can be shown that Gq =G4 +Gy,.

III. HOMOGENEOUS EVOLUTION EQUATIONS

Let us consider nonlinear evolution equation
a(t) = f(u(t), > to, (5)
u(to) = ug € D, (6)
where tp € R, u(t) B and f: D CB — B.

Definition 6 ([14]): An operator [ : D — B is said to be
d-homogeneous of degree v if D is d-homogeneous set and

fld(s)u)=e"?d(s)f(u), seR,ueD, @)

where d is a dilation in B and v € R.

The equation (5) is homogeneous if f is d-homogeneous.
One has the following proposition, which is proved in
Appendix D.



Proposition 5: Let a dilation d be uniformly continuous
and monotone on B and an operator p : B — B be d-
homogeneous of degree v.

o If p satisfies a Lipschitz condition on S then it satisfies
a Lipschitz condition on K(r1,m2) = {u € B : r; <
lu]] < ro} with 0 <1 < 19 < +00.

e If p is Fréchet differentiable on S and d is Fréchet
smooth on B then p is Fréchet differentiable on B\{0}:

Dp(z) = ¢ I*ld(1n ||2||s) Dp(z0)d(~In || z]a),

where Dp(z) € L(B) and Dp(z) € L(B) are Fréchet
derivatives of p at z € B\{0} and zy € S, respectively.
The latter properties of the homogeneous operator allows
us to refine the classical results about existence of solutions
of quasi-linear evolution equations.
Corollary 1 (On Homogeneous Perturbation): Let

e A:D(A) C B — B be a generator of a strongly contin-
uous semigroup {eAt}teR+in B and M;(1—01(t))|lul| <
lleAtul| < My(1 + oa(t))||ul| for w € B and t € [0,T),
where M; > 0, o; : Ry — R, are continuous non-
decreasing functions, 0;(0)=0,i=1,2 and T > 0;

e d be a uniformly continuous monotone dilation on B;

e an operator p : B — B be d-homogeneous of degree v
and satisfy Lipschitz condition on S,

then the nonlinear evolution equation (5) with f = A+ p
has a unique mild solution
t

u(t) = eu(0) +/ A=) p(u(s))ds (8)
0

Sor any u(0) € B\{0} with t € (0,t™*), where t™** = +00

or [[u(t)|| = +o0 or ||u(t)|| — 0 as t — t™*.

The proof of this corollary follows from [32, Theorem 1.4,

Chapter 6] and Proposition 5.

Corollary 2 (Regularity): If all conditions of Corollary 1
hold, the dilation d(s) is Fréchet smooth on B andp : B — B
is Fréchet smooth on S then the solution (8) is classical® one.
The proof of this corollary can be derived using [32, Theorem
1.5, Chapter 6] and Proposition 5.

Example: Let B=L*(R,R), A= 6‘9—;, p(u) = kljul|*tu
and k£ € R, € R;. Using the heat kernel we can show
that {e“*} satisfies conditions of Corollary 1. The operator p
is d-homogeneous for uniformly continuous Fréchet smooth
dilation d(s) = e®I, Gg=1I¢€ L(B), In addition, p is Fréchet
smooth on S. Therefore, all conditions of Corollary 2 hold,
so the qpasi—ling:ar heat equation [34]

gu — 94 4 kullul|*t, teRy, z€eR,
u:Ry xR—Rand k,a € R.
has a unique classical solution defined at least locally on
[0, tmax) for any non-trivial initial condition u(0) € D(A)\0.

I'V. HOMOGENEOUS FINITE-TIME CONTROL
Let us consider the following control system

a(t) = Au(t) + BE(u(t)), t>0 ©)

2 According to [32] a continuous function w : [0,7] — B is called
classical solution to (5) if u(t) € D(A) for 0 < t < T, u is continuously
differentiable on 0 < ¢t < 71" and satisfies (5), (6).

u(0) = up € D(A), (10)

where the operators A : D(A) - Hand B: D(B) C B —
H are linear, B is a Banach space, H is a Hilbert space with
the inner product (-,-), D(A) and D(B) are domains of the
operators, u(t) € D(A) C H is the system state, £ : D(A) —
D(B) is a bounded (locally or globally) feedback control to
be designed in order to steer any solution of the closed-loop
system to zero in a finite time. The problem of bounded finite-
time stabilizing control design for the considered system has
been studied, for example, in [35]. This problem also appears
in the context of sliding mode control of PDEs [36], [37].
In [38], [17] finite-time stabilizing feedback design is pro-
posed for ODE using a combination of the implicit Lyapunov
function method with the homogeneity approach. The design
procedure is composed of two steps. First, a linear stabiliz-
ing feedback is designed together with the corresponding
quadratic Lyapunov function. Next, homogeneous dilation
is applied in order to construct the finite-time stabilizing
feedback and the corresponding implicit Lyapunov function.
In this paper, we follow the same scheme and use the
homogeneous norm ||ullq defined by (2) as a Lyapunov
function. The specific feature of the infinite dimensional case
is multi-dilation application for finite-time control design.
Theorem 1 (On homogeneous finite-time feedback): If
A) the operator A : D(A) C H — H is an infinitesimal
generator of a strongly continuous semigroup on H and
B :D(B) C B — H is a linear bounded operator,
B) the dilation d = d1d> is monotone on H and combined
of two groups d1(s)dz(s) = da(s)d1(s), s € R such that
e dy is a monotone uniformly continuous dilation,
e ds is a strongly continuous group on H:
whs >0
ls(s)E<md € T 520 s ot weR,
e? ° if s<0,
e the operator A D(A) ¢ B — B is d-
homogeneous of a negative degree — i and D(A) C
D(Gy), where > 0 and Gy is the generator of d,
C) there exists a linear bounded operator K : H — B
such that BK(D(A)) C D(A) and

((A+BK+aGy) z,2)+{z,(A+ BK+aGq)z) < 0,
28|12l|* < (Gaz, 2) + (2, Gaz),

for all z € D(A), where o, 8 > 0 are some constants,
D) there exists a nonnegative number v > 0 such that the
operator BK satisfies e "*d(s)BKz = BKds(s)z for
all z € D(A),
then the feedback & : H— B defined as
_ g™ Kdy (= In(Jufla))w if w#0,
gy = { MK Fuze an
is locally bounded on H\{0}, Fréchet differentiable at any
point u € D(A)\{0}, continuous at 0 € H if v +w™ > p,
globally bounded (E()| < MIK|c) if v — p = w* >
—w—, BE(D(A)) € D(A) and for any u(0) = uy €
D(A)\{0} the closed-loop system (9), (11) has unique
classical solution u(t) € D(A), such that |u(t)|| — 0 as
t— T(ug) < 1ol



If the first 1nequa11ty in C) becomes an identity then
T(ug) = lwolly ~ rhe proof of Theorem 1 is given in
[39], where non-homogeneous operators A are treated. For
H = R"™ an analogue of Theorem 1 has been proven in [38].

Remark 3: Theorem 1 asks the operator A to be ho-
mogeneous of negative degree, it is well known that linear
operators are always homogeneous with zero degree. Indeed,
Sor any linear operator A we have Ad(s) =d(s)A ifd(s) =
e®l. However, there exist linear operators, which may have

also positive and negative homogeneity degrees. For example,
01 0 ..00

; 00100
if B = R" then the operator A = G e
) ) o 0 0 .00
is d- homogeneous with positive degree v = lf d( ) =

diag{e®}"_, and d-homogeneous with negative degree v =

—1 if d(s ) = diag{e™"9}"_ . For B = L*(R,R) the
Laplace operator A = 6—22 has similar property: it is d-
homogeneous of degree 2p if (d(s)u)(x) = e*u(etSx), where
w € R is an arbitrary number. Theorem 1 can be applied to
plant models with such operators.

V. EXAMPLES OF FINITE-TIME CONTROL DESIGN

A. Example 1: Heat Equation on R

Let us denote H = HO(R+,R) B =1 € L(H) and
consider the operator A= W : D(A) C H — H with the
domain D(A)={z€ H*(R4,R) : 2(0)=0} and K =—pI.

Let us consider the dilation d(s) = di(s)da(s), where
d;(s) = e”*I with v > 0 is uniformly continuous monotone
dilation on H, G4, u = vu and (d2(s)u)(z) = u(e #5z),z €
Ry, p > 0 is strongly continuous group on H, (Gg,u)(z) =
—pxu'(z),x € Ry. The operator A is d-homogeneous of
degree —2u and BK satisfies condition D) of Theorem 1.

Taking into account that Gqu = vu — pxu’ we derive
(A+ BK +aGq)z = 2" — pz+ avz — apxz’. Since for any
z € D(A) we have (z2/,2) = 0.5:cz2(a:)|3_00 —0.5(z,2) =
—0.5(z,z) then for p > a(v + 0.5u) we derive ((A +
BK + aGqa)z,z) = —(Z/, 7Y — (p — a(v + 0.5p))(z, 2) <
0 if z € D(A). Therefore, all conditions of Theorem 1
hold and the distributed feedback control (11) stabilizes at
zero any solution of (9) in a finite-time. Let us find an
explicit representation of the control law. Since ||d(s)u| =

e(v+0-5u)s f u2(z)dz then |lullq = [Jul|*/¥*0-5#). So,

according to Theorem 1 the finite-time stabilizing feedback

() = —pllul 7

is continuously Fréchet differentiable on D(A)\{0}, continu-
ous at 0 if v > 0.5u and globally bounded (but discontinuous
at 0) if v = 0.5u.

B. Example 2 : Wave Equation on R

The distributed finite-time control design procedure is
based on Theorem 1. We rewrite the wave equation in the
form (9) and check all conditions of the theorem.

A) Let us denote H = H!(R,R) x H°(R,R) and
u=(u,uz)" €H, A= 22 o) :D(A) CH—H,
where D(A4) = H2(R,R) x H'(R,R), O € L(H(R,R))

and I € L(H°(R,R)) are zero and identity operators,
respectively, B = (9) : H°(R,R) — H. It is known [32]
that A is a generator of strongly continuous semigroup in H.

Let us define the norm || - || = 1/(:,+) in H by means of
the following inner product

(u,v) = / u' (2)Po(x) 4+ Pyt ()0} (2)dz,
R
with P = (D1 52) = X1, where X = (! {12) € R2*2
is a positive definite solution of the system of linear matrix
inequalities (LMIs):

(VT XHX () +y b 4 by + puX =0,

()X 4+ X (VERY) >0, X >0,

where v, € Ry, b= (0,1)7, y7 = (y1,y2)7 € R2 The
system of LMIs is always feasible [17] with respect to X
and y. Since (v+ 1.51) X171 + X712 = 0 then it can be shown
that 0 < (v+1.5u) Pag = Pipo. Let the operator K be defined
as Kz =yP~ 1z for any z € H.

B) Let us introduce the dilation d = d;d> on H, where

d;(s)u= (e("g“)s e ) u, (d2(s)u)(z)=ule "z), ueH.
The dilation d has the generator Gqg = Gq, + Ga,, Where
Gau = (V5" %) u,Gayu = —paw’ for u € D(A). The

dilations d and d; are monotone on H. Indeed, since

lda (S)UHQZ/,;‘T(JJ)dl (5) Py (s)u(@HPore® 1% (ui(2))

then due to LMIs one holds Ldi(s)ul®> =
fR le (Gdlp_l + P_lGd1>d1(S)u(£L') + 2(V +
e 2(’”'“)5( 1(z))%dx > 0 for any s € R, u € D(A). The

monotonicity of the dilation d can be proven analogously
taking into account

Hd2<s>uu2:/ReusuT(@Pu( V1 Pasehs (ul(z)

The dilation d; is uniformly continuous on H and the
dilation d is Fréchet smooth on D(A). The operator A is
d-homogeneous of degree —u < 0. Indeed, (Ad(s)u)(x) =

A(e(oﬂb)sul(efusx) :< euSUQ(e*“Sz) ))ze—us(d(s)Au)(Jj)

y — "o —
eusu2(e ;Lsz) (v—) /,A.)s u ws,

C) Given z € D(A) and 4y = (0 ) we have (z,(A+BK+
Ga)2) = (2, (Aot BE+Gay)2) + (2 ( %)) + (2, Gay2) <0

since ( 2, 291/ = [ Pi2(2](2))? — Pazi(z)2(x)dz,
(2,Gay2) = —plz,22") = 5(z,2) and due to LMI one
has (z, (Ag+BK+Gq,)z) = —5(z, 2) + [Po [p2] () ((v +
w)z1(x) + z5(x))dx, where 0 < (v + 1.54) Pag = Pia.

D) Since e¥*d(s) BK = BKds(s) then by Theorem 1
wave equation admits homogeneous finite-time control (11),
so closed-loop system is homogeneous of degree — .

In general the homogeneous norm | - ||lg (as well as
feedback (11)) is defined implicitly, see (2). Using the ideas
of [40] for v = % the homogeneous norm can be found
explicitly as a unique real non-negative solution to the
quartic equation V* = aV?2 + bV + c that is equivalent to

[d(=s)ul| =1if V = e"5, a = paa fR u(z) + (v} (z))%dx,



b = 2pi2 [pui(z)uz(z)de and ¢ = piy [ ui(x)de. In
particular, for ;4 = 1 using Ferrari formulas we derive

20+ 2 -2+ vz if b>0, Z=2070702  Ng=q212¢,
||lulla= 2a—2£—2—/7 if b<o, for | _ p/CnR/at-anota,

\/0.5(a++va2+4c) if b=0, A1:2a3+7250727b2,
so the feedback (11) for wave equation can be found in the
explicit form: &(u) = Kdiag(||u|;?, [lullg*)u.

VI. CONCLUSIONS

The paper introduces a novel framework for control design
based on generalized homogeneity of operators in Banach
and Hilbert spaces. The so-called monotone dilations and
homogeneous norms are studied. The conventional solution
existence theorems for quasi-linear equations are refined for
the case of homogeneous perturbations.

The universal homogeneous distributed finite-time control
is presented for evolution equations with plant model given
by a homogeneous linear (possibly unbounded) operator in
a Hilbert space. The presented results can be extended to
some Banach spaces. Currently, the proof of Theorem 1 is
essentially based on Fréchet smoothness of the homogeneous
norm, which is also required for existence of classical
solutions of the closed-loop system. This property can pos-
sibly be guaranteed for super-reflexive Banach spaces. The
extension to other Banach spaces will need another solution
existence/uniqueness theorem to be proven.

As examples of the main theorem the distributed finite-
time control has been designed for heat and wave equations
on unbounded domains. The case of bounded domains is
treated in [39], where Theorem 1 is refined for homoge-
neous extensions of operators. The developed homogeneous
framework looks promising for design of finite-time control
for linear and non-linear PDEs.

VII. APPENDIX
A. Proof of Proposition 1

) If w € Sq(1) then 1 = Jju| = ||d(—s)d(s)ull
ld(—=s)||? - [|[d(s)ul| for any s > 0. Hence, [|d(s)ull
m for any fixed s > 0 and arbitrary u € Sg(1). Due
strong contraction (monotonicity) condition, 1 < m
inf,es,(1) ld(s)ull = [d(s)] 7 for any s > 0.

2) Existence of the pair (sg,ug) is provided in [14]. Let
us prove the uniqueness of this pair in the case of monotone
dilation. Suppose the contrary, i.e. for some v € D there
exist (s1,u1) € R x Sq(1) and (s2,us) € R x Sq(1) such
that (s1,u1) # (s2,u2) and d(s1)u; = u = d(sz)ug. If
s1 = So then d(sl)ul = d(Sg)lLQ = Uy = d(—Sl + SQ)UQ =
uo and we obtain the contradiction. If s; # s then u; =
d(sy — s1)us. Without loss of generality we may assume
s9 — 51 < 0 (otherwise we consider the equivalent identity
d(Sl —52)u1 = us). In this case 1 = Hu1|| < ||d(82—81)||?
luz|| = ||d(s2 — s1)||R. The obtained inequality contradicts
the monotonicity condition (1).

3) Strong continuity of the semigroup d implies continuity
of ||d(-)u|| for any u € D. For any u € D\{0} and any s; <
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s one have [[d(s1)ul| — [[d(s2)ul| = [[d(s1)ull — [|d(s2 -
s1)d(s1)ull < (1 — [d(s2 — 51)|Z)[|d(s1)ul|. The property
1) immediately yields the strict monotonicity.

4) Let us notice that monotonicity of ||d(+)||% and |d(-)|%
follow from 3). Let us show that the considered functions
are lower and upper semicontinuous at s = 0, respectively.
Taking into account their monotonicity we have

d(s)]|® — 1+c" and |d(-)|Z — 1+cs as s — 07,

d(s)|Z —+1—c™ and [d(-)|2 - 1—c_ass—0,
where ¢*, ¢, ¢y, c_€R,. For u € Sq(1) and s€R we have
1= Jull = [d(s)d(—s)u| < [|a(s)|2 - |d(=s)ul| and
1= ull = [[d(s)d(—s)ul > [d(s) |2 - [d(=s)ul.

Taking inf and sup on both sides of the obtained in-
equalities we derive 1 < [|d(s)||z - [d(—s)|% and 1 >
|d(s)]Z - ||d(—s)||% for any s € R. For s — 0" we derive
(14+c)(1—c)<1<(14c¢t)(1—co), but for s — 0~
we obtain (1 —c_)(1+c¢t) <1< (1-c¢")(1+cy). This
immediately implies 1 = (1—c_)(14+c") = (1—c7)(1+c4).
Since [[d(s)[2 = [d(2s)d(—s) 2 < [d(2s)]|Z - [|a(—s)||?
then taking into account monotonicity proven above we
derive [|d(s)[|? < (1 — ¢7)||d(2s)||E. For s — 07 we
obtain 1 + ¢t < (1 — ¢ )(1 +c¢t), ie. ¢& = 0 as well
as cy = 0. Finally, using the group property it can be easily
shown that [|d(-)||% : R — R, is lower semicontinuous, but
|d(-)|?:R— R, is upper semicontinuous on R.

B. Proof of Proposition 2

If z € C((a,b),B) and z(t) € D\{0} then the function
. : R x (a,b) = Ryq.(s,t) = |[d(=s)z(¢)|| — 1 is
continuous on both variables and strictly monotone on the
first variable for any ¢ € (a,b) (see, Proposition 1). Hence,
implicit function theorem [41, Theorem 1.1] implies that
there exists 3, : (a,b) — R such that §, € C((a,b),R) and
q-(3(t),t) = 0 for all t € (a,b). Hence, ||2(-)|la = %) €
C((a,b), (0,400)).

C. Proof of Proposition 3

By definition of homogeneous norm we have ||u;|la = e,
where ||d(—s;)u;||=1, s; €R, i=1,2. Since ||[d(—s1)u1|| =
ld(—s1)(us—uz)+d(=s1+52)d(—s2)up|| < el juy —
ua| + e~ IIGall(s1=s2) thep ellGallsi — cllGalls2 < uy — us].
On the other hand, 1 = [|d(—s2)uz| = ||d(—s2)(uz —
up) + d(—sz + s1)d(—=sy)ug|| < e lGals2]juy — uyf| +
e~ IGallts2=s1) and ellGalls> — ellGallst < ||u; — uyl|. So,

(|1\Gd\| o HUQH(“I‘Gd” _ ’e\lGdHSl —ellGalls2 ’ < |luy —usl|.

[l |

D. Proof of Proposition 5

I. Due to the relation (3) between norms there exists
Smin, Smax € R such that ||ullg € [e®=in,e®min] for all
u € K(ri,r2). If 21,20 € K(ry,r2) then there exist
2929 € S and s1,s2 € R such that z; = d(s1)z) and
2y = d(s2)z). Hence, due to homogeneity of p we derive
Ip(z1) — p(z2)l| = lle*1d(s)p(0) — e d(s2)p(=9)] =
— e”2d(s1)p(2]) + e”2d(s1)p(27)

[N

|
ld(s)IIZ P - et — e=2] + e - [|d(s1)p(27)



d(s2)p(20)]| + e[| d(s2) [ 2 ]|p(2?) = p(25)]. Since d is uni-
formly continuous then ||d(s)||® < eIz with G4 € £(B)
and [[d(s1)p(=0) — d(s2)p(=9) | = | Ga [3* d(s)p(=0)ds | <
sup.cg [p(2)] - e#*r —e#*2|, where p = [ Gql[£. The
operator p satisfies a Lipschitz condition on the sphere S,
so [p(0) = pDI < Lyllzd — 28]l = Lylld(—s1)z1 —
d(—s2)2]) < Ly (d(—s1) —d(—s2))z1 ]+ Lylld(—s) (21 —
) < Lyllall - e = 2] + Lyld(—ss)|[Blz —
for a constant L, > 0. Taking into account s; =
—In(||z1]la), s2 = —In([[z2]la) we derive [p(z1) —
p(z2)ll < Lulllzallg — ll22llg] + Lz llzalla — llz2llal +
L3l|z1 — 22||. Hence, using Proposition 3 can be shown that
[p(21) = p(22)|| < Lllz1 — 22, 21,22 € K(r1,72),
where L depends on 71,72, Smin, Smax, ||Gall, Lipschitz
constant for p on the sphere S and on sup,cg ||p(2)]|.
II. By definition of the Fréchet derivative we have

(20 + Ah) — p(20) — (Dp(20))(AR)||

lim 0
| AR]—0 |AR]
for any zp € S. Due to 2y = d(—Inlz|a)z

and homogeneity of the operator p we have p(z) =
evnUlzll)d(In(||z]la))p(20). This imminently implies the an-
nounced formula for Fréchet derivative.
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