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On Finite-Time Stabilization of Evolution Equations: A Homogeneous Approach

Generalized monotone dilation in a Banach space is introduced. Classical theorems on existence and uniqueness of solutions of nonlinear evolution equations are revised. A universal homogeneous feedback control for a finite-time stabilization of linear evolution equation in a Hilbert space is designed using homogeneity concept. The design scheme is demonstrated for distributed finite-time control of heat and wave equations.

I. INTRODUCTION

The homogeneity is a sort of symmetry of an object, when it remains consistent with respect to a dilation operation [START_REF] Zubov | Methods of A.M. Lyapunov and Their Applications[END_REF], [START_REF] Hahn | Stability of Motion[END_REF], [START_REF] Hermes | Nilpotent approximations of control systems and distributions[END_REF], [START_REF] Rosier | Homogeneous Lyapunov function for homogeneous continuous vector field[END_REF], [START_REF] Folland | Subelliptic estimates and function spaces on nilpotent lie groups[END_REF], [START_REF] Khomenuk | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF], [START_REF] Rosier | Etude de quelques problemes de stabilization[END_REF], [START_REF] Kawski | Geometric homogeneity and stabilization[END_REF]. For models described by ordinary differential equations (ODEs) homogeneity is applied for control and observer design as well as for analysis of qualitative behavior of the closed-loop systems. There are a lot of controllers and observers with finite convergence time with negative homogeneous degree to the closed-loop system, since asymptotic stability in this case implies the finite-time one [START_REF] Zubov | Methods of A.M. Lyapunov and Their Applications[END_REF], [START_REF] Bacciotti | Lyapunov Functions and Stability in Control Theory[END_REF], [START_REF] Bhat | Geometric homogeneity with applications to finite-time stability[END_REF], [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF], [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF], [START_REF] Andrieu | Homogeneous Approximation, Recursive Observer Design, and Output Feedback[END_REF], [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF], [START_REF] Coron | Adding an integrator for the stabilization problem[END_REF]. For example, in [START_REF] Haimo | Finite time controllers[END_REF], [START_REF] Bhat | Geometric homogeneity with applications to finite-time stability[END_REF], [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF], [START_REF] Andrieu | Homogeneous Approximation, Recursive Observer Design, and Output Feedback[END_REF], [START_REF] Coron | Adding an integrator for the stabilization problem[END_REF], [START_REF] Polyakov | Robust stabilization of mimo systems in finite/fixed time[END_REF] homogeneous feedbacks are designed for fast robust stabilization of linear plants, but in [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF], [START_REF] Perruquetti | Finite-time observers: application to secure communication[END_REF], [START_REF] Andrieu | High-gain observers with updated high-gain and homogeneous correction terms[END_REF], [START_REF] Polyakov | Sliding mode control design for MIMO systems: Implicit Lyapunov Function approach[END_REF] homogeneous dynamic observers are developed for non-asymptotic state estimation. Finally, homogeneity allows robustness analysis to be done easily for essentially nonlinear systems [START_REF] Ryan | Universal stabilization of a class of nonlinear systems with homogeneous vector fields[END_REF], [START_REF] Hong | H∞ control, stabilization, and input-output stability of nonlinear systems with homogeneous properties[END_REF], [START_REF] Bernuau | Verification of ISS, iISS and IOSS properties applying weighted homogeneity[END_REF].

Partial differential equations with homogeneous (with respect to uniform scaling) operator were studied in [START_REF] Benilan | Regularizing effects of homogeneous evolution equations[END_REF], [START_REF] Sanders | On the ingerability pf homogeneous scalar evolution equations[END_REF], [START_REF] Sokolov | Classification of integrable polynomial vector evolution equations[END_REF], where some regularizing effects and integrability properties of homogeneous systems have been discovered. A version of weighted homogeneity for sub-elliptic operators is considered in [START_REF] Folland | Subelliptic estimates and function spaces on nilpotent lie groups[END_REF]. In [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF] a generalized (geometric) homogeneity for evolution equation is introduced. It was demonstrated that all important properties of homogeneous systems like scalability of solutions, expansion of local results to global cases and finite-time stability for negative degree can also be discovered for homogeneous evolution equations in Banach spaces. Generalized homogeneity can be established for many well-known partial differential equations [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF] like KdV, Saint-Venant, heat, wave and fast diffusion equations.

The finite-time control of partial differential equations is a topic of intensive research [START_REF] Perrollaz | Finite-time stabilization of 2x2 hyperbolic systems on tree-shaped networks[END_REF], [START_REF] Coron | Stabilization and controllability of first-order integro-differential hyperbolic equations[END_REF], [START_REF] Coron | Null controllability and finite time stabilization for the heat equations with variable coefficients in space in one dimension via backstepping approach[END_REF], [START_REF] Hu | Finite-time backstepping boundary stabilization of 3x3 hyperbolic systems[END_REF], [START_REF] Alabau-Boussouira | Finite-time stabilization of a network of strings[END_REF]. This problem is related with analysis of controllability and null controllability of the system. This paper presents the first This work is supported by ANR Project Finite4SoS (ANR 15-CE23-0007).
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Notation: R is the field of real numbers; R + = [0, +∞); B is a real Banach space with the norm • ; H is a real Hilbert space with the inner product The homogeneous sphere of the radius r is given by

•, • ; H n (X, R) = W n,2 (X, R) is the Sobolev space of functions X → R (with H 0 = L 2 ),
S d (r) = {u ∈ D : d (-ln(r)) u ∈ S} , r > 0. Obviously, S d (1) = S ∩ D. Let us denote g D L = sup u∈Sd(1) g(u) , g D L = inf u∈Sd(1) g(u)
for g ∈ L(B). Obviously, g B L is the canonical norm in L(B). The limit property of the dilation immediately implies that d(s) B L → 0 as s → -∞ and g B L → +∞ as s → +∞. Homogeneous sets and spheres have some useful properties to be utilized below for analysis of evolution equation. 

If D is a nontrivial 1 d-homogeneous set then [14] • d(s) D L = 0, s ∈ R and d(s) = I ∈ L(B) if s = 0; • d(s) D L < 1 if s < 0 and 1 < d(s) L < ∞ if s > 0; • S d (1) = D ∩ S = ∅
→ D(G d ) is continuously differentiable d ds d(s)u = G d d(s)u = d(s)G d u. Example: If B = H 0 (R, R) then the dilation defined as d(s)u(x) = e s u(e νs x), s ∈ R + , u ∈ B, x ∈ R has the generator (G d u)(x) = νxu (x) + u(x).
Remark 

C. Monotone dilations

In this paper we deal with so-called monotone dilations. Definition 3: The dilation d is monotone on d-homogeneous set D ⊂ B if it is a strong contraction for s < 0, i.e.

d(s) D

L < 1, ∀s < 0.

(1) It is worth stressing that monotonicity of dilation depends on the norm • . For example, the dilation d(s) = e s 0 0 e 2s is monotone with respect to B = R 2 equipped with the conventional Euclidean norm, but it is non-monotone in the case of the weighted norm u P = √ u T P u with

P = √ 3 2 1 2 -1 2 √ 3 2
100 0 0

1 100 √ 3 2 -1 2 1 2 √ 3 2
.

In the latter case, the curve {d(s)u : s ∈ R} may cross the homogeneous sphere in two different points. One has the following proposition, which is proved in Appendix A. 

d(0 -) D L • d(0 + ) D L = d(0 -) D L = d(0 + ) D L = 1.

D. Homogeneous norm

For d-homogeneous set D we can introduce the so-called homogeneous "norm".

Definition 4: A functional p :

D ⊂ B → R + is said to be d-homogeneous norm on D if p(u) → 0 as u → 0 and p(d(s)u) = e s p(u) > 0 for u ∈ D\{0}, s ∈ R.
In this paper we introduce the canonical homogeneous "norm" for monotone dilation d as follows

u d = e su , where s u ∈ R : d(-s u )u ∈ S d (1). (2)
In this case the identity u d = r implies u ∈ S d (r), r ≥ 0.

The next obvious relation relates the norm in the Banach space B and its homogeneous norm:

σ 1 ( u d ) ≤ u ≤ σ 2 ( u d ), (3) 
where

σ 1 (•) ≤ 1 d(-ln(•)) B L and σ 2 (•) ≥ 1 d(-ln(•)) B
L are some continuous increasing functions.

The homogeneous "norm" • d is not a norm in the classical sense, but it defines a sort of topology in D, e.g. the homogeneous ball of the radius r > 0 is defined as follows

B d (r) = {u ∈ D : u d < r} . The next two propositions are proved in Appendix. Proposition 2: If d is monotone dilation on D ⊂ B, z ∈ C((a, b), B) and z(t) ∈ D\{0} for all t ∈ (a, b) then z(•) d ∈ C((a, b), (0, +∞)). Proposition 3: If d is monotone and uniformly continuous on B then u 1 G d d -u 2 G d d ≤ u 1 -u 2 , u 1 ,u 2 ∈ B\{0}.
The latter inequality implies Lipschitz continuity of the homogeneous norm outside the origin if the dilation is uniformly continuous.

Definition 5: A monotone dilation d is said to be Fréchet differentiable (smooth) on D ⊂ B if the homogeneous norm • d is Fréchet differentiable (smooth) on D\{0}.
Let d be a dilation of a Hilbert space H and let the norm in H be induced by the inner product

• = •, • . If d is monotone on D ⊂ D(G d ) then the Fréchet derivative of the homogeneous norm • d admits the representation (D u d ) (•) = e -s d(s) • ,d(s)u Gdd(s)u,d(s)u , (4) 
where s ∈ R : d(s)u = 1 and u ∈ D\{0}. This formula immediately follows from implicit function theorem [33, Theorem E], the identity 

(D u )(•) = u, • + • ,u 2 u = • ,u
(s) = d 1 (s)d 2 (s) provided that they commute : d 1 (s)d 2 (s) = d 2 (s)d 1 (s) for all s ∈ R. It can be shown that G d = G d1 +G d2 .

III. HOMOGENEOUS EVOLUTION EQUATIONS

Let us consider nonlinear evolution equation

u(t) = f (u(t)), t > t 0 , (5) 
u(t 0 ) = u 0 ∈ D, (6) 
where

t 0 ∈ R, u(t) ∈ B and f : D ⊂ B → B. Definition 6 ([14]): An operator f : D → B is said to be d-homogeneous of degree ν if D is d-homogeneous set and f (d(s)u) = e νs d(s)f (u), s ∈ R, u ∈ D, ( 7 
)
where d is a dilation in B and ν ∈ R.

The equation ( 5) is homogeneous if f is d-homogeneous.

One has the following proposition, which is proved in Appendix D.

Proposition 5: Let a dilation d be uniformly continuous and monotone on B and an operator p : B → B be dhomogeneous of degree ν.

• If p satisfies a Lipschitz condition on S then it satisfies a Lipschitz condition on

K(r 1 , r 2 ) = {u ∈ B : r 1 ≤ u ≤ r 2 } with 0 < r 1 < r 2 < +∞. • If p is Fréchet differentiable on S and d is Fréchet
smooth on B then p is Fréchet differentiable on B\{0}:

Dp(z) = e ν ln z d d(ln z d )Dp(z 0 )d(-ln z d ),
where Dp(z) ∈ L(B) and Dp(z 0 ) ∈ L(B) are Fréchet derivatives of p at z ∈ B\{0} and z 0 ∈ S, respectively. The latter properties of the homogeneous operator allows us to refine the classical results about existence of solutions of quasi-linear evolution equations.

Corollary 1 (On Homogeneous Perturbation): Let

• A : D(A) ⊂ B → B be a generator of a strongly contin- uous semigroup e At t∈R+ in B and M 1 (1-σ 1 (t)) u ≤ e At u ≤ M 2 (1 + σ 2 (t)) u for u ∈ B and t ∈ [0, T ],
where M i > 0, σ i : R + → R + are continuous nondecreasing functions, σ i (0) = 0, i = 1,2 and T > 0;

• d be a uniformly continuous monotone dilation on B;

• an operator p : B → B be d-homogeneous of degree ν and satisfy Lipschitz condition on S, then the nonlinear evolution equation (5) with f = A + p has a unique mild solution

u(t) = e At u(0) + t 0 e A(t-s) p(u(s))ds (8) 
for any u(0) ∈ B\{0} with t ∈ (0, t max ), where t max = +∞ or u(t) → +∞ or u(t) → 0 as t → t max . The proof of this corollary follows from [32, Theorem 1.4, Chapter 6] and Proposition 5.

Corollary 2 (Regularity): If all conditions of Corollary 1 hold, the dilation d(s) is Fréchet smooth on B and p : B → B is Fréchet smooth on S then the solution (8) is classical2 one. The proof of this corollary can be derived using [32, Theorem 1.5, Chapter 6] and Proposition 5.

Example:

Let B = L 2 (R, R), A = ∂ 2 ∂x 2 , p(u) = k u α-1 u and k ∈ R, α ∈ R + .
Using the heat kernel we can show that {e At } satisfies conditions of Corollary 1. The operator p is d-homogeneous for uniformly continuous Fréchet smooth dilation d(s) = e s I, G d = I ∈ L(B), In addition, p is Fréchet smooth on S. Therefore, all conditions of Corollary 2 hold, so the quasi-linear heat equation [START_REF] Galaktionov | Necessary and sufficient conditions for complete blow-up and extinction for one-dimensional quasilinear heat equations[END_REF] 

∂u ∂t = ∂ 2 u ∂x 2 + ku u α-1 , t ∈ R + , x ∈ R, u : R + × R → R and k, α ∈ R.
has a unique classical solution defined at least locally on [0, t max ) for any non-trivial initial condition u(0) ∈ D(A)\0.

IV. HOMOGENEOUS FINITE-TIME CONTROL

Let us consider the following control system u(t) = Au(t) + Bξ(u(t)), t > 0 (9)

u(0) = u 0 ∈ D(A), (10) 
where the operators A : D(A) → H and B : D(B) ⊂ B → H are linear, B is a Banach space, H is a Hilbert space with the inner product •, • , D(A) and D(B) are domains of the operators, u(t) ∈ D(A) ⊂ H is the system state, ξ : D(A) → D(B) is a bounded (locally or globally) feedback control to be designed in order to steer any solution of the closed-loop system to zero in a finite time. The problem of bounded finitetime stabilizing control design for the considered system has been studied, for example, in [START_REF] Korobov | Method of Controlability Functions[END_REF]. This problem also appears in the context of sliding mode control of PDEs [START_REF] Orlov | Application of Lyapunov method in distributed systems[END_REF], [START_REF]Discontinuous systems: Lyapunov analysis and robust synthesis under uncertainty conditions[END_REF].

In [START_REF] Polyakov | Finite-time and Fixedtime Stabilization: Implicit Lyapunov Function Approach[END_REF], [START_REF] Polyakov | Robust stabilization of mimo systems in finite/fixed time[END_REF] finite-time stabilizing feedback design is proposed for ODE using a combination of the implicit Lyapunov function method with the homogeneity approach. The design procedure is composed of two steps. First, a linear stabilizing feedback is designed together with the corresponding quadratic Lyapunov function. Next, homogeneous dilation is applied in order to construct the finite-time stabilizing feedback and the corresponding implicit Lyapunov function. In this paper, we follow the same scheme and use the homogeneous norm u d defined by (2) as a Lyapunov function. The specific feature of the infinite dimensional case is multi-dilation application for finite-time control design.

Theorem 

d 2 (s) H L ≤ M e ω + s if s ≥ 0, e ω -s if s < 0, M > 0, ω + , ω -∈ R,
• the operator A : D(A) ⊂ B → B is dhomogeneous of a negative degree -µ and D(A) ⊂ D(G d ), where µ > 0 and G d is the generator of d, C) there exists a linear bounded operator K : H → B such that BK(D(A)) ⊂ D(A) and

(A+BK +αG d ) z,z + z,(A+BK +αG d )z ≤ 0, 2β z 2 ≤ G d z, z + z, G d z ,
for all z ∈ D(A), where α, β > 0 are some constants, D) there exists a nonnegative number ν ≥ 0 such that the operator BK satisfies e -νs d(s)BKz = BKd 2 (s)z for all z ∈ D(A), then the feedback ξ : H → B defined as

ξ(u) = u ν-µ d Kd 1 (-ln( u d ))u if u = 0, 0 if u = 0 (11) 
is locally bounded on H\{0}, Fréchet differentiable at any point u ∈ D(A)\{0}, continuous at 0 If the first inequality in C) becomes an identity then T (u 0 ) = u0 µ d αµ . The proof of Theorem 1 is given in [START_REF] Polyakov | Homogeneous Finite-Time Control For Evaluation Equation in Hilbert Space[END_REF], where non-homogeneous operators A are treated. For H = R n an analogue of Theorem 1 has been proven in [START_REF] Polyakov | Finite-time and Fixedtime Stabilization: Implicit Lyapunov Function Approach[END_REF].

∈ H if ν + ω -> µ, globally bounded ( ξ(•) ≤ M K L ) if ν -µ = ω + ≥ -ω-,
Remark 3: Theorem 1 asks the operator A to be homogeneous of negative degree, it is well known that linear operators are always homogeneous with zero degree. Indeed, for any linear operator A we have Ad(s) = d(s)A if d(s) = e s I. However, there exist linear operators, which may have also positive and negative homogeneity degrees. For example, if B = R n then the operator A = 

(s) = diag{e is } n i=1 and d-homogeneous with negative degree ν = -1 if d(s) = diag{e (n-i)s } n i=1 . For B = L 2 (R, R) the Laplace operator A = ∂ 2
∂x 2 has similar property: it is dhomogeneous of degree 2µ if (d(s)u)(x) = e s u(e µs x), where µ ∈ R is an arbitrary number. Theorem 1 can be applied to plant models with such operators.

V. EXAMPLES OF FINITE-TIME CONTROL DESIGN

A. Example 1: Heat

Equation on R + Let us denote H = H 0 (R + , R), B = I ∈ L(H) and consider the operator A = ∂ 2 ∂x 2 : D(A) ⊂ H → H with the domain D(A) = z ∈ H 2 (R + , R) : z(0) = 0 and K = -ρI.
Let us consider the dilation d(s) = d 1 (s)d 2 (s), where d 1 (s) = e νs I with ν > 0 is uniformly continuous monotone dilation on H, G d1 u = νu and (d 2 (s)u)(x) = u(e -µs x), x ∈ R + , µ > 0 is strongly continuous group on H, (G d2 u)(x) = -µxu (x), x ∈ R + . The operator A is d-homogeneous of degree -2µ and BK satisfies condition D) of Theorem 1.

Taking into account that G d u = νu -µxu we derive (A + BK + αG d )z = z -ρz + ανz -αµxz . Since for any z ∈ D(A) we have xz , z = 0.5xz 2 (x) +∞ 0 -0.5 z, z = -0.5 z, z then for ρ ≥ α(ν + 0.5µ) we derive

(A + BK + αG d )z, z = -z , z -(ρ -α(ν + 0.5µ)) z, z ≤ 0 if z ∈ D( Ã).
Therefore, all conditions of Theorem 1 hold and the distributed feedback control [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF] stabilizes at zero any solution of (9) in a finite-time. Let us find an explicit representation of the control law. Since d(s)u = e (ν+0.5µ)s R+ u 2 (x)dx then u d = u 1/(ν+0.5µ) . So, according to Theorem 1 the finite-time stabilizing feedback

ξ(u) = -ρ u -µ ν+0.5µ u
is continuously Fréchet differentiable on D(A)\{0}, continuous at 0 if ν > 0.5µ and globally bounded (but discontinuous at 0) if ν = 0.5µ.

B. Example 2 : Wave Equation on R

The distributed finite-time control design procedure is based on Theorem 1. We rewrite the wave equation in the form [START_REF] Bacciotti | Lyapunov Functions and Stability in Control Theory[END_REF] and check all conditions of the theorem.

A) Let us denote

H = H 1 (R, R) × H 0 (R, R) and u = (u 1 , u 2 ) ∈ H, A = O I ∂ 2 ∂x 2 O : D(A) ⊂ H → H, where D(A) = H 2 (R, R) × H 1 (R, R), O ∈ L(H 0 (R, R))
and I ∈ L(H 0 (R, R)) are zero and identity operators, respectively, B = ( O I ) : H 0 (R, R) → H. It is known [START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF] that A is a generator of strongly continuous semigroup in H.

Let us define the norm

• = •, • in H by means of the following inner product u, v = R u (x)P v(x) + P 22 u 1 (x)v 1 (x)dx, with P = P11 P12 P12 P22 = X -1
, where X = X11 X12 X12 X22 ∈ R 2×2 is a positive definite solution of the system of linear matrix inequalities (LMIs):

ν+µ 1 0 ν X + X ν+µ 0 1 ν + y b + by + µX = 0, ν+µ 0 0 ν X + X ν+µ 0 0 ν > 0, X > 0, where ν, µ ∈ R + , b = (0, 1) , y = (y 1 , y 2 ) ∈ R 2 .
The system of LMIs is always feasible [START_REF] Polyakov | Robust stabilization of mimo systems in finite/fixed time[END_REF] with respect to X and y. Since (ν + 1.5µ)X 11 + X 12 = 0 then it can be shown that 0 < (ν +1.5µ)P 22 = P 12 . Let the operator K be defined as Kz = yP -1 z for any z ∈ H.

B) Let us introduce the dilation d = d 1 d 2 on H, where d 1 (s)u = e (ν+µ)s 0 0 e νs u, (d 2 (s)u)(x) = u(e -µs x), u ∈ H. The dilation d has the generator G d = G d1 + G d2 , where G d1 u = ν+µ 0 0 ν u, G d2 u = -µxu for u ∈ D(A).
The dilations d and d 1 are monotone on H. Indeed, since

d 1 (s)u 2 = R u (x)d 1 (s)P d 1 (s)u(x)+P 22 e 2(ν+µ)s (u 1 (x)) 2 dx then due to LMIs one holds d ds d 1 (s)u 2 = R u(x) d 1 (s)(G d1 P -1 + P -1 G d1 )d 1 (s)u(x) + 2(ν + µ)e 2(ν+µ)s (u 1 (x)) 2 dx > 0 for any s ∈ R, u ∈ D(A).
The monotonicity of the dilation d can be proven analogously taking into account

d 2 (s)u 2 = R e µs u (x)P u(x)+P 22 e -µs (u 1 (x)) 2 dx.
The dilation d 1 is uniformly continuous on H and the dilation d is Fréchet smooth on D(A). The operator A is d-homogeneous of degree -µ < 0. Indeed, (Ad(s)u)(x) = A e (ν+µ)s u1(e -µs x) e νs u2(e -µs x) = e νs u2(e -µs x)

e (ν-µ)s u 1 (e -µs x) = e -µs (d(s)Au)(x). C) Given z ∈ D(A) and A 0 = ( 0 I 0 0 ) we have z,(A+BK+ G d )z = z,(A 0 +BK+G d1 )z + z, 0 z 1 + z, G d2 z ≤ 0, since z, 0 z 1 = R -P 12 (z 1 (x)) 2 -P 22 z 1 (x)z 2 (x)dx, z, G d2 z = -µ z, xz = µ 2 z, z and due to LMI one has z, (A 0 +BK +G d1 )z = -µ 2 z, z + [P 22 R z 1 (x)((ν + µ)z 1 (x) + z 2 (x))dx, where 0 < (ν + 1.5µ)P 22 = P 12 .
D) Since e -νs d(s)BK = BKd 2 (s) then by Theorem 1 wave equation admits homogeneous finite-time control [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF], so closed-loop system is homogeneous of degree -µ.

In general the homogeneous norm • d (as well as feedback [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF]) is defined implicitly, see [START_REF] Hahn | Stability of Motion[END_REF]. Using the ideas of [START_REF] Polyakov | A new homogeneous quasi-continuous second order sliding mode control[END_REF] for ν = µ 2 the homogeneous norm can be found explicitly as a unique real non-negative solution to the quartic equation

V 4 = aV 2 + bV + c that is equivalent to d(-s)u = 1 if V = e µs , a = p 22 R u 2 2 (x) + (u 1 (x)) 2 dx, b = 2p 12 R u 1 (x)u 2 (x)dx and c = p 11 R u 2 1 (x)dx.
In particular, for µ = 1 using Ferrari formulas we derive

u d =    2a+ 2b √ z -z+ √ z if b>0, 2a-2b √ z -z- √ z if b<0, √ 0.5(a+ √ a 2 +4c) if b=0, for z= 2a-c 1 -c 2 3 , ∆0=a 2 -12c, ci= 3 (-1) i √ ∆ 2 1 -4∆ 0 +∆ 1 2 , ∆1=2a 3 +72ac-27b 2 ,
so the feedback [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF] for wave equation can be found in the explicit form:

ξ(u) = Kdiag( u -2 d , u -1 d )u.

VI. CONCLUSIONS

The paper introduces a novel framework for control design based on generalized homogeneity of operators in Banach and Hilbert spaces. The so-called monotone dilations and homogeneous norms are studied. The conventional solution existence theorems for quasi-linear equations are refined for the case of homogeneous perturbations.

The universal homogeneous distributed finite-time control is presented for evolution equations with plant model given by a homogeneous linear (possibly unbounded) operator in a Hilbert space. The presented results can be extended to some Banach spaces. Currently, the proof of Theorem 1 is essentially based on Fréchet smoothness of the homogeneous norm, which is also required for existence of classical solutions of the closed-loop system. This property can possibly be guaranteed for super-reflexive Banach spaces. The extension to other Banach spaces will need another solution existence/uniqueness theorem to be proven.

As examples of the main theorem the distributed finitetime control has been designed for heat and wave equations on unbounded domains. The case of bounded domains is treated in [START_REF] Polyakov | Homogeneous Finite-Time Control For Evaluation Equation in Hilbert Space[END_REF], where Theorem 1 is refined for homogeneous extensions of operators. The developed homogeneous framework looks promising for design of finite-time control for linear and non-linear PDEs. 2) Existence of the pair (s 0 , u 0 ) is provided in [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF]. Let us prove the uniqueness of this pair in the case of monotone dilation. Suppose the contrary, i.e. for some u ∈ D there exist (s 1 , u 1 ) ∈ R × S d (1) and (s 2 , u 2 ) ∈ R × S d (1) such that (s 1 , u 1 ) = (s 2 , u 2 ) and d(s

1 )u 1 = u = d(s 2 )u 2 . If s 1 = s 2 then d(s 1 )u 1 = d(s 2 )u 2 ⇒ u 1 = d(-s 1 + s 2 )u 2 = u 2 and we obtain the contradiction. If s 1 = s 2 then u 1 = d(s 2 -s 1 )u 2 .
Without loss of generality we may assume s 2 -s 1 < 0 (otherwise we consider the equivalent identity

d(s 1 -s 2 )u 1 = u 2 ). In this case 1 = u 1 ≤ d(s 2 -s 1 ) D L • u 2 = d(s 2 -s 1 ) D L .
The obtained inequality contradicts the monotonicity condition [START_REF] Zubov | Methods of A.M. Lyapunov and Their Applications[END_REF].

3) Strong continuity of the semigroup d implies continuity of d(•)u for any u ∈ D. For any u ∈ D\{0} and any s 

1 < s 2 one have d(s 1 )u -d(s 2 )u = d(s 1 )u -d(s 2 - s 1 )d(s 1 )u ≤ (1 -d(s 2 -s 1 ) D L ) d(s 1 )u ,
≤ d(s) L • d(-s) D L and 1 ≥ d(s) D L • d(-s) D L for any s ∈ R. For s → 0 + we derive (1 + c + )(1 -c -) ≤ 1 ≤ (1 + c + )(1 -c -), but for s → 0 - we obtain (1 -c -)(1 + c + ) ≤ 1 ≤ (1 -c -)(1 + c + ). This immediately implies 1 = (1-c -)(1+c + ) = (1-c -)(1+c + ). Since d(s) D L = d(2s)d(-s) D L ≤ d(2s) D L • d(-s) D L
then taking into account monotonicity proven above we derive d(s 

) D L ≤ (1 -c -) d(2s) D L . For s → 0 + we obtain 1 + c + ≤ (1 -c -)(1 + c + ), i.

C. Proof of Proposition 3

By definition of homogeneous norm we have u i d = e si , where d(-s i )u i = 1, s i ∈ R, i = 1,2. Since d(-s 1 )u 1 = d(-s 1 )(u 1 -u 2 )+d(-s 1 +s 2 )d(-s 2 )u 2 ≤ e -Gd s1 u 1u 2 + e -Gd (s1-s2) then e G d s1 -e G d s2 ≤ u 1 -u 2 . On the other hand, 1 = d(-s 2 )u 2 = d(-s 2 )(u 2u 1 ) + d(-s 2 + s 1 )d(-s 1 )u 1 ≤ e -Gd s2 u 1 -u 2 + e -Gd (s2-s1) and e Gd s2 -e Gd s1 ≤ u 1 -u 2 . So, 

  where X ⊂ R is any open set. II. HOMOGENEOUS DILATIONS IN BANACH SPACES A. Dilation group Let L(B) be the space of linear bounded operators B → B. Definition 1 ([14]): A map d : R → L(B) is called dilation in the space B if it satisfies • the semigroup property: d(0) = I ∈ L(B) and d(t + s) = d(t)d(s) for t, s ∈ R; • the strong continuity property: the map d(•)u : R → B is continuous for any u ∈ B; • the limit property: lim s→-∞ d(s)u = 0 and lim s→+∞ d(s)u = ∞ uniformly on u ∈ S. The dilation d is strongly continuous group [14]. Definition 2 ([14]): A nonempty set D ⊆ B is said to be d-homogeneous iff D is invariant with respect to dilation d : R → L(B), i.e. d(s)z ∈ D for z ∈ D and s ∈ R. In particular, the d-homogeneous set D may be a cone in B.

  and for any u ∈ D\{0} there exist u 0 ∈ S d (1) and s 0 ∈ R such that u = d(s 0 )u 0 ; • D\{0} = r>0 S d (r) and S d (r) = d(ln(r))S d (1).

1

  The set D is non-trivial if it contains elements different from 0.

B.

  Generator of dilationThe operatorG d : D(G d ) ⊂ B → B defined as G d u = lim s→0 s -1 (d(s)u -u) is known (see, e.g. [32, Ch. 1]) as the generator of the group d(s) with the domain D(G d ) = {u ∈ B : lim s→0 s -1 (d(s)uu) exists} dense in B. Obviously, the domain D(G d ) is dhomogeneous linear subspace of B. The generator G d is a linear possibly unbounded operator, which satisfies the following property ([32, Ch. 1, Theorem 2.4]: for any u ∈ D(G d ) and any s ∈ R + one holds d(s)u ∈ D(G d ) and the function d(•)u : R +

Proposition 1 :

 1 If the dilation d is monotone on dhomogeneous set D ⊂ B then 1) d(s) D L > 1 for s > 0; 2) for any u ∈ D there exists a unique pair (s 0 , u 0 ) ∈ R × S d (1) such that u = d(s 0 )u 0 ; 3) the function d(•)u : R → R + (with u ∈ D\{0}) is continuous and strictly monotone increasing on R; 4) the function d(•) D L : R → R + d(•) D L : R → R + is lower(upper) semicontinuous and strictly increasing:

u

  and the property d ds d(s)u = G d d(s)u for u ∈ D(G d ), which always holds for strongly continuous semigroups [32]. Therefore we have proven the following Proposition 4: If u, G d u = 0 for all u ∈ D\{0} then d is Fréchet smooth on D ⊆ H. Remark 2 (Multi-dilations): The dilation d can combine two (or several) strongly continuous groups d

  Bξ(D(A)) ⊂ D(A) and for any u(0) = u 0 ∈ D(A)\{0} the closed-loop system (9),[START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF] has unique classical solution u(t) ∈ D(A), such that u(t) → 0 as t → T (u 0 ) ≤ u0 µ d αµ .

0 1 0

 1 ... 0 0 0 0 1 ... 0 0 ... ... .... ... ... 0 0 0 ... 0 1 0 0 0 ... 0 0 is d-homogeneous with positive degree ν = 1 if d

1 )

 1 If u ∈ S d (1) then 1 = u = d(-s)d(s)u ≤ d(-s) D L • d(s)u for any s > 0. Hence, d(s)u ≥ 1 d(-s) D L for any fixed s > 0 and arbitrary u ∈ S d (1). Due to strong contraction (monotonicity) condition, 1 < 1 d(-s) D L ≤ inf u∈Sd(1) d(s)u = d(s) D L for any s > 0.

The property 1 )

 1 immediately yields the strict monotonicity. 4) Let us notice that monotonicity of d(•) D L and d(•) D L follow from 3). Let us show that the considered functions are lower and upper semicontinuous at s = 0, respectively. Taking into account their monotonicity we have d(s) D L → 1 + c + and d(•) D L → 1 + c + as s → 0 + , d(s) D L → 1 -c -and d(•) D L → 1 -c -as s → 0 -, where c + , c -, c + , c -∈ R + . For u ∈ S d (1) and s ∈ R we have 1 = u = d(s)d(-s)u ≤ d(s) D L • d(-s)u and 1 = u = d(s)d(-s)u ≥ d(s) D L • d(-s)u . Taking inf and sup on both sides of the obtained inequalities we derive 1

  e. c -= 0 as well as c + = 0. Finally, using the group property it can be easily shown thatd(•) D L : R → R + is lower semicontinuous, but d(•) D L : R → R + is upper semicontinuous on R. B. Proof of Proposition 2 If z ∈ C((a, b), B) and z(t) ∈ D\{0} then the function q z : R × (a, b) → R, q z (s, t) = d(-s)z(t) -1 is continuous on both variables and strictly monotone on the first variable for any t ∈ (a, b) (see, Proposition 1). Hence, implicit function theorem [41, Theorem 1.1] implies that there exists sz : (a, b) → R such that sz ∈ C((a, b), R) and q z (s(t), t) = 0 for all t ∈ (a, b). Hence, z(•) d = e sz(•) ∈ C((a, b), (0, +∞)).

u 1 d -u 2 2 ) ≤ L p z 0 1 -z 0 2 = 1 | z 1 νd -z 2 νd | + L 2 | z 1 µd -z 2 µ d | + L 3 z 1 -z 2 .

 122121121212 GdGd d = e G d s1 -e G d s2 ≤ u 1 -u 2 . D. Proof of Proposition 5 I. Due to the relation (3) between norms there exists s min , s max ∈ R such that u d ∈ [e smin , e smin ] for all u∈ K(r 1 , r 2 ). If z 1 , z 2 ∈ K(r 1 , r 2 ) then there exist z 0 1 , z 0 2 ∈ S and s 1 , s 2 ∈ R such that z 1 = d(s 1 )z 0 1 and z 2 = d(s 2 )z 0 2 .Hence, due to homogeneity of p we derive p(z 1 ) -p(z 2 ) = e νs1 d(s 1 )p(z 0 1 ) -e νs2 d(s 2 )p(z 0 2 ) = e νs1 d(s 1 )p(z 0 1 ) -e νs2 d(s 1 )p(z 0 1 ) + e νs2 d(s1 )p(z 0 1 )e νs2 d(s 2 )p(z 0 1 ) + e νs2 d(s 2 )p(z 0 1 ) -e νs2 d(s 2 )p(z 0 2 ) ≤ d(s 1 ) B L p(z 0 1 ) • |e νs1 -e νs2 | + e νs2 • d(s 1 )p(z 0 1 ) -d(s 2 )p(z 0 1 ) + e νs2 d(s 2 ) B L p(z 0 1 ) -p(z 0 2 ) . Since d is uniformly continuous then d(s) B L ≤ e s Gd B L with G d ∈ L(B) and d(s 1 )p(z 0 1 ) -d(s 2 )p(z 0 1 ) = G d s2 s1 d(s)p(z 0 1 )ds ≤ sup z∈S p(z) • |e µs1 -e µs2 |, where µ = G d B L .The operator p satisfies a Lipschitz condition on the sphere S, so p(z 0 1 ) -p(z 0 L p d(-s 1 )z 1d(-s 2 )z 2 ≤ L p (d(-s 1 ) -d(-s 2 ))z 1 + L p d(-s 2 )(z 1z 2 ) ≤ L p z 1 • |e µs1 -e µs2 | + L p d(-s 2 ) B L z 1 -z 2 for a constant L p > 0. Taking into account s 1 = -ln( z 1 d ), s 2 = -ln( z 2 d ) we derive p(z 1 )p(z 2 )≤ L Hence, using Proposition 3 can be shown thatp(z 1 ) -p(z 2 ) ≤ L z 1 -z 2 , z 1 , z 2 ∈ K(r 1 , r 2 ),where L depends on r 1 , r 2 , s min , s max , G d , Lipschitz constant for p on the sphere S and on sup z∈S p(z) .II. By definition of the Fréchet derivative we havelim ∆h →0 p(z 0 + ∆h) -p(z 0 ) -(Dp(z 0 ))(∆h) ∆h = 0for any z 0 ∈ S. Due to z 0 = d(ln z d )z and homogeneity of the operator p we have p(z) = e ν ln( z d) d(ln( z d ))p(z 0 ). This imminently implies the announced formula for Fréchet derivative.

According to[START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF] a continuous function u : [0, T ] → B is called classical solution to (5) if u(t) ∈ D(A) for 0 < t ≤ T , u is continuously differentiable on 0 < t < T and satisfies (5),[START_REF] Khomenuk | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF].