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Abstract

A Markov process is a stochastic process that satisfies the Markov property, in which the
future is independent of the past given the present. We first consider a Markov process over the
real line with values on a finite set, where the law is defined by exponentially distributed jumps
and a transition measure according to which the location of the process at the jump time is
chosen; or indistinctly by the generator matrix. We also study Piecewise deterministic Markov
processes, a more complex process that consists on two sub-processes: one on a continuous-space
and the other on a discrete-space, and together are a Markov process involving a deterministic
motion punctuated by random jumps. In the case when there are multiple weakly irreducible
classes and the generator matrix can be rewritten as a double scales generator for a small param-
eter €, we present a method to approximate the process to a two-scales process: a slow-process
on a reduced state space and fast-process inside each new class, and we prove an approximation
error of the laws of order e. We present simulation examples and an application to the sodium
channel in the Hodgkin and Huxley model, where we separate the voltage-gates of type h and
m into two different time scales.
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Chapter 1

Markov process in discrete space and
continuous time

A Markov process is a stochastic process that satisfies the Markov property, in which the future
is independent of the past given the present. We consider a Markov process (X¢):>o defined over
the real line with values on a finite set, where the law is defined by exponentially distributed
jumps with rate A and a transition measure II according to which the location of the process at
the jump time is chosen; or indistinctly by the generator matrix Q).

In the case when there are multiple weakly irreducible classes and the generator can be rewritten
as a double scale generator for a small parameter €, we present a method to approximate the
process to a two-scales process: a slow-process on a reduced state space and fast-process inside
each new class.

1.1 Definition Markov process

Let consider a filtered probability space (€, F, (Fi)¢, P) and let (Xt)tzo be a Markov process
with values on I = {1,..., N} for some N € N. Constructing the Markov process as in [1], we
define (7},),,cy the series of jumps time of X; such that To = 0 and

Tn = inf {t > Tn—l’Xt 7é Xt—}
for all n > 1; then (X;), is defined by:

O0=Ty<Ti<To<---<oo as lim T, =00

n—oo
X = 5 X1, 141, <t<Tpin}
n>0

and initial condition ¢ € I. The law of the process (X;), is defined by the its local characteristics
(A, II), where

e \: ] — R, is the jump rate,



o Il : I x I — [0,1] is a Markov transition kernel such that II(¢,-) € P(I), a probability
measure in [ for all ¢ € I,

then, the process follows
P [Ty — T > t| X, =i] = e 20 foralln >0

and
P [X7,,, = j| X1, =i] =11(4,j), for all n >0

Theorem 1.1.1 (Markov property) The process (X;), is a Markov process; i.e. for alln > 0
and 0 < s1 < ...<s,<tands>0andiy,...,in, 12,5 inl,

]P)[XtJrS:j|X81 :ila"wXSn :ZnaXt:Z]:P[Xt+S:]|XS:Z]
And it is homogeneous in time; i.e. for allt,s >0
P[Xi1s =j| Xs =i =P [X; = j| Xo = 1]

The proof can be found in [3] (Theorem 31). In order to better understand the process, we
present the following operator:

Definition The semigroup P; of the process (X;); is an operator defined by

Pyf(i) = Eq [f (Xo)]

for all bounded function f : I — R and where E; [f(X})] stands for the expectation value of
process f(X;) with starting condition Xy = i.

Definition The infinitesimal generator L of the process (X;); is an operator defined by

1o Paf () = 1)

h—0 h

Lf(i) =
for all bounded function f: 1 — R.

Theorem 1.1.2 (Markov Process characterization) The law of the Markov process (X;)q
with states in I s either characterized by

A. the local characteristics (A, II),

B. the infinitesimal generator L, which is identified by the generator matriz Q = (Q;j)
such that

i,j€I
Lf(i) =" Qi f(j)
J€el
and it satisfies
Qij >0, foralli,jel andi#j

Qii = _ZQij, foralliel
i#j



The generator and the local characteristics are related according to
Qij = —A@)Lgi—jy + AT, 7)1z
foralli,jel.

Proof (B.= A.) As presented in [I] (Theorem 5.3), let consider the process (X,‘g5)k, equal to
(X¢), over a discretized grid-mesh of size 6 > 0 and T} the first jump-time of X, then it follows
that

(1 > [t/8]6)} C {ngxg . :X?t/m:x} c {Tn > [t/8]6} ULTs — Ty < &)

where {T; — T} < ¢} control the event of jumps between the mesh-grid, and as %iH(l) Pi(To —Th < 9) =
H
0 by right continuity, we have

P; (Th >t):}i_r)x(l)P[X8:X§:m:X?t/m:i]
by the Markov property, it holds that

]P)[X(S:Xg:"':XFt/é]ézi}

_ T . Sy .

=P [XF, 5 = 15 = - = Xfr gy = 6| B [ XE =+ = X1y =]
[t/0] [t/0]

=[] [Xga =i[Xg == X{_1y5 = Z} = IIP {X,‘;; =i X{_1)s = Z}
k=1 h—1

=P [Xg =i X = Z} en_ ol[t/81log(P[X{=i|X{=i])
and as around z ~ 1 we have log(x) ~ = — 1, it follows that

log (P [X? = i|X§ =1]) P[X?=iX]=1i] -1

lim = lim
6—0 1) 6—0 ((55 ]
iy B L (X)) — 14 ()
= lim
—0 1)

= Ll(i) = Qu

and we conclude

P;[Th > t] = %ir% o([t/8110g(P[X=i|X{=i]) _ ,tQi:
—)

We deduce that A(i) := —Q;; corresponds to the jump rate. On the other hand, for all j # 1,

[t/5]

U {Xg:Xg:...:ng_l)(s:Z"Xgé:j}

k=1

Ty~ T <6} U{T < 1/616, Xo =i, X3, = j
[t/6]

C{l =T <d}U U {Xg:ng-~:X€k,1)5:z‘,X,‘j§:j}
k=1



and hence the limit

[t/4]

P; [Th < t, XT1:i]:%%ZP[XE)S:X?:"':X?kq)a:i,Xga:j
k=1

by the Markov property, it holds that
0 ) : 0 .
> P [Xo = X3 == Xpp_1)5s = 6 Xis ZJ}
= ZP[X(s:XgZ"':stk_na:i}P[Xg(s:ﬂXg:Xg:"‘ZXE;k_m:i

|—t75.| § k 5 .
P|X? =X =
=Y BT > (k- 1)9] X5 g' 6 =1,

and we conclude

172 . '
P <t,Xn, =j] = %i_rf(l)” 1IP’i[Tl > (k—1)d] P[Xg :§|ngl]5
, k=1
= /0 eQ”Sdes
Qi
= Ry,
and it follows that
P; [Tl <t, )(T1 = ]] B 7@@]

P, | X7, = 4|11 <t| = =
iXn =Jlh < P; [Th <] Qii

We conclude that P; [ X7, = j] = —Q4;/Qus; then —Q;./Qy; is a probability measure in I\ {i} for
all ¢ € I, and immediately we have that

Qi >0, foralli,j €l andi#j
Qii=—Y Qi foralliel
i#]
We deduce that the Markov kernel 11 of the process is equal to

. R if i £ j
(i, j) :== Qi (@70 _ .?éz
]l{Q“,:O} if j=1

)



(A. = B.) As shown in [3] (Theorem 31), when h | 0

o AR

— (i) + o(h)

and for all j #£ ¢
Pi[Xpn=3j] > Pi[li <h Xy =y,To—T1>h]

- (1 - e*A(“h) I1(i, j e ADh

= X@IG5)h+ o)
We observe that as the sum over y on the left side has to be 1, last inequalities have to be
equalities. To prove this let suppose that one of the quantities (P; [X; =] — 14 A\(i)h) /h or
(P; [ X1 = j] — A(@)IL(4,j)h) /h does not tend to 0. Let suppose it is the second one, then there
exists § > 0 and a sequence (hy)i>0 such that kg | 0 and |P; (X, = j] — A(@)I(4, j)hi| /by > 6;
it follows that exists K such that for all £k > K,

P [Xi = 1= MO )l
hy,

i [Xp =7] =1and Z]#l ())II(i,7) — A(i) = 0, for all £ > K it holds that

>0

Then, as >,/ P

P; [Xp, = 1] — 14+ X(3)hg n Z P; [Xn, = j] — AM@)IL(¢, 7)hy
h

0=
hk k

>o(1) + (N —-1)0
J#i

where o(1) | 0 when k 1 oco; and we arrive to the contradiction § < 0. We conclude that

P;[Xp =14 = 1-—Xi)h+o(h)

P; [ Xn =j] = X4, 5)h+ o(h), for all j #i
Now, for all bounded f and h | 0, we have

Ei[f(Xn)] = fOPXn=i+ Y fO)Pi[Xp =]
Je{i}

— fl) - )b+ h Z f( ,3) +o(h)
jen{i}

and in order to compute the infinitesimal generator we have that

Ei [f(Xn)] = f() _ O+ Y FEAOIE, ) + o(1)

h , .
JEI\{i}
taking the limit and o(1) | 0 when A | 0, it follows that
. EL[f(Xn)
Lf(z) = lim L h =" f()Qi;

h—0
Jel



Remark Theorem allows us to use indistinctly the local characteristics or the matrix
generator when referring to the characterization of a Markov process.

An important property of the generator is that it satisfies the Dynkin formula,

t
Pf) = £+ [ PLf)ds (11)
0
And if we define the distribution p(-,¢) for all ¢ > 0, such that
p(i,t) = B, [Xi = 1]

for all ¢ € I and initial distribution pg, we can rewrite the expectation as the sum over the
probability in equation (/1.1]), we have

% > @) =D ) fi)p(z 0@

zel zel jel

and setting f(z) = 0;, we derive the forward equation,

Doty = 3 pG0Qs

jel (1.2)
p(i,0) = po(i)
for all i € I. Equation (1.2)) can be solved directly, with a solution given by
p(-;t) = po(-) exp (Q1)
o~ (tQ)"
in the sense that p(-,t) = (p(1,t),...,p(N,t)) and exp (tQ) = Z —.
n!
n=0
1.1.1 Simulation
In order to simulate a Markov process (Xt)te[o,T] with values in I = {1, ..., N}, initial distribu-

tion pg and local characteristics (X, II), the idea is:

e draw a sample iy from py for the initial value,
e then iteratively, if the process is in state 1,

1. draw a sample from £(A(7)) exponential law for the duration at i,
2. draw the next state j # i from the law II(4, -).

If A(7) = 0 then the process is absorbed at i. To achieve this, we consider the following lemmas
that allows us to draw samples of the distributions from the uniform distribution.

Lemma 1.1.3 Let A > 0 and U ~ U[0, 1], then the random variable ¢ = —%log (1 — U) ~ E(N).



Proof

Ple<t] = P|-ylog(1-U) <t
= P[U <1—-exp(—At)]
= 1—exp(—Xf)

Remark As U ~ 1 — U, we have also that £ = —1log (U) ~ E(N)

Lemma 1.1.4 Let U ~ U[0,1] and i € I, and we consider the random variable Y € I defined

by
1 if U<TI(,1)

1—1 7
Y=9 if > M@w)<U< ) M(i,w), i=2,...,N
w=1 w=1

Then, it follows that Y ~ II(3,-).

Proof It holds immediately that P[Y = z| = II(z, z), for all z € I.

1.2 Multiple weakly irreducible classes

With the objective to perform a state reduction approximation for processes with multiple weakly
irreducible classes, let consider a filtered probability space (€2, F, (F:)¢, P) and let (X€),-, be
a Markov process with values on I = {1,..., N} for some N € N, initial condition # € I and
characterized by a generator Q¢ € RY*N_ A process is considered to have multiple weakly
irreducible classes if its generator depends on a small parameter ¢ > 0 and two generators Q
and Q € RNXN guch that

Q= %Q +Q (1.3)

where Q governs the rapidly changing part and Q describes the slowly changing components.
We consider that @ can be put into block-diagonal form,

QY 0 0
. 0 Q2
Q =
.. 07
0 0 QN

where each QF € R *™k ig a generator for some integer my, such that Z,ivzl my = N, and it
defines the class

S = {ikla .. 'aikmk} clI
that denotes the states associated with Q. We define the new set
S = {51,...,55}

that will be space of the slow process; where we notice that U§:1 sp=1.

8



Assumption 1.2.1 For all k = 1,..., N, the generator Qk 1s weakly irreducible; that is the
system of equations

mg

k Ak .
Zl/jQﬁ = 0, fori=1,...,my
Jj=1

my
S~ 1
i=1
has a unique non-negative solution.
We consider for all ¢ > 0 the probability measure p¢(-,t) € P(E,£), such that
pe(i, t) = Py [Xf = 1] (1.4)

for all 4 € I and initial probability p(-,0) = pg. It holds that p¢ is solution of , the forward
equation

G = S (20 Q)

jel
p(i,0) = po(i)

for all 4 € I. The slow and fast components are coupled through weak and strong interactions
in the sense that the underlying Markov chain fluctuates rapidly within a single group §; and
jumps less frequently between groups 3j and 3, for k # p. The states in 5, k = 1,..., N, are not
isolated or independent of each other; more precisely, if we consider the states in S, as a single
state, then these states are coupled through the matrix Q, and transitions from 55, to 5, k # p
are possible. In fact Q, together with the quasi-stationary distributions v* of Q¥, determines
the transition rates among states in 5, for k =1,..., N.

(1.5)

1.2.1 Asymptotic expansion

To start we present the following lemmas.

Lemma 1.2.2 Consider the matriz differential equation

d
{dsms) = P(5)Q L6)
PO) = I

where P(s) € RV*N . Suppose Q € RV*N s a generator of a (homogeneous or stationary)
finite-state Markov chain and is weakly irreducible. Then P(s) — P as s — 0o and

‘exp (Qs) — ]5‘ < K exp (—I;:s) for some k > 0,

where P =1 (v1,...,vn) € RN and (v, ..., vN) is the stationary distribution of the Markov
process with generator Q.



Proof As it is presented on [2] (Lemma A.2 p.374), we first notice that the solution of (|1.6)
is P(s) = exp (Qs). By virtue of Theorem II.10.1 of [I], lims_,~ P(s) exists and is equal to a
constant matrix P. Then we observe that

lim exp(Qs) = lim P(s) = P
5—00 §—00
. d
and so Slggo I exp(Q@s) = 0 and by system (|1.6]),

0= lim iP(s) = lim P(s)Q = PQ

s—00 AS S§—00

For each i = 1,...,m, denote the ith row of P by P;. The weak irreducibility of ) then implies
that the system of equations

PQ=0, P1=1
has a unique solution. Since P is the limit of the transition matrix, P; > 0. As a result, P; is
the quasi-stationary distribution v and P has identical rows with P = 1(v1,. .., tp).
Using the Jordan canonical form, there is a nonsingular matrix U such that

exp(Qs) = Udiag (exp(Jos), exp(Jis), ..., exp(Jys)) Ut

where Jy, J1,...,J,; are the Jordan blocks satisfying that Jy is a diagonal matrix having ap-
propriate dimension (if ); is a simple eigenvalue of @, it appears in the block Jy), and that
Jp € R™>Mk o = 1,...,q. Since lims_, exp(Q)s) exists, all the nonzero eigenvalues \;, for

1 <7 < m—1, must have negative real parts. Moreover, in view of the weak irreducibility of @,
the eigenvalue zero is a simple eigenvalue (having multiplicity 1). Then it is easily seen that

lexp(Qs) — P| < K exp(—#&s)
where k& = (1/2) maxi<;<ml Re()\z) I

Lemma 1.2.3 (Gronwall’s lemma) If f is a positive locally bounded Borel function on R4

such that
)<a+ b/ f(s

for every t and two constants a and b, then f(t) < aexp(bt).

a~|—b</0t <a+b/08f(u)du>ds>

= a+abt+b2/ (t—u)f(u)du§a+abt+b2t/ f(u)du
0 0

Proof We have

f(t)

IN

Proceeding inductively we get

tn bn—i—ltn
ft) <a+abt+.. —|—abn——|— " /0 f(u)du

Since f is locally bounded, the last term on the right converges as n tend to infinity and the
result follows. |}

10



Now we present the most important theorem of the section, that presents a characterization for
the probability measure of the process (Xf);, based on the results given in [2].

Theorem 1.2.4 (Asymptotic Expansion) The probability measure p(-,t) of the pro-
cess (X§)¢ can be expanded in the form:

. . ot .
PGt = pli.0) 47 (i) + et (1.7
In this approach ¢ is set to be an approximation on the slow-scale t away from 0, v approximate

the fast-scale T =t/e and e corresponds to the error of the expansion. The functions ¢, v and
e are such that

o ©(i,t) is differentiable for allt € [0,T]

e there is a kg > 0 such that
[y (4, 7)| < K exp (—koT)

uniformly for all i € 1

e and the following estimate holds

sup |e(i,t)] < Ke
t€[0,T]

uniformly for all i € T

To proceed, we define an operator £¢ by

d ~ A
£Ef:ed—J; _ <Q+6Q> (1.8)
for any smooth row-vector-valued function f; then L£¢f = 0 iff it is a solution to the forward

differential equation (|1.2]). We set that both ¢ and v are solution to the forward equation, then
they satisfy

Lop(t) = 0 and £y (t> —0

€
that is,
6%@(“) = > w0t (jS+€jS>
d (.t N (1.9)
Sl <ia 6) = ]26;7 (y,€> (jS +€jS)

and we write a new time scale 7 = t/e for the second equation

Do) = S0 0G) (@t + e

jel

11



And if we identify the terms over €’ and €' in the time-scale ¢ and setting that (7) must not
depends on ¢, we have the following set of equations

d R
ﬁﬁp(i, t) = Z (4, t)Qji
~]GI

Z (10(.]7 t)jS =0

jel
and
d . NG~
57(27 T) = ;7(]77-)@]1
J

Remark From the last term comes the approximation error of this expansion, and due the fact
that @ is not weakly irreducible.

In order to match asymptotic expansion, we have necessarily at ¢ = 0 that

pO(i) = (P(iv 0) + ’Y(Z’? 0)

Sending € — 0 in the asymptotic expansion (|1.9)), the fast-scale and error disappear and only
remains the slow-scale, then as ), ; p°(i,t) = 1 for all € > 0, we have

. €/ - o . o
lg%zp (Z7t) - Z@(%t) =1
el el

Remark What it is presented here is a zero level asymptotic expansion for a generator that
does not depend on time. On a different case as shown in [2], when Q¢(¢) depends on time we
would do an n-level asymptotic expansion on the form

€l . t € (s =~ . = .t €(:
p(i,t) = D,(i,t) + Ty (e) + 5 (i,t) = Z; €"on(i,t) + Z;Elfyn <Z, 6) + e (i,t)
1= 1=
with a remainder of order €. It would be necessary to add condition to Q¢(¢), such that it is

n-times continuously differentiable on [0, 7] with each derivative Lipschitz continuous.

Determining ¢

We need to determine ¢(i,t) for i € I and t € [0,T] such that

j;]

Je(ist) = Z; 0 (j, 1) Qji (1.10)
je

D i t) =1

i€l

12



Since Q = diag (Ql,...,QN ) where each QF is weakly irreducible, therefore if we consider
)

©*(i,t), the function ¢(i,t) restricted on i € 5;, we have that it satisfies

> Rk =0
JESK

which solution is ¢*(i,t) = 0(k, t)vF, the product of the invariant measure V¥ of QF and a scalar
multiplier #(k,t), a function defined for k =1,..., N and t € [0,T]. We observe that as ¥ is a
distribution in Sg, it holds that

Doty = D ok )

1E5) €S

= 0(k,t)

and by consequence of the third equation in 1) it also holds that Zszl O(k,t) = 1. Setting
all this with the second equation in ([1.10), it follows that

%e(k,t) = ) %90(1',75) =D > 0, 1)Qy

1E5), 1€5) jEI

N
= SN 0 0k Qs (1.11)

1€5 p=1 JE€S3p

N
Yoo t) | DY Qs
p=1

JESp TES)

where we observe the emergence of a new generator Q € RV*N such that
Qe = Y > _ 4 Qji, (1.12)
jEBp i€Fy

for all p,k = 1,...,N. To determine the initial condition §(k,0), we first observe that in the
asymptotic expansion it has to hold that

> e(i,0) = limlim > p(i, ) (1.13)

1€ 1ES)

moreover, in view of the forward equation |D and that Zi€§k sz = 0, which comes from the
property of generators, we have

é
> pt) = poli) +/ >N P, 5)Qjids
1ESE 1ESE 0 1E€ES) JESE
and since p®(i,t) is bounded it follows that

d
lim limsup/ ZZﬁ(i,s)Qﬂds =0
0

—0
e—0 i€5), €5,

13



therefore by ((1.13) it yields

> e(i,0) =lim | lim > " p%(i,0) | = > po(i)

i€§k lGSk i€§k

and we finally have

0) =Y po(i)

TESE
To conclude this section we present the following Corollary, that allows us to understand more
clearly the solution to .

Corollary 1.2.5 The system (1.10)) for ¢(i,t), is equivalent to the system

( Z Qo(]?t)Q]z = 0, fOTi € Sk

JESK

> o(ist) = 0(k,t)

1E5

701” Z@p, Qi

—ZPO

\ 1ES

fork=1,...,N; where Q is the generator defined in (1.12)).

Remark In Corollary appears the function 6(k,t), which can be interpreted as the proba-
bility of a new Markov process (Z¢), defined over the aggregate states space S = {31,...,35x5}
with infinitesimal generator Q).

Determining v

We consider (i, 7), for all i € I and t € [0, T], solution to

= 70, 7)Qji (1.14)

Jel
To match the asymptotic expansion, we have at t = 0 that

and as Q is constant, we can solve 1) directly and together with the above initial condition,
we obtain

A7) = (o) = (-, 0)) exp (Gr) (1.15)

14



Considering that for each k = 1,..., N, Qk is weakly irreducible, we need to prove that (i, 7)
can be obtain by equation ([1.15]), and there is a positive number k¢ such that

173, 7)| < K exp (—koT)

uniformly for i € I. To prove this, let v* be the stationary distribution corresponding to the

generator QF. We define the column vector 1,, = (1,1,...,1) € R™*! and the matrix
Ly, ! 0 0
0 1,02
i =
0 —
0 0 Ly
where N N
I/l e mG
]lmkyk = :
o ok

Noting the block-diagonal structure of Q, we have

exp (Q17'> 0 0
N I (@7) 0
0 0 exp (QNT)

Furthermore, we see that for k = 1,..., N it holds

> (o)) = ¢(i,0)) = > po(i) = > @(i,0) = > po(i) — O(k,0) =0

1ES) 1E5), 1ES) 1ES,

we conclude that the initial condition (po(-) — (-, 0)) is orthogonal to m, and by virtue of Lemma
for each k = 1,..., N there exists x; > 0 such that

’exp (Q’%—) — ]lmkuk‘ < K exp (—kyT)

then we have

Dl = 00— (0) (exp (@r) 7))

< Ksup ’exp (Qk7> — ]lmkl/k‘
k<N
K exp (—koT)

IN

where kg = min xy.
k<N
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Analysis of remainder

The remainder of the asymptotic expansion (|1.7)) corresponds to

>y /s . ot
e“ist) = put) — o(i.0) = (i)
where €°(0) = 0, and if we consider the operator £¢ as in (1.8]),

ﬁﬁze%—f(@—i—e@)

it holds that Lp(t) = 0 and then

et (s (1)) 5 (042 52) 00

jel

and from equations (1.10)) and ([1.14), we have

Le(t) = ey (i, z) Q

expanding the operator and as Q¢ = Q /e+ Q, we have

Felet) = G+ X0 (1) @

Jel J€el

taking the norm, integrating and making use of the exponential decay property of v, it holds

that
(i, 8)] < z0|+/z G, 0)Q5ds +/27<J, )Qﬂds

jel Jel

C/ |e€ zs]ds—i—K/ exp —Ko— )ds
< C/ |e€ zs|d5+K— <1—exp< Iiot>)

< c/| (i, )| ds + Ke
0

IN

and by Gronwall’s lemma (|1.2.3]), we conclude
le“(i,t)] < Keexp (Ct)

and taking the supreme on time, the remainder satisfies

sup
t€[0,T]

t

pG60 - ol - (i) | =
€

where K is a positive constant that depends on T'.
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1.2.2 Two-scales approximation

We now present a corollary that allows us, under the conditions already discussed, to represent
the Markov process as a two-scales process: one on a slow-scale that goes over the state classes
and a fast-scale that acknowledge the dynamic inside each class.

Corollary 1.2.6 Let (XE)tE[O,T] be a Markov process over I = {1,..., N}, initial distribution

po and with a two-scales generator Q¢ € RVN*N that depends on ¢ > 0 and two generators Q and
Q such that

1~ .
Q' =-Q+Q

where Q = diag(@l,...,QN) with each sub-generator QF € R™*™k weakly irreducible and

determines the class s, C I. Then there exists positive constants Kr, K and kg such that

t
P (X{ =ire) — vh0(k,t)| < Kpe+ K exp (—no)
€

for all igy € S, forx =1,....my and k =1,... ,N. Here v* is the stationary distribution for
class 55, given by QF; and 0(k,t) is a function over k =1,...,N and t € [0,T], that satisfies

d

N
ﬁe(kjv t) = Z 0(p, t)ka
=1

0k,0) = S pol)

1€
for the generator Q € RN*XN defined by

Q=D > v7Qs
JESp 1ESE

forp,k=1...,N.

In this corollary, we can interpret 0(k,t) as the probability distribution of a Markov process
(Zt)te[o,T] defined over S = {51,...,55} with generator ), which holds the dynamics on the
slow-scale. We can think of this process as

Zy =5 <— X €5;

and that 0(k,t) = P(Z; = 5;) fori = 1,..., N. On the other hand, the dynamic in the fast-scale
will be defined punctually on the position of Z; by and random variable X¢, such that

P [Xfast = kol Zt = 55] = vy

for each i, € 5,. We notice that its value depends on the slow process for each time when we
want to evaluate it.
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Example 1

Consider a two machine flow-shop with machines that are subject to breakdown and repair. The
production capacity of the machines is described by a finite-state Markov chain. If the machine
is up, then it can produce parts with production rate u(t); its production rate is zero if the
machine is under repair. For simplicity, suppose each of the machines is either in operating
condition (denoted by 1) or under repair (denoted by 0). Then the capacity of the workshop
becomes a four-state Markov chain (X¢),c(o 77 with state space I = {(0,0),(1,0),(0,1),(1,1)}
and initial distribution pg. Suppose that the first machine breaks down much more often than
the second one. To reflect this situation, consider that (X;), is generated by Q¢ as for a
small € > 0, with Q and Q given by

-\ M 0 0 X 0 A2 0
= pr —p1 0 0 A 0 =X O A2
@= 0 0 M M  @= 2 0 —p2 O

0 0w —m 0 pe 0 —pg

where \; and u; are the rates of repair and breakdown, respectively. We consider the probability
Pe(ist) = Py (Xi = 1)

that denote the probability distribution of the underlying chain at time t and it is solution of
(1.2), the forward equation

%p%-,t) = pe('vt) <1Q + Q)
p(+,0) = po

which can be solved directly; in particular for Ay = Ao = 3 = po = 1 and py = (1,0,0,0), the

solution is iso)
t €
= 1/4e2c4+1/4e 2t 4 1/4e72 < +1/4
(14e€
/4672t 4 1/40 2t — 1402 L 1s
t(1+€)

)

) =

) = 1/de2c—1/de 2t —1/de 2 < +1/4
)

t(1+e)

= —1/de2c —1/4e 24 1/4e 2 +1/4

The matrices Q and Q are themselves generators of Markov chains. Note we that

~ . A1\ -1 M
=d ,
@ a8 << H1 o — 1 ) ( H1 o —H1 ))

with both generator weakly irreducible, with invariant distribution v = ( £ AL ) From

w117 pr+Ar
generator () we identify the classes

{(0,0),(1,0)} = {io1, %02}
={(0,1),(1, 1)} = {in1, 02} (1.16)
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that form ‘Ehe slow-scale states S = {50,31}. The slow-scale generator is then given by Q =
diag (v,v) Qdiag ((1,1), (1,1)), then

=~ X2 Ao >
© = ( H2  —H2
By Corollary we can approximate the law of process (X;), to
Ppo [Xt = ka] ~ l/;,;]P> [Zt = gk]

where (Zt)te[o 1] is a Markov process on the slow-scale with states in S and generator Q. We
consider the probability 0(k,t) = P [Z; = 5i], and it is solution of the forward equation

{ S06.0=60(.0Q
-0) = (01(0) + p2(0).ps(0) + p(0)

which can be solved directly; in particular for Ay = ps = 1 the solution is

0(51,t) = 1/2+(1/2)e
0(52,t) = 1/2—(1/2)e

Finally, the approximation, with v = (1/2,1/2), is equivalent to

1/4+1/4e72¢
1/4 —1/4e7%

~
~
~
~

In all four cases, the reminder is given by

t(1+€)

1/46_224-1/48_2 e
1
1/4 —Qt/e 1 -
[4e < +1—|—2t>
t t
€/4 (2te) e ?c +1/2e ¢

I3

€/4+1/2e 2

|e“(#)]

IN

IN N

Example 2

Let define the Markov process (Xt)te[o,T] with state space I = {1,...,9}, initial distribution p
and generated by Q€ as in D for a small € > 0, with Q and Q given by

) M A 0 M A 0 M A 0
Q = diag A —(A ) A M M Hm) A M —MHwm) o m
0 M1 — 0 1 —1 0 M1 —
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with each sub-matrix weakly irreducible that solve for v = (1/3,1/3,1/3), and

—Ag 0 0 A9 0 0 0 0 0

0 — A9 0 0 Ao 0 0 0 0

0 0 =X 0 0 Ao 0 0 0

R A2 0 0 —(X2+p2) 0 0 p2 0 0

Q= 0 X 0 0 —(A2 + p2) 0 0 w0
0 0 X 0 0 ~Xa+p2) 0 0

O 0 0 12 0 0 s 00

0O 0 0 0 12 0 0 —us O
0 0 0 0 0 125] 0 0 — U2

We consider the probability function p*(z,t) = Py, (X; = z) for = € I, that denote the prob-
ability distribution of the underlying chain at time ¢, and it is solution of (1.2), the forward

equation
d € __ € 1~ A
G0 =0 (1a+Q) )
p(vo) = Po

which can be solved directly; in particular for \y = Ao = 3 = uo = 1 and pg = (1,0,0,0,0,0,0,0,0),
the solution is equal to

dpe(1,t) = 1/18e’3t+1/18e_i’£ :Li—1)1/366_3<++> )+1/6e*t 41120 2
t €
+1/6e <« +1/12e¢" 7 < +1/4e "< +1/9,
d ., e / _3¢ / _3t /_3 t(1+e) / t(e+3)
dpe(2,t) = 1/18e 3t —1/9e 2 —1/18e (+)+1/6e —1/6e €<$1/9,
dpe(3,1) = 1/18e*3t+1/18e—3e+1/36e—3 +1/6et+1/12e -

t(3 é+1) +e)

—1/4e < +1/9,

—1/6e ¢ —1/12¢~

4pe(d,t) = —1/9e73t—1/18e —3( L 1/18e 73t 4 1/6e ¢ — 1/6e~ T £ 1/9,
1
dpe(5,t) = —1/9e3t+1/9 —3““—1/9e—3e+1/9,
d , e _ _3t t(d4e) _3t _t _t(3e+1)
dpe(6,t) = —1/9e3t —1/18e 3 ¢ +1/18e¢ 3¢ —1/6e ¢ +1/6e «  +1/9,
t(1+e
Lp(7,t) = 1/186‘3t+1/36e*3 i +1/18€’3e—1/6e_t—1/4e e

(3e+1)

—|—1/12e =119,
C1/9e73t —1/6et 4 1/6e

t(1+€)

+1/6e” 5—1/12e
4pe(8,t) = 1/18e3!—1/18e
4pe(9,t) = 1/18e 3t +1/36¢ +1/18e 3¢ —1/6e7t +1/de -
_t _ t(3et+1)
“1/6ef —1/12¢ T —1/120 " 1 1)9

_3(+

73<+)

From generator Q, we identify the classes

51 =41,2,3} = {i11, 012, %12}
52 ={4,5,6} = {i21, 722,723} (1.18)
53 = {7,8,9} = {i31, 432,133}
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that form the slow-scale states S = {51, 52, 33}. By Corollary we can approximate the law
of process (X;), to
. _ 1 _
P(Ag::um)zlgp(ztzg%)::gp(zt:sk) (1.19)
for all iy, € I, where (Zt)te[o,T] is a Markov process on the slow-scale with generator Q =

diag (v, v) Qdiag ((1,1),(1,1)), then

A 0
Q= A2 —(Aa+p2)  pe
0 2 )

We consider the probability §(k,t) = P (Z; = Sj), which is solution the forward equation

d _
{ %0(715) = 9(7t)Q
0(-,0) = (p°(1,0) +p°(2,0) +p°(3,0), (4, 0) + p*(5,0) + p°(6,0),p(7,0) + p(8,0) + p(9,0))
which can be solved directly; in particular for Ao = ug = 1 the solution is
0(51,t) = 1/2et+1/6e 3t +1/3
0(52,t) = —1/3e314+1/3
0(s3,t) = 1/6e3t—1/2et+1/3

Finally, the approximation is equivalent to

p(1,1),p°(2,1), (3, 1)
p°(4,1),p°(5,1), p*(6, 1)
pe(7,1),p°(8,1), p(9, 1)

1/6e ' +1/18e 731 +1/9
~1/9e73t4+1/9
1/18e73t —1/6e7 ' +1/9

QX

Example 3 - Monte Carlo Method

In this section, we will compare the exact distribution function of the process (Xt)te[O,T]7 defined
in Example 2, to a Monte Carlo approximation of its law; and also, to a Monte Carlo approxi-
mation of the law of the two-scales process derived on equation .

For the simulation of the process (X¢),co ) in I = {1,...,9}, we follow the steps on Section
We set a simulation time 7" > 0 and a time step At and we define the number of steps
N = [T/At]. We consider the jump rate A(z) and the Markov kernel IT € R%*Y as defined in
Theorem [1.1.2} in particular for A\ = Ao = 1 = s = 1 and € = 0.2, we have

6 o 56 0 1/6 0 0 0 0 0
11 5/11 0 5/11 0 1/11 0 0 0 0
6 o 56 0 0 0 1/6 0 0 0
7 17 0 o0 0 57 0 1/T 0 0
A= 12 |, 0= o 112 0o 5/12 0 5/12 0 1/12 0
7 o o 17 0 57 0 0 0 17
6 o o o0 1/6 0 0 0 5/6 0
11 o o o0 0 1/11 0 5/11 0 5/11
6 o o o0 0 0 1/6 0 5/6 0




We set an array (X k)évil for the process and a variable S for the time of jumps. The pseudo-code
goes as follow:

1. For the initial condition we set X1 =1, k =2 and S = 0.
2. While k< N4+1and S <T do:

(a) With Uy ~U (0,1) set S =5 — o )log (Uh)
(b) While £ < N and kAt < S do:

i X=X

ii. k=k+1
(¢) With Uy ~ U (0,1)

i ifU2 <H(Xk L )thenXk— 1

ii. 1fZH Xi—1,w) < Uz < ZH(Xk,l,w) for j =2,...,9, then X, = j
w=1

() k:k+1

For the process (Zt)te[o,T] over S = {51, 52,53}, we consider its jump rate X(k:) and the Markov
kernel IT € R3*%3; in particular for Ao = p2 = 1, we have

) 1 ] 0 1 0
A= 2], 0= 1/2 0 1/2
1 0 1 0

And for the simulation, we consider the array (Zk),ivzﬁlt and the same pseudo-code as before.

In order to approximate the law p° of (Xt)te[o 7] Vvia the Monte Carlo method, we take into

account M realizations of (X" )N *1for m=1,..., M, then we have that

pMCZT Z]}.{Xm_l}, 7,21,,9

\/pMc(aT)(l—pMc(x,T))
M

with standard deviation And similarly, for the two-scales approximation

(L.19), we set M realizations of (Z}" )NJrl form =1,..., M, and then it follows

M
. 1 1 ,
puc(i,T) = §0M0(kaT) =3 E Lizp—sy, i=1...,9
m=1

for k such that x € 5, and standard deviation %\/pﬁ/fc(x’T)(lj\;pRm(m’T)).

Solving for A\j = Ao = 1 = p2 = 1, po = (1,0,0,0,0,0,0,0,0), ¢ = 0.2 and M = 1000,
the results are the followings:
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’ T=1 ‘ e ‘ PMC std Phic std
1 0.1769 | 0.177 0.0120694 | 0.172 0.0039779
2 0.1751 | 0.179 0.0121227 | 0.172 0.0039779
3 0.1734 | 0.167 0.0117945 | 0.172 0.0039779
4 0.1066 | 0.097 0.0093590 | 0.105 0.0032314
5 0.1056 | 0.115 0.0100884 | 0.105 0.0032314
6 0.1046 | 0.095 0.0092723 | 0.105 0.0032314
7 0.05307 | 0.054 0.0071473 | 0.0563 0.0024304
8 0.05256 | 0.057 0.0073315 | 0.0563 0.0024304
9 0.05203 | 0.059 0.0074511 | 0.0563 0.0024304

Table 1.1: Comparatives result for the distribution function of X; at ¢ = 1, between the exact
solution p¢, the Monte Carlo approx. puyc and the Monte Carlo approx.

process piso-

’ T=2 ‘ pe ‘ pPyMC std Py std
1 0.1338 | 0.132 0.0107040 | 0.135 0.0036021
2 0.1338 | 0.145 0.0111344 | 0.135 0.0036021
3 0.1337 | 0.144 0.0111024 | 0.135 0.0036021
4 0.1108 | 0.113 0.0100115 | 0.1113 0.0033156
5 0.1108 | 0.103 0.0096120 | 0.1113 0.0033156
6 0.1108 | 0.103 0.0096120 | 0.1113 0.0033156
7 0.08869 | 0.094 0.0092284 | 0.087 0.0029708
8 0.08869 | 0.086 0.0088659 | 0.087  0.0029708
9 0.08868 | 0.08 0.0085790 | 0.087 0.0029708

of the two-scales

Table 1.2: Comparatives result for the distribution function of X; at ¢ = 2, between the exact
solution p¢, the Monte Carlo approx. pyc and the Monte Carlo approx.

process pjso-

€

N
I
3

B

| puc

std

*
Pye

std

—_

0.1122
0.1122
0.1122
0.1111
0.1111
0.1111
0.1099
0.1099
0.1099

© 00 J O U i W N

0.107
0.101
0.109
0.109
0.107
0.117
0.123
0.108
0.118

0.0097750
0.0095289
0.0097750
0.0098549
0.0097750
0.0101642
0.0104940
0.0098151
0.0102018

0.1126
0.1126
0.1126
0.1086
0.1086
0.1086
0.112
0.112
0.112

0.0033329
0.0033329
0.0033329
0.0032806
0.0032806
0.0032806
0.0033243
0.0033243
0.0033243

of the two-scales

Table 1.3: Comparatives result for the distribution function of X; at ¢ = 5, between the exact
solution p¢, the Monte Carlo approx. pyc and the Monte Carlo approx.

process pjsc-
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Chapter 2

Piecewise Deterministic Markov
Process

Piecewise deterministic Markov processes, or PDMP, are a family of cadlag Markov processes
involving a deterministic motion punctuated by random jumps. The motion of the PDMP
(Zi)e>0 depends on three local characteristics, namely the jump rate A, the flow ¢ solution of
an ordinary differential equation, and the transition kernel II according to which the location of
the process at the jump time is chosen. The process starts from z and follows the flow ¢(z,t)
until the first jump time 77, then the location of the process at T} is selected by the transition
measure II(¢(x,T1),-) and the motion restarts from this new point as before.

In order to perform the state reduction approximation on PDMP, we consider a subclass called
Markov switching model where the jumps occurs only on the discrete part of the process. In the
case when there are multiple weakly irreducible classes and the generator can be written as a
double scale generator for a small parameter €, we present a method to approximate the process
to a two-scale process: a slow-process on a reduced state space and fast-process inside each new
class.

2.1 Ordinary differential equations and vector fields

First we study the deterministic part of the process. Let D be an open set of R? and ¢ : D — D
be a Lipschitz continuous function, i.e. there exists a constant Cp such that [(x) — ¥ (y)| <
Cplx —y| for all z,y in D. Then the differential equation

d
{dt:c@) = Y(a(1)) 1)
z(0) = xz€D

has a unique solution ¢(z,t) determined for all ¢ < tp, where tp is the time at which the solution
exit from D, i.e.
tp :=inf{t > 0|¢(z,t) € OD}

and 9D is the boundary of D. The unique solution ¢ has the following properties
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1. The map ¢(-,t) : ¢ — ¢(x,t) is one-to-one and onto.
2. The family (¢(-,t))¢>0 is a semi-group, i.e. for any ¢, s > 0 it holds that
d(z,t+s) = ¢(¢(x,s),t) for all x € D

Remark It is possible that ¢p fails to converge to oo as D 1 R?, in which case there is said to
be an explosion.

Let f: D — R be a C! function. Then with z(t) = ¢(z,1),

Z 8faxl Yi(x(t))

=1

where ; is the [th component of 1. Let denote F' the first order differential operator

Fia) = §f<x>wz<x>

||M&

Then z(t) satisfies (2.1 if and only if it satisfies

d
2/ (@) = Ff(a(?)), forall f e C(R)
the operator F' is the vector field.

Remark [t is interesting to think ODEs as Markov Process. Assuming that F' is locally Lip-
schitz and that there are no explosion, the trajectory of the process is X; = ¢(x,t) and the
semi-group is Pif(z) = f(¢(x,t)) for f € CL. Then

Pf(z) - f(z) = /0 Ff(Xa)ds

and P, f(x) — fo Ff(Xs)ds = 0 and certainly a martingale. Thus F' is the infinitesimal
generator of the determmlstlc process.

2.2 Definition PDMP

We present a formal definition of a PDMP as shown by Davis (see [4], [5]). We start with the
state space E defined as follows. Let consider the finite set [ = {1,..., N} for a N € N, and for
every i € I let D; be an open subset of R%, then

E=|J{i} x D;) ={(i,x) :i € I,z € D;} (2.2)
el

Let £ denotes the following class of measurable sets in F

:{UA%&EM%

iel
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where M, denotes the Borel sets of D;; then (F,&) is a Borel space. Let consider a filtered
probability space (2, F, (F):, P) and we define

(Zt)tzo = (I, Xt)tZO

a Piecewiese deterministic Markov process with states on E and initial condition Zy = z =
(i,z) € E. The process I; corresponds to the discrete part and has states in I and X; is the
continuous part and has states in R?. The process (Z)¢ is completely defined by ((F;)ier, A, II)
called the local characteristic of the PDMP, where

e [ is a locally Lipschitz continuous vector field characterized by the Lipschitz function
(i, x) for all i € I, determining a flow ¢(i, x,t) that set the motion of the PDMP between
the jumps as shown in section On a point of notation, any function f : £ — R
is identified with its component functions f; : D; — R and we write F f(i,x) instead of
F;f(z) for all (i,x) € E.

We will suppose that if ¢ () denote the explosion time of the flow ¢(i,x,-) then we
assume that ¢ (z) = oo when tp, (x) = oo, thus excluding explosions.

e \: E — R, is the jump rate, a measurable function where for each (i,z) € E and all t > 0
it holds that

t
/ A, ¢(i, 2, 8))ds < 00
0
and we suppose that A\ = sup,p A(2) is bounded.

o II: ExE — [0,1] is a Markov transition kernel that maps E into the set P(E) of probability
measures on (F, £), with properties that:

— for each A € £ the map z — II(z, A) is measurable and
—Vze E\II(z,{2})=0

The dynamic of the process (Z;), with initial condition (i,z) € E is constructed as follows.
Consider a random variable 77 such that

t
Pl (T3> 1] = exp (—/0 (i, (i, x, s)) ds) for t < tp,(x)
0 for t > tp,(x)

If 71 is equal to infinity then
Zy = (i, ¢(i,x,t)) forallt >0

Otherwise if T1 < 0o, we select independently a F-valued random variable #; having distribution
I ((4, #(i, 2, T1)), -), namely P .y [01 € A] = I1((4, ¢(i, z,T1)), A) for any A € €. The trajectory
of (Z;), for t € [0,T1], is given by

7 — (i, ¢(i,x,t)) fort <Ty
T 6 for t =Ty

Starting from X7, = 6, we now select the next inter-jump time 75 — 77 and post-jump location
X1, = 02 in a similar way.
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Lemma 2.2.1 The times between jumps of process (Zi)i, satisfy the lack of memory property;
i.e. the random variable T,,+1 — Ty, is such that

]P}(ITn»XTn) [Tn+1 - Tn >t 4+ ’U,‘ Tn, Tn+1 — Tn > U] = P(ITn#z’(ITnyXTnau)) [Tn-l—l — Tn > t]
for all n.

Proof Let T} be the first time-jump of the process (Z;):, then for w > 0 and ¢ +u < tp,(x) we
have
Plig [T >t +u, Ty > u] IP’(- o [T >t+u]

P(i@) [Tl > ’U,] ) T1 > u

~ exp —/0t+u)\(z 6., 5))d )/exp< //\ zxs)ds)

t+

(

= exp (—/u (i, (i, x, 8)) ds)
()
(

Pigy [Th >t +ulT) >u] =

S

A, (i, x, 8 4+ u)) d5>
- A(QS(i,gb(i,m,u),s))ds)

where we have used the semigroup property of ¢. |

We now present that PDMP satisfies the strong and normal Markov property.

Theorem 2.2.2 (Markov property) The process (Zi),;~, s a homogeneous strong Markov
process; i.e. for any z € E, a stopping time T and function f, it holds that

E. [f(Zrss)lires} | Fr] = Ezp [f(Z)] Lz ooy

where B, [f(Zy)] corresponds to the expectation value of the process f(Z;) with starting condition
ZO = Z.

The proof can be found in [5] (theorem 25.5).

Remark In particular, the process also satisfies the normal Markov property; i.e. for all n > 0
and 0 <s1<...<sp,<tand s>0and z1,...,2,,2,win I,

IP)[ZtJrs :w|Z51 =21,y L5, = Zn, Lt = Z] :P[Zs :w|ZO = Z]
This comes form the fact that any ¢ > 0 is a stopping time.

In order to better understand the process, we define the following operators.

Definition For all ¢ > 0, the semigroup P; of the process (Z;); is defined for all measurable
function f such that

Pif(z) =E. [f(Z)]
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We continue with the definition of another operator closely related to the semigropup.
Definition The infinitesimal generator L of the process (Z;), is defined such that

L1 — tim PG = 1)

h—0 h

for all f € D(L), where D(L) is the set of all measurable function f : E — R? such that
t — f(i,6(i,x,t)) is absolutely continuous on Ry for all (i,z) € E.

Lemma 2.2.3 The infinitesimal generator of the PDMP with local characteristics ((F;)ier, A, IT)
corresponds to the operator L such that

Lf(z) = Ff(z) + A(2) /E (f(v) = f(2)) I(2, dv) (2.3)

defined for all f € D(L) and z € E.

Proof To prove this result, we observe that when i | 0

D‘

= exp

<h ; o(i,x,s)) ds)
= /0 A (i, ¢(i,x,8)) ds + o(h)
and that for (i,x) # (j,y)
(z x) [Zh - ( (b(] Y, h))] ) -T2 h]

< h,Z,
~(1-ew (—/OhA o(i,,5) )) )} exp (—/Ohw,qb(j,y,s»ds)

:(/Oth',gb(i,x,s)) ) (G.2), (G + o)

We observe that as the sum over all (j,y) € E on the right side is 1, last inequalities have to be
equalities. To prove this, let (T} )nen denotes the sequence of time-jumps of the process (Z;),,

then we have that
N = Z ]l{tZTk}
keN

is a Poisson process; and if we consider A = sup,cp A(2) and h | 0, we have

Py [Nn=0] = 1—hX+o(h)
P(z’,w) [N, =1] = hA+o(h)
Py [Nn 2 2] = o(h)
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The inequality < is due the bound of the Poisson law; and the equality comes form the fact that
the sum at both side of the inequality has to be 1 at any h small. This allow us to control the
number of jumps in a small interval, and we can conclude that

h
Piay (20 = (i, 66, 2, 1)) = 1—/ G, (i, 2, 5)) ds + o(h)

h
Biow [Zn = (.60 y b)) = ( [ A otia0) ds) (i, 2), {(.)}) + oh). for (i,z) # (.y)
Now, for all f € D(L) and h | 0, we have

Eiw) [f(Zn)] = (i, 6(i, 2, h))P(m [Zh = (i, ¢(i,z, h)])
+ ) 80, Y, )Py [Zn = (4, 64, dy, h))]

jeN{s} DJ\{33}

= f(i,p(i,x, h)) (/)\ (i,,s) ds)f( o(i,z,h))
+</ A6 446, 2,0) > 2 /D ¢y, )I((i, x), {(4, dy)}) + o(h)

jengiy 7 PiMat
= f(i, <i>(l];f6 ,h))
+ </0 A (i, (i, @, 8) d8> Z/ o(4,y,h) — f(4, o(i, 2, h))) T1((¢, x), {(4, dy)}) + o(h)

Jj€l

as II((4,¢(i,x,h)),-) is a probability measure where II(z,{z}) = 0. In order to compute the
infinitesimal generator we observe that

B [f(Z0)] = [l 2) — f(i, 80, =, h)) fi,x)

h
h
+ (2/0 A (i, ¢ (i, 2, 5) ds) Z/ &3y, b)) — (G, o0y 2, ) T((3, 2), {(j, dy) }) + o(1)

jeI

taking the limit and taking o(1) | 0 when A | 0, it follows that

and considering v = (j,y) € F and dv = (j, dy), we have ({2.3]). |

%) iy ) + Ay Z/ (o) = £G,2) (G, ). { (. dy) )

jeI

An important property of the generator is that it satisfies the Dynkin formula:

Pf(z) = f(2) + /0 P.Lf(z)ds (2.4)

that it is equivalent to the statement that the process
t
C’tf = f(Z) = f(2) —/ Lf(Zs)ds
0
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is an Fy-martingale. To prove this, we use the Markov property and the time-homogeneity; we
see that for all ¢ > s

B[of - clim] = E[r20- 520~ [ LiZ)aiz]
:E&%%ﬂﬂ—/f(WM}

= Pt sf( /Pu stZs
-0

With the objective to calculate the probability measure for the process (Z;);, we define for all
t > 0 the distribution p(-,t) € P(E, ) such that

p(A,t) =E [1{z,ea]

for A € £ and some initial distribution p(-,0) = pg. If we rewrite the expectation as the integral
over the probability measure in equation (2.4, we have

(%/f p(dz, ) /E<Ff(z)+/\(2’)/E(f(v)—f(z))H(z,dv)) p(dz, t)

Now, with z = (i,z) € E, replacing F'f(i,x) for Zle 8’:9(;7) (i, x), integrating by parts and by
Fubini’s lemma, it leads to

Z/fzm p(i, dz, t) Z/fzxzd:aamzx (i,dz,t)] Z/fzx (i, )p(i, dx, )

i€l i€l i€l
+ (i,2) f( (i,2),{(5,dy)}) | p(i,dx,t)
;/ ;/ )1 Jdy)}) | p

we conclude that in a weak sense, the distribution of the process solves the Fokker-Planck
equation,

d
ap(zxt = Za—lmzx (i,2,1)]
=1 (2.5)
i mw+2/ ()G v). (G 2)} ) dy. 1)
jel

for all (i,z) € E, t > 0 and for some initial condition distribution p(-,0) = po.

Remark If we define the generator matrix @) = (Qij>ijel such that for each 4,5 € I, Q;j :
Di X Dj — R where

Qii(r,z) = —A(i,) for all (i,z) € F
Qij(x,y) = A x)((4,2),{(j,y)}) forall (i,2),(j,y) € E,(i,2) # (4,y)-
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the equation (2.5)) for the probability measure can be rewritten as

d
0 0
5P p(i,z,1) Ea—mm p(i,z,t)] +§/ (4,dy, t)Qji(y, x)

jel

for all (i,x) € E, t > 0 and initial condition p(-,0) = py.

Example 1

Let consider a PDMP (Z;); = (I3, Xt): with states in £ = {0,1} x R and local characteristics
given by ((Fi)i=1,2, A, IT), where

e [; =1 is the vector field for ¢ = 1,2, determining a flow ¢(i,x,t) = x + ¢,

e \: E — R, is the jump rate, such that A(i,x) = { gg; gz i (1)

. s I((0,z),{(1,0)}) = 1 forallzeR
e II is a Markov transition kernel such that { M((L2).{(0,2)})) = 1 forallzcR

Then, the infinitesimal generator is given by

LiG) = §ofa) + M) 3 [ (FG.0) = FGo)(G o). (o))

7=0,1

0
= 5p (62) T a@)(f(1,0) = £(0,2))Lii=o} + B)(f(0,2) = f(1,2)) L=y
for f € D(L). And the Fokker-Plank equation is given by

ipli..0) = = 5t t) = M alplise, )+ [ MGG 0), () Dt dot)

7=0,1
= _ijp(iwr?t) + [ﬁ(a:)p(l,x,t) - a(a:)p(O,a:,t)] 1{1’:0} + [a(az)p(O, .r,t)]l{x:()} - ﬁ(w)p(l,x,t)] ]l{i:l}

Remark In this model, X; could represent the time since the last spike of a neuron denote by
I, such that I; = 0 when the neuron is resting and I; = 1 during the spike.

2.2.1 Simulation

In order to simulate a PDMP (Zt)te[QT] with values in F, initial distribution py and local
characteristics ((F;)ier, A\, I1,), the idea is:

e draw a sample zy from pg for the initial value,
e then iteratively, if the process is in state (i, x),
A. determine the flow ¢ from vector field Fj,

B. draw a sample from an E(A(i, ¢(i,x,t))) exponential law for the duration time,
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C. between jumps set Z; = (i, ¢(i,x,t)),
D. draw the next state w # (i, x) from the law II((Z, z),-).

To achieve this, we consider the following lemmas that allows to draw samples of the distribution
needed from the uniform distribution.

Lemma 2.2.4 (Rejection Method) Let A : [0,7] — Ry be a bound rate function and a
random variable T ~ exp(A(t)). Let consider A\ = supyco ) A(t) and the auziliary random
variables &€ ~ exp(\) and U ~ U(0,1), then

_ A

Proof Let define the functions
t+9 s
) =Plreft.t+06)] = / A(s) exp (- / A(r)dr) ds = \(£)5 + o(62)
ftts 0
o)y =Pl e[t t+0)] = / Xexp (—As) ds = A + o(6?)
t

Now, noting that P[A|B] = P [B|A]P[A] /P[B] we have

| S

L©7 _ e
lectirolu< 5G] -plvs ffecniro] plv < f9]
7°©
where
Plo<fg) - ZP[ Fus| 7709
- (ko) :Zﬂs(m) =1
k=0
and
1 £
P [U< e ’fe [t t+5)] = f5(t)Po<[U< 7 (g},f; [t, t+5)]
1 k :
= %;P[Ug Tih) M€ [t,t~|—6)] F° (ks)
1 @] 77
- o |7 < 7o) 7O
_ @
)

for some ¢ € [t,¢ + ). Finally, we obtain

P [g € [t,t+96) 'U < ?jgg] = (%)

and when § — 0, we have the result wanted. |
Where we use Lemmamm simulate £ ~ £()). For draw a sample of II((4, x), -), it will depend
on the form of the distribution. In the case it has a finite support, we can use Lemma
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2.3 Markov switching model with multiple weakly irreducible
classes

In order to perform the state reduction approximation, we will consider a subclass of PDMP

known as the Markov switching model (see [6], [7]). Let consider the state space E = I x R?

for a finite space I = {1,2,..., N}, the Borel space (E,&) and a filtered probability space
(Q, F, (Ft)t,P); we define for a T' < oo

(Zt)iepm = (Tt Xt)yeo,my

a Markov switching process with states on E, initial condition Zy = z = (i,2) € E and local
characteristics given by ((F});er, A, II), where

e [ is a continuous vector field characterized by the Lipschitz functions (i, x), for all
(i,x) € E; that determines a flow f(¢(4,2,t)) via the ODE

> X a e

ox
=1 ¢

d .
g (@) = FfG,2(t))

o )\: F — R, is the jump rate,

eIl : Ex E — [0,1] is a Markov transition kernel that allows only jumps in I; i.e. we
demand that

II((¢,2),{(j,z)}) > 0, forall (i,) € Fand j €I,
((i,2),{(,9)}) = 0, otherwise
The Markov switching model is a process Z; = (Iy, Xy) € I x R% can be described such that
A. X; is driven by the vector field FJ,,
B. If [; = ¢ and X; = x, then I; jumps to j with rate A(i, x)IL((i,z), {(j,x)}) for j # 1,

C. Its generator infinitesimal is given by

Lf(i,x) = Ff(i,x) + Ai,x) Y (f(j,x) = f(i,2)) (5, 2), {(j,2)})

Jel
with a generator matrix Q(x) € RV*Y defined by
fori,j=1,...,N.

In this model, the trajectory of the continuous part X; does not jump and it evolves continuously;
the jumps only occur on the discrete part I;. Let us also note that there are no boundary in
this model for the continuous part, so we don’t have to consider border condition and there is
no risk of explosion times.
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Remark In general, (I;); is not a Markov process on its own since its jump rates depend on
(X¢)¢. If the jump rate A does not depend on (X)), then (I;); is a Markov process on the finite
space I and X; is a function of (Iy)s<¢.

We consider that the process (Zy); has multiple irreducible classes, which means that its gener-
ator Q°(x) for any fix 2 € R? depends on a small parameter € > 0 and two generators Q(z) and
Q(x), such that

Q(x) = Q) + Q) (27)

where Q(x) governs the dynamic on the slow-scale and Q(z) on the fast-scale. The generator
Q(z) can be put into block-diagonal form

Q'(x) 0 0
S 0 Q%)
JORS o
0 0 QN(x)

where each Qk (x) is a generator of dimension my x my, for some integer my, such that fo:l my =
N, and it defines the class

S = {ikla .. .,ikmk} clI
that corresponds to the states associated with the generator Q¥ (z). We define the new set
S={5,...,55}

that will be the space of the slow process, and that satisfies Ufj:l s =1.

Assumption 2.3.1 Forallk=1,...,N and z € RY, Qk(w) is a weakly irreducible generator;
that is for any fix x € R the system of equations

m
ZV}“(&;)Q?Z(@ = 0, fori=1,...,my
j=1

my

ny(x) =1

i=1

has a unique non-negative solution.
We consider for all ¢ > 0 the distribution p(-,t) € P(E, ) such that
P (A1) = By, [1{zeay]

for A € £, then the Fokker-Planck equation corresponds to

0 o 1~ R

S hwt) = - ; gy [ )P (62, 6)] + ;p%yy z,1) <€jS(x) + jS(@) (2.8)

pia0) = polin) ]

for all (i,2) € E, t € [0,T] and initial distribution py.
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2.3.1 Asymptotic expansions

Now we present the most important theorem of the section, that presents a characterization for
the probably measure of the process (Zf):, based on results given in [2] and [9].

Theorem 2.3.2 (Asymptotic expansion) The probability measure pc(-,t) (@ of the pro-
cess (Z5), can be expanded in the form:

t
p(i,x,t) = @(i,x,t) + (z’,x, e> + (i, z,t) (2.9)

In this approach ¢ is set to be an approximation on the slow-scale t away from 0, v approximate
the fast-scale T = t/e and e corresponds to the error of the expansion. The functions ¢, v and
e® are such that

o o(i,x,t) is differentiable for all t € [0,T].
e there exist a constant kg > 0 such that
|y (i, 2, 7)| < K exp (—KoT)
uniformly for all (i,x) € E.
e and the following estimate holds

sup |ef(i,z,t)] < Ke
t€[0,T]

uniformly for all (i,x) € E.

To proceed, we define an operator L€ by

d

Lf(i,z,t) = d fl,z,t)+ Z 1/11 i,x)f(i,z,t)] Zf (1, 2,1) (Qﬂ( )—i—eri(a:)) (2.10)

= Jel

for any smooth function f, then £°f = 0 iff f is a solution to the Fokker-Planck equation ([2.8)).
We set that both ¢ and v are solution to the forward equation, then they satisfy

t
LEp(i,x,t) =0 and Ly (i, T, ) =0
€

that is, we have

d
D oliat) = - Zj;" et 0]+ 3ot (Q3(0) + Qi)
egt’y (w z) = Ej:aa [wz i, ) ( )] +]§e;7 <J, ) (ng( )+6sz'(~%')>

(2.11)
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and we write a new time scale 7 = t/e for the second equation

d
8877 (i,2,7) Z@i [uis @) (i 2, 1) + Y (G, 7) (jS(ﬂf) +€jS($))

Jel

And if we match the terms over ¢’ and €' in the time scale t and setting that (7) must not
depends on ¢, we have the following set of equations

Z 0(j, 7,t)Qji(z) = 0

jel

) 0

(%cp(zxt Za—d}lzx o(i,z,t)] —i—Zcp],xt (x)
=1 JeI

and

0
{8’)/1567' Zvj,xT (z)

J€el

Remark From the last term comes the approximation error of this expansion, and due the fact
that @ is not weakly irreducible.

In order to match the asymptotic expansion, we have necessarily at ¢ = 0 that
p(i,2,0) = p(i,2,0) + (i, z,0)

Sending € — 0 in the expansion ([2.11]), the fast-scale and error disappear and only remains the
slow-scale, then as ), ; [, p°(i,x,t)dz =1 for all € > 0, we conclude

ll_r)r(l)Z/ z:ctdx—Z/ (i, z,t)dx =1

el

Determining ¢

We need to determine ¢(i, z,t) for (i,x2) € E and t € [0,T] such that

jerI
9 9
pria (i, z,t) Za— [, ) (i, 2, t)] —I—Z@],xt)Qﬂ( ) (2.12)
=1 jel
2 x, t =1
> e

Since Q(x) = diag (Ql(m), . ,QN(JZ)) where each Q*(x) is weakly irreducible, therefore if we

consider ¥ (i, x,t), the function (i, x,t) restricted on i € 55, we have that it satisfies

3 F (e t)Q(x) = 0, forall i € 5

JESk
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then its solution is ©oF(i,z,t) = O(k,x,t)vf(x), the product of the invariant measure v*(z) of
Q" () and a function multiplier (k,x,t) with values in k € {1,...,N}, z € R? and t € [0, T].
And as v¥(z) is a distribution in 5, we have that

Z/Rd (i,2,t)d :Z Hkxt F(x)dx

1ES 1ESK

= / O(k,x,t)dx
R4

and by consequence of the third equation on (2.12)), it also holds that

Z Gl-cznt -1

Setting all this with the second equation in ([2.12)), for each k = 1,..., N it follows that

QQkxt Zd o(i,z,t)

1E5
23 L et + X Y el 000
1ESE = 1 1€5 jEI
:—sz[wlzx vE(z) kxt} Zzzep,wt 2)Qji(x)
1€S5 =1 ! 1€5, p=1 j€E5p

reorganizing the terms, we have that for k = 1,..., N, it holds

d N
88 (k,x,t) Z::aa Zuﬂmzx 0(k,x,t) —i—Z (p,x,t) ZZ

1ES p=1 JES5p 1€5)
o (2.13)
where we observe the emergence of a new generator Q(x) € RV*N such that

Qui() = > P (2)Qji(x) (2.14)

JESp 1E5

for k,p=1,..., N, and a new function v define by

Blk,a) = 3 v@)li,) (2.15)

1ES)

for kK =1,...,N. In order to determine the initial conditions (k,z,0), we fist observe that in
the asymptotic expansion it has to hold that

ng(z,x,o —%gr(l)lgn Zp i,2,0) (2.16)
1ES 1€
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moreover, in view of the forward equation (2.8) and that .
have

Zpe(z’,x,é) = pr(@m,())—k/o Z Z o) [oi(2, 2)p® (i, z,8)] + Z Zpe(j,q;, S)Qﬂ(a:) ds

i€5 i€5y, i€5y, =1 i€5y, jES,

i€y, ( ) = 0 for all j € Sk, we

and since p®(i,z,t) is bounded it follows that

%ig(l)limsup/o Z Z [oi(2, 2)p® (3, z, s)] + Z Zpg(j,x,s)jS(w) ds =0

=0 i€sy, 1=1 i€5), €5

therefore by (2.16) it yields

Z/}Rd (i,2,0) ZL‘:}E% l.i—I}(l)Z/Rd (i,2,0)d Z/ (i, x,0)d

1ESE 1ESE

and we finally have

0(k,z,0) szxo

1ES)

To conclude, we present the following Corollary that synthesized the results of this section.

Corollary 2.3.3 The system (2.12)) for ¢(i,z,t), is equivalent to the system

( Z w(j,x,t)jS(:v) =0, forie€ 5

JESk

> ol x,t) = 0(k, x,1)

'LZsk 5

5700k, 1) Z 301 [hu(ke, 2)0(k, 2, 8)] + > 0(p, 2, 1) Qpi(x)

p=1
0(k,x,0) Zpozx

\ 1ESE

for k=1,...,N; where the function 1) is defined in and the generator Q in .

Remark These 60(i,2,t) can be interpreted as the probability measure of an PDMP (M;),~
defined over the aggregate states space S x R?, where S is the finite space {51,...,5y5}, and

defined by its local characteristics given by the generator Q and the vector field ( g) seg given
by

d
Ff(spa) =Y 01(@) 55 2) (2.17)
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Determining v

We consider 7(i, z,7) for (i,x) € E and t € [0, T] solution to

{ %'y(i,wﬁ) = Z’Y(j,xﬁ)@ji(x) (2.18)

JeI
To matched asymptotic expansion, we have necessarily at ¢ = 0 that
o(i,2,0) +7(i,0) = p(i,x,0)

In order to solve equation (2.18)), we observe that we can solve it directly and together with the
above initial condition, we obtain

G(7) = (ol @) = (-, 0)) exp Q)7 ) (2.19)

Considering that each Q¥(z) is weakly irreducible, we need to prove that v(i,z,T) can be obtain
by (2.19)), and there is a positive number kg such that

90,z 7)| < K exp (—roT)

uniformly for (i,2) € E. To prove this, let v*(z) be the stationary distribution corresponding

to the generator Qk(:v), and we define the column vector 1, = (1,1,...,1)" € RY™ then
Ly, vt () 0 0
0 L, 2 (20)
m(z) =
@ 5
0 0 LnyrN(z)
where N .
vi(z) Vi, ()
]lmkyk(x> - :
vi(x) - v, (@)

Noting the block-diagonal structure of Q, we have

exp <Q1(x)7> 0 0
exp (Q(:E)T) _ 0 exp (QZ(x)T> | 0
, o o (@%(o)

Furthermore, we see that for kK =1,..., N it holds

Z (po(i,ﬂ?) - (p(i,:L‘,O)) = Zpo(i,x) - Z @(ivwvo) = ZPO(ivx) - 9(]{,1‘,0) =0

1ES 1€ES) 1ES) 1ES)
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and then, the initial condition (po(-,z) — ¢(+, z,0)) is orthogonal to 7(x). By virtue of Lemma
- for each k =1,..., N there exists x; > 0 such that

’exp (Qk(:c)7'> — ]lmkl/k(a:)‘ < Kexp (—kgT)

then we have

Azl = |wols2) = e(,2,0) (exp (Q)r) - ()|
< K sup ‘exp (Qk( )T )—ﬂmkvk(x)
k<N
< Kexp (o)

where kg = min k.
k<N

Analysis of remainder

The remainder of the asymptotic expansion (2.9) correspond to
t
e“(i,x,t) = @(i,z,t) + 7 (i, x, ) —p(i,x,t)
€

where €(0) = 0, and if we consider the operator £¢ as in (2.10)), it holds that L£p(t) = 0 and
from equations (2.12) and (|2.18|) we have

L€ (i, 1) Za [wmx ( >}+EZ’7<J, x, >jS(~’0)

jerl
expanding the operator L we have
d o
aee(i,xt = Za— [ (3, x)e (i, x,t) —|—Z (J,z,t)Q5; ()
jel
Z [wlzx <ixt>]+2'y(jxt>(2~(x)
) ,6 . ) 76 Jt
=1 jeI

Now by integrating, using Poincare inequality, taking the norm and making use of the exponen-
tial decay property of «, it holds that

le(i,z, t)] < e (szH—C"/zﬁzx (i,2,s)ds| +

/Ze Jyx, 8)Q5;(x)ds

Jj€l

+ /tZW (J}y’ §> Qji(x)ds

+K

1[)(2', x)y (i,fv, f) ds

< C’/ |e€ za:s)|ds—|—K/ exp —Ko— )ds

< C/ |e€ z:L‘s)|ds—|—K <1—exp<—mot>>
€

<

C/ le€(i,z,s)|ds + K'e
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by Gronwall’s lemma ([1.2.3]), we conclude
le“(i, 2, 1) < K'eexp (Ct)
and taking the supremum on time, the remainder satisfies
t
sup p€(i7$7t) - (P(i,l‘,t) -7 <i7x7 ) ‘ = Ke
te(0,T) €

where K is a positive constant that depends on T'.

2.3.2 Two-scales approximation

We now present a corollary that allows us, under the conditions already discussed, to represent
the PDMP as a two-scale process: one on a slow-scale that goes over the state classes and a
fast-scale that acknowledge the dynamic inside each class.

Corollary 2.3.4 Let be (Ze)te[O,T] a Markov switching process defined over E = I x R® with
I =A{1,...,N}, initial distribution pg, and local characteristics given by the fungtz’ons Y a(Ld a
two-scales generator Q¢(z) € RN*N that depends on € > 0 and two generators Q(z) and Q(x)

such that 1

Q(2) = —Q(z) + Q(x)

where Q(z) = diag(Q'(z),...,QN (z)) with each sub-generator QF(x) € R™-*™k weakly irre-
ducible and determines the class 5, C I. Then there exists positive constants Kr, K and kg
such that

P[Z{ = (i, x)] — 1/]( x)0(k,x,t)| < Kre + K exp <_K0i>

for all z € R* and ikj € Sk forj =1,...,my and k = 1,...,N. Here v*(x) is the stationary
distribution in class 5 given by QF(x), and 0(k,x,t) is a function defined for k = 1,... N,
r € R and t € [0,T] that satisfies

N
&0k, 2,1) Z 5o [k, 200k, 2.0)] + 0002, )@ (o)

p=1
0(k,x,0) szxo

1ESE

for the generator Q(x) € RN defined by

Qpi(x) =Y > P (2)Qji()

jEBp i€y,

forp,k=1...,N; and function v given by

fork=1...,N.
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In this corollary, we interpret 6(k,x,t) as the probability measure of an PDMP (Mt)te[O,T}

defined over S x R% with S = {51,...,55} and local characteristics given by the functions 1
and generator Q(z), which holds the dynamics on the slow-scale. We can think of this process
as

M, = (S, z) <= Z; = (i, x) for some i € 5

and that 0(k,z,t) = P[M; = (8,2)] for i = 1,...,N. On the other hand, the dynamic in the
fast-scale will be defined punctually on the position of M; by the random variable I, such
that

P [Ifast = ikj| M; = (§k, x)] = I/jk(ﬂj)

for each iy; € 5. We observe that the value of the fast process depends instantaneously on the
prosition of the slow process M;.

Example 2

Continuation of Example 1 Chapter 1 . Let consider now that the proper functioning of
the two machines depends on the heat in the factory. If the heat on the factory is too high, the
machines are more likely to malfunction; and at the same time by working they contribute to
the rise of the heat. For this we present the following model: let (Zt),c(0, = (Xt, Ht)ieclo,) be
a Markov switching model, where X; represents capacity of the workshop that correspond to a
four-state chain with state space I = {(0,0),(1,0),(0,1),(1,1)}, and H; represents the heat in
the factory with values in R. Suppose that the first machine breaks down much more often and
produce more heat than the second one; to reflect this situation, consider that the process is
generated by Q¢(h) as for a small € > 0, with Q(h) and Q(h) given by

Q“(h) = ~Q(h) + QM)
where
AR AR 00 AR 0 AR 0
S 1S SR S W S 0 w0 am
om = "7 Y a0 ™= Lm0 a0
0 0 p(h)  —pu(h) 0 p(h) 0 —u(h)

where A\(h) and p(h) are the rates of repair and breakdown respectively, and follow the logistic

equations
1

A(h) HT%(%) € [0,1]
u(h) = T+ exp(—2h) €[0,1]

The heat is determined vector field functions

(@, h) = a2ry — 1) + (222 — 1)
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with o > 8, which determines the flow ¢(z, h,t) = h+ a(2x1 — 1)t + B(2z2 — 1)t; and we define
the matrix U € R**4 by

(i) 0 0 0 —a—B 0 0 0
- 0 (i) 0 0 B 0 a—-B 0 0
- 0 0 lis) O - 0 0 —a+8 0

0 0 0 w(iy) 0 0 0 a+8

We consider the probability p*(z, h,t) = Py, [Z; = (x, h)], that denotes the probability distribu-
tion of the underlying process at time t, and it is solution of the forward equation

{ S Iot) = = (W + B Q) (2.20)
pe('v h70) = pO('a h)

where pg is the initial distribution.
In order to find the two-scale approximation, we notice that Q can be rewritten as
~ . —A(h)  A(h) ) ( =A(h)  A(h) >>
h) = dia ,
am =dig (65" 20 )+ (um’ Suth

with both sub-generator weakly irreducible, with invariant measure

N A
”m‘<mm+Amrmm+AwQ‘*“““m”

and we identify the classes

0 =1{(0,0),(1,0)} = {io1, %02}
1={(0,1), (1, 1)} = {i11, i12}

that form the slow-scale states S = {30,51}. By Corollary we approximate the law of
process (Z;), = (X, Hy); to the law of a two-scale process (Wy), = (X, Hy); with states in

S x R, and Xfast With states in 5%, such that

S
S

with a magnitude error of order e. On the fast-scale, X, € 5 %, and it follows that

P [Xast = k1] = p(Hy), for k=0,1
P [Xgast = ik2)] = A(Hy), for k=0,1

On the other hand, (Xt,Ht)t € S x R is a Markov switching process on the slow-scale with

generator Q(h) given by
- (08 (% 2)
-\

( u(g)L) —i%%)
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and vector field functions 1 that satisfies

O(k,h) = Z ve(h) [a (221 — 1) + B (229 — 1)]
= p(h) [~ + B2k — D]+ AR) [+ B (2K — 1)]
= a(MR) — (b)) + B (2 — 1)

We consider the probability 8(k, h,t) = P[W; = (S, h)] and it is solution of the forward equation

2

Pk, h)O(k, b t)] + > 0(p, by t)Qpi ()

p=1

0 0

E;g@(k% h,t) — —‘Eﬁi [

0(k,h,0) =Y po(i, h)

€S
Example 3 - Monte Carlo

In this section, we will compute the distribution function of the process (Zt)te[o,T] = (Xy, Ht)te[o,T]v
defined in Example 2, via a Monte Carlo estimate of its law; and also, via a Monte Carlo estimate
of the law of the two-scale approximation process derived on equation . For the simulation
of the process Xy in I = {1,...,4} and H; in R, we follow the steps on Section We set a
simulation time 7" > 0 and a time step At and we define the number of steps N = T'/At. We
define jump rate A(z, ¢(x, h,t)) and the Markov Kernel II(h) = (II(z,y, h)), ,o; as

( <1+6> Ah — (a+ B)1)

€

Lulh + (o= BYD) + Al + (a — BYY)

x,ye

A(-, h, t) =
E/\(h + (—a+0)t) + pu(h+ (—a + p)t)
1+e€
(55t (a4 000
and
1 €
0 &) (& 0
p(h) 0 0 A(h)e
(k) = A(h)etu(h) A(h)e+u(h)
p(h)e 0 0 A(h)
A(R)+p(h)e AR +u(h)e

O () ()

We also need to compute A(x,h), a rate that bound of A(z,¢(w,h,t)) for all t > 0. As
A(h), (h) < 1 for all h, we have A(z,h) = . We set an array (Xk,Hk),]cV:Jrl1 for the pro-
cess and a variable S for the time of jumps. The pseudo-code goes as follow:

1. For the initial condition we set X1 =z, Hy =h, k=2 and S = 0.

2. While k < N +1and S <T do:
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(a) To compute the sejour time
i. With U; ~ U (0,1) set £ = —A~tlog (Uy)
. With Uy ~ U (0,1), if Up < 28=tHenl) gop g — g 4 ¢
iii. else return to i.

(b) While kK < N and kAt < S do:

Xy = Xy
ii. Hy = Hp_1 + AtY(Xp—1, Hyp 1)
ii. k=k+1

(¢) With Us ~ U (0,1)
i if U3 <TI(Xg_1,1, Hx—1) then X =1 and Hy = Hp_4

Jj—1 J
i if ZH(Xk—lawaHk—l) <Us < Z (Xp—1,w, Hp 1) for j =2,3,4,
w=1 w=1
then Xy = j and Hp = Hy_1
(d) k=k+1

For the process (W) c(o 1) = (Xt, Ht)tE[O 7 over SxR, we then define the jump rate A(k, ¢(k, h, t))

and the Markov Kernel ﬁ(h) = (f[(k,p, h)) _as
k,peS

. [ Ahtah) —p(R)t— B - 0 1
A<"h’“‘{ ulh+ o (\(B) — (i) + e) )= (1 0)

We also need to compute K(:c,h), a rate that bound of A(z,d(z,h,t)) for all t > 0. As
_ - N+1
A(h),p(h) < 1 for all h, we have A(z,h) = 1. We set an array (kaHk>k . for the pro-

cess the pseudo-code is identical to the one already described.

In order to approximate the law p¢ of (X¢, Hy),c €o,7] via the Monte Carlo method, we take

into account M realizations of (X", H}" )NJrl form =1,..., M, then we have that
pMC(:’CAT Z]I{X N=x, HY€A}> $:1,,4,AER
m 1

\/ P MC(I’A’T)(lj\/;p wo@AT) - Anqd similarly, for the two-sale approxima-

with standard deviation

- N+1
tion ([2.21]), we set M realizations of (X,T, H,T)k form =1,..., M, and then it follows
=1
M Zm 1 M(H]T\rfl)]l m=3, HR €A}
37 Lot AR 3 Xm=s0, Hp€A}
(Hy)
(H)1,

Puc(AT) =
MZm 1M ]l{ N_sl,H €A}

Mzm 1/\H]T\fn ]1 =51, Hy €A}
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and standard deviation \/ﬁ”c(x’A’T)(lj\/_[pR’C(x’A’T)).

Solving for po = (09,0,0,0), € = 0.2, « = 2, f§ =1, € = 0.2 and M = 3000, the results are
the followings:

’ XratT =5 ‘ pPMC std ‘ Py std
1 0.3133 0.0084662 | 0.3366 0.0086275
2 0.1906 0.0071720 | 0.1780 0.0069846
3 0.1913 0.0071816 | 0.1952 0.0072371
4 0.305 0.0084059 | 0.2901 0.0082852

Table 2.1: Comparatives result for the distribution function of X; at t = 5, between the Monte
Carlo approx. pyc, and the Monte Carlo approx. of the two-scales approximation pj .

XpatT=10 | puc std Py std
1 0.3133 0.0084687 | 0.3546 0.0087343
2 0.1876 0.0071285 | 0.1633 0.0067501
3 0.1936 0.0072148 | 0.1873 0.0071242
4 0.3053 0.0084084 | 0.2946 0.0083231

Table 2.2: Comparatives result for the distribution function of X; at t = 10, between the Monte
Carlo approx. pyc, and the Monte Carlo approx. of the two-scales approximation pj .

XratT=15| puc std Py std
1 0.296  0.0083343 | 0.3502 0.0087097
2 0.191  0.0071863 | 0.1577 0.0066548
3 0.195 0.0072336 | 0.1881 0.0071352
4 0.3173  0.0084977 | 0.3038 0.0083971

Table 2.3: Comparatives result for the distribution function of X; at t = 15, between the Monte
Carlo approx. pyc, and the Monte Carlo approx. of the two-scales approximation pj .
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Chapter 3

Hodgkin and Huxley model

The Hodgkin and Huxley model (H&H) [8], describes the membrane potential V' of a typical
neuron on the mean behavior of the potassium (K*) and calcium (Na™) ion channels, through
its voltage-gated processes. Each channel contains four separate voltage-gates that are open
or closed depending on the voltage variation; and it is in an open-state (conductance) if all
four gates are open, and close-state (non-conductance) if at least one gate is close. The voltage
equation is given by

’d‘git) = [ (V{t),m(t), h(t), n(t))
dﬂ;t@ — am(V() (1= m(t)) = B (V (£))m(t)
dn(t) oy
o = (V) (L= h(t)) — Br(V(£)h(t)
d?;tﬂ — an(V(D) (1 = n(t) = Bu(V(E))n(D)

for all £ > 0 and initial condition V(0) = Vp, m(0) = mg, h(0) = ho and n(0) = ng; where
f :R* = R such that

INa IK I
1 . - —
FVimshon) = =(lext — gnam”h (V = Exa) —ggn” (V = Ex) =g (V = EL))

C

The dimensionless variables m, h, and n describe the probability of open voltage-gates on each
ion-channel. The rate functions that appear in the equations were also determined by Hodgkin
and Huxley and are given by

(25 -V)/10 —v/18
am(V) = c(25—V)/10 _ 1’ B (V) = 4e7"/
1
V) =0.07e"V/%0 17 e — 3.2
an(V) 106 , ’100 BnV) = mo-vyio 1 (3:2)
an(V) = 10— V)/100 Bn(V) = 0.125eV/80

T e(l0=Vv)/10 _ 1’

The parameters provided in the original paper correspond to the membrane potential shifted by
approximately 65 mV so that the resting potential is at V' ~ 0. The equilibrium potentials and
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typical conductance are

Ex=-12mV, Eyn,=120mV,  Ep =10.6 mV,
gK = 36 mS/cm2, INa = 120 mS/ch, g1, = 0.3 mS/ch;

and C = 1 uF/cm? is the membrane capacitance.

3.1 H&H as limit of PDMP

Let (Q, F,{Fi}+,P) be a complete filtered probability space and a finite 7' > 0. We present
a neuron model (see [9],[10]) with Nk potassium channels and Ny, sodium channels (N =
Nk + Nna), as a PDMP

(ZtN) = (VbN7m1]tVNa’ hljtVNa7nNK>

t€[0,T] t€[0,T]

Nk

N
Ne hyN* and n;'* correspond

where V,V is the membrane potential with values in R, and miv
to the proportion of voltage-gates of type m,h,n respectably. The voltage-gates are defined
by the sequences {el”(t)}f\g“‘, {ef(t)}l]\fl"‘ and {e?(t)}i]\g, such that for all ¢ and u € {m, h,n},
el(t) € {0,1} and

ay (V)

HOE @ —

Bu(V)

with rates o, and 3, as defined in equations 1) Then, the variables uiv v for uw € {m, h,n},
are defined by

(3.3)

1
g A ei' (1)
=1
characterized by
e Space state Ey, = {O, N%L’ N%ﬂ el N;{,;l, 1},
e jump rate Ay, : R x En, — R4, such that
AN, (Vo) = Ny [ufu(V) + (1 — u)ay (V)] (3.4)

which is time-dependent through V|

e Markov transition kernel II such that:

(Vo) {(Viu+ N = (S) - @(Liajgiu(v)
uB, (35)

I((V,u), {(V,u—1/Nu)}) = uBu(V) 4+ (1 — u)ay (V)
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for all V € R and m € Ey, \ {1, Ny}, and
II((V,0),{(V.1/Nu)}) =1
H((V7 1), {(V, (Nu - 1)/Nu)}) =1
for all Ve R.

The corresponding membrane equation is

d Nxa 2.Nna N,
GV = (VN mie e i)

1 D (3.6)
ul = N Ze}‘(t), u={m,h,n}
=1

where e! are defined in (3.3), initial condition Z}¥ € R x Ex and f: R x [0,1]> — R such that

1
f(Vim,h,n) = ol (Iext — gnam®h(V — Ena) — ggn*(V — Ex) — g(V — Ep))

Under suitable initial conditions, the solution Z}¥ = (VtN , miv Na hiv Na niv K) of 1’ converges

in probability as N grows to infinity, uniformly on bounded intervals [0,7], to the solution
Z(t) = (v(t),n(t),m(t),h(t)) of the deterministic equation:

gv(t) = f(v(t),m(t), h(t), n(t))
Y (3.7)
—g(t) = ag(v(®)(1—g(t)) = Be(v(t)g(t), g€ {m,, h,n}

when the following conditions are satisfied,
H1 o, and 3, € C! for u € {m, h,n}
H2 fe(C!

H3 The process v from (3.7)) is bounded on [0, 7] with 7" > 0, and for all N > 1 the process Vi
(3.6]) is uniformly bounded on [0, 7.

Since the process of opening and closing by assumptions are asymptotically independent among
species, we can consider the study of only one gate type. Thus, we will consider the equation

d
SV =1 (V)
N 3.8)
1 (
up = I Z ei(t)
=1

where {e;};—1. n are analogously defined as in (3.3)), and the deterministic system is given by

Cgv(t) = f(v(®),9(t)) (3.9)
9(t) = a((®)(1-g(t) - Be®)g(?)

We assume the conditions H1 — H3 are satisfied for this reduced case. Thus, we have the
following theorem as it is presented in [10].
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Theorem 3.1.1 Law of large number.

Let {e;}i=1..n be a succession of Markov processes defined in , and let Zy = (vo,g0) €
R x [0,1] be a initial condition of . For all §,e > 0, there exists an initial condition Z(])V =
(V¥ ul’) for and No = No(6,¢) such that for all N > Ny the solution Z{» = (VN ,ul)
satisfies:

IP’( sup [V —w(t)] > 5) <e (3.10)
0<t<T
and
P < sup |ul — g(t)] > 5) <e (3.11)
0<t<T

for all fized T > 0.

First we decompose the difference between the stochastic and the deterministic processes as a
sum of a martingale part My and a finite variation part F as follows

el — ] — [g(t) — g(0)] = My (t) + / Fy(s)ds

where we define:

Py () = a (V) (1 - ) = BNyl — 240

t
M (t) = [ = 9]  [u = 90)] = | Fs)as
0
For the proof of Theorem [3.1.1] we need the following lemmas.

Lemma 3.1.2 My(t) is a {F;}-martingale
Proof First we notice that for all ¢ and h | 0

Elei(t +h)|F] = Elei(t +h)|ei(t)] = Plei(t + h) = 1|e;(t)]
= a1 —e®)h+ [1 = BVN)] ei(t)h + o(h)
and
T [l —ul1F] = a(V) - ul) - BN + o)
= E[a(V")1 —u) = BV )u|F] + o(1)
Then we have that

1 1
EIE [My(t+h) — Myt F] = EIE [upyp — ul | 7]
1

t+h
S| [ a0 - ) - 507 sl

t+h s
—}lb[g(t+h)—g(t)]+;/1t dgd(t)ds

1
Solving gives }Lir% EE [Mn(t+ h) — My (t)|F:] = 0 and therefore LE[My(t + )| 7] |s=0 = 0.
%
Finally E [My(t + h)|F] = cte = E[Mn(t)|F] = Mn(t). |
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Lemma 3.1.3 LetT >0, >0, d > 0. Then there exists Ng such that VN > Ny

P ( sup My(t)? > 6) <e
0<t<T

Proof Using (a + b+ ¢)? < 4(a? + b? + %) and CauchySchwarz inequality we have that

E [My(t)?] < 4E [ud — g()]* + 4 [ud — g(0)]” + 4t /OtIE [F2(s)] ds

On another side, considering E [e;(t) — ¢g(t)] = 0 for all 4, and then

as Efe;(t) — g(t)]> = g(t) (1 — g(t)) < 1 for all 4, and

E [(a((®)g(t) — a(V¥)ui) = (3(0)g(®) ~ 8]
2 [[lalZ, (9(6) — ') + 1812 (a(t) —ui¥)?]
amax]|al%. | 512 }E [u g(t)fs%max{llall 1815}

=
2%
VAN VAN

Finally
2

E [My(1)?] < 013 max(all, 1512}

where ||al|o and ||3]|o are finite because o and 3 are continuous by assumption H1. Then by
Chebychev inequality and Doob inequalities for martingales:

_4T2

SIS

2
sup My(t)| <
0<t<T

P ( sup My(t)? > 5) < %E

0<t<T

and B [My(t)?] < < forall N > Ny = €22

Lemma 3.1.4 For the finite variation term Fy(t), there exists C > 0 independent of N such
that

[Fn ()] < C (Jul — gt)] + VY —o(t)])
Proof First we notice that

Fn(t) = a(V}N)(l—ut) a(v(t))(1 - g(t))
—BVN)uy + Bu(t))g(t)

In order to use the Lipschitz property of o and 3, we separate last equation into two,

Fy(t) = BV yup — B(u(t)g(t)
FR(t) = a(VN)(l - Uiv) (0()(1 = g(1))
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For the first term we have that

Fy(t) = BV —B(v
BV (uf = g(
1Blloc (ur” — g(t)

given that g(t) € [0, 1]. Identically we have that

IA I

FX(t) < llalloo(uy’ = g(t) + Ka(Vi" — (1))

Finally
[En ()] < C (Jui’ = g(t)] + Vi = w(1)]) (3.12)

with € = max{[lafsc. [afloc. Kas K5}

Now we have all the necessary tools to prove Theorem |3.1.1

Proof Theorem We want to apply the Gronwall lemma to the function
F@&) =V —o®)P +lu = g(t)

As [uy —g(t)] = [ul’ — g(0)] + Mn(t) + fg Fy(s)ds and using the last lemma, (a + b+ c)? <
4(a® 4 b° + ¢?) and CauchySchwarz inequality we have that

t
[l — g(1)]” = 4 [u) — g(0)]* + 4My(1)? + 8t02/0 [(u = g(s))% + (VN —v(s))?] ds

Wee need now to work on (V;N — U(t))g, using hypothesis H1 between the jumps, we have

Kio= sup sup |92 )
N 0<s<T OV
0
Ky = sup sup [T (¥ )
N 0<s<T 0OU
thus,
d 2
- (VY =v®)" =2 [V}, ") = F(o(t), g)] (Vi = v(®)

Then, by CauchySchwarz inequality and ab < %(a? + b%) holds

t
(VN —o(0)” = (5 — () +2 /O [PV ) = F(o(s), g(s)] (VY = v(s)) ds

_ (%N_U(O))2+2Kl/ VN~ o(s)) ds



Putting together both inequality we obtain:

ro<a+e [ s

where B = max (2K + K»,8TC?) that does not depend on N, and A(N) = [VON — 1}(0)]2 +
4 [uév — (0] ’14 sup My(t)?. We control the initial condition and we control the martingale,
0<t<T

and A can be chosen arbitrarily small with great probability, then for £ > 0 there exists N
such that A(N) < ¢ for all N > Ny. By Gronwall lemma we have f(t) < eexp(BT) for
all t € [0,7] and N > Ny. The proof conclude with Chebychev and Doob inequalities for each
term. |

Remark In order to include the 3 different voltage-gates of type u € {m, h,n}, one should just
write the same arguments for all the 3 processes ), and include all the |u)¥ — g(t)|? in the
function f(t) of the Gronwall lemma.

3.2 Langevin approximation

A second result corresponds to a central limit theorem that provides a way to build a diffusion
or Langevin approximation to the solution of the stochastic system (3.8)). As before let Z}¥ =
(VN ulN) € R x Ey be solution of the system (3.8)), and we define the process (R} )tefo,7) such
that

RN .= VN (u,{v —udy — /t b(ng,ugv)ds> (3.13)
0
where b(V,u) :== (1 —w)a(V) —uB(V).

Theorem 3.2.1 Under the same hypothesis of Theorem the process (RN); defined in
(3-13), converges in law as N — oo to the process (Ri)icpo,r) with

Rt:/o Vb (v(s), g(s))dWs (3.14)

where Z(t) = (v(t),g(t)) is solution of the deterministic system (3.9)) with initial condition
Z(0) = Z}¥ for all N, and (Wit)ejo,m s a standard Brownian motion in R.

Proof First, we notice that

P

TN
sup | Ry'| > 5] < 5 (lalle + 1181l00)

s<T

We want to compute the characteristic function ¢ (6,t) of R, defined by

on(0,t) :=E [exp (i0R))]
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We define the process (M), function of (V,V,ul¥) such that

1 t
MY = L RN =) i - / bV, uN)ds
0

vN
with infinitesimal generator L that satisfies

Lh(M) = B (M)b(V,u) + An(Vew) D (Aw = u+ M) = (M) TL((V,u), {(V,w)})
weEkN
for all h € D(L), and due the definition of Ay in and IT in (3.5)), we have that
’UJGEN
If we define functions h(M) = exp (i@\/ﬁM), Y(u) = (exp(iu) — 1 —iu+u?/2) /u?, and
£(u) = exp(iu) — 1 — iu = u?h(u) — u?/2; then it follows that

on(0,t) — 1 =E [h(M)] — h(0) = /O E [Lh(MDN)] ds

_ / AV ) S (h(w = + MY) = h(MY) = (w — w2 () T (VY ud), (VY

wEFE N .

_ / exp (i0RY) A (VN ) 30 € (0VN (w = ) ) (VY ud), (VY w)}) | ds
weE N o

/'}E S e (IORY) A (VY ) 32 N6 (w ) T (V) (VY w)}) | ds
0 wek N _

t 1 ]
+/0 E |5 exp (i10RY) An (VY ul) w;;NNe? uM)? x

0 (0VN (w— o) ) IV ) (VY w)}) | ds

the second term in the last equality, said KV (6), converges to 0 as N — oo by dominated
convergence, and because <0\/N (w— uév)) =1 <:|:<9/\/]V> — 0 as lin%) ¥(u). So we have
uU—

on(0,t) = —/OtEBexp(z‘eRgV)b(vN N)} ds + KN (0)
= 1/e2b<<> 9(5)) (0, 8)ds
/92E )og(s)) — b (VY u)) exp (i0RN)] ds + KV (6)

and again, the second term of the inequality, said JV(6) converges to 0 as N — oo, because
of the convergence of (V;V,ud); to (v(t),g(t)) proved in Theorem (3.1.1). By Gronwall lemma
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we conclude that ¢x(6,t) — ¢(0,t) with
1 t
o6.0) = exp (30 [ 105)9(5)) s )

where (v(t), g(t)): is solution of the deterministic system (3.9). |}

It follows from Theorem that when N is large enough, u}' degenerates and behaves in law
equal to the process

t t
1
uéVJr/b(VSN,uéV)ds+/ —b (VN ulN)dW;
0 o VN
and thus when N is large enough 7} = (VtN ul ), the solution of the system

d

1 N
ul¥ = NZei(t)

=1

(3.15)

degenerates and tends identical in law to the diffusion approximation Z = (f/tN Ly ), solution
of the system
aw = g () a

aif = b (V) deth (3.16)

with initial condition Z2 = Z(])V .

3.3 State reduction in sodium channels

Let present an H&H model with and alternative characterization of the sodium channels. Let
(Q, F,{Fi}+,P) be a complete filtered probability space and a finite T > 0. Let consider a neuron
with N sodium channels an we define the PDMP (ZtN)te[o,T] = (V,N, Uiv)te[o,T], where V;V is the
membrane potential with values in R, and u}¥ corresponds to the proportion of open sodium ion
channels with values in En. Each channel contains four separate voltage-gates: three of type
m and one of type h; and it is in an open-state if all four gates are open, and closed-state if at
least one gate is closed. Let consider {Ci(t)}iil = {el(1), egn(t)}i]il be the sequence of sodium
ion channels with states in {0,1} x {0,1,2,3}, and it can be characterized by the chain

m=20 m=1 m=2 m=3
3o, 200, fo 7
—_— —_— —_—
h=0 O — O — O L — O
Bm 2Bm 3Bm
Ci(t) ap 11 B an 11 B ap 11 B ap 11 Bn
3o, 20, O
— — —
h=1 O — O — O — O
Bm 28m 3Bm
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where a, 8 depend on V and are defined in (3.2]) for voltage-gate of type h and m. For any
V e R, C;(t) is a stochastic process with states in

I'={(0,0),(0,1),(0,2),(0,3), (1,0), (1, 1), (1,2), (1,3)}

and generator Q(V) = (Quy(V))zyer, such that

—(Bam, + ap) 3oy, 0 0 a, 0 0 O
Bm —(2am, + B + ap) 200, 0 0 a, 0 O
0 28m —(am + 2Bm + ) am 0 0 o, O
o) = 0 0 3B8m —(3Bptan) 0 0 0 ay
Bn 0 0 0 —(Bam+pbh) 3, 0 0
0 Bh 0 0 ﬂm _(2am + Bm + ﬂh) 200, 0
0 0 Bh 0 0 2Bm _(am + 25711 + 6h) Qm
0 0 0 ﬁh 0 0 3ﬁm *(3Bm + ﬁh)

Then, the variable u}" is defined by

N
1
up = ~ Z Ly 33 (Ci(1))

=1

that is, the ion channel in only open in state (1,4); and the corresponding membrane equation
is

4
dt

N
1
upy = I Z L3 (Ci(1)),
i—1

VtN = lext — gNanV(VtN - ENa)
(3.17)

with initial condition VON = 14 and uév = ug.

3.3.1 Two-scales approximation

In order to perform the approximation, we first need to find the time-scale separation e of the
two sub processes. For that, we notice that given the rate function given by H&H, the voltage-
gates of type m fluctuate much more rapidly than the voltage-gate h, so we look for some € such
that

am(V) + B(V) ~ % (an(V) + Bu(V))

for all V' ~ [0, 80], that is around where the membrane potential fluctuate; that gives us a mean
value of € = 0.2051. Then, we have that Q¢(V') depends on € and two generator Q(V) and Q(V)
that satisfies

~

Q) +Qw)

Q(V) =
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where the generator Q(V) is given by

—ap 0 0 0 ap 0 0 0
0 —ap O 0 0 oy 0 0
0 0 —a O 0 0 ap 0
A _ 0 0 0 —an, O 0 0 ap
Q=1 5 o 0o 0 -8 0 0 0
0 B 0 0 0 B, O 0
0 0 O, 0 0 0 — 0y, 0
0 0 0 Bh 0 0 0 =B
and Q(V) = diag (Ql(V), Q2(V)>, such that
—30un 30m 0 0
e | B (2 + Bi) 2m 0
Q (V) N 0 2/Bm _(&m j‘ 25m) dTQ
for k = 1,2, and rates G, (V) and B,,(V) given by
‘Sjm(v) = eam (V)
Bm(V) = eBm(V)
Each sub-matrix Q*(V) has invariant distribution given by
- 5 -
&3, 4362, Bm+3 am B2, +55,
3aim Bz,
a3 &2 B3 &, B2 433
(V)= | TSR B,
3&2,8m
&3,+3632,Bm+3 m B2, 453,
&y
L 63, +362,5m+3Gm A2, +5%
and determines the classes
s1={(0,0),(0,1),(0,2),(0,3)}
5o = {(1,0),(1,1),(1,2),(1,3)}
We define for the slow-scale the generator matrix Q(V), that satisfies
= 0
= (77w Jean (53
(3.18)
- ( /Bh —5h
With this results, we approximate the law of the process (Z;" ) (VN u]); to a two-scale

process (W), = (V¥,a¥); and {mgfast}iil' The dynamic on fast-scale corresponds to the

o7



dynamic of each voltage-gates of type m, {e;nfast M | with sates in {0, 1, 2,3}, which satisfies
F [eﬁffast - ZB} = va(Vi")

for all i = 1,..., N. And the slow-scale process (W;), = (V;¥, @), defined over R x [0,1], is

a Neuron model that only depends on the sequence of voltage-gate {ef()})Y,, each one with

values in {0, 1} and generator Q(V), that is

Then the proportion of open sodium channels ﬂ{v , depends dynamically on the voltage-gates of
type h and statically on the voltage-gates of type m, that affects the process from the fast-scale,

such that A

N
. 1 %
i = 5> (Vi gy (e (). o)

i=1 z=1
N

= =S n@New
=1

and the membrane equation is equal to

d -~ .
iV = Text = 9Na® (V)" — Exa)

N e 1L (3.19)
@ = (V) D€l ®)

=1

with initial condition ViV = Vg and @)Y = u).

Numerical results

First we present a simulation of the diffusion approximation (3.16)) for the original H&H model
(3.6); and next, to the same model after the state-reduction method applied on the sodium
channel as shown in secction 3.3
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Figure 3.1: Diffusion approximation of the H&H model.
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Figure 3.2: Diffusion approximation of the slow H&H model. We notice the absence the voltage-
gates of type m.
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Chapter 4

Conclusions

When we identify fast moving components on a Markov process and a small parameter € that
separates the fast component from the slow ones, we can expect that in short intervals of time
the process fluctuates only on a subset of the state space, and in long intervals of time we observe
the emergent of a new, slow Markov process on a reduced state space which ignores the fast
fluctuation inside each class. The generator matrix Q€ of this process can be rewritten as a
double scales generator that depends on € as in the form Q¢ = Q/ €+ Q, where Q holds the
information of the fast process and Q of the slow one, this characterization together with the
asymptotic expansion method of the law presented in Yin [2], allows us to properly identify the
components of the slow and fast processes and it gives us an approximation error of the laws of
order e.

This method creates an opportunity for the simulation and numerical analysis of Markov
processes, because it turns a complicated problem into two simpler ones, and instead of simulat-
ing the process on the complete state space we can simulate only the slow process on a reduced
space, much easier to simulate, and then use the fast process to identify the position of the
Markov process at each time needed.

Markov process on a finite set are very important in their modeling capabilities but there
are not sufficient for processes with more complicated dynamics, so we introduce Piecewise
deterministic Markov processes or PDMP. PDMP were proposed by Davis [4] and are a family
of non-diffusion processes that consists on two sub-processes, one on a continuous-space and the
other on a discrete-space, and together are a Markov process involving a deterministic motion
given by the solution of a differential equation, and exponentially distributed random jumps.
As the rapidly moving component occurs on the finite-state process we applied the two-scales
approximation method on a sub-group of PDMP called the Markov switching model, where the
jumps only happen in the discrete-state process, by applying the asymptotic expansion method
of the law.

By the work of Pakdamana et al [I0], PDMP have a natural application in neuroscience via
the PDMP interpretation of Hodgkin and Huxley model (H&H) of the membrane potential of a
neuron. And as H&H model has several components moving at different rates it is well suited
to perform a two-scales approximation; so we apply it to the sodium channel where we separate
the voltage-gates of type h and m into two different time scales.
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