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CONGESTED SHALLOW WATER TYPE MODEL :

ROOF MODELLING IN FREE SURFACE FLOW

EDWIGE GODLEWSKI, MARTIN PARISOT, JACQUES SAINTE-MARIE,
AND FABIEN WAHL

Abstract. Abstract here

1. Introduction

Introduction here

2. Mathematical modelling

2.1. Formal derivation of the shallow water model with roof. In the current
section, a shallow water type model with an additional constraint describing the
roof, i.e. an impermeable boundary above the flow, is derived from the Navier-
Stokes equations using classical thin layer arguments. For readability, the space
variable is split into its horizontal component x ∈ Rd−1 and its vertical component
z ∈ R. In the current work, the time evolution of the bottom and the roof is
supposed given and fluid/structure interaction will be considered in a further work.

2.1.1. Navier-Stokes model. Let us consider a time depending domain Ω (t) ⊂ Rd,
d ∈ {2, 3} confined between two mono-valuated regular enough surfaces B (x, t) ∈
R, from now on called bottom and R (x, t) ∈ R, from now on called roof, such that
B (x, t) ≤ R (x, t), see Figure 1. The bottom (resp. the roof) moves according to
its own given velocity with uB (x, t) ∈ Rd−1 (resp. uR) the horizontal component
and wB (x, t) ∈ R (resp. wR) the vertical component of the velocity. More precisely
for Γ ∈ {B,R}, it satisfies

(1) ∂tΓ + uΓ · ∇xΓ− wΓ = 0.

The assumption that at any time, the part of the domain occupied by the fluid
is delimited by the bottom and a mono-valuated regular enough surface η (x, t) is
made. More precisely the part of the domain occupied by the fluid, called fluid
domain in the following is marked by the color function ψ (x, z, t) ∈ {0, 1} such
that ψ takes the value 1 in the area where the fluid is and 0 elsewhere, given by

ψ(x, z, t) =

 1 if B(x, t) ≤ z ≤ η(x, t),

0 otherwise.
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The fluid satisfies the incompressible Navier-Stokes equations with gravity, i.e. for
any (x, z, t) ∈ Ω× R+ the velocity of the fluid satisfies

(2)

 ψ (∇x · u+ ∂zw) = 0 ,
ψ (∂tu+ (u · ∇x)u+ w∂zu+∇xp−∇x · σxx − ∂zσxz) = 0 ,

ψ (∂tw + u · ∇xw + w∂zw + ∂z (p+ gz)−∇x · σzx − ∂zσzz) = 0 ,

with u ∈ Rd−1 the horizontal component and w ∈ R the vertical component of the
velocity, p the pressure, g the gravity acceleration and σ the viscosity tensor. The
fluid density is supposed constant equal to 1. Considering a Newtonian fluid, the
viscosity tensor is given by

σ =

(
σxx σxz
σzx σzz

)
with

σxx = 2µDx (u) , σxz = µ (∂zu+∇xw) ,

σzz = 2µ∂zw, σzx = µ (∂zu+∇xw)
>

with Dx (u) =
1

2

(
∇xu+ (∇xu)

>
)

the symmetric gradient and µ > 0 the viscosity

coefficient.
The fluid domain is advected by the flow and the color function satisfies the

following relation

(3) ∂tψ + u · ∇xψ + w∂zψ = 0.

For each surface Γ ∈ {B, η,R}, the outward unit normal, denoted by nΓ, is defined
by

nB =
1√

1 + |∇xB|2

(
−∇xB

1

)
, nη =

1√
1 + |∇xη|2

(
−∇xη

1

)
and

nR =
1√

1 + |∇xR|2

(
∇xR
−1

)
.

At the free surface, i.e. where the fluid is not in contact with the roof, which
corresponds to η < R, the continuity of the stresses reads

(4)
(
1− ψ|z=R

)
(σ − pId + PId)nη = 0

with the given atmospheric pressure P (x, t).
At the bottom and at the roof, the no-penetration condition such that the flow can
detach from the surface is considered, i.e. for Γ ∈ {B,R}

(5) ψ|z=Γ

(
u|z=Γ

− uΓ

w|z=Γ
− wΓ

)
· nΓ ≤ 0.

Note that the no-penetration condition at the bottom becomes an equality as
ψ (x,B (x, t) , t) = 1 and the color function satisfies (3). In addition, the friction
between the fluid and the surface Γ ∈ {B,R} is modeled by the following Navier
condition

(6) ψ|z=Γ
ΠΓ

(
(σ − pId)nΓ − κΓ

(
u|z=Γ

− uΓ

w|z=Γ
− wΓ

))
= 0

with κΓ > 0 a friction coefficient and ΠΓ the projection on the tangential surface
to the normal.

Note that the system (1)-(2)-(3)-(4)-(5)-(6) has to be completed with initial
conditions for u,w and p.
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Figure 1. Configuration of partially free surface flows

It is well-known that the Navier-Stokes equations (2) completed with the no-
penetration condition at the bottom satisfy the non-negativity of the water depth
defined by h (x, t) = η (x, t) − B (x, t). Similarly, we emphasize the fact that the
no-penetration condition at the roof (5) ensures that the water stays confined in the
opening between the roof and the bottom defined by H (x, t) = R (x, t)−B (x, t).

Proposition 1. Assume that at the initial time, the water depth is non-negative
and bounded by the opening, i.e. 0 ≤ h (x, 0) ≤ H (x, 0). Then for any time t > 0,
the water depth is non-negative and bounded by the opening, i.e.

0 ≤ h (x, t) ≤ H (x, t) .

Proof. By integration of (3) in the vertical and horizontal space direction as well
as in time and using the no-penetration condition at the roof (5),∫

Rd

∫ +∞

R

ψ (x, z, t) dz dx ≤
∫
Rd

∫ +∞

R

ψ (x, z, 0) dz dx.

The assumption on the initial condition allows to conclude. �

2.1.2. Rescaled model and closure. Following the strategy proposed in [4], we in-
troduce a ratio aspect ε = H

L where H and L are two characteristic dimensions
along the vertical and the horizontal dimension. In addition, the vertical-averaged
quantity is denoted by

(7) u =
1

h (x, t)

∫ η

B

u (x, z, t) dz.

Proposition 2. For ε small enough, assume that

µ = εµ0 = O (ε) , κB = εκ0
B = O (ε) , κR = εκ0

R = O (ε)

and

∇xB = O (ε) , ∇xR = O (ε) ,

then as long as ∇xη = O (ε), the shallow water type model

(8)

{
∂th+∇x · (hu) = 0 ,
∂t (hu) +∇x · (hu⊗ u) = −h∇xφ+D (u)− κ (u− U)
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with κ = κ̃B +1h≥H κ̃R, U =
κ̃BuB + 1h≥H κ̃RuR

κ
, φ = g (h+B)+ p̃η and D (u) =

2εµ0 (∇x · (hDx (u)) +∇x (h∇x · u)),

κ̃R =



κ0
R

1 + εh
3µ0

(
1h≥Hκ

0
R −

1
2κ

0
B

) , if κ0
B ≤ 2κ0

R

κ0
R

(
1− εh

3µ0

(
1h≥Hκ

0
R −

1

2
κ0
B

))
, otherwise

and

κ̃B =



κ0
B

1 + εh
3µ0

(
κ0
B − 1h≥H

1
2κ

0
R

) , if κ0
R ≤ 2κ0

B

κ0
B

(
1− εh

3µ0

(
κ0
B − 1h≥H

1

2
κ0
R

))
, otherwise

and completed with the constraints

(9) h ≤ H and
(
h−H

)
(p̃η − P ) = 0

is formally an approximation in O
(
ε2
)

of the Navier-Stokes system with roof (1)-
(2)-(3)-(4)-(5)-(6).

Proof. Note that thanks to the constraint from Proposition 1, the color function at
the roof can be formulated as an indicator function, i.e. ψ|z=R (x, t) = 1h≥H (x, t).

Considering the main term of the horizontal momentum equation and the Navier
conditions at the bottom and the roof (6), leads to

∂zzu = − ε

µ0h

(
κ0
B (u− uB) + 1h≥Hκ

0
R (u− uR)

)
+O

(
ε2
)
,

∂zu|z=B =
εκ0
B

µ0
(u− uB) +O

(
ε2
)
,

1h≥H∂zu|z=R = −1h≥H
εκ0
R

µ0
(u− uR) +O

(
ε2
)
.

The reader can check that this system together with (7) has the following solution

u = α1

2 (z −B)
2

+ α2 (z −B) + α3 +O
(
ε2
)

with

α1 = − ε

µ0h

(
κ0
B (u− uB) + 1h≥Hκ

0
R (u− uR)

)
,

α2 =
ε

µ0
κ0
B (u− uB) ,

and α3 = u+ εh
µ0

(
1h≥H

κ0
R

6 (u− uR)− κ0
B

3 (u− uB)
)
.

The main term of the vertical momentum equation leads to p = p̃η + g (η − z) −
2εµ0∇x · u+O

(
ε2
)

where p̃η = pη − 2εµ0∂zw|z=η. The water volume conservation
and the momentum equation can be established as done in [4].

It remains to establish the constraints (9). The first constraint is a direct impli-
cation of Proposition 1. Introducing the first equation of the continuity of stresses
at the surface (4) into the second gives(

1− 1h≥H
)

(p̃η − P ) = O
(
ε2
)

which leads to the second constraint after multiplication by the water depth. �
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Remark 1. Note that the two formulations of the friction parameters κ̃B and κ̃R
are similar in O

(
ε2
)
. The definition is chosen in order to get positive parameters

whatever the water depth is.

Remark 2. Roof modelling in free surface flow can be realized using water wave
or Boussinesq equations (see [reference] ).

2.1.3. Preliminary Analysis.

Proposition 3 (Steady state at rest). For any η0 ∈ R+, the partially free surface
model (8)-(9) admits a steady state at rest, i.e. hu = 0, ∂th = 0 and ∂t (hu) = 0,
given by u = 0, h = min

(
max (0, η0 −B) , H

)
and p̃η = P−1η0≥B+Hg

(
H +B − η0

)
.

Proof. The steady state at rest in (8) gives h = 0 or φ constant. If h 6= 0, it reads
gη0 + P = gη + p̃η. Considering the two following cases gives the value for h and p

• if η0 < B +H, p̃η = P and thus η = η0

• if η0 ≥ B +H, h = H and thus p̃η = P − g
(
H +B − η0

)
�

We define the mechanical energy E = K + P with K =
1

2
h‖u‖2 the kinetic energy

and P = gh

(
B +

h

2

)
+ hP the potential energy.

Proposition 4 (Energy balance). For smooth enough solutions, the mechanical
energy E of the partially free surface model (8)-(9) satisfies

∂tE +∇x · ((K + h (φ− 2µ (∇ · u+Dx (u))))u) = − (p̃η − P ) ∂tH + h∂t (P + gB)

−κ
2

(
‖u‖2 − ‖U‖2 + ‖u− U‖2

)
−2µh

(
‖Dx (u) ‖2 + |∇x · u|2

)
.

Proof. Multiplying the momentum balance of (8) by u, the kinetic energy balance
classically writes

∂tK +∇x · ((K − 2µh (∇ · u+Dx (u)))u) = −hu · ∇xφ
−2µh

(
‖Dx (u) ‖2 + |∇x · u|2

)
−κ

2

(
‖u‖2 − ‖U‖2 + ‖u− U‖2

)
.

Furthermore the potential energy satisfies

∂tP = (g (h+B) + P ) ∂th+ gh∂tB + h∂tP

= −φ∇ · (hu)− (p̃η − P ) ∂t
(
h−H

)
− (p̃η − P ) ∂tH + gh∂tB + h∂tP.

Considering the constraint (9),

0 = ∂t
(
(p̃η − P )

(
h−H

))
= (p̃η − P ) ∂t

(
h−H

)
+
(
h−H

)
∂t (p̃η − P )

which implies that (p̃η − P ) ∂t
(
h−H

)
= 0 as either p̃η − P = 0 or h−H = 0.

It remains to sum the two equations. �

2.2. Relaxed model. The constraint makes the model (8)-(9) difficult to handle
analytically as well as numerically. For this reason a relaxed model is introduced
in this section.
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2.2.1. Pseudo-compressibility approximation. To get a constraint under the form of
a vanishing divergence, the mass conservation equation of (8) is multiplied by the
indicator function for h ≥ H and h is replaced by H in the partial time derivative
to define

(10) DIV := 1h≥H
(
∂tH +∇x · (hu)

)
= 0.

The constraint (9) can be replaced by (10), which is easier to manipulate.
Following the pseudo-compressibility method for the incompressible Euler equations
[13], the constraint (10) is relaxed and for λ > 0 the relaxed model reads

(11)


∂thλ +∇x · (hλuλ) = 0 ,
∂t (hλuλ) +∇x · (hλuλ ⊗ uλ) = −hλ∇xφλ +D (uλ)− κ (uλ − U) ,
λ2L (p̃λ − P ) + gDIVλ = 0 ,

where L : R → R is an operator, DIVλ := 1hλ≥H
(
∂tH +∇x · (hλuλ)

)
and φλ =

g (hλ +B) + p̃λ.

Remark 3. One can prove that in a similar context the model (11) converges to
the initial model (8)-(9) when λ goes to 0 (see [8, 7]).

It remains to discuss the choice of L. Classically (see [13]) the operator L is
chosen between Id, −∆, ∂t or −∆ (∂t). This list is not exhaustive but common.
The choice of L should recover the steady state solution (Proposition 3) as well as
the energy conservation property (Proposition 4).

Property 2.1. To recover the steady state at rest, the operator L has to be under

the form ∂t

(
L̃
)

with L̃ : R → R. In particular the operators Id and −∆ do not

preserve the steady state at rest.

Proof. Let us introduce the mass conservation in the last equation of (11)

λ2L (p̃λ − P ) = g1hλ≥H∂t
(
hλ −H

)
.

At the steady state, the equality is equivalent to p̃λ−P ∈ kerL. Yet the operators

L under the form ∂t

(
L̃
)

with L̃ : R→ R verify this condition. �

The second order projection method, introduced in [12], which consists in taking
L = −∆ (∂t), results in p̃λ being a linear function. It is obvious that this is not the
case in a general framework.

Remark 4. A solution could be to take a linear combination of the two operators

−∆ (∂t) and ∂t under the form −α∆(p̃λ − P )+(1− α) (p̃λ − P ) = 1hλ≥H
g
(
hλ −H

)
λ2

with α ∈ [0, 1]. This might be discussed in a further work.

In the sequel only the so called artificial compressibility method [2, 14] is ana-
lyzed.

2.2.2. Artificial compressibility method. The artificial compressibility method in-
troduced in [2, 14] consists in choosing L = ∂t. In this case the relaxed model
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writes for λ > 0

(12)


∂thλ +∇x · (hλuλ) = 0 ,
∂t (hλuλ) +∇x · (hλuλ ⊗ uλ) = −hλ∇xφλ +D (uλ)− κ (uλ − U) ,

p̃λ = P + g

(
hλ −H

)
+

λ2

with (ψ)± =
|ψ| ± ψ

2
for any ψ the positive and negative part function.

Proposition 5 (Steady state at rest). For any η0
λ ∈ R+ and λ > 0, the relaxed

model (12) admits a steady state at rest, i.e. hλuλ = 0, ∂thλ = 0 and ∂t (hλuλ) = 0,

given by uλ = 0, hλ = max

(
0,
λ2η0

λ + 1η0
λ≥B+H

(
B +H

)
λ2 + 1η0

λ≥B+H

−B

)
and p̃λ = P +

g

(
hλ −H

)
+

λ2
.

Proof. The steady state at rest in the momentum equation of (12) gives hλ = 0 or
φλ constant. If hλ 6= 0 and by taking into account the expression for the pressure,

it reads gη0
λ + P = gηλ + P +

g

λ2

(
hλ −H

)
+

.

Considering the two following cases gives the value for hλ

• if η0
λ < B +H, ηλ = η0

λ

• if η0
λ ≥ B +H, η0

λ +
B +H

λ2
=

(
1 +

1

λ2

)
ηλ ⇒ ηλ =

η0
λ + B+H

λ2

1 + 1
λ2

�

We define the mechanical energy Eλ = Kλ + Pλ with Kλ =
1

2
hλ‖uλ‖2 the kinetic

energy and Pλ = ghλ

(
B +

hλ
2

)
+ hλP +

g

2

(
hλ −H

)2
+

λ2
the potential energy.

Proposition 6 (Energy balance). For smooth enough solutions and any λ > 0, the
mechanical energy Eλ of the relaxed model (12) satisfies
(13)
∂tEλ +∇x · ((Kλ + hλ(φλ − 2µ(∇ · uλ + Dx (uλ))))uλ) =

− (p̃λ − P ) ∂tH + hλ∂t (P + gB)

−κ
2

(
‖uλ‖2 − ‖U‖2 + ‖uλ − U‖2

)
−2µhλ

(
‖Dx (uλ) ‖2 + |∇x · uλ|2

)
.

Proof. As done in the proof of Proposition 4, the kinetic energy balance writes

∂tKλ +∇x · ((Kλ − 2µhλ (∇ · uλ +Dx (uλ)))uλ) = −hλuλ · ∇xφλ
−2µhλ

(
‖Dx (uλ) ‖2 + |∇x · uλ|2

)
−κ

2

(
‖uλ‖2 − ‖U‖2 + ‖uλ − U‖2

)
.

For the potential energy balance, since ∂hλPλ = φλ,

∂tPλ = φλ∂thλ + ghλ∂tB + hλ∂tP − (p̃λ − P ) ∂tH

and it remains to sum the two equations as done in the proof of Proposition 4. �
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Proposition 7 (Hyperbolicity). For any strictly positive λ and hλ, the homoge-
neous relaxed model (12) is strictly hyperbolic.

In particular, denoting uλ = (uλ, vλ)
>

, for a given unit vector n =

(
nx
ny

)
the eigen-

values of the Jacobian matrix in direction n are l1 = un−c < l2 = un < l3 = un+c

with un = uλnx + vλny and c =

√(
1 +

1
hλ≥H
λ2

)
ghλ. A possible choice for the as-

sociated eigenvectors are r1 =

 1
uλ − cnx
vλ − cny

, r2 =

 0
−ny
nx

 and r3 =

 1
uλ + cnx
vλ + cny

.

The Riemann invariants are w1 = un − 2c, w2 = un and w3 = un + 2c.

Proof. The proof relies on simple computations and is not detailed here. �

3. Numerical scheme

In the current section, a numerical scheme is described to solve the relaxed model
(12) and its main properties are proved. Splitting into a hyperbolic step with
a conservative source term and a second step taking into account the dissipative
sources {

Wn+ 1
2 = Wn −∆t∇ · (F (Wn)) + ∆tSφ (Wn)

Wn+1 = Wn+ 1
2 + ∆tSf,µ

(
Wn+1

)
with Wn = (hnλ, h

n
λu

n
λ)
>

, F (Wn) = (hnλu
n
λ, h

n
λu

n
λ ⊗ unλ)

>
, a time step ∆t, so

that the numerical unknowns are estimated at time tn+1 = tn + ∆t, Sφ (Wn) =

(0,−hnλ∇xφnλ)
>

and Sf,µ (Wn) = (0, D (unλ)− κ (unλ − Un))
>

. In the following only
the first step is considered. The second step, taking into account the friction and
viscosity terms, is not detailed here.
It is well-known that classical Riemann solvers require a very restrictive CFL con-
dition and are too much dissipative for a stiff potential force, i.e. a small λ in our
case (see [6]). Thus, in the next section, the Centered Potential Regularization
(CPR) scheme is described. This scheme has the advantage of a CFL condition not
restrictive for small λ. Moreover the first order accuracy is recovered.
Let T be a tessellation of Ω composed of star-shaped control volumes. We denote
k ∈ T a control volume, Fk the set of its faces, |k| its volume and |∂k| its sur-
face area. Furthermore for a face f , its area is denoted |f | and kf is the neighbor

control volume of k such that k ∩ kf = f . Thus the space step lk = |k|
|∂k| and the

normalized face size µkf = |f |
|∂k| . The unit normal to f outward to k is denoted as

Nk
f . Eventually for any ψ the following notations are introduced 2[ψ]

kf
k = ψnkf −ψ

n
k

and 2 (ψ)f = ψk + ψkf .

3.1. Description of the CPR scheme. The CPR scheme introduced in [10] is
an adaptation of an Advection Upstream Splitting Method, i.e. separating the flux
into the convective flux and the pressure flux (see [9]). Furthermore the numerical
flux is regularized by the gradient of the potential of the conservative forces (see
[5]) and a centered estimation is used for the non-conservative terms (see [3]). The
scheme is based on a cell-centered finite volume method, i.e. numerical unknowns
are the approximated averaged value of the unknown in each control volume.
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For γ ≥ 0, the numerical scheme for the volume conservation equation writes

(14) hn+1
k = hnk −

∆t

lk

∑
f∈Fk

Fn+1
f ·Nk

f µ
k
f

and for the momentum balance it writes

(15)

hn+1
k un+1

k = hnku
n
k −

∆t

lk
hn+1
k

∑
f∈Fk

[
φn+1

]kf
f
Nk
f µ

k
f

−∆t

lk

∑
f∈Fk

(
unk

(
Fn+1
f ·Nk

f

)
+
− unkf

(
Fn+1
f ·Nk

f

)
−

)
µkf

with the numerical flux

(16) Fn+1
f =

(
hn+1un

)
f
− γ∆t

(
hn+1

l

)
f

[
φn+1

]kf
k
Nk
f .

The numerical flux is estimated using the water height at time iteration n + 1
and the approximation of the velocity at time iteration n. This corresponds to a
classical Implicit-Explicit time discretization.

3.2. Numerical analysis. The regularizing term in the numerical flux gives a
stability result in the sense of a dissipation of mechanical energy. Furthermore as
a centered discretization for the non conservative forces is used, the stability of
the steady state at rest can be proved. The more, the conservation of the total
water volume as well as the positivity of the water height and the consistency is
proved. The local discrete kinetic (resp. potential) energy at time tn is denoted
Knk = Kλ (hnk , u

n
k ) (resp. Pnk = P (hnk )). Thus the discrete mechanical energy reads

Enk = Knk + Pnk .

Proposition 8 (Entropic stability). For γ ≥ 1 and under the CFL condition

(17)

(∣∣unf ·Nk
f

∣∣+

√
γ

2

√∣∣∣[φn+1]
kf
k

∣∣∣)∆t ≤
min

(
hn+1
k , hn+1

kf

)
hn+1
k + hn+1

kf

min
(
lk, lkf

)
the discrete mechanical energy satisfies the following entropy inequality (discrete
version of (13) without dissipative effects, i.e. κ = 0 and µ0 = 0)

(18) En+1
k ≤ Enk −

∆t

lk

∑
f∈Fk

((
Gn+1
K,f + Gn+1

P,f

)
·Nk

f +Hn+1
K,f +Hn+1

P,f

)
µkf + Sn+1

k

with the fluxes of the kinetic energy

Gn+1
K,f ·N

k
f =

1

2
‖unk‖2

(
Fn+1
f ·Nk

f

)
+
− 1

2
‖unkf ‖

2
(
Fn+1
f ·Nk

f

)
−

Hn+1
K,f =

∆t

2

(
hn+1
kf

lkf
−
hn+1
k

lk

)∣∣∣∣[φn+1
]kf
k

∣∣∣∣2
the fluxes of the potential energy

Gn+1
P,f ·N

k
f = φn+1

f Fn+1
f ·Nk

f

Hn+1
P,f =

hn+1
k unk − h

n+1
kf

unkf
2

·
[
φn+1

]kf
k
N
kf
k
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and the source term

Sn+1
k =

(
pn+1
k − Pn+1

k

) (
H
n

k −H
n+1

k

)
− hnk

(
Pnk − Pn+1

k

)
− ghnk

(
Bnk −Bn+1

k

)
.

Note that the terms Gn+1
K,f ·Nk

f , Hn+1
K,f , Gn+1

P,f ·Nk
f and Hn+1

P,f are anti-symmetric

with respect to the control volume. Thus summing (18) over k ∈ T, we get a
decrease of the global discrete energy.

Proof. Let’s start by an estimation of the discrete potential energy evolution. Set-

ting An+1 =
(
hn+1
k −Hn+1

k

)
, with the definition of the positive and negative part

functions

An+1
+

(
An+1 −An

)
= An+1

+

(
An+1

+ −An+
)

+An+1
+ An−

and using 2a (a− b) = a2 − b2 + |a− b|, simple calculations lead to

φn+1
k

(
hn+1
k − hnk

)
= Pn+1

k − Pnk +Qn+1
k − Sn+1

k

where

Qn+1
k =

g

2

∣∣hn+1
k − hnk

∣∣2 +
g

2λ2

∣∣∣∣(hn+1
k −Hn+1

k

)
+
−
(
hnk −H

n

k

)
+

∣∣∣∣2
+
g

λ2

(
hn+1
k −Hn+1

k

)
+

(
hnk −H

n

k

)
−
.

Now multiplying (14) by φn+1
k and taking into account that Qn+1

k ≥ 0,

(19) Pn+1
k ≤ Pnk −

∆t

lk

∑
f∈Fk

(
Gn+1
P,f ·N

k
f +Hn+1

P,f −R
n+1
P,f

)
µkf + ∆tWn+1

k + Sn+1
k

with the rest coming from the space discretisation

Rn+1
P,f =

(
Fn+1
f − hn+1

f unf

)
·
[
φn+1

]kf
k
Nk
f = −γ∆t

(
hn+1

l

)
f

∣∣∣∣[φn+1
]kf
k

∣∣∣∣2
and the work of the conservative forces defined by

Wn+1
k =

hn+1
k unk
lk

·
∑
f∈Fk

[
φn+1

]kf
k
Nk
f µ

k
f .

Let’s now focus on the kinetic energy. Lemma 2.3 in [11] gives an estimation of the
discrete kinetic energy evolution under the CFL-condition (17). It reads

(20) Kn+1
k ≤ Knk −

∆t

lk

∑
f∈Fk

(
Gn+1
K,f ·N

f
k +Hn+1

K,f −R
n+1
K,f

)
µkf −∆tWn+1

k

with the rest coming from the space discretisation

Rn+1
K,f = ∆t

(
hn+1

l

)
f

∣∣∣∣[φn+1
]kf
k

∣∣∣∣2 .
To conclude the proof, let’s follow the proof of theorem 2.2 in [11]. For γ ≥ 1 ,
Rn+1
K,f +Rn+1

P,f ≤ 0 and summing the two energy estimations (19) and (20) gives the
result. �
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Proposition 9 (Consistency). For smooth enough solutions and a regular cartesian
grid with a space step dx, i.e. the distance between the center of two neighboring
cells, the scheme (14)-(15)-(16) with γ bounded with respect to dx and ∆t is consis-
tent with the relaxed model (12) without dissipative effects, i.e. µ0 = 0 and κ = 0.
More precisely, ∣∣hn+1

k − h
(
xk, t

n+1
)∣∣ = O

(
∆t, dx2

)
and

‖hn+1
k un+1

k − h
(
xk, t

n+1
)
u
(
xk, t

n+1
)
‖ = O (∆t, dx) .

Proof. The proof is done in [11]. �

Proposition 10. The scheme (14)-(15)-(16) satisfies the following properties

(1) (Positivity) Assume that the water height at the initial condition is positive,
i.e. h0

k > 0 for any k ∈ T and that the following CFL condition is satisfied(∣∣unf ·Nk
f

∣∣+

√
γ

2

√∣∣∣[φn+1]
kf
k

∣∣∣)∆t ≤
min

(
hn+1
k , hn+1

kf

)
hn+1
k + hn+1

kf

min
(
lk, lkf

)
.

Then the positivity of the water height is preserved, i.e. hnk > 0 for any
k ∈ T and n ∈ N.

(2) (Discrete conservation of the total water volume) The total water volume
at the discrete level is conserved, i.e. for any n ∈ N∑

k∈T
lkh

n
k =

∑
k∈T

lkh
0
k.

(3) (Well-balanced character) The steady state at rest given in Proposition 5 is
preserved at the discrete level.

Proof. The proof is done in [11]. �

Remark 5. Note that the CFL condition (17) does not allow the simulation of dry
areas as the time step vanishes.

4. Simulation

In the current section, illustrations in one space dimension, i.e. d = 1, of analyti-
cal solutions are given. The first section is devoted to classical stationary solutions,
also called equilibrium states [1] and in the second section, dynamical systems are
considered. For all the test cases, the gravity acceleration is taken equal to 9.81.

4.1. Stationary solutions.

The lake at rest. The steady state at rest corresponds to the lake at rest situation,
i.e. hnk = constant and φnk =constant. The numerical validation of the steady state
at rest, given in Proposition 5, was done with various bottom elevations in the case
where hnk > 0, i.e. where no dry areas occur. The error obtained is the error of the
resolution method of the linear system.

A channel of length 1 and a space step in order of 10−2 is considered. The
regularization parameter of the CPR scheme is taken equal to 1 and λ is taken one
order lower than the space step, i.e. in order of 10−3. We impose the flux at the
left border of the channel and the water height on the right border. The more,
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Figure 2. Bernoulli’s equilibrium in fluvial regime

for x between 0.3 and 0.7, a roof under the form R (x, t) = 100 (x− 0.5)
2

+ 5.8 is
considered.

Bernoulli’s equilibrium (fluvial regime). Taking a topography with a bump under

the form B (x, t) = 2.6 exp
(
−800 (x− 0.2)

2
)

, figure 2 shows the water height, the

velocity and the surface pressure at the stationary state.

Bernoulli’s equilibrium (transcritical case). Defining the topography as B (x, t) = 1

for x ≤ 0.65 and B (x, t) = exp
(
−100 (x− 0.65)

2
)

elsewhere, figure 3 shows the

water height, the velocity and the surface pressure at the stationary state.

Bernoulli’s equilibrium (hydraulic jump). Taking a topography with a bump under

the form B (x, t) = 3.5 exp
(
−100 (x− 0.35)

2
)

, figure 4 shows the water height, the

velocity and the surface pressure at the stationary state.

5. Conclusion

Conclusion here
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Figure 3. Bernoulli’s equilibrium in the transcritical case
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