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The initial-boundary value problem for general non-local scalar
conservation laws in one space dimension

CRISTIANA DE FILipPIS* PaorLAa GoATIn'

September 8, 2016

Abstract

We prove global well-posedness results for weak entropy solutions of bounded variation (BV)
of scalar conservation laws with non-local flux on bounded domains, under suitable regularity
assumptions on the flux function. In particular, existence is obtained by proving the conver-
gence of an adapted Lax-Friedrichs algorithm. Lipschitz continuos dependence from initial and
boundary data is derived applying Kruzhkov’s doubling of variable technique.

Key words: Scalar conservation laws, Non-local flux, Initial-boundary value problem, Lax-
Friedrichs scheme.

1 Introduction

Given a bounded open interval I =]a,b[C R, we consider the following initial-boundary value
problem

Op+ 0 f(t,z,p,pxn) =0, (t,r) e RT x I, (1.1a)
p(0,z) = po(), zel, (1.1b)
p(t,a) = pa(t), teRT, (1.1c)

p(t,b) = pu(1) , teRT, (1.1d)

where f € C2(R* x I x R x R;R) satisfies

f(t,z,0,R) =0 Vt,z, R, (1.2a)
sup lapf(t,x,p, R)‘ < L, (1.2b)
tx,p,R

tSU% ‘8wf(t>$7pv R)‘ < C‘p‘a tsu% }8Rf(tax7pa R)} < C’p’a (120)

S (2, p, R)’ < C|p|, sup
z,R

[d}

sup Of (12,0, R)| < Clol, sup [knf (1,2, . B)| < Clpl, (1.20)

for some constants L > 0 and C > 0, and n € (C! N Wh*)(R;R) is a convolution kernel (not
necessarily with compact support) such that

/Rn(x)dx =1.

Equations of type (1.1a) arise in several applications, and have made the object of a large
literature in recent years. Space-integral terms appear for example in models for granular flows
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[3], sedimentation [7], supply chains [19], conveyor belts [18], weakly coupled oscillators [2], struc-
tured populations dynamics [24], or more general problems like gradient constrained equations [4].
Equations with non-local flux have been recently introduced also in traffic flow modeling to ac-
count for the reaction of drivers or pedestrians to the surrounding density of other individuals, see
[8, 10, 11, 26].

General analytical results on non-local conservation laws, proving existence and eventually unique-
ness of solutions of the Cauchy problem for (1.1a), can be found in [5] for scalar equations in one
space dimension, in [12] for scalar equations in several space dimensions and in [1, 13, 14] for multi-
dimensional systems of conservation laws. Besides, specific finite volume numerical methods have
been developed recently in [1, 17, 21]. To our knowledge, initial-boundary value problems of the
form (1.1) have not been rigorously studied yet, the difficulties lying in the presence of the non-
local term, which may exceed the boundaries of the space domain. Nonetheless, real applications
(confined environments, networks, etc.) and numerical computations require a precise account for
boundary conditions.

The scope of the present article is to propose an approach for a rigorous treatment of boundary
conditions, in the case of one space-dimensional problems. The strategies we employ are inspired
by classical results on scalar conservation laws with boundary conditions. In particular, we refer
to [6, 9, 27]. Our results are based on the extension of the solution outside the domain, set to
be constantly equal to the corresponding boundary condition values. It is far from obvious to
generalize this technique to problem in several space-dimensions.

As in the classical case, we assume that boundary conditions can not generally be satisfied in
strong sense. Therefore, we introduce the following notion of weak entropy solution for (1.1), which
extends to problems with boundaries the definition of solution given in [5] for the corresponding
Cauchy problem. This formulation, based on semi Kruzhkov entropies [23, 27], has the advantage
of not using explicitly the traces of the solution at the boundaries of the domain, which turns
particularly useful in the existence proof, provided in Section 2.

Definition 1 Let pg € L®(I;R) and pg, pp € L®°(RT;R). A map p € L™ (R+ X I;R) is a weak
entropy solution to (1.1) if for every test function p € CL(R?;RT) and for every k € R

+o0o b
L] (0= m0% g +seno = 0% (. R.2)) = 182 Rt ) D1 (13)
b
—sgn(p — r)* %f(t, x, K, R(t, )) gp) dx dt + /a (po — k)T ©(0,z) da

+00 +oo
+Lip(f)/0 (palt) — k)™ ot a) dt + Lip(f) /0 () — 0) () dt >0, (1.4)
where

R(t,2) = (plt, ) + n)(z) = /R oty —y) dy

b o)
= [ ottemta—sytu+put) [ ate =)y +onte) [ ey dy

b 400 z—b
— [ ottwnte = wdy+ o) [y o) [ aw)dy. (15)
Above, we have noted sgn™(s) := max{s/|s|,0}, sgn™(s) := —sgn™(—s), st := ssgn*(s) and
s~ = (—s)* for s € R. In the paper, we will also denote Z(r, s) := [min{r, s}, max{r, s}| for any

r,s € R.



The Definition 1 is equivalent to the one provided in [6] (for a proof of equivalence we refer the
reader to [22, Theorem 7.31]). This second definition will be used in Section 3 to prove Lipschitz
continuous dependence of solution with respect to initial and boundary data.

Definition 2 Let pg € L®(I;R) and pg, py € L°(R*;R). A map p € BV (R* x I;R) is a weak
entropy solution to (1.1) if for every test function ¢ € CL(R?;RT) and for every k € R
400 b
[ [ (1o wlore+sen (o= ) [0 Bt 2) = Fit.m. R0, 01
d b
—sgn (p — k) %f(t,m, K, R(t,x)) gp) dx dt + / lpo — K|e(0, z) dx

+oo
—|—/0 sgn (pa — k) [f(t, a,p(t,a+), R(t,a)) — f(t,a,k, R(t,a))] o(t,a)dt

+/OOO sgn (pp — K) [f(t,b, K, R(t,b)) — f(t,b, p(t,b—), R(t,b))] (t,b)dt > 0. (1.6)

We remark that to ensure that the traces of p at x = a, b, are well defined, we need to assume
that the solutions have bounded variation, see [6, Lemma 1]. Moreover, following [6, 15], we recall
that the entropy condition (1.6) implies that the traces of the solution at the boundary satisfy

e On the left boundary x = a: for all K € R

(sgn (p(t, a+) — K,) —sgn (pa(t) — /@)) (f(t, a,p(t,a+), R(t,a)) — f(t,a,k, R(t, a))) <0,
(1.7)

e On the right boundary x = b: for all Kk € R
(sgn (p(t,b=) = K) —sgn (py(t) — n)) (f(t,b, p(t,b=), R(t,b)) — f(t, bk, R(t,D))) > 0. (1.8)

Our main result states the global well-posedness of (1.1).

Theorem 1 Let hypotheses (1.2) hold. If py € (L N BV) (I;R") and pa, py € (L N BV) (RT;RT),
then for all T > 0 problem (1.1) has a unique weak entropy solution p € BV([O,T] X I;R*) in the
sense of Definitions 1, 2. Moreover, the following estimates hold:

Io(T, ey < lpolluacr +a (oallus o) + ool o) (1.9)
(T, o1y < €T llpollnos(r - (1.10)
TV (p(T,); I) < €97 TV (po; I) + I/Ei (e’ClT - 1) + TV (pa; [0,T]) + TV (py [0,T]),  (1.11)
Ip(T.) = p(T =7 ry < CUD)T, 7 >0, (1.12)

with £ as in (2.12), K12 as in (2.18) and (2.24), and C; as in (2.28).

Finally, let p,oc € C° (R+;L1(I;R+)) N BVoo ([O,T] X I;R+) be two weak entropy solutions
to (1.1), with initial data py,o0 € L (I,R") and boundary data pa,py,0a,0 € L™ (RT;RT)
respectively. Then the following estimate holds:

Ip(T, ) = o (T, )lary < €7 |llpo = ool + (L +S') (||Pa — aallLrom + lee — O'b|L1([0,T}))] :
where the constants S, S’ are defined by (3.10).

The above result can be easily generalized to unbounded domains I =]a, b[, with a = —oc0 or
b = +oo, under the assumption that the initial datum also belongs to L([).



2 Existence of weak entropy solutions

The proof of existence is based on the following strategy: we construct a sequence of approximate
solutions using a finite volume algorithm, we prove the convergence of a subsequence and, finally,
we show that the limit is indeed a weak entropy solution in the sense of Definition 1. The procedure
follows closely [1, 5].

Let us fix a space grid in [a,b] of size Az = (b —a)/N, N € N, and choose a time step At
(satisfying some stability conditions which will be detailed later). We introduce the usual notation

1 . . At
t"=nAt, neN; z;=a+ <]—2> Az, zj1p=a+jAz, j=1,...,N; )\:A—:p.
Throughout, an initial datum pg € (L N BV)(R;R) is fixed and we denote
0 1 [Fitire ‘
pj:/ po(z)dxdy for j=1,...,N.
Ax T 12
We define a piecewise constant approximate solution pa to (1.1) as
n yn+l
pa(t,z) = pj  for el e, where S N,
T € [T 1/2,Tj11/2], Jj=1...,N,
through the following adapted Lax-Friedrichs scheme
o = o = [ E2 o (0 1) = By (0,0 | (2.1)
where
1
Fry1 ol ) = 5 1 5, 0 BY) + (gt s Bja) +alpf — )| (2.2)

is the numerical flux (for some o € R, @ > 0) and

R} = Aa:Zn(xj,k)pZ, j=1,...,N,
kEZ

are the quadrature formulae approximating the convolution terms. Remark that, due to the bound-
edness of the domain |a, b[, we can set

N

R} = Ax )y n(xik)pi + oo Az > n(wj k) + pp Az Y nlz k)
k=1 k<0 SN
N

= Az n(xj—k)op + pp A Y nlzr) + pf Az Y () .
k=1 k>j k<j—N

The proof of the convergence of approximate solutions is divided in several steps, which are intended
to show that the sequence verifies the hypotheses of Helly’s compactness theorem.



2.1 Positivity

The following lemma ensures the positivity of approximate solutions corresponding to positive
initial and boundary data.

Lemma 1 Let pg € L™ (I;R+) and pq, pp € L™ (R+;R+). Moreover, assume that

a>L, )\<;m1n{1 L(lj—Am)} (2.3)
Then pa(t,x) >0 for allz € I,t> 0.
Proof. We rearrange (2.1) as
P = 0 = N FTy 1o (0 00140) & ity o (0 03) = o (0, 0) = Fiy (01, ) |
(1 —af =B} ) pj +afpi 1+ Bipj — A (F}ll/g(p?,p?) - F]’-"il/z(p?,p?)) )
where, for j € {1,--- ,N},

Ff;l/g(p?’p?)fF;ll/z(pyflzp?)

3 7 7
all = A P =P} 1 it pj # i (2.4)
0 if pi = pi_q,
and
)\ F 1o (Pfopfsn)— g+1/2(/’?7p;'l) if pn,, #£ Pt
ﬁ? = P]+1 PJ Jj+1 77 (25)

0 if piiyy = py .

We consider the following estimates:

Fﬁlﬂ(ﬂ?aﬁ?) - qu/z(ﬂ%ﬂ?) =

1

= S i R = £ o0 B
1

=3 S wjn, 0 Rpy) & f(E" @1, pf s Rfy) — (7, @51, 05, R 1)‘
1

< S| w0 B ) = (20 )

1 1
5 | B )|+ 5 | e B )|
1
§‘f(tna $j717P?a R?—‘,—l) - f(tnaxj*b()?R?jl—i-l)‘
(t, 251, 0, RI_) — f(tn,xj_l,o,Rgzl))

(14 Az).

1
+ =

Moreover, we observe that, whenever p # p7_; and pJ,, # p7,

A
0 = 2 [ 10 s R = 0 R+ (5 - )|
2 no__ oh
(p] pj—l)



)\ n n n

=3 (3pf(t 1,851/ Bj—1) + 0‘) (2.6)

and
n >\ n 7 n 7 T n T n
/Bj = _2 ( ) f(t 7xj+17:0j+17Rj+1) ta (pj - pj+1> - f(t 7$j+lapjaRj+1)
iy =Py

A n n n

D) (a —Opf(t 7xj+1a£j+1/2>Rj+1)> ) (2.7)

for some 5?_1/2 € Z(pj_4, p}) and §;‘+1/2 € Z(p}, pj11). Assuming that

a>L, da<=, AM(1+Az)<

1
3 )

Wl =

we get,

n

pj7

aj, bj € [07 3] ) (1—04]' —ﬂj> € [3,1] — (Fj+1/2(Pjan) _%—1/2(/33';0]')) < 3

which allow us to recover the sought estimate

1
Pz (1) = 7)o + ol + 8 0jn = 5|

9

Y

2
<3 —af — ﬂ?) pj + i1+ 67 P
0.

v

2.2 L! bound

Lemma 2 Let hypotheses (1.2) and conditions (2.3) hold. If po € L™ (I;R") and pa,pp €
L> (RT;RT), then for all T >0

lpa (T, )Ly < llpollLay + o (Hpa”Ll([O,T]) + ”prLl([O,T])> = Ci(T). (2.8)

Proof. Thanks to the positivity of the discrete solution, using the definition of the scheme, we
compute

N
Hpn—HHLl(a,b) = Az Pml
J

j=1
N

= 203 [ =3 (F o6 20) = Fa ol 10000
j=1
N

= Ax Y gt = AT (ol o) — Fijalis o)
7=1
al At

= Ax Z P;L - 7 (f(tn’ TN, pnN7 RTZ{/) + f(tnv TN+1s plryLv R?V—l—l) +a (pnN - qum))
j=1

6



+%(f( 20, plty RE) + f(t", 21, p, RY) + a (p _p1)>

N
=Ar) pj
j=1

At n n n T n n n mn T n
-5 (Qof(t LN, €0y RPN + Op f (87 N1, ER 1.0, R 1) P + o (PR — Pb))
At n n n n n n n n T n
+ 2 (apf(t 7x07€a,OaRO)pa+apf(t 7$17€1’R1)p1 +a(pa _pl))

N

—Apr;‘—i-f(pf(t , 20, a0 R0) + >pZ

At

+ > <_8pf(tn7 TN+15EN41,00 BN 41) + a) Py

At
+ 5 (F 0w, o, RR) — ) ok
At
S (Ot w1, €8, RY) = ) i

Being the last two coefficients in the previous estimate non positive, we can conclude that

N N
AmZp}ZH < A:UZ/)? + alt (pi + pp)

j=1 j=1

thus ending the proof. O

2.3 L* bound

Lemma 3 Let hypotheses (1.2) and conditions (2.3) hold. If po € L™ (I;R") and pa,pp €
L> (RT;RT), then for all T >0

lpa (T, ) lLee ) < € llpollnee (1) » (2.9)
where L is given by (2.12).
Proof. We observe that
-
N
< Az pp > (k) — n(zjmi—e)| + Az D> pp|n(@e—k) — n(zj—1-p)]
k<0 k=1
+ Az Y n(ziiak) —n(zi1k)]
k>N+1
41—k N jH+1—k j+1—k
= A:BpZZ / n'(s) ds| + szp’,g / n'(s) ds| + A:Bp’gz / n'(s) ds
k<0 |V %i-1-k k=1 Tj—1—k k<0 |V Ti-1-k
N
< 20230 Loy | P2+ D P} + 0b
j=1



< 280 ey (Il + o (Ioalus oy + slsom)
< 2T Az, (2.10)
where we have set

7= ey (Iollsin + @ (Ioallsqomy + lonlaaoa) ) (2.11)

and for the latest bound we have applied Lemma 2.
Proceding as in Lemma 1, we can rearrange (2.1) as

P?H (1 - 5”) pj +aipi_y + Bipj — A (F;n+1/2(P?a py) — Fjril/2(p?7 P?)) )
where ol and 3} are as in (2.6) and (2.7) respectively. Using (2.10), we get
| Fs oo o) = Fia o (0 0)| =
1
= S w0 B = (w0, 0 B

1 L
-3l 1035 )3~ 1)
n

< QC'Ax‘pﬂ 1+7).

(tna $j7 p?: R;L)“x]-i-l

13 n
G+1 ijl‘

Thus,

Pyt < (1 6”) Py +agpia+ B pin J”\’ j172(05507) = Fi1y2(05 5 PF)
(1—aj B 16" ey + @ 19" sy + B 116" e (1) + 2CAAZ] " ooy (14 T)
1P [[Lee 1y (1 + AtL)

< 2| p" Lo (1)

IN

for j=1,---,N, being
£:=2C (1 117 e (e (umu +a (Ilpallr go.zy) + ||pb|L1([0T>))> (2.12)

A standard iterative argument completes the proof. O

2.4 BV estimates

Proposition 1 (BV estimate in space) Let hypotheses (1.2) and conditions (2.3) hold. If
po € L™ (I; R*) and pg, py € L™ (R*; R*), then pa satisfies the following Total Variation estimate

N
> |e = o] < ot (2.13)
j=0



for all n € N, where

N n
n K n
Co(t") := E :)P?H - P?‘ + Ié (eKlt - 1) + § :
m=1

=0

n
P — pZH’ + ) ‘pZ” - pbm*l),
m=1
with K1 and KCy positive constants defined in (2.18), (2.19), (2.24).

Proof. We consider separately the central and boundary terms.

For j=1,---,N —1, n €N, we consider the difference

P = T = s = 0 = A B a0, pia) = Bl o1 ) % Ey o (050314

FA (an+3/2(0?a Pir1) + Fly o(Pf-1, P?))
= Pj+1 =P
—A (an+3/2(ﬂy+1a P?+2) - Fﬁuz(P?, P?H) - Ff+3/2(ﬂ?7 P?H) + an+1/2(P?717 P?))
N (B 040) = a0 ) + Fjn (01 03) = Fa o (00,63
= A} — \BY, (2.14)
where we have set
“4? = p?ﬂ - P;‘Z —A <F]n+3/2(P§‘L+1> P?+2) - Ff+1/2(ﬂ?7 P?+1) - Ff+3/2(p}l, p?—i—l) + F}nﬂ/z(P?—la P?)) )
B} = Fj' g)5(05: pj1) = Fio1)o(05: pi1) + Fjly o (01, PF) = Fili o (051, P5) -
Concerning the first term A7} and recalling (2.4) and (2.5), after suitable rearrangements we get

Ay = (51 = 05)

<1 )\F}ﬂl/?(p?’ P;L-H) — Fﬁ_ﬂg(ﬂ?vﬂ?) B )\F}n+3/2(p?+1, p;?_’_l) — an+3/2<p;?7 p?+1)]

T a3 n el
Pjr1 = Py Pjy1 = Pj

o _)\an+3/2(i0?+17p?+2) - F;l+3/2(p?+1a P?+1)
Pj+2 — Pj+1 n __ n
Pi+2 = Pj+1

n " )\FJZUQ(P?HO?) - Fﬁ.yg(p?—hpgl)
TP —Pj1 nn
Pj — Pj-1
= (1 - 5;} - ’Y;‘L+1> (P;LH - P?) + rB;‘LH (P;'L+2 - P?Jrl) + ’Y;L (P;L - P;'L—1) ) (2.15)

where

n

A= )\Fﬁi‘l/Q(’O;}’p}z) - F;L+1/2(P?717,0?)
J

Py = Piq

)

and the bounds 77 € [0,1/3] can be proved exactly as it has been done for o7, thanks to (2.3).
From (2.15) we recover

N-1 N-1
S < X [(1- 87 = v s = 5]+ Balpien = o] 53] o
J=1 J=1



N—-1
=Y 1ot — A = BYles — Pt + At et — o] + B lek — P — NN — P |- (2.16)
=1
We now focus on the term B} in (2.14):

1
B;L =5 (f(tn7‘rj+27p_?+17R§L+2) - f(tnuxj+17p?+17R?+1)>
1
9 far w]’p] 17Rn) f(tnawj—hp?fl,R?fl))

f@"z Tj4+3/2 P]+17 R]+3/2)A:C + Orf(t" 737g+3/2, PJ+1: R]+3/2)(R§L+2 - R?H))

[
/N
&

(a ft ,.T] 1/27p] lvRJ 1/2)A$+8Rf<t wr_y 1/27p] lvR] 1/2)(R R ))

&l\)\»—l

A n o AN PN (a ~ n oA, an pn n n
= (az f(t 7$j7pjaRj)(xj+3/2 _xj—1/2)+8§xf<t >$j7pj7Rj)(pj+1 _pj—l)

+ aRxf(tna '/2]7 ﬁ?: R;L)(R?+3/2 - R?*l/Q))
1 - n
+ 5( Rf(t %,P],R )R]+1/2( i+3/2 —953 1/2) +8pr(t l‘gyPJaR )R]+1/2(pj+1 ijl)
+ Orpf (", 25, P} R?)R?+1/2(Rj+3/2 - Rj—1/2)
- ORf(E",55, 7 RY) (R — Ry — R+ RJ) )
with Z; 1/ € (¥j—1,25), 0}, P} € Z(P]_1.P}11): R? 1/2 € Z(R}_y, R}), Rn R} e I(Rj 1/27R?+3/2)’

25,25 € T(Fj_1/2813/2); R;?Hm €I(R} — R} | Ry — R'.)).
Notice that as in (2.10) we can estimate

|Rjss — Ry| < TAw,
Ry — Ry < TAw,

Ry - R)| <2TAw.

Moreover, by their very definition,

~}13/2 - ~?—1/2) = ‘)‘]+3/2Rg+2 + (1= Afyg o) Ry — g o Ry — (1= pij_y o) R}

—‘Rj+2— j+1‘+‘R?_ ?—1“1“ i1 — RY
< 3TAx,

and

074172 (R? - R?—l) + (1 =0741/0) (R}ng - R?H)

<9 +1/2)R Rj_ 1’ +(1- 5?+1/2)‘R?+2 - R;'l—i-l‘
< TAz,

‘R?+1/2‘ -

for some 07| o, AT\ 30, HI_ 5 € [0,1]. Finally,

eppa+ (1= o] <& lo| + 1 -e)

051 =

10



71 = [epio + (= o] <& loia| + (=&

with €7, € € [0, 1]. Therefore
n 3 21 an 1 2 n n
o1 = §018 i + ot 2 e o - pH\
3 n n
+ SOT(AaPI) + ST P13 + 5 TIr  loe Aa| s — |
T CTQ(Ax) (Az)?|p
< §Am\p?+1 - p7_1) (ua‘;’xfumo(m + T~
3 1
+5C (1+T) (A2)*|p7| + SCT (54 3T) (A)?|pj |-
Thus
N-—1 N—-1
SN < oAt (182 F e + TS Ine) 3 [olis — o)
j=1 =1
N-1
- CAt( (L+7)+ 7 (5+37)) Aa:Z{e ||+ 2 - ”
7=1
< IClAtZ WH - py\ + EzAtAxZ \pyﬂ , (2.17)
j=0 J=1
where we have set
Ky =105 fllvee + T35 f ILes, (2.18)
E2:C(3+8T+ 3TQ>. (2.19)

Collecting (2.16) and (2.17), we conclude that

>

J=1

ot - Mﬂ<2wmmZW
~ N 1
S KanY (p;ul = 0|+ KatStAT Y || + SKa Ao g
- 2

~ 1
(1+ lClAt - ,0?‘ +RaCi () A + S Aol = ph|. (2:20)

We now take into account the boundary terms. From the definition of the scheme we know that
PPt = pitt = (1—af = B7) pf + i pit + B oy — A (Fé‘/z(p’f, p1) = Fiys (ot p’f)) — ot &l
= B1 (o8 — o) + (1= al) (o1 — o) + (o — i)
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— X (Fgalefts o) = Fiao = 1)
= B (o5 — ) + (1= ) (o = pi) + (o = i+
2 (Fa(o. o) = Fa(o o))
Indeed, by definition of o and of 7" we get
o (o1 = o) + A (E3alof, 1) = Flialol, o1)) =
=A ( 372(P1s P1) = Flpa(pa, 1) + F:?/Q(PZW?))
E3a (ot 1) — F3)e(pa, p1)

= - (o7 — o) + A (E3alom o) = Fia 03 o7))
1 a

=7 (0 = p) + X (F3a(e, 1) = Fliali 1))

Since

N (Fgalots 08) = Fijaloi o)) =
A n n pn n n pn A n n pn n n pn
:g(f(t 7x17pa7R1)_f(t 7$07pa7R0))+§(f(t ax27p17R2)_f<t ,1’1,[)1,R1))
A n n pn n n o pn n n
- 9 (amf(t 7$1/27pavR1/2)A'x + aRf(t 7x1/27pa7R1/2) (Rl - RO))

A n -~ n pn n - n pn n n
+ 5 <8:vf(t s T3/2, P15 Ry o) Az + O f (1", T30, pT, B3 o) (Ry — Rl))

(where we used obvious notations for z; /25 L3/25 f?? /2 and f?g /2), we can conclude that

n T 7 mn 7 7 C 7 7
A‘F?)/z(ﬂa»ﬂl) - F1/2(10a’p1)‘ < Atg A +T) (loal + 1p11) -

Thus, because of the positivity of the coefficients involved, we get

P — pﬁ“)

P = | < B1ls = o]+ (L= ) [ — o] +

C
+At§(1+T) (loal+ 1% - (2.21)

Concerning the right boundary data, we have

Pt =yt = (1=l — BR) PR + Py + BRol — A (FE+1/2(1)"&, Pn) = Fn_12(0%, p?v))
— £y
= —al (o — pRoa) + (1= BR) (o — o) +
+ R (P — P-1) — 7% (PR — PR—1)
A (Fly o6 oR0) = F1o(Pr1: P )

= (1= 8%) (& = o) + (o = oY) = 7% (0% — )

7 n+41
b — Py )

A (Bl o (P 50) = Fley o (01 %) ) (2:22)

12



We can justify the above equalities as follows. Taking into account of the expressions of o'y, and of
Y, We can rearrange

A (FRra 20 PR = iy o0 R)) =
= —A (FJT\L/+1/2(P?V= PN) — qu\lf—1/2(ﬂ7v7 PN) £ FJT\Lf—l/z(PnNA’ PN) £ F17\11+1/2(P?v717 PR{))
= = (1o 8) = Pl o (3 080 ) = A (Flves o 950) = Fies o (01, 030
—A <FJT\L/+1/2(PnN71a PN) — FJT\}71/2(P%717 PnN))
= af (k= PRo1) = AR (R = PRs) = A (FRr a1 R = FR_yjophio1s k) ) -
Let us estimate the last term in (2.22):

NE3 o (P19 = iy o (01 90| =

A
- §‘f(tn7$Na p?\f—l? RnN) - f(tnva—lapr—la R?V—l) + f(tnva-i-l’p?]lVa RTKT—H) - f(tna IN, PR{,R%)‘

A n - n PN n n PN n n
= |0 f(t 7xN71/27pN—17RN71/2)A37 + Orf(t afol/QypN—laRNfl/Q) (RN - RN_l)

+0: f(t", TN 112, PN Rrﬁul/z)Aw + Orf(", TN 1172, PN Rrﬁfﬂ/z) (RN41 — R%)’
C n n

< At5(1 +T) (Iox—1l + PR ) -

Therefore we get

n+1
— ‘

[T = o] < (1= BR) [ — pf| + kel ok — eoa + |k

C
+AtS (1+T) (Io% 1l + loxl) - (2.23)

Collecting estimates (2.20), (2.21) and (2.23), we obtain

N

>

J=0

n—+1 n-—+1
Pj+1 = Pj ‘

o n+1 7V+1‘+ ‘An )\Bn

j=1

n+l n—l—l‘ +

C
— i+ At (L T) (I + 1ot

< BEles = ot + (1 =7) |pf — o

(1 8%) ok —pz:“\+At%<1+T><rp?v_1\+rp7v\>
N-1
3 |0 = o3| = BE o8 = b |+t ler = o]+ BR Lok — o] kel — e
=1

JN—l
+ A 1B} |

j=1

13



< |Pa —

n n+1‘ +

n+1‘ + ‘P;H p]‘
C
+ At (1+T) (loa| + |t + ok | + |ok])

N N
ALY o = o] + Kataa > [pr|
j=0 J=1

N
< o= ot ot = A+ (4 A S o — |+ Kaca(m) A
=0
1+7)  5e“" lpollery + g loal At
C( pollree(r) + 5 llpallee(po,m) :
Setting

. . 1
Ko = RaCa(t) +:C (147 (36 e + g lplltom ). (2.21)

we deduce from the previous estimate

(14 K1 A" /A -1
K1

N N
> ‘p;‘H —~ p?’ < (1+KiAan" /Aty ‘,0?“ - p?’ + G
=0 =0
W o ‘+Z‘pb—pb !
n
< Lt Z‘pﬂ-l pj‘Jr <lC1t >+Z i
m=1

7=0

I

n
—pZH} + ) ‘pb ot
m=1
thus concluding the proof. O

Corollary 2 (BV estimate in space and time) Let hypotheses (1.2) and conditions (2.3) hold.
If po € L™ (I;RY) and py,pp € L™ (RT;RT), then pa satisfies the following Total Variation
estimate in space and time

n—1
ZZA% Ly ‘+ Zm‘ T ] < C(nA), (2.25)
m=0 j=0 m=0 j=0

with Cx(nAt) given by (2.30).

Proof. The spatial BV estimate (2.13) yields

n—1 N
S At‘pﬁl - p;.n‘ < nALCy(nAt) . (2.26)

m=0 j=0

In order to bound the second term in (2.25), we make use of the definition of the numerical scheme
(2.1), (2.2). In fact, by (1.2) and (2.10) we have the following estimate

Ao
+1
o+t = o] < 5 (o o]+ o - o7

14



2

L F(E™, 35, €7, R ‘Aa: +

Opf ("5, &5 B) (P = P11 )

o, a5, € B (R - R

= %(OHFL) (’p;n _P}nfl‘ + ’Pﬁl —P}"D
+ CAtepy + (1 =€)t + TAt|epy + (1 —€)pf™ 1‘
< %(OK—’—L) (’Pj - pj- 1‘ + ’Pﬁ1 —P’J-"D +At(C+T) <f|/’ﬁ1\ (1 —e)]p?ll\)
for j =1,---,N =1, where £* = ep'; + (1 — €)p ) € Z(p 1, p"), € € [0,1], &5 € [wj-1,11]

and Rm GI( 71 R ). Therefore,

N-1
ZAﬂf‘PmH*PJ ‘—Am( ot pm| 4 ‘perlpl'r)rL‘)Jr Am‘p§n+17p§n‘
j=1
< Az ( prtt — ot ‘pm“ - pZ”D
N-1 N
+ At (a+ L) Z ‘pﬁl — p;T”) + 2AzAt(C+T) Z\pﬂ
j=0 Jj=0
< Az (‘p?f“ — o ‘pm“ pzﬁ”‘)
+ At (o + L) Co(mAL) + 2AzAt (C + T) Ci(mAt) (2.27)

due to estimates (2.13) and (2.8). In particular,
Zm‘ met1 p;n‘ < AtCi(mAt),

where

m+1
a

Co(mAt) == A < P

)pmﬂ D (a+ L) Cy(mAtL) + 2Ax (C + T) Ci(mAt), (2.28)

which allows to derive the L' Lipschitz continuity in time (1.12).
Summing over = 0,--- ,n — 1, we get

n—1 N n—1
ZAw’ [ pﬂ <Az ) (pZ”“ ‘pm“ pZ”D
m=0 j=0 m=0
+ nAt (a+ L) Cr(nAt) + 2nAtAx (C + T) Ci(nAt) . (2.29)

Summing (2.26) and (2.29) we get (2.25) with

Crt(nAt) ;= nAt (a+ L+ 1) Cp(nAt)

15



m+1

A R A ) | BRCE

n—1
+ Az [2At(C+ T)Cr(nAt) + > <

m=0

thus completing the proof. O

2.5 Discrete entropy inequalities

We adopt the following notation

n 1 n n n n
Fj+1/2(u?v) = 5 (f(t y Ljy Uy Rj) +f(t aijrlaUij—&—l) +OZ(U - U)) )

Hj(u,v,2) :=v—A (Fﬂrl/Q(U, z) = Fl'y o(u, U)) ,
G?—&-l/? = an+1/2(u AK,UNAK) — Fj?:_l/?(li, K).
The approximate solution pa satisfies the following inequalities.

Lemma 4 Under the hypotheses (1.2) and the conditions (2.3), the following discrete entropy
inequalities hold for j=1,--- ,N, n €N, k € R:

(p;?“ - /<;>+ — (p? — :‘£>+ + A (G;"H/Q(P?ap?ﬂ) = Gi_10(pj-1; p?))
% saut (= w) (P 0w Ri) = F( 5 0,m R)) <0 (231)

Proof. Let us consider the map (u, v, z) — H;(u,v,2). By (2.3), it holds

OH A
S (w,0,2) = =3 (8pf(t",xj_1,u, R,)— a) >0,
%H(u,v,z) =1- ad >0,
v
OH A n "
E(U,’U,Z) — (8pf(t ,$j+1,Z,Rj+1) — Oé) > O

Notice that

A
HJ(K" R, KV) =R = 5 (f(tn7xj+17 ’%7R§’L—|—1) - f(tn7ajj717 K, R?—l)) :

For k € R, j = 1,---, N, noticing that p}?ﬂ - Hj(p?_l,p?,p?H) and using the monotonicity
above, we get

Hj(p?—l Nk, P? N K, p;L—‘,—l A '%) - Hj(K’v K, K) >
> Hj(p?;l, 0?7 p?+1) N Hj(ﬁ) K, ’1) - Hj(ﬁ) R, K')

+
= (Hj (10?—11 p?? :0?—1—1) - Hj(’%a R, H))

= <pj+1 — K+ 5 (f(t ,xj+1,/€, Rj+1) — f(t ,33];1,/{, Rj—l))) .

On the other hand we obtain

Hj(pi_y Nk, pf N K, pf1 AK) — Hj(k, K, k) =

16



=5 )

A (FPy1y(0) A s s AR = By o0y A A R) = Fly (5, )+ iy (5, )

- (p;l B K>+ —A (G;?H/?(p?’pyﬂ) - Gﬁl/z(ﬂ?flv P?)) .

Thus,
n + K T 7 K 7 3
(Pj - H) —A (Gj+1/2(pj7pj+1) - Gj71/2(Pj717Pj)) >
1 A *
> (gt w g (F g R — (0 pan 1)
7 A n n n n
= Sgn+ <10j+1 — K+ 5 <f(t ,xj+1,/€,Rj+1) - f(t 7'%']'17'%7Rj—1))>
V0 A n n n n
T T A n n n n
which proves (2.31). O

2.6 Convergence towards a weak entropy solution

The estimates given by Lemmas 3 and Corollary 2 allow to apply Helly’s compactness theorem,
ensuring the existence of a subsequence, still denoted {pa} converging to a function p € L>([0, 7] x
I) in the L-norm, for all T > 0 (see for example [16, Section 5.3.5]). We need now to prove that
the limit of approximate solutions is indeed a weak entropy solution, in the sense of Definition 1.

Lemma 5 Let hypotheses (1.2) and conditions (2.3) hold. If po € (L N BV) (I; RY) and pa, py €
(L>* N BYV) (R*;R*), then the piecewise constant approrimate solutions pa resulting from the
adapted Laz-Friedrichs scheme (2.1) converge, as Ax \, 0, towards a weak entropy solution of
the initial boundary value problem (1.1).

Proof. We follow closely [27]. Adding and subtracting G%,, /2 (P}, p}), we rearrange (2.31) as

0> (03 —w) "~ (o7 =) A (Canl0] o) — C ol D))
A (G ol ) = Gy o (0,0
+ gsgn+ (p?“ _ H) (f(t”,xjH, n,R?H) — ft", xj-1, K, R}Zl)> ) (2.32)

Let p € C([0,T) % [a, b], RT) for some T > 0. Multiplying (2.32) by Az (", x;) > 0, and summing
over j =1,---, N, n €N, we get the inequality

+oo0 N

0> A >N (0 (o) =t (o)) (e 25)

n=0 j=1
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+o0o N

A S (( Seap2 (0 ) = G o (02 0)) = (G o (P, ) - G;H/z(p?,py))) p(t", 1))
n=0 j=1

+ooN

ZZSgn (o - )(f(t”,xjﬂ,ﬁ;,R;LH)—f(t”,xj_l,/i,RgL_l)) o(t" z;).  (2.33)

n=0 j=1
Summing by parts in (2.33) we obtain

400 N

Ti=Az) > (ni(p"“) - ni(%‘)) o(t", ;)
n*Oj—l
+o0o N -1
o(t", z;) — p(t" !z
= —A[L‘Zsﬁ 0, ;) nt pj AxAtZZm Pj J) Af( )
j=1 n=1 j=1

b “+00 b
et — / (0, 2)pol) dz — / / drplt, 2y (p(t, ) da dt.
a 0 a

and

+ooN

ZZSgn ( ntl ) (f(tnaijrla’{a R;'l—f—l) - f(tnamj*h’{a R?—l)) Qp(tnvx]')

n=0 j=1

T N f&" xj1, 5, RY ) — f(t" xj—1,Kk, R )
_ n+1 ybg+1s oy Ll y Lj—1, Ky L5 4
—AtAxgoglsgn ( ) AL

n=0 j A

+oo b
7 Az\O+ /() / Sgn+ (p;H_l - KJ) axf(tv Z, K, R(ta LU))QD dzdt,

by the Dominated Convergence Theorem. Furthermore

400 N

Atzz[( o (1) = G0 p) ) = (G;I/Mhpg-l)—G;H/g(py,py))} o (", 7)

n=0 j=1
+oo N

= A (G o B 1) — Gl ol ) (07 25)

n=0 j=1
+oo N—1

_ Atz Z <G;”+1/2(p;-l, P?+1) - G?+3/2(P?+17P§L+1)> o(t", xjq1)
n=0 j=0
+oo N—1
- Atz Z [( j+1/2 pgvpgﬂ) Gﬁuz(ﬂ%ﬂ?)) o(t", ;)

n=0 j=1

- (G;-Q—l/Q(p?v P;‘l-s-l) - G?+3/2(P?+1a P;‘L+1)> gp(t”,xjgrl)]

+ Atz ( Nt1/2(PN P8) — G7v+1/2(p7v,p?v)) P(t" xN) — (G’fp(pﬁ,p’f) - Géf/g(p?,p’f)) p(t", x1)

= Tu" 4 T2 =T. (2.34)
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Let us define

al p(t", i) — p(t", x;)
K n n ) j 1 - b} j
Too = — AtAZ Y Y G5y oo} 0f) & .

neN j=1 A
—aAty ( b)nt (o) + (", a)n;f(pfi)) :
neN

Being
Giia (05, 05) = Flly jo(0F N K, P NE) = FLy oK, K)
= 5 (P05 00 A RY) = S0, )
5 (P s, 0 A RE) = S 10, L)
= %sgn"' (,0;Z — IQ) (f(t”,xj,p?,R?) — f(t”,xj,/{,R?)>
+5sen’ (p’} - ﬂ) (f(t", Tjt1, pf, Rjy1) — (" @i, 5, R?H)) ;

it is straightforward to see that
+oo
Too — a0t — / / sen™ (p — k) (f(t, x,p,R(t,x)) — f(t,z, K, R(t, 1’))) Orip(t, x) dx dt
0 a

+oo Foo
~ Lip(f) /0 (pa(t) — )" (t,a) dt — Lip(f) /0 (1) — )" plt,b) dt

We decompose T as

+oo N
Too = — Atz Z G?+1/2(P?,P§L) (SO(tna Tj+1) — (", ‘TJ))

n=0 j=1

- aAtZ (( b)ns (o) + (1", a)nif(di)))
N N-1

= - Atz ZG7+1/2(P;L,P;L (", @j41) Z G7 j+3/2 (Pi1 Pj ) (" jp1)
ot =

_amz(( O ) + (" i () )

+oo N—1
= - Atz Z ( j+1/2 ;0] 7p]) G;+3/2(p?+17 p?+l)) ()O(tnamj-f—l)

n=0 j=1
- Atz ( Ni1/2(PN PR (" TN 1) — GS/Q(p?,p?)so(t”,ml))
- ozAtZ << b)nd (py) + (2", a)ni(xﬁ)))
=: Top' + T20 :
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We rewrite

+oo N—1
t_
m - Atz Z ( J+1/2 P] 7,03) + GJ+1/2(PJ a/)]+1) G;+3/2(P?+17 P?H)) o(t", j41)
n=0 j=1
+oo N—1
= ALYt wi) (G o 0] ) = G )
n=0 j=1
400 N—1
— At Z Z (t", jt1) <G§+1/2(P}la P;'l+1) - G?+3/2(P§L+1»P§L+1)> .
n=0 j=1
Hence
' 400 N—1
‘ T3 T2Z(7)It < Atz Z |<P(tn,93j) - @(tn,xjﬂ)"G?H/Q(P?ap;‘l-s-l) - G?+1/2(P?»P?) .
n=0 j=1

Notice that

G0 ) = G a0 )| =
1
S| FA 2, i A Biy) = F(E%, 41, 05 Ak, Big) + (qu AE =Pl A “)

< L+«

- 2

< a’p?ﬂ - p}%

_p;?

according to conditions (2.3). Therefore

400 N—1
‘ znt mt

< alzA e 30 S [t — o}

n=0 j=1
< oAz T||@z||Le TV(pa(t",-)) = O(Az),
< abrTlpele | _max  TV(pa(t",)) = O(Ax)

thanks to the uniform BV bound (2.13). We now compare the terms 7% and T%;:
Th-T§ = - AtZ% (Gherajlohes PROR(E wv41) = G o (0, )P 1" 1))
- aAtZ( D (o5) + (", ) (k) )
- AtZ (G o (PR 1) = Gl ol o)) (87 )
+ Atz ( 1/2(Pa> PT) — G55(p1, P?)) P(t", z1)

= Atz (Gl PPt 21) = amt (PR (1", )
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+00
=AY (anf (et )+ Gy oo A0 ) )

n=0

+o00
=AY (Gpnjalolhs oR) (P o) = 0t 2n) )

n=0

+oo
=AY { (G2t o) = it () 2t @) = (@n (o) + Gy (P ) ) (27, b)}
n=0
+ O(Az),
owing to the regularity of . Indeed, we observe that

A (Crsrjoloh o) (0t 2nvs0) = o(t" 2n)) )
neN

< AtAz||pz || L Z ’G?\[+1/2(p7\/7p%)’
neN

= At ol Y (Bl ook Aol AR) = F o, )

neN
AtA oo
< BB el S (150 vy A R — 02, BR)|)
neN
AtAzx oo
+ ”f”L S (|FE s ol Am Ricg) = F(E on i1, R
neN
< LAtAz|po e S (o — #)
neN

< LT|¢sllLe e llpolle Az = O(Az),
thanks to the L*°-bound (2.9). Moreover, since

G§+1/2(u, v) = F]-"H/Q(u ANK,0AK) — an+1/2(li, K)
> Fiy 1 (R v AR) = Fly (ks K)

1
== (f(t”,xjH,U A K, R?_H) — f{t" xjq, /{,R?_H) —a(vAKk— IQ))

2
2—% (L|u/\/~f.;—n|+a(v—ﬂ)+>
:_% (L(v—n)++oz(v—fi)+)
> —a(v—r)"

and
G p(u,v) = Yy p(u A K, v AR) = FYy ok, K)

S Filypp(uA g, k) = Fily (s, K)

1 n n n n

:§<f(t s Tj,u Nk, RY) — f(t ,CL’j,H,Rj)—FCY(U/\H—Ii))
1

<1 B N+

_2(L|u/\/< Kl +a(u— k) )
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we conclude that
TS — T8 < O(Ax).
Therefore we get
0>T1+ 13+ 15
=T +Ts+T5" + T4
> Ty + Ty + Tint 4 TS, — O(Ax)
=T+ 13+ Ty — O(Ax),

thus concluding the proof. O

3  Stability

Proposition 2 Under hypotheses (1.2), let p,o € C° (R+; Ll(I;R+)) N BV([O,T] X I;R), T >0,
be two weak entropy solutions to (1.1), with initial data po,o¢9 € L™ (I,R+) and boundary data
Pas Pbs Tay 0p € L (R+;R+) respectively. Then the following estimate holds:

Ip(T,) = (T, ey < €7 |llpo — ool + (L+ ) <||Pa — oallnr o, + llee — Ub’Ll([o,ﬂ))] ;
(3.1)
where the constants S, S’ are defined by (3.6), (3.7) and (3.10), and L is as in (2.28).

Proof. Let p, o be two weak entropy solutions to (1.1), with fluxes f (¢, x, p, R(t, z)) and f(t,x, 0, S(t, x))
respectively, where

Rta) = [ pltna=n)dy and S(t,z) = [ olt.onte—y)dy.
In particular from Definition 2, they satisfy

8t’p - ’Q’ + % :Sgn (P - R) (f(tvxa P R(tvx)) - f(t7 €, K, R(tvx))):

+sgn (p — k) %f(t, x, Kk, R(t,z)) <0, (3.2)
Olo — | + % sgn (0= k) (f(tL,0,8(t,2)) = (2,5, S(t,2))|
s (o= ) 4 (1, S(02) <0, (33)

in distributional sense on Rt x I. Rearranging (3.2) we get

0> Ol — ] + s (p — #) - (F(t,,m, B(t,2)) & (1,1, S(t, )
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4[5 o = ) (F(t.p, RO 2) = F b ROL2) 4 (1, 5(00)) (1., 5(00))|
= 8t|P - H| + % [Sgn (:0 - H’) (f(t,l’,p, S(ta$)) - f(t’g;,/-g’s(t,l')))} +sen (p I{) dd f(t o S( ))
+ % [sgn (p— k) ((f(t,x,p, R(t,x)) — f(t,a:,p,S(t,x))) - (f(t,x, K, Bt 2)) = f(t, 2,5, S(t,x))))]

+sgn (p - H) % [f(t7x’ K, R(tv ‘/E)) - f(t’x7 K, S(t,l‘))] )
thus
Olp — k| + % [sgn(p—/i) (f(t,:L‘,p,S(t,ac)) — f(t,l‘,/{,S(t,J?)))} +sgn(p—kK) dd f(t,z, K, S(t,x))

> dd {Sgn (/0 ) [(f(t,l‘,p,S(t, x)) - f(t,l‘,p, R(t,l‘))) - (f(t,l‘,fi, S(t’$)) - f(t7x"'{7R(t’$)))] }

+sen (p — k) % [f(t 2k, S(t,2)) — f(t,2, 5, R(t, 7)) (3.4)

Notice that from (1.5) we can bound
b
Rts2) = S| < Il [ 1olt2) = ot 0)|de + [oult) = a8 + |n(8) = ),

b
0uRR(t,2) = 0,5(t, )] < [Ostle [ [plt2) — o(t,0)|dx + Il (Joatt) = ault)] + on(®) - ou(e)])
Therefore we recover the following estimate:

’CZ (f(t, 2, 5(t,2)) — (b2, 5, R, x)))‘ <

< |0 f(t,z, K, S(t, ) — D f(t, 2, K, R(t,2))|

+ |Orf(t, @, 5, S(t, x)) 0, S(t, ) Orf(t,z,k, R(t,2)) 0. R(t, ) £ Orf(t, @, K, S(t, x)) O, R(t,x)|
|S(t,z) — R(t,z)|

)

)

)| 025t x) O R(t,z)|

) — Orf(t, z, K, R(t,x))”@xR(t,x)’

fo(t,.CL‘, H7R1 y L

)
(t, )
—|—|(9Rf(t,x,/1,5( x)
+|8Rf(t,x,/£,5( x)

<(
+ |Orf(t, @, 5, S(t, 2))||0:5(t, ) — O R(t, z)|
< Clul (14 |0:R(t, = > |S(t,z) — R(t,z)| + C|k||0:S(t, x) — O, R(¢t, z)|

(
_ |<1

O (b, B (8,2)) | + Ok (b, R () >|) S(t,2) - R(t,2)|

:Jc77 L= (t y)dy‘> ‘S( ) - R(t,l‘)‘ + C|H|’ax5(t7x) - &BR(t,l‘)‘

< Clx| (1 + Hp |]Lw||axn||m) |S(t,z) — R(t,)| + C|r]|0.S(t, 2) — 0, R(t,7)|
<C (1 + ||n(t, HL00H89577HL1> [HnHLoo/ |p(t, z) — o(t,2)|dz + |pa(t) — oa(t)| + |ps(t) —ab(t)\]
+ C|"i’ HaaanLOO / ‘p(t,.’L‘) - U(t,l')‘dx + H77HL00 <‘pa(t) - Ua(t)‘ + ‘pb(t) - O'b(t)‘)]
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b
i) + 10enl | [ |ote.0) = ote.0)fas
il + [l ) (10a) = oa(®)] + |on(8) = (1))

). (3.5)

< Clel Il (1+ ote.)

+ Cx| (1 +|p(t, )

b
<& / [p(tsy) = o(t,9)|dy + St (|pa() = aat)] + [0(t) = o0(2)

where

$1=C sup {max{upu,-)uw o) [l (1+HP(E')HLmHaﬂ?HLl)+H3a:77HLoo]}7

te[0,T
(3.6)
Si = Ct:ﬁ]{maX{Hp(t, ) oo lo () } (1+ |o(t,-) L7 + ‘77HL°°>}7 (3.7)

which are bounded by assumption. Moreover

d

% {sgn (p - H) [(f(tvxa P S(t,l‘)) - f(tvxa P R(tv x))) - (f(tv T, K, S(t?x)) - f(t,l‘, H,R(t,l’)))} }‘

= ‘{(%cf(t, x,p,S(t,x)) — O f(t,x,p, R(t,x)) + Or f(t,x, K, R(t,x)) — O f(t,x, K, S(t, x))
+ Orf(t,z, p,S(t, x)) (0:5(t,z) — Oz R(t, x)) + O, R(t,x) (0 f(t, z, p, S(t,x)) — Duf (L, 2, p, R(t, T)))

+ Orf(t,x, K, S(t,x)) (&BR(t, x) — 0. 5(t, :E)) + 0. R(t, ) (Ozf(t, x,k, R(t,x)) — O, f(t, z, K, S(t, x))) }‘

rf(t, 2,0, R1) (S(t,2) — R(t,2)) + 025 f(t, x, K, Ra) (R(t,x) — S(t,2))
O Ft ., (0,8 (2250, 5) — Rt ) + D0, ) <t 7,0, Rs) (S(t,2) — R(t, )
+ ORf(t, 2,5, S(t,x)) (DR, z) — 0:S(t, ) +0xR(t, ) 02 f(t, 2, 5, Ra) (R(t, 2) — S(t,m))‘
< C (lptt, igee + I]) (1+ (e, e [9elea) | R(t,) = (2, )|
+C (ot Ve + [sl) [0: Rt 2) = 0:5(t,)
- / p(t9) — o(t0)] dy + 85 (Jpalt) — 3a(D)] + pb(t) — ou(0)]) (33)

being Sy = 285 and S = 2S7.
Inserting estimates (3.5) and (3.8) in (3.4) we get

at’p - ’{| + % |:Sgn (p - K“) (f(t,:n,p,S(t,x)) - f(t?l'a K, S(tv‘r)))] +sgn (,0 - K) %f(ta$a H’S(ta x))

). (3.9)

b
< S/ p(t,y) —o(t,y)| dy + &' (\pa(t) — 0o ()] + [pb(t) — o(t)

S=8+8 =35 and S =8, +8,=33]. (3.10)

Following [6, Theorem 2] and [25, Theorem 15.1.5], we apply the standard Kruzhkov doubling of
variable technique [20, Section 3] to (3.9) and (3.3), with a test function ¢ € CL(R x I;RT). We
obtain the following Kato inequality

b
/ [p0(2) — 00()|9(0, 2) da
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+o0 b
—i—/o /a (‘P(t,:c) —o(t,x)|0wp +sgn(p— o) [f(t,z,p,S(t,2) — f(t,x,0,5( x))] 833()0) dz dt

) b +oo
+Slel~ | ( [ lott.) = ot x>|dx> at+ Sl [ (lou®) = ault)] + onlt) = o))
>0. (3.11)

We now consider in (3.11) a test function of the form (¢, z) = v (t)fs(x), where 05 € C*([a, b]) be
such that

05(a) =0, 65(b) =0,

1651100 < E/5,

05 =1on [a+0,b—d],

0 <685(x) <1 forall x € [a,b],

where C' does not depend on §, and ¢ € C1([0, 7). In this case, (3.11) becomes
b
[ 1v(@) = ao(@]0)63(a) do
+o00 b
= [ [ (1ot = ottt

+U(00 () sgn (p — o) [ (2,0, 5(t,)) = f(t,2,0,S(t,2)] ) dwat

T b T
+Slel | ( / \p<tvx>—a<t,x>»dx> at+ Sl [ (loalt) = ou®)] + |ontt) = (o))
>0. (3.12)

Integrating by parts in (3.12) and letting 6 \, 0 we obtain

b
/ ‘pg(x) — 00(:6)}1/1(0) dz

+oo b T b
+/0 /a ’p(t,x) —ol(t, x)w’(t) d$dt+8||goHLoo/0 </a ‘p(t,a:) — a(t,x)‘d:z:) dt
T

8l [ (loul) = au(®)] + |on(t) = (o)) a
+oo

+ w(t) {Sgn (p(tu a+) - J(ta a'+)> |:f(t7 a, p(t7 CL+), S(tv a’)) - f(ta a, U<t7 a+)7 S(t7 a)):|
0
— sgn (p(t,07) = a(t,67)) [£(1,b, p(t,57), (1)) = F(t,b,0(2,67), S(E,0))] } dt>0.
(3.13)

From the weak boundary conditions (1.7) and (1.8), we earn

sen (p(ta®) = o(t,a®)) [ f(ta,plt, a*). S(t,0) = f(t,a,0(t,07), S(t,a))|

= %sgn (p(t, at) —ol(t, a*)) [f(t, a,p(t,a™),S(t,a)) — f(t,a,0(t,a™), S(t,a))}
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+ %sgn (p(t,aﬂ — ot a+)) [f(t, a,p(t,a®), S(t,a)) — f(t.a,o(t,at), S(t, a))]
< s (pa(t) — o(t,a")) 7,0, p(t,0%), 8(1,0)) — f(t,a, (1,07, 5(1,0))]
+ 5 s (p(t,a®) — 0u(0) [£(t.a,plt, a7, S(t, ) — f(t,0,0(,a7), 5(t,a))]
= % (sgn (pa(t) —o(t, a+)) + sgn (p(t,a ) — oa(t) > [f (t,a,p(t,a™),S(t,a)) — f(t,a,0(t,a™),S(t, a))]
< sup |f(t,a,s,S(t,a)) — f(t,a,7,S(t a))
5.r€Z(pa(t).0a (1))
< sup L|s —r|
5.r€Z(pa().0a (1))
< L‘pa(t) - O'a(t)}a (3'14)
and

sen (p(t,07) = o (8,07) ) [ F(t,,p(1,07), S(0) = F(1,b,0(t,67), 5(1,0))]

% gn( (t,b7) — a(t, b—)) [f(t b, p(t,b7), S(t, b)) — f(t,b,o(t, b_),S(t,b))}
+% gn( ) —o(t,b7) )[ftbptb £,b)) — f(t,b,a(t,b—),S(t,b))}
2%@@%%@@b0fwhwb)ﬂmﬁtmbdM)S@W}

|

sgn (p(t,b7) = 0u(t)) [ £(£,,p(t7), S(2,)) = f(t.b,0(t,b7), S(8.5))|
) + sgn (p(t, b)) — Ub(t))> [f(t, b, p(t,b7), S(, b)) — f(t,b,o(t,b7), S(L,b))
s, S

> sup |f(t.b,s,S(t,0)) — f(t,b,7, S(t,0))]
s,r€ZL(pp(t),00 (1))
> — sup L|s —r|
s,7€L(py ()00 (1))
> — L|py(t) — ou(t)]. (3.15)

Collecting (3.14) and (3.15) we conclude that
+o0

w@{%n@@ﬂﬂ—aﬁﬂﬂ)Uﬁmm@aﬂﬁ@ﬂﬁ—ﬂtmdtfhswwﬂ

0

—sgn <p(t, b7 — ot b—)) [ F(t.b, p(t,b7), S(E,0)) — F(t,b,0(t,b7), S(t, b))] } dt

+0o0

<i [ ) (Ja) = 0u®)] + () — (1)) .
0

Thus (3.13) becomes

b
[ 1ov(@) = ao(@)v0)a
“+00 b T b
+/0 /a‘P(t,x)—a(t,x)‘w’(t)dxdt—i—SHcpHLoo/0 (/a |p(t,m)—o—(t,x)\dx) dt
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T
+Slelle [ (Inult) = o]+ lon(6) = (0] )
+oo

+L [ (lpalt) = aa®)] + |ov(t) = v(®)]) at = 0.

We choose the test function ¢ = 1), as

1 if t €0, — ¢
Ye(t) =< () €10,1] forallt €[0,T].
[WL(t)] < K/e forallt e [0,T]

As e (0, we get

Ip(T,-) = (T, )Ly < llpo — oollrry + L (Hpb — opllLaqo,r)) + 1Pa — UallLl([o,T]))

T T
48 [Vlott) = oy o+ [ (Jou®) = o)+ o) = (0] .

and Gronwall’s lemma allows us to recover (3.1). O
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