Low-Rankness Transfer for Realistic Denoising

Hicham Badri, Hussein Yahia and Driss Aboutajdine Abstract-Current state-of-the-art denoising methods such as non-local low-rank approaches have shown to give impressive results. They are however mainly tuned to work with uniform Gaussian noise corruption and known variance, which is far from the real noise scenario. In fact, noise level estimation is already a challenging problem and denoising methods are quite sensitive to this parameter. Moreover, these methods are based on shrinkage models that are too simple to reflect reality, which results in over-smoothing of important structures such as small-scale text and textures. We propose in this paper a new approach for more realistic image restoration based on the concept of low-rankness transfer (LRT). Given a training clean/noisy image pair, our method learns a mapping between the non-local noisy singular values and the optimal values for denoising to be transfered to a new noisy input. One single image is enough for training the model and can be adapted to the noisy input by taking a correlated image. Experiments conducted on synthetic and real camera noise show that the proposed method leads to an important improvement both visually and in terms of PSNR/SSIM. Index Terms-Denoising, low-rank, learning.

I. INTRODUCTION

Image denoising is one of the most challenging problems in imaging science. It is also one of the most important long-standing problems because of its big commercial impact. Even-though camera devices become every year more powerful, noise is still present in pictures even using highend devices. The ISO settings in each camera device permit to control the sensitivity of the sensor. Increasing the ISO leads to a better representation of the scene but produces more noise. High-end devices tend to capture less noise at higher ISO settings, which permits to capture better pictures but this comes at a much higher cost. The most simple way to model image corruption is by supposing that the noise is Gaussian uniform with known variance (AWGN model). This model is adopted to tune most of the current denoising methods. It is well known however that real camera noise is far from being Gaussian and uniform due to the complex camera imaging pipeline. For instance, the popular Charge-Couple Device (CCD) image sensors pipeline includes various perturbations such as atmospheric attenuation, lens/geometric distortion, CCD imaging/Bayer pattern, interpolation, white balancing and Gamma correction [START_REF] Liu | Noise Estimation from a Single Image[END_REF], [START_REF] Yang | Estimation of Signal-Dependent Noise Level Function in Transform Domain via a Sparse Recovery Model[END_REF]. In addition, at least five noise sources are added in the process including fixed H. Badri's PhD is funded by an INRIA (Direction of Research) CORDI-S grant. His PhD is in co-supervision with INRIA Bordeaux Sud-Ouest and Mohammed V-Agdal University -LRIT, Associated Unit to CNRST (URAC 29) -Rabat, Morocco. E-mail: hicham.badri@inria.fr.

H. Yahia is with INRIA Bordeaux Sud-Ouest. E-mail: hussein.yahia@inria.fr. D. Aboutajdine is with Mohammed V-Agdal University -LRIT, Associated Unit to CNRST (URAC 29). E-mail: aboutaj@ieee.org. pattern noise, dark current noise, short noise, amlifier noise and quantization noise. Due the complexity and non-linearity of the pipeline, one popular approach consists in simplifying the model to two noise corruptions of the irradiance where one is uniform and the other is signal-dependent [START_REF] Liu | Noise Estimation from a Single Image[END_REF]. The noisy image is then converted back with the camera response function (CRF) of the corrupted irradiance. From this model, a noise level function (NLF) can be calculated that maps the brightness to standard deviation and clearly reflects the nonuniformity of noise corruption. While this model is much richer than the standard AWGN model, it is still a simplification of a complex pipeline. Moreover, even if the NLF is well estimated, which is already a hard problem especially when fine textures are present in the picture, it is not clear how non-local methods can fully take advantage of it. As nonlocal methods manipulate non-local matrices, even if the noise levels of all the pixels are exactly known, the transformation from the non-local patch matrices to the clean ones so far takes into account only one noise level that controls the way the non-local patch matrices are processed in an appropriate domain.

On the other hand, working on the singular values of the non-local patches has various interesting properties in the context of non-local denoising. Using this approach, denoising each non-local patch matrix reduces to manipulating its singular values. Suppose that the patch size is 8×8, and we consider 70 similar patches, which results in a non-local patch matrix of size 64 × 70 and corresponds to 4480 unknown clean pixels to recover. The number of singular values to manipulate is 64 in this case. However, as the energy is concentrated in the first singular values, one can consider for example only the first 30 values, the rest can be set to zero. As a result, denoising all the 70 (8×8) patches reduces to estimating about 30 unknowns or less. This is a powerful property that makes learning denoising in this domain interesting due to the low dimensionality of the domain transformation instead of simply shrinking the values with sparse models [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF], [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF]. Based on this observation, we propose a method that efficiently learns the low-rankness for denoising based on a pair of clean/training image. Efficient training and transfer is however not straightforward in this domain as it is not clear what are the best singular values to map to. For that, we need first to derive a formulation of the optimal denoising singular values. This is achieved via an inverse problem that takes into account both the clean and noisy training non-local matrices. Secondly, we propose a fast and efficient method to learn the correspondence between the noisy and derived optimal denoising values. As the derived optimal values do not correspond to "true" singular values because they are not necessary in decreasing order, learning a shrinkage function is not suitable in this domain. We rather propose to learn various full mapping functions between the values via robust optimization of multiple singular values clusters for a richer model. Our training model is simple and fast while being efficient compared to more advanced function mapping learning techniques such as neural networks. Finally, we evaluate our technique on synthetic and real noise corruptions. First, we use uniform and non-uniform Gaussian noise via the CCD-CRF model for synthetic evaluation. Secondly, we use real-world camera noise samples extracted with the help of professional photographers for a more realistic noise evaluation. Finally, we evaluate the proposed method on real noisy images with unknown camera settings. Experiments show that the proposed approach leads to better denoising results even in the presence of challenging small-scale textures and text structures.

The paper is organized as follows. Sec. II gives an overview of related work on image restoration and noise modeling. Sec. III shows how and why we derive a closed-form of the optimal denoising singular values. Sec. IV presents the proposed learning model and solver of the optimization problem. The proposed denoising method is evaluated in Sec. V against some state-of-the-art methods in the case of synthetic noise, real noise samples and real noisy images. A conclusion and discussion are presented in the final section.

II. RELATED WORK

In this section, we give an overview of the most recent existing denoising methods in the literature. There are mainly three approaches to image denoising that are classified in the literature as follows : 1) internal-based, where only the image structures within the noisy image are used to perform restoration, 2) learning-based, where learning is used to improve the recovery of the latent clean image, 3) external-based, where external information from correlated images is directly used to improve recovery.

A. Internal-Based Denoising

Internal-based denoising is solely based on using information within the noisy image itself. Early methods perform pixelwise operations by exploring neighboring pixels via Gaussian filtering, bilateral filtering [START_REF] Tomasi | Bilateral Filtering for Gray and Color Images[END_REF], total variation [START_REF] Rudin | Nonlinear Total Variation Based Noise Removal Algorithms[END_REF] or wavelet thresholding [START_REF] Portilla | Image Denoising Using Scale Mixtures of Gaussians in the Wavelet Domain[END_REF]. Preliminary work on non-local processing [START_REF] Buades | A Non-local Algorithm for Image Denoising[END_REF] has shown to lead to a dramatic improvement. The standard Non-Local Means (NLM) means approach [START_REF] Buades | A Non-local Algorithm for Image Denoising[END_REF], [START_REF] Huang | Bayesian Inference for Neighborhood Filters with Application in Denoising[END_REF] consists in simply perfoming weighted averaging. The idea has been generalized by gathering similar patches in a matrix (a.k.a. non-local matrix), process this matrix in a domain and reconstruct the patches back. Various domains of processing have been proposed such as 3D collaborative filtering transform (BM3D) [START_REF] Dabov | Image Denoising by Sparse 3D Transform-Domain Collaborative Filtering[END_REF] and singular values [START_REF] Rajwade | Image Denoising Using the Higher Order Singular Value Decomposition[END_REF], [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF], [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF]. Other internal-based methods have been proposed such as denoising by exploring patch recurrence accross scales [START_REF] Zontak | Separating Sginal from Noise Using Patch recurrence across scales[END_REF], matching gradient histograms [START_REF] Zuo | Texture Enhanced Image Denoising via Gradient Histogram Preservation[END_REF] or exploiting marginal histograms [START_REF] Mei | UniHIST: A Unified Framework for Image Restoration With Marginal Histogram Constraints[END_REF].

B. Learning-Based Denoising

Learning has significantly improved image restoration quality. Methods [START_REF] Aharon | K-SVD: An Algorithm for Designing Overcomplete Dictionaries for Sparse Representation[END_REF], [START_REF] Mairal | Sparse Representation for Color Image Restoration[END_REF] permit to learn a dictionary to perform denoising via Orthogonal Matching Pursuit (OMP) locally [START_REF] Mairal | Sparse Representation for Color Image Restoration[END_REF] or non-locally [START_REF] Mairal | Non-local Sparse Models for Image Restoration[END_REF], [START_REF] Dong | Nonlocally Centralized Sparse Representation for Image Restoration[END_REF]. Learning priors via high-order MRF models [START_REF] Roth | Fields of Experts[END_REF], Gaussian mixture models [START_REF] Zoran | From Learning Models of Natural Image Patches to Whole Image Restoration[END_REF], [START_REF] Xu | Patch Group Based Nonlocal Self-Similarity Prior Learning for Image Denoising[END_REF] or shrinkage functions [START_REF] Schmidt | Shrinkage Fields for Effective Image Restoration[END_REF], [START_REF] Chen | On learning optimized reaction diffusion processes for effective image restoration[END_REF] has shown to give interesting results in image denoising. Plain learning via neural networks has shown to give interesting results as well [START_REF] Burger | Image Denoising : Can Plain Neral Networks Compete with BM3D?[END_REF].

However, as these methods try to learn one single model based on various clean sources, performance compared to BM3D is not impressive and challenging structures such as textures (grass, trees, grainy wall,...) and small-scale texts are still not well restored. Moreover, both internal and externalbased methods suppose that the noise level is known and most of the time, the noise is supposed to be uniform (AWGN), which is far from the real case senario. As a result, even if these methods can be tuned to perform well in this case, they lose their potential on real noise corruption when exact noise estimation is almost impossible and does not reflect the complex camera pipeline.

C. External-Based Denoising

External-based denosing is a relatively new approach that consists in exploiting directly external information using a set of correlated images. The approach by Burger et al. propose to use learning to combining denoising results from internal and external results [START_REF] Burger | Learning How to Combine Internal and External Denoising Methods[END_REF]. The method in [START_REF] Yue | Image Denoising Using Cloud Images[END_REF] uses web images to recover correlated images and use external patches in BM3D. Similarly, methods in [START_REF] Yue | CID: Combined Image Denoising in Spatial and Frequency Domains Using Web Images[END_REF], [START_REF] Yue | Image Denoising by Exploring External and Internal Correlations[END_REF] combine internal and external patches extracted from correlated images in the BM3D framework. While these methods improve considerably restoration quality, they require that the external correlated images should be too similar to the input noisy image containing the same patterns, which is only possible in specific scenarios.

We propose a powerful learning-based method that manipulates only the internal patch correlations of the noisy image. Our method performs processing on the non-local singular values similar to internal-based denoising methods SAIST [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF] and WNNM [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF]. However, unlike these methods that use simple shrinkage operators via sparse priors, we learn a mapping between the noisy singular values and the derived optimal denoising values. Learning in our method does not consist in learning dictionaries [START_REF] Aharon | K-SVD: An Algorithm for Designing Overcomplete Dictionaries for Sparse Representation[END_REF], [START_REF] Mairal | Non-local Sparse Models for Image Restoration[END_REF] or shrinkage functions [START_REF] Schmidt | Shrinkage Fields for Effective Image Restoration[END_REF]. We rather learn a mapping similar to neural networks [START_REF] Burger | Image Denoising : Can Plain Neral Networks Compete with BM3D?[END_REF], but in the singular values domain, which reduces considerably the number of latent variables to infer. Contrary to previous learning-based methods such as [START_REF] Aharon | K-SVD: An Algorithm for Designing Overcomplete Dictionaries for Sparse Representation[END_REF], [START_REF] Mairal | Non-local Sparse Models for Image Restoration[END_REF], [START_REF] Zoran | From Learning Models of Natural Image Patches to Whole Image Restoration[END_REF], [START_REF] Burger | Image Denoising : Can Plain Neral Networks Compete with BM3D?[END_REF], our method does not need a very large amount of patches to learn a model that can take a lot of time, sometimes days to train one single model ; the proposed approach uses only one single image pair for training. Moreover, training is fast as it consists in solving few linear systems. This transfer approach that consists in learning a denoising model on a pair of clean/noisy pair has many advantages. First of all, we do not consider the Gaussian noise assumption ; a model can be trained easily for various types of corruption. Secondly, the denoising quality can be improved by choosing a pair that is somehow similar to the noisy instance. Thirdly, as various camera devices respond differently, our method can use noise samples from the camera device at hand and adapt the learned model to the device. To demonstrate the potential of the proposed approach, we evaluate it against some leading methods on various types of noise : uniform Gaussian noise, non-uniform noise, Poisson noise, speckle noise, salt & pepper noise and real noise sampled from a camera. Moreover, by learning a model based on a Nikon D-600, we show how our method produces high-quality results even if the noise corruption is not the same as that of the training pair.

III. PROBLEM FORMULATION

Let x c be a clean image and x n its corrupted version. Non-local image restoration exploits the self-similarities in natural images. The approach consists in gathering similar patches of x n , stack them in a matrix X n where the columns correspond to the vectorized versions of the patches, applying a transformation, reconstruct the estimated clean matrices Xc , and finally reconstruct the clean image xc by aggregating all the transformed matrices. Methods such as SAIST [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF] and WNNM [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF] use low-rank estimation as a transformation by imposing sparsity models on the singular values. More precisely, the problem can be posed in the following general formulation

Xc = argmin Xc 1 2 ||X c -X n || 2 2 + λψ * (X c ), (1) 
where ψ * models the sparsity of the singular values of the clean matrix X c . ψ * can take the form of the nuclear norm [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF] or the reweighted-nuclear norm [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF]. While these methods tend to model the singular values of the clean matrices X c , it turns out that the singular values of the matrices X c in the clean natural image do not correspond to the optimal denoising singular values. This is because we do not have the true orthogonal matrices of X c for the complete decomposition. The values that need to be modeled should rather depend on the whole decomposition of the noisy patches. In fact, the actual optimal values do not even correspond necessary to a true low-rank transformation. As a result, a sparsity-based model that leads to a shrinkage operator cannot take fully advantage of this observation.

Optimal Singular Values Denoising

Given a pair of clean/noisy non-local patch matrices X c /X n , we would like to derive the best denoising singular values that we denote by Σ o . In other words, Σ o are the optimal singular values that permit to reconstruct X c from X n . Suppose the Singular Value Decomposition (SVD) of both X c and X n

X c = U c diag(Σ c )V T c , X n = U n diag(Σ n )V T n , (2) 
where diag is the diagonal matrix operator that extracts the diagonal from a matrix or builds a diagonal matrix from a vector. Typically, sparsity-based methods [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF], [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF] try to denoise X n by applying a shrinkage operator (shrink(Σ n )). By supposing that the corruption is dense, the best singular values Σ o to estimate X c from X n can be recovered by minimizing the error between X c and its reconstruction argmin

Σo ||U n diag(Σ o )V T n -X c || 2 F . (3) 
By rewriting the diagonal operator as a linear operation :

diag(A) = A1, (4) 
where 1 is an all-ones vector. The solution of the problem is given as follows

Σ o = U T n X c V n 1 = diag(U T n X c V n ). ( 5 
)
As there is no particular prior on the solution, Σ o do not necessarily correspond to "true" singular values. In fact, they can be even negative and in a non-decreasing order. As the energy is concentrated in the first values, we consider only around half of the values for training, the rest is set to zero. First, we would like to verify denoising results given by the optimal values Σ o and compare with previous shrinkage-based methods SAIST and WNNM to see how far are these methods from the optimal bound. We compare also denoising results given by using the clean values Σ c . The results are conducted on the popular house and barbara images with Gaussian noise of standard deviation 50. As can be clearly seen in Fig. 1, the derived optimal denoising values Σ o lead to much better denoising results. One can clearly see that the clean values Σ c do not correspond to the right singular values for denoising.

IV. LEARNING THE LOW-RANK MAPPING

Given a pair of noisy/optimal singular values Σ n /Σ o , we would like to learn a mapping function F such that F (Σ n ) ≈ Σ o . The good thing about the proposed approach is that denoising each set of similar patches is reduced to estimating few singular values, which makes learning easier. One approach would be to learn a shrinkage function as adopted in some techniques such as [START_REF] Schmidt | Shrinkage Fields for Effective Image Restoration[END_REF]. However, as explained before, the mapping F (Σ n ) ≈ Σ o does not correspond to a shrinkage as the optimal singular values Σ o do not correspond to real singular values : they are not necessarily in decreasing order, are hard to fit and they can be even negative. A general model for a shrinkage shrink(.) can be formulated as follows

Σ o ≈ shrink(Σ n ) = max(0, Σ n -βw(Σ n )), ( 6 
)
where β is a postive regularization term and w is a weight function. This shrinkage function is the solution (or first-order solution) of the proximal operator of the form

argmin Σo 1 2 ||Σ o -Σ n || 2 2 + βψ(Σ o ), (7) 
where ψ is a prior. Learning a shrinkage function S is reduced to learning the weight function w(.) ≥ 0. However, as can be clearly seen in Eq. ( 6), a shrinkage function is by definition monotonic. As a result, learning a shrinkage function is not appropriate in our case because of the nature of Σ o . Instead, we learn an actual point-by-point mapping. 

A. Transfer Problem Formulation

A straightforward way to estimate this mapping F is to use a neural network (function fitting neural network). While this approach works well in practice, it is time consuming especially if the training image is large. The method that we propose is a simple yet efficient learning approach that is fast as it requires solving few linear systems and can benefit from sparsity for robust estimation. We formulate the mapping as a linear model with a latent matrix W that minimizes the fitting error in a high-dimensional space. The problem is formulated as follows

argmin W 1 M p M j=1 ||W T φ(Σ n,j ) -Σ o,j || p p + λ||W || 2 F F (Σ n ) = W T φ(Σ n ), (8) 
where λ = 0.001 is a small regularization term to prevent numerical problems, p ≤ 1 represents the l p -norm for robust fitting and φ(.) is a non-linear mapping to a high-dimensional space. Σ n,j and Σ o,j correspond to the singular values of the matrices X n,j and X c,j extracted from the training pair. The total number of such matrices is M . Typically, φ(.) is a basis function that can take any form as long as it is independent of the weights. In our case, we use a polynomial basis function of the following form

φ(Σ n,j ) = 1 Σ T n,j (Σ T n,j ) 2 (Σ T n,j ) 3 ... T . (9) 

Optimization

To estimate a solution to the problem (8), we use a Majorization-Minimization (MM) approach [START_REF] Lange | Optimization[END_REF]. Training consists in estimating the weights W minimized over all the singular values pairs Σ n /Σ o in the training image. Due to the use of the l p≤1 -norm to prevent the influence of outliers, the energy cannot be minimized directly via Euler-Lagrange equations. The MM method consists in majorizing the nonconvex term leading to a more tractable energy argmin

W,Y 1 M p M j=1 N i=1 Y p/2 i s.t. W T φ(Σ n,j ) -Σ o,j 2 i ≤ Y i , i = 1, ..., N, ||W || 2 F ≤ ξ, (10) 
where N is the number of optimal singular values per nonlocal matrix. The relaxation [START_REF] Huang | Bayesian Inference for Neighborhood Filters with Application in Denoising[END_REF] is in the following general form

argmin v h(v) s.t. v ∈ C, ( 11 
)
where C is a convex set and h(v) = v p/2 is a concave function that admits the following linearization

v (l+1) = argmin v h(v (l) ) + ∇h(v (l) )(v -v (l) ). (12) 
The estimated solution thus corresponds to a reweighted-least squares problem (IRLS) [START_REF] Candes | Enhancing Sparsity by Reweighted l 1 Minimization[END_REF], [START_REF] Levin | Deconvolution using natural image priors[END_REF] 

W (l+1) = A (l)-1 M j=1 φ(Σn,j)Z (l) j Σo,j T A (l) = M j=1 (φ(Σn,j)Z (l) j φ(Σn,j) T )+λI Z (l+1) j = diag 1 |φ(Σ n,j ) T W (l) -Σ T o,j | 2-p + , (13) 
where = 0.001 is set for stability. However, this is a slow estimate as the weights Z should be evaluated for each patch matrix. Instead, we use the following estimation that computes directly one least-squares solution instead of performing M estimation of the weights Z j

W (l+1) ≈ φ( Σn)Z (l) φ( Σn) T +λI -1 φ( Σn)Z (l) Σo T Z (l+1) = diag 1 1 M M j=1 (|φ(Σ n,j ) T W (l) -Σ T o,j )| 2-p + , ( 14 
)
where Σn and Σo correspond to the matrices containing all the singular values for all the M patch matrices along the columns

Σn = Σ n,1 • • • Σ n,M , Σo = Σ o,1 • • • Σ o,M . (15 
) This estimation is based on the observation that (8) aims at minimizing the mean error over all the M patch matrices. We thus take the re-weighting that corresponds to the mean over all the M weights Z j .

B. Fitting a Richer Model

Problem (8) attempts to learn a mapping between a pair of noisy singular values and their corresponding optimal denoising values over all the patch matrices of the training image pairs, which corresponds to only one denoising pass. Nonlocal low-rank denoising methods [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF], [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF] are implemented in an iterative framework that adds the filtered noise back to the denoised image as follows

x (k+1) n = x (k) n + γ(x n -x (k) n ), (16) 
where k denotes the current iteration and γ is a positive regularization term. The initial image is simply the noisy input x (0) n = x n . This iterative regularization technique used in previous works has shown to significantly improve restoration quality. We use the same approach where a new model W k is learned at each iteration k.

Additionally, in order to fit a more flexible model, we gather the singular values in clusters and train a separate model for each cluster and for each iteration. The number of clusters R that we use in the experiments is typically around 3, not too high to prevent over-fitting. The proposed training method is summarized in Algorithm 1 and an overview of the training approach is given in Fig. 2.

Inference consists in a similar workflow, with a difference that the singular values Σ (k) n,j are first used to determine the right cluster r by minimizing the l 2 distance, then the optimal singular values Σ o,j

(k)
are estimated as follows

Σ o,j (k,r) = W (k,r) T φ(Σ n,j (k,r) ), (17) 
where W (k,r) denotes the trained model for cluster number r during iteration k.

C. Extension to Full Color Denoising

Color images contain important correlations along the channels that need to be taken into account. Our method is easily extended to full color image denoising. Instead of processing the non-local matrices of each channel separately, we simply concatenate the color patches in one vector. As a result, we only need to learn LRT for few singular values per non-local color matrix, which is faster both for training and denoising. We call this full color denoising approach C-LRT and the grayscale version G-LRT. 

D. Processing Time

The main bottleneck in both non-local and learning-based denoising methods is the processing time. Our training model is fast compared to previous learning-based methods that can take hours or even days for large data [START_REF] Burger | Image Denoising : Can Plain Neral Networks Compete with BM3D?[END_REF], [START_REF] Zoran | From Learning Models of Natural Image Patches to Whole Image Restoration[END_REF], [START_REF] Schmidt | Shrinkage Fields for Effective Image Restoration[END_REF]. For an image from the Kodak dataset (500 × 750), learning the model (Eq. ( 8)) at each iteration for 3 clusters takes only 1.50 seconds for full color filtering and 0.70 seconds for the grayscale version. Predicting the denoising singular values takes 0.13 seconds for the full color filtering and 0.08 for the grayscale version. We have implemented both training and denoising in parallel using the Matlab Parallel Computing Toolbox on an Intel Xeon E5-2609 CPU (8 cores). It takes a total of 378 seconds to denoise the full color version and 136 seconds to denoise the grayscale version for 8 iterations (the total training time is similar). Compared to WNNM [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF], our implementation is more than 11 times faster.

V. EXPERIMENTAL RESULTS

In this section, we perform extensive experiments to show the potential of the proposed method. Experiments are first conducted on the standard Kodak dataset. For test images, we select 10 images of the dataset. For training, half of the training images are selected from the dataset itself, and the other half consists of external images recovered by choosing one single result from Google Image Search. It turns out that Google Image Search is quite robust to noise, able to give a good correlated image even if the input is noisy. These images are presented in Fig. 3.

A. Synthetic Noise Experiments

The first experiments consist in evaluating the proposed denoising against previous methods using the standard Gaussian noise setup with fixed standard deviation. While this model is far from more realistic noise models that we use in the next subsections, it gives us an idea about the potential of the proposed method. In this case, the noisy image is generated as follows

x n = x c + ση, ( 18 
)
where η is here a Gaussian noise of zero mean and unit standard deviation. The noisy images are then truncated to fit values between 0 and 255 and the optimal noise level is re-estimated by calculating the standard deviation between the clean and noisy image. We compare with four leading methods : BM3D [START_REF] Dabov | Image Denoising by Sparse 3D Transform-Domain Collaborative Filtering[END_REF], EPLL [START_REF] Zoran | From Learning Models of Natural Image Patches to Whole Image Restoration[END_REF], SAIST [START_REF] Dong | Nonlocal Image Restoration with Bilateral Variance Estimation : A Low-Rank Approach[END_REF] and WNNM [START_REF] Gu | Weighted Nuclear Norm Minimization with Application to Image Denoising[END_REF] for the grayscale case. For full color denoising, we compare with CBM3D [START_REF] Dabov | Color Image Denoising via Sparse 3D Collaborative Filtering with Grouping Constraint in Luminance-Chrominance Space[END_REF]. The results are given in Table I. As can be seen, the proposed method leads to better empirical restoration in terms of both PSNR and SSIM [START_REF] Wang | Image Quality Assessment: From Error Visibility to Structural Similarity[END_REF] for higher noise level. It is worth noting that the proposed method successfully transfers denoising even if the training image is not correlated with the test image, which is not possible with external-based methods. Visual results are given in Fig. 5 that demonstrate the ability of the proposed method to better denoise textured regions such as grass, trees and water.

To demonstrate the effectiveness of the proposed learningbased method, we run experiments using 3 types of noise : Poisson, Speckle (with multiplicative factor 0.05) and Salt & Pepper (10% corruption). The results presented in Fig. 7 demonstrate the performance of the approach .

B. Synthetic Signal-Dependent Noise Experiments

The second set of experiments consists in evaluating the proposed method using a synthetic realistic noise level. In order to perform experiments with more realistic noise, we propose to use the CCD-CRF model that reflects better the non-uniformity of the corruption. This model is a simplification of the non-linear complicated imaging pipeline that includes various perturbations and noise corruptions. Following previous work [START_REF] Liu | Noise Estimation from a Single Image[END_REF], [START_REF] Yang | Estimation of Signal-Dependent Noise Level Function in Transform Domain via a Sparse Recovery Model[END_REF], the noise model is given as follows

x n = f (L + n s + n c ) + n q , ( 19 
)
where L is the clean irradiance, x n is the resulting corrupted image and f (.) = CRF denotes the camera response function (CRF). This model considers mainly two types of noise : n c that is independent of the signal before gamma correction and n s represents all the noise components that depend on the irradiance L. n q is the minimum camera noise that is ignored.

As previous methods are tuned to work with Gaussian noise, the noises n s and n c are generated based on Gaussian noise as well. The noise n s is zero-mean with variance Var(n s ) = Lσ 2 s and n c is zero-mean with variance Var(n c ) = σ 2 c . This model is further simplified to take the signal-dependent variance model

x n = x c + σ η (x c )η, ( 20 
)
where η is supposed a zero-mean independent random noise with unit standard deviation and the noise level σ η depends on the intensity level x c , described by the noise level function (NLF). For noise simulation, we use a simple noise synthesis technique proposed in previous works [START_REF] Liu | Noise Estimation from a Single Image[END_REF]. The CRF function is downloaded from the popular camera response database http://www.cs.columbia.edu/CAVE/databases/. Various methods to estimate the NLF are available [START_REF] Liu | Noise Estimation from a Single Image[END_REF], [START_REF] Yang | Estimation of Signal-Dependent Noise Level Function in Transform Domain via a Sparse Recovery Model[END_REF]. In this experiment however, we have access to the true CRF and the noise levels σ s and σ c , so we can recover the exact NLF using the technique in [START_REF] Liu | Noise Estimation from a Single Image[END_REF]. The CRFs and the corresponding NLFs (normalized to [0,1]) for two noise setups are given in Fig. 4. The empirical denoising results are given in Table I.

As can be seen again, the proposed method leads to better denoising results, even in the case of non-uniform corruption. This demonstrates the ability of the proposed method to automatically adapt to internal structures of the image.

C. Real Noise Experiments

This experiment uses real noise samples directly instead of a synthetic noise model. We extract real camera noise sampled from a Canon 5D MK3, corrupt a ground-truth and denoise it. To perform this task, we first need a noise model to simulate the corrupted images. The sampled noise at a fixed ISO setting corresponds to blank frames with known unique background color (typically black) that we note η. We first zero-mean η to remove the background color and normalize the standard deviation to control the amount of corruption with a parameter σ η . Given a clean color image x c , we generate the noisy output x n based on the noise level function (NLF) as follows

x n = x c + σ η NLF(x c /255, η). (21) 
Following previous works, the NLF can be estimated from the CRF and the variances Var(n c ), Var(n s ). As we do not have access to the CRF of the Canon 5D MK3 device, we use a simple NLF that gives less weights to brighter pixels and more weights to darker pixels similar to standard NLFs. For each image, we fine-tune the noise level to get the best denoising result with methods BM3D, EPLL, SAIST and WNNM as the noise in this case is not uniform. In fact, each method required a different optimal noise level and standard methods for noise estimation failed to give an accurate estimation. To demonstrate the ability of our method to recover structures such as text and textures, we use two challenging images : one of a tiger with a fur and another one of books with various text sizes. The results are presented in Fig. 6. Note how the proposed method is able to recover the fur of the tiger and the text of the books. The other methods, even-though fine-tuned, result in over-smoothing. It is worth noting that, in the second example, the training image is not even visually close to the ground-truth, but contains text. Our training model is able to capture such structures and successfully transfer it to another noisy image. Furthermore, to demonstrate the flexibility of the proposed method, we present denoising results using three different training images in Fig. 8. As can be seen, the results are of high-quality even-though the training image pair is not necessarily correlated with the latent image. 

D. Real Noisy Images Experiments

We evaluate in this section the proposed method on true real noisy images with unknown camera model and ISO settings. The images used in these experiments were taken with different devices. For training, we use one model trained on a Nikon D-600 device for a high ISO setting (see Fig. 10). To get the best results with previous methods, we generate various denoised outputs for various noise levels and choose the best result. We compare as well with the popular software NeatImage that is one of the best denoising softwares available. As can be seen in Fig. 9, our model trained on the real clean/noisy pair is able to produce high-quality results, preserving details such as text (see close-up). The other methods need noise estimation that is very hard when no uniform regions are available in the image (in which case NeatImage fails at automatically settings parameters). We run another experiment on a popular real noisy image instance cave. This image contains both rich textures and smooth regions, which is very challenging. Unfortunately, the clean/noisy training pair that we have (Fig. 10) does not contain enough rich textures to be transfered to this image. In this case, we sample directly the noise from the input, duplicate the noise pattern, and add it to a training image. The (cropped) results are given in Fig. 11. Note how the proposed method is able to recover the texture of the wall, which is very challenging in this case. The full resolution results are given in the supplementary material.

VI. CONCLUSION

We present in this paper a new approach to image denoising based on the principle of non-local low-rankness transfer (LRT). Instead of using shrinkage operators to apply on the non-local singular values, we learn a mapping using a simple but efficient training model. This approach can support various types of corruption. Experiments on uniform and nonuniform noise as well as real camera noise show the ability of the proposed method to successfully recover challenging details and textures that are over-smoothed with previous methods even when fine-tuned. Note that in this paper, we use only one single training image and we do not fine-tune the training parameters. Our approach can be greatly improved by using better training images, automatically selecting the best training parameters via cross-validation and/or designing a new learning method such as neural networks. We believe the LRT approach can be useful not just for image restoration but for other low-rank based approaches as well that require low-rank estimation. 

Fig. 1 :

 1 Fig. 1: Non-local low-rank denoising comparison (σ = 50). As can be seen, the derived optimal denoising singular values Σ o lead to better results compared to shrinkage-based methods SAIST and WNNM. The singular values of the clean non-local patches Σ c clearly do not correspond to the best values to reconstruct X c from X n .

Algorithm 1 :

 1 Proposed LRT training method. Data: Pair of clean/corrupted image(s). Result: Training model ({W r,k } , r = 1, ..., R, k = 1, ..., K). Init : Compute the location of similar patches; Main processing : for k=1 to K do -Compute the current image with Eq. (16); -Gather the non-local matrices X via Eq. (2) and Eq. (5); -Cluster the singular values into R clusters and estimate W (k,r) for each one via Eq. (14);-Reconstruct the estimated clean matrices Xj (k) via Eq. (17) and Eq. (2); -Aggregate all the estimated matrices to form the restored image and store it in x (k) n ;

Fig. 2 :

 2 Fig.2: Overview of the proposed training approach. First, the SVD decomposition of the noisy non-local matrices is used together with the clean non-local matrices to calculate the optimal singular values Σ o,j for denoising. The pair of noisy/optimal singular values is then used for training after clustering. Afterward, the denoised instance is used to regularize the noisy image and the process is repeated for several iterations.

Fig. 3 :

 3 Fig. 3: Kodak dataset images used for the experiments. Top row are the test images and the bottom row are the training images.

Fig. 4 :

 4 Fig. 4: CRFs and simulated NLFs on the pattern (a) used in the non-uniform Gaussian noise experiments for mid and high noise setups.

Fig. 5 :

 5 Fig. 5: Image denoising with high amount of uniform Gaussian noise (σ = 70). Note how the proposed method is able to recover challenging structures such as textures.

Fig. 6 :

 6 Fig. 6: Synthetic realistic image denoising experiments with (PSNR | SSIM). The proposed approach is able to to adapt to other types of noise (best viewed in full resolution).

Fig. 7 :

 7 Fig.7: Denoising results with different types of noise. The first line presents noisy results, the second and third lines represent respectively denoising results produced with CBM3D and the proposed method with PSNR and SSIM. As can be seen, the proposed approach produces high-quality restoration results.

Fig. 8 :

 8 Fig.8: Image denoising results with various training images. The oracle image is produced by using the clean ground-truth image as the training image (optimal). The proposed method produces fairly good results even using one single training pair that is not necessarily correlated with the latent image.

Fig. 9 :

 9 Fig. 9: Real Image denoising using one single training model based on Nikon D-600 device (see Fig.10). Without estimating the noise level, our method is able to produce high-quality denoising results.

Fig. 10 :

 10 Fig. 10: Real clean/noisy training pair based on a Nikon D-600.

Fig. 11 :

 11 Fig. 11: Real image denoising example on a challenging example (close-up) that shows the details recovered with the proposed method.

TABLE I :

 I PSNR and SSIM results on Kodak dataset for uniform and non-uniform Gaussian noise.
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