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Abstract: Let X,, be a planar Poisson point process of intensity n. We give a new proof that
the expected length of the Voronoi path between (0,0) and (1,0) in the Delaunay triangulation
associated with X, is % ~ 1.27 when n goes to infinity; and we also prove that the variance of
this length is O(1/y/n). We investigate the length of possible shortcuts in this path, and defined a
shortened Voronoi path whose expected length can be expressed as an integral that is numerically
evaluated to ~ 1.16. The shortened Voronoi path has the property to be locally defined; and is
shorter than the previously known locally defined path in Delaunay triangulation such as the upper
path whose expected length is 35/372 ~ 1.18.
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Chemins dans la triangulation planaire de
Poisson-Delaunay:
Raccourcis dans la marche de Voronoi

Résumé :  Soit X,, un processus ponctuel de Poisson planaire d’intensité n. Nous donnons une
nouvelle démonstration que 1'espérance de la longueur du chemin de Voronoi entre (0,0) et (1,0)
dans la triangulation de Delaunay associée a X,, est % ~ 1.27 quand n tends vers l'infini; nous
démontrons aussi que la variance de cette longueur est O(1/4/n). Nous étudions la longueurs
gagnées par certains raccourcis dans le chemin de Voronoi et arrivons & exprimer cette longueur
comme une intégrale dont 1’évaluation numérique est ~ 1.16. Le chemin de Voronoi raccourci a la
propriété d’étre défini localement; et il est plus court que les autres chemins défini localement
déja étudié tel que le chemin supérieur dont la longueur moyenne est 35/372 ~ 1.18.

Mots-clés : Analyse probabiliste — Analyse dans le cas le pire — Algorithmes de marche
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1 Introduction

The Delaunay triangulation is one of the most classical object of computational geometry and
searching for paths in a point set using Delaunay edges is useful, e.g. for point location, nearest
neighbor search [8], or routing in networks [3].

If the points are random, several walking strategies have been studied [2] [, [6], [7} @], in this
paper we consider variations of a particular strategy called Voronoi path that consists in linking
in order all the nearest neighbors of a point moving linearly from s to ¢t where s and ¢ are two
points in the plane. We analyze these paths when s and ¢ are two fixed points and when the
point set is a Poisson point process of density n, possibly augmented by the two points s and ¢.

The Voronoi path is known to have an expected stretch factor % ~ 1.27 when n — oo [I], we
provide an alternative proof of this result and prove that this length is quite stable by showing
that the variance is small. Then we explore improvements on the Voronoi path by using some
shortcuts. The length of one of this improved path can be expressed as an integral that we
compute numerically getting an expected length of 1.16.

Any path in the Delaunay triangulation obviously yields an upper bound for the length of the
shortest path. The best known upper bound being % ~ 1.182 which is obtained as the length
of a path called upper path [6]. We say that a path is locally defined, if it can be decided if an
edge belongs to the path between s and ¢ by just knowing the neighborhood of the edge, s and t.
Analyzing non locally defined paths, such as the shortest path is much more difficult than locally
defined ones such as the upper path. Our improved Voronoi path is locally defined and gives a
shorter alternative to the upper path.

2 Notations and Definitions

For a point set x we define its Delaunay triangulation Del(x) as the set of edges [p, ¢] with p,q € x
such that there exist a disk D with D Ny = {p, ¢}. One can remark that if there is such a disk,
there is also such a disk so that p and ¢ are on the boundary of the disk (shrink the first disk
staying inside up to a position where the points are on the boundary).

The Voronoi diagram associated with x is the tuple (R;);e, where Vp € x;R, = {q €
R2?/d(q,x) = d(q,p)} (with d the Euclidean distance). R, is the Voronoi cell of seed p.

The Voronoi Path VP, (s,t) between two points s and ¢ is defined as the path formed by the
seeds of the Voronoi cells intersecting the segment st (see Figure [1| for an example of Voronoi
path). If s, ¢ € x this path links s to ¢, otherwise it links the nearest neighbor of s to the nearest
neighbor of ¢.

We denote M (p1,p2) the intersection point between the bisector of p; and ps and the line (st).
The ball centered at M (p1,p2) passing through p; and ps is denoted B(p1,p2) and its radius is
denoted R(p1,p2).

In the sequel our point set will be a Poisson point process X, of intensity n or the same set
augmented by two points X = X, U {s,t} where s = (0,0) and ¢ = (1,0).

We denote p;.; the tuple of points (p;, pit+1,...,p;), and P2, the same tuple of points verifying

Vkvl € [iaijk #pl

3 Expectation of Stretch Factor of the Voronoi Path

The first lemma states that the fact that s and ¢ belong to the point set has a small influence on
the length of the Voronoi path when n is big:

RR n° 8946



4 O. Devillers € L. Noizet

Figure 1: The Voronoi path

Lemma 1. Let X := X,, U{s,t} where X,, is a Planar poisson point process of intensity n and
s,t € R%. Let (VP (s,t)) be the length of the Voronoi Path from s to t in Del(x). Then

E [V Py (s,1))] = E[{(V Py, (s,1))] + O (”Sﬁt”)
Proof. First, we remark that with very high probability 1 — e™"%, the disk of diameter [st]
contains some points of X,, and thus any disk centered on [st] of the form B(:,-) cannot contain
both s and ¢; we first assume this is the case, and no such ball does contain both s and ¢.

V Px(s,t) and V Px, (s,t) only differ by few edges around s and ¢. Let sp; be the first edge of
VPx(s,t) and p1,pa,...,p; be the i first vertices of V Px, (s,t). First we remark that all p; are
neighbors of s in Del(X). actually, by definition of the paths, there is a disk D; centered on a
point in [st] with p; on its boundary, s inside and no points of X,, nor ¢ inside, this disk witnesses
that sp; is a Delaunay edge in Del(X). Thus, to go from V Px, (s,t) to V Px(s,t) we have to add
one Delaunay edge incident to s: sp; and to remove few edges between neighbors of s in Del(X).
The length variation can be bounded using triangular inequality

Ip1p2ll + [p2psll 4 - - + [picapill + [lspill < [[spill + 2lIspall + 2[[spsll + . .. + 2[[spi—1]| + 2[|sps]|

which is O (%) [6, Prop. 2.2]. The same applies to the end of the path around ¢.

In the rare case with an empty disk of diameter [st] almost the same reasoning applies except
that the two parts of V Px_ (s,t) to be removed may overlap. O (”S—\/}t”) is still an upper bound
on the length of the removed part. Now the added part is just edge st of length one, but since it

arises only with probability e™"% = o (%) the result still holds. O

Theorem 2. X,, is a Planar poisson point process of intensity n and s,t € R%. Let {(V Px, (s,t))
be the length of the Voronoi Path from s to t in Del(X,,). Then

c[2gp) =

BN

Proof. Without loss of generality, we may assume that s, = (0,0), (1,0)

(VPx,(5,8) =5 > Lmmseves, sollpz —pill;
Py #,S%0

Inria



Shortcuts in the Voronoi Path 5

UV Px,(s,t) = 3 Z L0ty po) e LBO1p2)N X, =2 [[P2 — D1,

X2
pl #.26 "

Using Slivnyak-Mecke formula, we transform this sum in an integral [I0, Theorem 3.3.5]:

2

E M(VPX,,L(Sat))] = % /(R2)2 1[M(P1»I)2)€§] P [B(pl,p2> nx,= Q] ||p2 - p1||dp1:2.

Let ® be the function

®: RxRyx[0,2r)?2 — RZxR?
(I7T7a15a2) — (p17p2)7
where for i=1,2 we let

p; = (x,0) + r(cos a;, sin a;).

As long as p; and ps do not have the same absciss, which occurs with probability 1, x is the
absciss of M (py,p2). r is the distance between this point and p;. So ® is a C*-diffeomorphism
up to a null set. Its Jacobian is

1 cosay —rsino 0
0 sinay rcosag 0 2
det(Jp) = . =r“(cosag — cosay).
(Je) 1 cosas 0 —rsin asg ( 2 1)
0 sinas 0 T COS Qg

Since [|[pz — p1| = 2r [sin ©522| and P[B(0,7) N X,, = @] = e we get

E[((VPx, (s

. 1))]
= %/ / / liocacaie” o
[0,27)2
=n / 1[0<m<1]dx/ e Sdr/
—o0 0 [0,27)2
1
)
=" 27T2n2 ‘/[07271.)2

sin 292 (J3)| daydagdrdz

a1 — (X9
2

sin |cos ag — cos aq| daydas

.o — Qg
sin |cos g — cos ag | daydavg

The above trigonometric integral is invariant by substituting (e, 1) or (27 — a1, 27 — a3) to
(a1, ). Thus:
/ a1 — Qg
[0,27)2

5 |cos ag — cos o | daydas

T 2T —aug ag — oo
= 4/ / sin —5 (cos gy — cos aq) dadag = 8.
0

sin

RR n° 8946



6 O. Devillers € L. Noizet

4 Variance of Stretch Factor of the Voronoi Path

Theorem 3. (VP .
Vv {w} =0(n"2).

sl
Proof. Once again, we assume that s = (0,0) and ¢ = (1,0).
VIV Py, )] = E[((VPx,)*] ~E[(VPx,),
2

(VP =(3 > tvrpa) | .

X2
P g, Edn

where £y p(p1:2) = 1(B(p:.pa)n X, =211 (01 (p1 po)esn IP1 — P2]|

(VPx, =12 Z ty p(p12)?

X2
P, &%

+1]4 Z Ly p(pr2)lvp(p2:3))

P, ?‘.36X"3
+ 1 Z Ly p(pr2)lvp(p3a))
P, ?‘AGX"AL
E Z ly py, (p1:2)lvps, (P3:4)) = 714/ E [tvpy, (p1:2)0v Py, (P3:4)] dp1.a,
4 (R2)*
P, #.4€X"'
where X' = X, U{p1.4}
E Z ly py, (P12)lv Py, (P3:4))

P . €Xat
=n? /(Rz)4 E [118(p1.2)0 X7 =211 1Bms.p0)n X =21] 1[01(pyp2) €57

L0t (ps,payesg 11 — P2lllps — palldpiia
<nt /(R2)4 E [1B(p1,p)n X0 =211 [B(ps,pa)nXn=2]] L0t (pr po)e]

1[M(pg7p4)e§] llpr — p2|lllps — palldpr.a.

Inria
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With the same substitution as previously, done twice, we get:

E Z by py, (P1:2)lvpy, (P3:4))
P2, EXnt
<t / / / o~ A(B((2.0).)UB((.0))) g | gy HL = 92| o s |5 @48 — O
[0,1]2 JR3 J[0,2m)4 2

72| cos aiy — cos o |12 | cos ay — cos as|day.adrdr’ dada’.

By rewriting the exponential as:
e~ A(B((,0).1)UB((2",0),r")) _ o—nm(r?+r'?) + (e—nA(B((LO),T)UB((J:/,O)W’)) _ enﬂ(r2+r’2)>

and applying Fubini’s theorem, we get:

E|: Z Ly py, (P1:2)lv Py, (P3:.4)) <E(VPx,)]? + 7,
p 75_4€Xn4
where
Ty = n4/ / / (efnA(B((:I:,O),r)UB((m’,O),r’)) _ e_m(r2+r'2)> 9 |gin 21— 2
0,112 JR2 Jj0,2m)4
I s Q3 Q4 o 2 ’ /
27" |sin ————| r| cos ag — cos a1 |[1"%| cos ag — cos azlday.adrdr’drdy’.

Breaking the symmetry between r and r’, we get

_ 8n / / / —nA ((z,0),m)UB((z’,0),r’ )) —THT(T' +7r 2)) Bdrdr’dmdx'
0,112 JR,.

»/[O,2w)

Since we now have r’ < r, we get

. ] —Q . Q3 —Qy
sin ———=sin — (cos aig — cos vy )(cos ay — cos ag)| davy 4.

(ef’n.A(B((I,O),’I”)UB((I/,0),7“/)) N 677171'(7’2+7”'2)) < 67n7r7’2

Tn < 8(871’)2714/ / /Tﬁe_mrrz1[B(Z’T)QB(Z/’T/)¢{5]d?“ldrda?dx/
0,120 Jo
1 z'+2r (e’ 5
< 512#2714// / e drdxdx’
0o Jar—2r Jo
< 5127r2n4/ 4r8e=mm g
0
105 1
< 5l2n’nt 4———— =0(n" 2
s sl dgs iy ~ 0 )

RR n° 8946



8 O. Devillers € L. Noizet

E Z lypy, (p1:2)*

P, 7‘é_zeXnZ

= n2 /;Rz>2 E {1[B(P17P2)0Xn:g]1[M(p17p26§)]||p1 _p2||2} dp1dp2

_ / / / —nm" 47. sm 2 @2 2|COSOél —COSO(Q‘qudOéQdeJ?
[0,27)2

= 4n? / dac/ —nmr? 4dr/ n2 4= |cosa1 — cos ag|daydas
[0,27)2 2

1
= 4n 3 ? _O(niﬁ)
4mn?2

E Z Cypy, (P1:2)lv Py, (P2:3)

Py f.seX"3
= /(Rz)s E [1[B(p17p2)ﬂXn:@]1[B(pz,ps)ﬂXn:®]l[M(pl,pzeE)]1[M(p2,pge§)]||p1 — pallllp2 — p3||]
dp1dp2dps
. . 2)2
< 2w’ /(R2)3 e <l —pal L h oy oz 11 — P2lllD2 = p3dprdpadps
—nm 1, 2 —
< 2’ /(R2)3 e T RPLP L e BOM (1 p2) 8B(1 p2))) L0 (01 o) AR (P1, P2) *dprdpadps
= 8n® / e~ P12 9 R(py , ps)? L0t (pr ity B(P1, 2) 2 dprdps
= 72mn° / dm/ e’ 2r2dr/ | cos vy — cos o |[daaday
[0,27)2
1
Combining these terms in the definition of V [¢(V Px_ )] terminates the proof. O

5 Improvement upon the Voronoi Path

We call shortcut of V P, a triangle (p1,p2,p3) such that (p1,p2) and (p2, ps3) are in the Voronoi
Path, and (p1,p2, p3) is in Del(x) (see Figure .

Notice that it may exist other shortcuts replacing more than two edges in the Voronoi path,
but the probability of existence decrease with the length of the replaced chain. In this paper we
limit our interest to the above defined simple shortcuts.

Let lsc(p1,p2,p3) be defined as the length saved by taking the shortcut (pi,p2,ps3), i.e
Csc(p1,p2,p3) = |lp1 — p2|| + [[p2 — psll — [Ip1 — w3l

As shown on Figure [2| some shortcuts are incompatible, but the set of shortcuts can be divided
in two sets, the shortcuts above the Voronoi path and the shortcuts below the Voronoi path that

Inria



Shortcuts in the Voronoi Path 9

Figure 2: Shortcuts in Voronoi path of Figure[1] (in red).

are compatible. By symmetry, the expected length of the above shortcuts is equal to the one
of below shortcuts and is equal to half the total length of all shortcuts. Let gainx, denote this
expected saving in the Voronoi path for a Poisson point process X,,.

, 1
Elgainx,] =E |5 D Lpsenaxlipiaey Pr, ) Lpssev P, 1 Ly, <agy <oy 50 (P1:3)
Py, €K

We use the Slivnyak-Mecke formula:

. n3
E [galan] = ? /(R2)3 E |:1[p1:3€Del(Xn)]1[p1:26VPXnU{P3}]1[p2:3€VPXnu{p1)]
1[mp1<zp2<a;p3]€sc(p1:3)] dpi:3
n3
=5 /(R2)3 P[(B(p1.3) UB(p1,p2) U B(p2,p3)) N X, = 2] LM (prp2) €57 LM (po.ps ) €571

1[171 ZB(p2,p3)] 1[p3€B(p1,p2)] 1[wp1 <wp, <mp3]€SC (p1:3)dp1:3

.- —n A(B(p1: B(p1, B(p2, _ _
- /(R2) ‘ Wl Bl B pS))l[M(Pl;Pz)ESt]l[M(Pm:%)ESt]1[yp2<0]

1[1)1 ZB(p2,p3)] 1[p3§ZB(p1,p2)] 1[96,)1 <Tpy <xp3]€SC (P1:3)d]91:3~

We have limited our attention to half of the
shortcuts using the assumption that y,, < 0.
The assumption z,, < x,, < T, ensure that
each triangle is counted only once. Under these
two hypotheses, we consider only a subset of the
possible shortcuts that verify yo > 0 (with Q the
center of B(pi.3)) and p1, p2, ps counterclockwise
(ccw) then p1 & B(pz,ps) and p3 & B(p1,p2)- B(p1,p2)
Since we do not
consider all shortcuts any longer, in the sequel, we only have an upper bound on gainx, . Actually
our experiments show that this is a reasonably good upper bound.

RR n° 8946



10 O. Devillers € L. Noizet

Floain )= 0 /(R2)3 e AB B BN ) 501 L0 paps) €571 Ll <0

l[yn>0}l[p1,p2,p3 ccw]]-[:rp1 <xp2<a:p3]€SC(p1:3)dpl:3 =E.

Let r be the radius of B(p1.3),

) = A(B(P1;3)UB(p127p2)UB(p27P3))

S(%7OZ1,062,C¥3

be the area of the union of the three balls normalized
by r2, and h = %2 the normalized distance from
to line (st). Since 2 is assumed above line (st) and py

below it, h € [0,1]. We define a region for the angles
(678
(6]

2T —ag < a1 < Qg

I, =< (a1,a0,a3) € R?{ 7 + arcsinh < Qo < 2w — arcsin h

g — 2T < ag < 2™ — Qo

FE1 becomes:

—nr?8 m, 1,002,Q:
B /(m)s6 e %)1[M(p1,p2)€§]1[M(pz,ps)€§]l[0<yn<r]1[a1;selh]€sc(p1:3)dp1:3

. . o B . - )
Basic trigonometry gives: Tas(p,py) = TQ — ——aigay and Tar(pyps) = TQ — —asgas
tan(=—5—-) tan(25%%)
Defining
ai1+an st ) ol fa ~ TENeY
Jy527a1:3 = |:tan(122) tan(%) tan(%) tan(%) ’
g , otherwise

we have Loy 00 esn L 0(pa,ps)est] = Liza€yg.ays]- e are now ready to substitute the variables
using Blaschke-Petkantschin formula [I0, Theorem 7.3.1 |. We get:

> B 3 ° 7nr25'(y*97041,012,0¢3)1 1 1
1 = N € r [xﬂe‘]yszvalﬁ] (0<ya<r]-e1:3€1n]
[0,27)3 JO R /R

2r(|sin %{ + |sin %| - |sin %D%‘g A (ay.3) dyadzodrda .z,

o0 T y
N 2ns/ / / / do | e SN e
[0.2m3 Jo Jo J

Y,x1:3

g(ar.3)rdydrday 3,

where (o) = 2.A (o) (Jsin 252 + [sin 22522 — fsin =15

1 oo
E, > 2n3/ / / (1—rh g’(alzg))e‘m2s(h"“’a""aa)r5l[a1:3elh]g(a1;3)drdhda1;3,
[0,2m)3 Jo Jo

Inria



Shortcuts in the Voronoi Path 11

where ¢'(ay.3) = L 1 The length of Jy 4., is 1 — rh ¢'(a1.3) when the

tan(ialga2 ) tar1(7a2+a3 )
interval is nonempty; otherwise, 1 — rh ¢'(a1.3) is negative and still bounds the interval’s length
from below.

1
Since n? fooo e~mr*S(har,az,08) 6 — O (Tf?) the contribution of the term rhg’ to Ej is

negligible and we get

1 o] . 1
2n3/ 3/ (/ e*”TZS(hval’O‘Q’O‘S)TSdT) 1[a1;361h]g(a1;3)dhd041:3 + 0 (n_ﬁ)
[0,2m3 Jo \o

1
1 1
_ 3 _
= 2n /[0 271.)3/ n3S 3 041,042,043)3> 1[01:3ejh]g(()q;g)dhdal;g + 0 (n 2)

/ 9las) dhdau—i—O( 1). (1)

I S h 011,052,063)

£y

Y

Determination of S(h, ay, as, a3)
S(h, a1, az,a3) = A(B(u1.3) U B(ui, uz) U B(uz, u3))

with u; = (cos a;, sin o).

S(h,on, 02, a3) = A(B(u1s)) + A(B(u1, u2)) + A(B(uz, us))
— .A( (U1 3) n B(ul,ug)) (B(u1:3) n B(Ug,UzJ,))
- A( (ul, ’LL2) n B(’U,Q,’LL:;)) + .A(B(ulzg) N B(ul,ug) n B(’U,g,u?,)) .

We will look at the different terms of this sum. First we remark that when «y.3 € I, the two
last terms disappear since B(uy,u2) N B(ugz,ug) C B(ui.3) (the apexes of B(u1,uz2) N B(ug,us)
are py and its symetric with respect to the line y = —h).

The first term is just 7 the area of the unit circle.

The second and third terms are mr%, and 7r3; with r15 = R(u1,uz2) and ro3 = R(uz, us).

The fourth term is

.A(B(ulzg) N B(ul, UQ)) = %7“%2(912 — |sin912|) + %(¢12 - ISin¢12|),

with ¢12 = p1Qpe and 612 = pa M (p1, p2)p1
The fifth term is similar to the fourth one.

Above undefined quantites can be expressed in term of h and «j.3. Since the angle of
QM (uy,uz) is § — a142-a2 and Yas(u, up) = —h we have 2p7(y, uy) = —htan Lfra? We deduce
r2, = (sinag + h)? + (cos ag + h tan THete2)2,

Similarly 735 = (sinas + h)? + (cos ag + h tan THe3+92)2,

The angles ¢ are easy to compute: ¢19 = as — a3 and ¢23 = a3 — ag + 27.

2
[| M (wy,uz) ul+u2 H VT “ulu2” 1 sin it T} a2
T12 ’

cos% > 0 iff 0 < 2h + sinay + sin s, thus

The angle 615 verifies ’cos 9§2

a1 — o2

sin @702\ * . .
012 = 2arccos(y/1 — | ——=— ] sign(2h + sina; + sinas)).
12
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12 O. Devillers € L. Noizet

B(PL::;)

By a very similar reasoning we get

Q22— Q3

. 2
s
23 = 2arccos(y|1 — <1n2> sign(2h + sin ay + sin ag)).

23

Value of the gain

Using the above expression for S(h,a1.3), the integral of Equation has been numerically
approximated using Maple giving E [gainy,] ~ 0.108. So the expectation of the length of the
new path is 1.165.

Maple file is available with this research report.

6 Alternative Paths

As a concluding remark, we mention several possibilities of paths from s to ¢ that can be defined
in a Delaunay triangulation:

- the shortest path,

- compass routing (vertex following v minimizing the angle with vt),

- upper path (edges vw of triangles uvw with u below line (st) and v and w above),

- greedy angle (vertex following v minimizing the angle with the horizontal through v admist the
vertices of edges intersecting line (st)),

- closest neighbor (vertex following v minimizing the distance to t),

- the Voronoi path,

- the Voronoi path with all possible shortcuts taken greedily, and

- the Voronoi path with half the shortcuts (i.e. ccw shortcuts).

Some of these paths are locally defined. i.e., the fact that vw belongs to the path can be
decided knowing only s, ¢ and some neighborhood of vw. Some are incremental, i.e., the vertex
following v can be decided knowing that v is on the path, s, ¢, and some neighborhood of v.

Using CGAL [5] we experiment on the length of these paths (with ||st|| = 1) for a random set
of points. The length of number of edges that we obtained after 1000 experiments with point
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density 10° are in the following table:

Path Experimental | Number Path Theoretical bound

Length of edges properties
Shortest path 1.041 927 €1+ 1071, 1.182] 6]
Compass routing 1.068 956 incremental | ©(y/n) edges [7]
Greedy angle 1.097 997 incremental
V P greedy shortcuts 1.130 995 incremental

incremental this paper
V P ccw shortcuts 1.164 1081 locally defined 1.165 [numericalintegration]
Closest neighbor walk 1.167 873 incremental | ©(y/n) edges [7]
Upper path 1.177 1072 locally defined % ~ 1.182 [6]
VP 1.274 1273 | locally defined | 4 ~1.273 [1]
References

[1] F. Baceelli, K. Tchoumatchenko, and S. Zuyev. Markov paths on the Poisson-Delaunay
graph with applications to routing in mobile networks. Adv. in Appl. Probab., 32(1):1-18,
2000. doi:10.1239/aap,/1013540019.

[2] P. Bose and L. Devroye. On the stabbing number of a random Delaunay tri-
angulation.  Computational Geometry: Theory and Applications, 36:89-105, 2006.
doi:10.1016/j.comgeo.2006.05.005.

[3] P. Bose and P. Morin. Online routing in triangulations. SIAM Journal on Computing, 33:
937-951, 2004. do1:10.1137/S0097539700369387.

[4] N. Broutin, O. Devillers, and R. Hemsley. Efficiently navigating a random Delaunay
triangulation. Random Structures and Algorithms, page 46, 2016. |doi:10.1002/rsa.20630.
URL https://hal.inria.fr/hal-00940743.

[6] CaaL. Computational Geometry Algorithms Library. URL http://www.cgal.org.

[6] N. Chenavier and O. Devillers. Stretch Factor of Long Paths in a planar Poisson-Delaunay
Triangulation. Research Report RR-8935, Inria, July 2016. URL https://hal.inria.fr/
hal-01346203.

[7] O. Devillers and R. Hemsley. The worst visibility walk in a random Delaunay triangulation
is O(y/n) . Journal of Computational Geometry, 7(1):332-359, 2016. URL https://hall
inria.fr/hal-01348831.

[8] O. Devillers, S. Pion, and M. Teillaud. Walking in a Triangulation. International Journal
of Foundations of Computer Science, 13:181-199, 2002. URL https://hal.inria.fr/
inria-00102194.

[9] L. Devroye, C. Lemaire, and J.-M. Moreau. Expected time analysis for Delaunay
point location. Computational Geometry: Theory and Applications, 29:61-89, 2004.
doi:10.1016/j.comgeo.2004.02.002.

[10] R. Schneider and W. Weil. Stochastic and Integral Geometry. Probability and Its Applications.
Springer, 2008.

RR n° 8946


http://dx.doi.org/10.1239/aap/1013540019
http://dx.doi.org/10.1016/j.comgeo.2006.05.005
http://dx.doi.org/10.1137/S0097539700369387
http://dx.doi.org/10.1002/rsa.20630
https://hal.inria.fr/hal-00940743
http://www.cgal.org
https://hal.inria.fr/hal-01346203
https://hal.inria.fr/hal-01346203
https://hal.inria.fr/hal-01348831
https://hal.inria.fr/hal-01348831
https://hal.inria.fr/inria-00102194
https://hal.inria.fr/inria-00102194
http://dx.doi.org/10.1016/j.comgeo.2004.02.002

RESEARCH CENTRE
NANCY - GRAND EST

615 rue du Jardin Botanique
CS20101
54603 Villers-lés-Nancy Cedex

Publisher

Inria

Domaine de Voluceau - Rocquencourt
BP 105 - 78153 Le Chesnay Cedex
inria.fr

ISSN 0249-6399




	Introduction
	Notations and Definitions
	Expectation of Stretch Factor of the Voronoi Path
	Variance of Stretch Factor of the Voronoi Path
	Improvement upon the Voronoi Path
	Alternative Paths

