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We explore the classical pattern avoidance question in the case of irreducible permutations, i.e., those in which there
is no index ¢ such that o(i + 1) — o(i) = 1. The problem is addressed completely in the case of avoiding one
or two patterns of length three, and several well known sequences are encountered in the process, such as Catalan,
Motzkin, Fibonacci, Tribonacci, Padovan and Binary numbers. Also, we present constructive bijections between the
set of Motzkin paths of length n — 1 and the sets of irreducible permutations of length n (respectively fixed point free
irreducible involutions of length 2n) avoiding a pattern « for o € {132,213, 321}. This induces two new bijections
between the set of Dyck paths and some restricted sets of permutations.
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1 Introduction and notation

Let S,, be the set of permutations on [n] = {1,2,...,n}, i.e., all one-to-one correspondences from [n]
into itself. Let S be the set of all permutations. We represent a permutation o € S, in one-line notation
0 = 01090, Where o; = (i) for all i € [n]. We denote by 0", 0¢ and o~ the classical symmetries
of o, i.e., the reverse " = o,, - - - 01, the complement 0¢ = (n—o01+ 1) - -+ (n — 0,, + 1) and the inverse.

Letq =q1 - qx, k > 1, be a sequence of pairwise different positive integers. The reduction red(q) of ¢
is the permutation in Sy obtained from ¢ by replacing the i-th smallest number of ¢ with i for 1 < i < k.
For instance, if ¢ = 53841 then we have red(q) = 42531. A permutation o € S,, avoids the pattern
m € S, k > 1, if and only if there does not exist a sequence of indices 1 < i1 < 4o < -+ < i < 1
such that 0;, 0, - - - 0, is order-isomorphic to 7 (see [13, 20]), i.e. such that 7 =red(c;,04, - - - 04, ). We
denote by S, () the set of permutations in S,, avoiding the pattern 7. For example, if 7 = 123 then
52143 € Ss(m) while 21534 ¢ S5(w). In the case where o does not avoid 7 (or equivalently contains
), 7 is said to be involved in o which is denoted m <X 0. A set F of permutations is called a permutation
class if it is closed downwards under this involvement relation. Many classical sequences in combinatorics
appear as the cardinality of pattern-avoiding permutation classes. A large number of these results were
firstly obtained by West and Knuth [8} [15} |20} 21} 22]] (see the surveys of Kitaev and Mansour [7, [10]).
Also Bona [3] has written a book that is dedicated to the notion of pattern avoiding permutations. Some
generalizations of pattern avoidance can be viewed in [2,[12].
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A succession in a permutation o € S, is a pair (0;,0;41), 1 <4 < n — 1, with 0,41 — 0; = 1. For
instance, the pair (3,4) is the only one succession in ¢ = 53421. Using the terminology of Atkinson
and Stitt (see [1]]), a permutation with no successions will be also called irreducible. They show how the
notion of irreducibility plays, in some sense, a dual role compared to indecomposability (a permutation
0 = 01 - 0y 1S indecomposable if there does not exist p < n — 1 such that oy - - - 0}, is a permutation of
[p]). Indeed, irreducible permutations are crucial for the construction of a basis of some wreath products
C 1T where C is a class of permutations and Z is the class of identity permutations (see [1]]). On the other
hand, an irreducible permutation can be also viewed as a permutation avoiding the bi-vincular pattern
(12, {1}, {1}) (see [TT]). |

Let S!'" be the set of irreducible permutations of length n. For example, we have S = {132,213, 321}.
The cardinality of the sets S is known (see [14}[18} [19]) and given by

n—1

(n— 1)!2(4)”1;’“.

k=0

More generally, permutations with a given number of successions also appeared in combinatorial theory
literature (see [6, [13]]).

In this paper, we explore the classical pattern avoidance question in the case of irreducible permutations.
The problem is addressed completely in the case of avoiding one or two patterns of length three, and sev-
eral well-known sequences are encountered, such as the Catalan, Motzkin, Fibonacci, Binary, Tribonacci
and Padovan numbers. In Section 2, we present general enumerative results for sets of permutations that
are expanded (i.e., closed under inflation) and closed under deflation. In particular, we give bivariate gen-
erating functions according to the length of permutations and the number of successions. Generalizing
the two concepts of inflation and deflation for sets of fixed point free involutions, we obtain similar results
for involutions. In Section 3, we give exhaustive enumerative results for sets of irreducible permutations
avoiding one pattern of length three. For the sets counted by the Motzkin numbers, we exhibit bijections
between them and the set of Motzkin paths. In Section 4, we focus on sets of irreducible permutations
avoiding two patterns of length three. In Sections 5 and 6, we study irreducible (fixed point free) involu-
tions avoiding one pattern of length three. Exhaustive enumerative results are obtained, and we construct
bijections between fixed point free irreducible involutions of length 2n avoiding « € {132,213,321} and
Motzkin paths of length n — 1.

2 Preliminaries

A set F of permutations is said to be closed under inflation (also called expanded, [1l]) if whenever a
permutation ¢ = 8 iy € F so is the permutation obtained by replacing ¢ with i (¢ + 1), after increasing
by one each other’s values greater than ¢ in 0. A set F of permutations is said to be closed under deflation
if whenever a permutation o = 4 (i + 1) v so is the permutation obtained by replacing i (i + 1) with
i, after decreasing by one each other’s values greater than (i + 1) in . In the following, these two last
elementary transformations will be respectively called inflation and deflation of o. Obviously, a set F
of irreducible permutations is closed under deflation since its elements do not contain any successions.
A set closed under pattern involvement is closed under deflation. Moreover, a set closed under pattern
involvement is expanded if and only if every basis element is irreducible (see Lemma 5, [1]]).

In this section we provide general lemmas about generating functions for sets of permutations and fixed
point free involutions which are expanded and closed under deflation.
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Lemma 1 Let F be a set of permutations which is expanded and closed under deflation; let G be the set
of its irreducible permutations. We denote by g(x) the generating function of G, and f(x,y) the bivariate
generating function of F where the coefficient of x™y" is the number of permutations of length n with
exactly k successions. Then we have

ram = (=)

In particular, the generating function of F is g (z/(1 — x)).

Proof: Let ]—"fj ,m>1,0<k <n—1,be the set of permutations of length n in F containing exactly
k successions. Obviously, we have ]-'}Z'" =G, = .7-'2 for n > 1. Let o be a permutation in ]-'ff, ie, o
contains exactly k successions. We define the succession set I, of indices i € [n — 1] such that (04, 0j11)
is a succession of o, and J, = {i € [n],i — 1 € I, }. Since F is expanded and closed under deflation, a
permutation m € F, ff_r‘ 1,] can be uniquely obtained from a permutation o € F* by deleting all entries o,
i1 € J, and reducing the result to a permutation of F, jf_’”l L This construction produces a simple bijection

from ]—'ff_ﬁ 1, to the set F.= of permutations in F,, having the succession set equal to /.
Since inflations of terms in an irreducible permutation correspond exactly to the terms in the geometric

series expansion 1=~ =z + yx? 4+ y?z3 + . . ., the above bijection implies

X

flay) =gz +ya® +y*2® +...) = g( ).

1—yx
O

Now we give a similar Lemma for fixed point free involutions. In this case, we slightly modify the
two concepts of inflation and deflation. Let F be a set of involutions with no fixed points. We say that
F is expanded (closed under inflation) if whenever an involution ¢ € F and (i,j), 1 < i < j < n,
such that o; = j, so is the permutation ¢’ obtained from o by replacing o; with (o; + 1)(0; + 2), 0
with o (o; + 1), and increasing by inc(k) =card{¢ € {i + 1,7 + 1},¢ < k} each other’s values k. For
instance, ifc =34127856,i=2,j =4,thenc’ =456 12309 (10) 7 8. On the other hand, we
say that F is closed under deflation if whenever an involution o € F and (4, ), 1 <i < j <n — 1, such
that o; = j, 0541 = j + 1, so is the permutation ¢’ obtained from o by deleting (i 4+ 1) and (5 + 1) and
reducing the result to a permutation. Obviously the set of all fixed point free involutions is expanded and
closed under deflation.

Lemma 2 Let F be a set of fixed point free involutions which is expanded and closed under deflation; let
G be the set of its irreducible involutions. We denote by g(x) the generating function of G, and f(x,y) the
bivariate generating function of F where the coefficient of xy* is the number of involutions of length n
with exactly k successions. Then we have

2
f(x,y)=g< lxy?x2>

In particular, the generating function of F is g (\/acQ/(l — x2))
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Proof: This proof is a simple counterpart of the previous one. It suffices to remark that an involution with
no fixed points is necessarily of even length. m|

Lemmal(I|ensures that if we know the generating function of a set G of irreducible permutations, then we
can easily obtain the bivariate generating function (according to the length and the number of successions)
of the wreath product G ! Z where 7 is the class of identity permutations (the wreath product G Z is the
closure under inflation of G). An immediate consequence is: if G is a set of irreducible permutations
such that the wreath product G ! T is enumerated by the Catalan numbers ([16], AO001S8) then G is
enumerated by the Motzkin numbers ([l16]], AO01006). Therefore, irreducible permutations of S, (),
n > 1, a € {321,213, 132}, are enumerated by the Motzkin numbers (see Theorem .

3 Avoiding a pattern of length 3

In this section, we study the avoidance of one pattern of length 3 for irreducible permutations. The first
part uses arguments with generating functions while the second part presents bijective proofs for the sets
of permutations counted by Motzkin numbers. All enumerative results of this section are listed in Table[T}

3.1 Using generating functions

For a = 231, Atkinson and Stitt give a proof of Remark [T] (see [[1], Section 6.1). The bijection x : o —
(c€)", allows to conclude for aw = 312.

Remark 1 For o € {231,312}, the generating function for the sets Si'"(a), n > 0, of irreducible
permutations avoiding « is given by

2(1+2)
l+z+22+ /(1 —z+ 22)% — 822

(see [16], A078481).

Theorem 1 The generating function for the sets S (123), n > 0, of irreducible permutations of length
n avoiding the pattern 123 is given by (see [16l], A114487):

2
14222 ++/1— 4z

Proof: Let o be a permutation in S,,(123)\S7"(123). It necessarily contains a succession (k,k + 1),
1 < k < n —1; let us take the leftmost succession. Then o can be written 0 = uk(k + 1)v where
1 < k < n — 1, such that v and v are two subsequences of [n]. Since o avoids 123, the set of values in
u necessarily equals to the interval [k + 2, n]. So v belongs to S,_1(123), u avoids the pattern 123 and
does not contain any successions. Let f(z) be the generating function for the sets S (123), n > 0, the
above decomposition of o implies

c(z) = flz) = a* - f(2) - c(),

where ¢(z) = =411 w is the generating function for the sets S,,(123), i.e., the generating function for
the well-known Catalan numbers (see [[16], A00018). We deduce:

flao) = 2
1+a22-c(z) 1+4+222+1—4z
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Theorem 2 For o € {321,213, 132}, the sets S (), n > 1, are enumerated by the Motzkin numbers
(see [T6], AOO1006).

o0
Proof: For o € {321,213,132}, the set S(a) = |J Sn(c) is expanded and closed under deflation. Let
=1

g(z) be the generating function of S (); Lemm;E] of Section 2 proves that ¢(z) = g(z/(1 — x)) and
thus:

g(z) = c(z/(1+z)).
More precisely, the set S&"(a), n > 1, is enumerated by the (n — 1)-th term of the Motzkin sequence
([lL6]], A0O01006). O
In fact, Lemmal|I] yields the more general result:

Theorem 3 For o € {321,213,132}, let S(«) be the set of permutations avoiding «, and f(x,y) its
bivariate generating function, where the coefficient of x™y* is the number of permutations of length n
with k successions in S(«). Then we have

ten =< (=)

where c(x) is the generating function for the Catalan numbers.

Pattern Sequence Sloane an,n > 1

. 2(14-x)
(281), (312} [I] | ~1 b o T | AOT8AST | 1,1,3,7,10,53,153

{123} m A114487 | 1,1,3,10, 31,98, 321
{321}, {213}, {132} loz—yl-2e-3c A001006 | 1,1,2,4,9,21,51

Tab. 1: Wilf-equivalence classes for patterns of length 3 in irreducible permutations.

3.2 Bijective proofs

A Motzkin path of length n is a lattice path starting at (0, 0), ending at (n, 0), and never going below the
x-axis, consisting of up steps U = (1, 1), horizontal steps H = (1,0), and down steps D = (1,—1). A
Dyck path of length 2n is a Motzkin path of the same length that does not contain any horizontal steps.
Dyck paths of length 2n are enumerated by the well-known Catalan numbers ([16], A0O0018) and Motzkin
paths by the Motzkin numbers ([16]], A0O01006). We refer to Donaghey, Shapiro [5] and Stanley [17] for
several combinatorial classes enumerated by the Motzkin and Catalan numbers.

e Bijective proof for Si(132).

Here we construct a bijection between S:™"(132) and the set of Motzkin paths of length n — 1. We
define the map f that transforms a permutation ¢ = o102 - - - 0, € Si"(132) into the Motzkin path M of
length n — 1 obtained by the following process:

Foreachifrom1ton — 1,
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(a) if 0; < 0441, then the i-th step of M is a down step D;

(b) if 0; > 0441 and there exists j > ¢ + 1 such that o; = ¢; + 1, then the ¢-th step of M is an up step
U;

(c) otherwise, the i-th step of M is an horizontal step H.

For instance, the permutations 21, 321, 213, 4213, 3214, 3241 and 4321 are respectively transformed
by f into the Motzkin paths H, HH, UD, HUD, UHD, UDH, HHH (see Figurefor an example
with n = 14).

Let us prove that f is a one-to-one correspondence between S¥'"(132) and the set of Motzkin paths
of length (n — 1). Let o be a permutation of S&"(132). Let us take 4, 1 < i < n — 1, such that (b) is
verified. Then, there exists j > i+ 1 such that 0; = o; + 1. Since o avoids 132, 0,_; < o, and the index
j — 1 > i verifies the case (a). Conversely, if 4, 1 <1 < n — 1, satisfies (a) then 0; < ;1. Since o is
irreducible, we have 0,11 # 0; + 1. Thus, there exists j # ¢ and j # 7 + 1 such that o; = 0311 — 1. As
o avoids 132, we necessarily have j < i and j verifies (b). Hence, there is a one-to-one correspondence
between up steps and down steps such that each up step is associated with a down step on its right. This
is precisely the characterization of the Motzkin paths.

Conversely, let M be a Motzkin path of length (n — 1) and let us prove that there exists a permutation
o € 8" (132) such that f(o) = M. We proceed by induction on n in order to construct the permutation
o€ 8 (132).

We distinguish two cases: (1) M = mHm' where m and m’ are two Motzkin paths and such that m
does not contain any horizontal steps on the x-axis, and (2) M = mUm’D where m and m’ are two
Motzkin paths such that m does not belong to the case (1).

-()If M = mHm/, then we have M = f(o) where 0 = fn~ such that v (resp. red(5n)) is
recursively obtained from the Motzkin path m’ (resp. m). Notice that the position of n in o creates the
horizontal step H between m and m/’.

-(2)If M = mUm/ D, then we have M = f(o) where 0 = $(n — 1)yn such that 7 (resp. red(8(n —
1))) is recursively obtained from the Motzkin path m’ (resp. m). Since m does not belong to (1), its
associated permutation necessarily have its greatest element on the last position. We conclude with a
simple induction.

Notice that paths of type (1) are mapped to permutations whose last element is not n, and paths of type
(2) are mapped to permutations that end with n.

For example, if M = mUm’D withm = UHD and m’ = UDH (n = 9), then 38 = 7658,
red(f8) = 3214, v = 3241 and 0 = 765832419. If M = mHm’ withm = UHD and m' = UDH
(n = 8), then 88 = 7658, red(48) = 3214, v = 3241 and 0 = 76583241.

Finally, the map f is a one-to-one correspondence between S""(132) and the set of Motzkin paths of
length (n — 1). O

e Bijective proof for S (321).

Here we construct a bijection between S¥7”(321) and the set of Motzkin paths of length n — 1. Let
0 = 01090, be a permutation in S (321), and for i € [n] we denote by s; the maximum of the
set {01,049, ...,0;}. We define the map g that transforms a permutation o € S (321) into the Motzkin
path M of length n — 1 obtained by the following process:

Foreachifrom1ton — 1,
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Fig. 1: The Motzkin path UHUDDUUUDDUDD and its corresponding permutations o =
(12) (11) 9 8 (10) (13) 5324 6 1 7 (14) and o = 2416358 (10) (12) 79 (14) (11) (13) lying
respectively in Stj"(132) and Sty"(321).

(a) if s; + 1 < 0441, then the ¢-th step of M is an up step U;

(b) if there exists j < i such that 0,41 = s; + 1 and s; + 1 < 041, then the i-th step of M is a down
step D;

(c) otherwise, the i-th step of M is an horizontal step H.

For instance, the permutations 21, 132, 213, 1324, 3142, 2143 and 2413 are respectively transformed
by g into the Motzkin paths H, UD, HH,UDH, HUD, HHH,UHD (see Figurefor an example of
length 14).

Let us prove that g is a one-to-one correspondence between S (321) and the set of Motzkin paths of
length (n — 1). Let o be a permutation of S7"(321). Let us take 4, 1 < i < n — 1, such that (a) is
verified. Since s; + 1 < 0541, there exists j > ¢ + 1, such that 0; = s; + 1. A consequence is that the
index j — 1,4 < j — 1 < n, verifies (b). Conversely, let us take ¢, 1 < i < n — 1, satisfying (b). So
there is j < i such that 0,11 = s; + 1 and s; + 1 < 041 and the index j verifies (a). Thus, there is a
one-to-one correspondence between up steps and down steps such that each up step is associated with a
down step on its right. This is precisely the characterization of the Motzkin paths.

Conversely, let M be a Motzkin path of length (n — 1) and let us prove that there exists a permutation
o € 8i'm(321) such that g(o) = M. We proceed by induction on n in order to construct the permutation
o€ 8irr(321).

We distinguish four cases: (1) M = UDm; 2) M = U*H*m; 3) M = H*Um; and (4) M =
HH...H,with k > 1,/ > 0, and where m is a suffix of the Motzkin path M.

-If M = U*Dm, then we have M = g(c) where o is recursively obtained from the permutation 7
such that g(7) = U*~! Hm by adding 1 on the left of 7 and after increasing by one all values of 7. Notice
that 7 cannot begin with 1 since there would be a down step just after U*~!. Thus o does not contain any
successions and avoids 321.

-If M = U* H*m where m does not begin with H.

If ¢ = 1, then we have M = g(o) where o is recursively obtained from the permutation 7 such that
g(m) = UPm by inserting 1 between the (k + 1) and (k + 2)-th positions of 7 and after increasing by
one all values of 7 greater or equal than 1. Since g(7) = U¥m and m does not start with H, we have
Tr+2 7 1 and the previous insertion of 1 does not create any succession and any pattern 321.

If M = U*H"m where m does not begin with H and with £ # 1, then we have M = g(c) where
o is recursively obtained from the permutation 7 such that () = U* H*~'m by inserting 7401 + 1
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between the (k + ) and (k + ¢ + 1)-th positions of 7 and after increasing by one all values of 7 greater
or equal than 4,1 + 1.

Since the first step of m is not H, we necessarily have either w4 ¢11 > Sg¢ + 1 O Tpyp11 < Skte
which implies that the insertion of 7,1 + 1 does not create a succession at position (k + ¢ + 1) in
o. Also, the insertion of m;¢—1 + 1 between the (k + ¢) and (k + ¢ 4+ 1)-th positions cannot create a
succession at position (k + £). So, the permutation o does not contain any succession.

Let us assume Sy¢ = Tp4¢. Since the (k + ¢ — 1)-th step is H, there is j < k + [ — 1 such that
7j + 1 = k4. Therefore, the insertion of 74,1 + 1 between the (k + ¢) and (k + ¢ + 1)-th positions
does not create a pattern 321 (since 7 does not contain any pattern 321).

Now, let us assume that sx4¢ > miy¢ + 1. If we have w491 = sp¢ then the insertion of s; ¢ + 1
between the (k + ¢) and (k + £ 4 1)-th positions cannot create a pattern 321. If we have mj¢—1 # Sk+¢,
we necessarily have my4¢—1 < 7i4¢ and all values lying in [1, 75 4,—1] appear at positions j < k + £. So,
the insertion of si4, + 1 between the (k + ¢) and (k + ¢ + 1)-th positions cannot create a pattern 321.
Finally, the permutation o belongs to Si"(321).

-If M = H*Um, then we have M = g(c) where o = mun’ such that g(7u) = H* and g(red(un’)) =
Um.

-If M = H*, then we have M = g(o) where o is recursively obtained from the permutation 7 such
that g(m) = H*~! by inserting 7 _; + 1 in the last position and after increasing by one all values of 7
greater or equal than 7,1 + 1.

Below, we give an example for each previous case.

-If M = UFDm with k = 2, m = UHDD, then 7 = 3517246, g(t) = UHUHDD and ¢ =
14628357,

-if M = UFH*m with k = 2, ¢ = 3 and m = DD, then m = 2461735, g(7) = UUHHDD and
o = 35718246;

-if M = H*Um with k = 3, m = D, then u = 2, 7u = 3142, g(nu) = HHH, ur’ = 265,
9(132) = UD and 0 = 314265;

-if M = H* with k = 5, then ™ = 31425, g(n) = HHHH and o = 415263. O

The bijection f (resp. g) from S (132) (resp. Si"(321)) to the set of Motzkin paths of length (n — 1)
induces a new constructive bijection between Dyck paths and some restricted irreducible permutations:

Corollary 1 Let P, 11 be the set of permutations o € S§Zﬁ1(132) such that for all i, 1 <i < 2n —1,
with o; > 0,41 there exists j > 1+ 1 with 0; = 0; + 1. Then the map f induces a constructive bijection
between P»,, . and the set of Dyck Paths of length 2n.

Corollary 2 Let Pj, .| be the set of permutations o € S, ,(321) such that o1 = 1 and o;41 —
max{oy,...,0;} < 2and 0,41 — max{oy,...,0;} # 1forall1 < i < 2n — 1. The map g induces a
constructive bijection between Py, | | and the set of Dyck Paths of length 2n.

For example, we have P; = {213}, P; = {42135,32415}, P, = {6421357,5462137,6324157,
5324617,4352617}, P, = {132}, P, = {13254, 13524} and P, = {1325476, 1325746, 1352476, 1352746,
1357246}.
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4 Avoiding two patterns of length 3

In this section, we explore the avoidance of two patterns of length 3 for irreducible permutations. All
enumerative results of this section are listed in Table

Theorem 4 For o € {231,312}, the sets S (321, ), n > 1, are enumerated by the Padovan’s spiral
numbers defined by the generating function —5%— (see [16], A134816).

1—x2—23

Proof: Let 0 = [3n7y be a permutation in S (321, ) where 3 and ~y are two subsequences of [n — 1].
Since o avoids 321, v = 71792 -+, is an increasing subsequence (possibly empty) of [n — 1]. We
distinguish two cases: (1) «y is empty; and (2) ~ is not empty.

Case (1). This means that 8 € S, (321, ) and the last entry of 3 is different from n — 1. Conversely,
if we add n to the right of a permutation 7 in S, (321, ) such that 7,_1 # n — 1, we obtain a
permutation of S (321, ).

Case (2). Now 7 = 7172 - - - 7 is not empty. For a contradiction, let us assume k& > 2. Then, ¢ contains
the pattern 312. Since o is irreducible, there is an element b of 5 such that y,_; < b < v < n which
implies that o contains the pattern 231. Thus, we necessarily have k¥ = 1. In this case, o can be written
Bn(n — 1) where 8 € S, (321, ).

Let f(z) (resp. g(x)) be the generating function for permutations ¢ € S"(321,q) (resp. o €
8i'r(321, «) such that o,, # n). The previous study induces that f(z) = 1 + z - g(z) + 22 - f(x)

with g(z) = f(z) — z - g(z). We obtain g(z) = -—4— and f(z) = 25 = 1 . h(z) where
h(z) is the generating function for the Padovan numbers (see [16], AO00931). This corresponds to the
Padovan’s spiral numbers [16], A134816). O

Notice that this last proof shows that the three sets S7" (321, 231), Si" (321, 312) and S/ (321, 231, 312)
are identical, not just equinumerous. To my knowledge, there is no analogous result in the enumeration
of general (as opposed to irreducible) permutations.

Theorem 5 For o € {132,213}, the set Si™" (321, o) is empty for n > 4. The set S (321,123) is empty
forn > 5.

Proof: The result is well known for o« = 123. Now, let us take o = 213 (the case o = 132 will be
obtained with a simple Wilf equivalence). Let o be a permutation of Si""(321,213). Writing o = Bny
with 8 and v are two subsequences of [n — 1], the avoidance of 213 implies that 8 = f; - - - B, where
B1 < B2 < --- < Bg; the avoidance of 321 implies that v = 172 ... g, Where 71 < 2 < -+ < 7.
Since o is irreducible and avoids 213, v and 3 contain at most one element which implies that there does
not exist any permutations o in S¢'" (321, 213) whenever n > 4. O

Theorem 6 Forn > 1, the set Si"(213,132) is reduced to the unique permutation n(n — 1) - - - 321.

Proof: Let o be a permutation in S (213,132). We can write ¢ = 3nvy where 3 and v are two
subsequences of [n — 1]. Since o avoids 213, we have 5 = (102 - Bk, where 81 < By < -+ < fg.
Since o is irreducible, we have 8, # n — 1, and thus n — 1 lies in 7. Since y avoids 132, 3 is empty
(otherwise, B1n(n — 1) would be a pattern 132). Thus we have ¢ = n~y. A straightforward induction
provides 0 = n(n — 1) - - - 321. O
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Theorem 7 The sets Si'"(231,312), n > 0, are enumerated by the Tribonacci numbers (see [[I6]],
A000213).

Proof: Let o be a permutation in S&" (231, 312). Since o avoids 312, it can be written ¢ = 3n~y where
( and vy are two subsequences of [n — 1] such that either v = 1 - -y, with vy > 9 > -+ > 7 or v is
empty. Since 7y avoids 231, 3 does not contain any values greater than ~;. Thus we have either  is empty
ory=fBn(n—1)(n—2)--(n— k) where 3 € S"", _,(231,312).

Let f(z) (resp. g(x)) be the generating function for S'" (231, 312), n > 0, (resp. for S7"(231, 312),
n > 1, with the restriction that permutations do not end with n). Then we have f(z) =1+ z + zg(x) +

g(z). The above structure of a permutation in S&" (231, 312) ensures that g(z) = (1; -1- x) - f(z).
Thus we have f(z) = % that corresponds to the Tribonacci numbers [16], A000213. a

Theorem 8 For o € {231,312} and B € {132,213}, the sets SV («, ), n > 1, are enumerated by the
Fibonacci numbers (see [16l], AOOOO45).

Proof: Let 0 = 0103 - - 0, be a permutation in §7""(231,213). Since o avoids 231 and 213, then o;,
1 < i < m, is either the smallest or the greatest element of the set {0}, 0441, ...,0,}. We deduce that o
can be written either ¢ = 1nvy or ¢ = nvy, where y avoids 231 and 213. If a,, = card(S"(231, 213))
thena; =1, a0 =1, and a,, = a,,_1 + a,_o Which defines the Fibonacci numbers.

The classical symmetries deal with the remaining cases. a

Theorem 9 For o € {312,231}, the sets Si™ (123, ), n > 1, are enumerated by the Triangular numbers
21 (see (1G], A000217).

Proof: Let 0 = 0103 - - - 0, be a permutation in S (123, 312). Since o avoids 123 and 312, o can be
written 0 = k(k — 1)---fny where 1 < ¢ < k < n and + is a decreasing sequence of integers. For
k fixed, 1 < k < n — 2, there are k possible permutations obtained whenever ¢ describes [1, k]. For
k = n — 1, the permutation (n — 1)n(n — 2) - - - 21 is not irreducible, thus we do not consider it. In this
case, there are (n — 2) possible permutations. Finally, Si'" (123, 312) is enumerated by 1 +2+3+-- - +
m—2)+(n—-2)+1= 71(an1) which is the Sloane’s sequence A000217. A simple symmetry gives the
result for o = 231. O

Theorem 10 For o € {132,213}, the sets S (123, ), n > 1, are enumerated by the sequence [[16]],
A005251.

Proof: Let 0 = 0105 - - - 0, be a permutation in S (123, 132). Since o avoids 123 and 132, o, is either
(n — 1) or n. In the case where o1 = n, then o can be written o = n~y where v € 8", (123,132). In
the case where 01 = n — 1, 0 can be written: 0 = (n — 1)(n — 2) -+ - (n — k)ny, 2 < k <n — 1, where
7 belongs to S, (123,132). If a,, = card(S"(123,132)) then we deduce a, = an_1 + an_3 +
Qp—4q + ---+ a1 + 1 where a; = 1 and a2 = 1 which corresponds to the Sloane’s sequence A005251.
The case a = 213 is obtained by symmetry. |



Avoiding patterns in irreducible permutations 23

Pattern Sloane Sequence
{321,231}, {321,312} A134816 Padovan’s spiral
{321,132}, {321,213} 1,1,1,0,0,0,...
{321,123} 1,1,2,3,0,0,...
{213,132} 1,1,1,1,...
{231,312} A000213 Tribonacci
{231,132}, {231,213}, {312,132}, {312,213} | A000045 Fibonacci
{123,231}, {123,312} A000217 n{n-1)
{123,132}, {123,213} A005251 | 1,1,2,4,7,12,21,37,65

Tab. 2: Wilf-equivalence classes for two pattern subsets of S3 in irreducible permutations.

5 Fixed point free involutions

In this section, we study the avoidance of one pattern of length 3 for fixed point free irreducible involu-
tions, i.e., for involutions with no fixed points and no successions. All enumerative results of this section
are listed in Table Let DT (resp. DZ'"") be the set of fixed point free (resp. fixed point free irreducible)
involutions. These sets restricted to their length n elements will be respectively denoted DZ,, and DIZT.

5.1 Enumerative results

Theorem 11 The sets DI, n > 0, are enumerated by the sequence a,, defined by ag = 0, as = 1,

n

agn = (2n — 2)agn—2 + (2n — 4)agy—4 for n > 2 and agp1 = 0 forn > 0 (see [l16], A165968).

Proof: Obviously, there does not exist any fixed point free involutions of odd length; thus as,+1 = 0 for
n > 0. Now, let o be an irreducible involution of length 2n, n > 2, with no fixed points. Let k be the
index in [2n — 1] such that o3, = 2n (and also o2, = k).

Let 7 be the involution of length (2n — 2) obtained from o by deleting k and 2n, and reducing the result
to an involution of length (2n—2). Two cases occur: (a) 7 is irreducible; and (b) 7 has the two successions
(mg—1, %) and (k — 1, k). Conversely, each irreducible involution of length 2n can be obtained from an
involution 7 belonging to one of the two previous cases (a) and (b).

Thus, the generating function for the permutations o of type (a) is (2n — 2)as,—o.

Now let us consider involutions of type (b). Let As,_o be the set of involutions of length (2n — 2)
with exactly two successions and with no fixed points. An involution in A5, _o can be extended into
an irreducible involution of length 2n of type (b) in two possible ways. So, let 7w be an involution in
Asp_o such that (7, mi41) and (k,k + 1) are the two successions. From 7, we construct the pair
(k,7') € [2n — 4] x DTYT_, where 7’ is obtained from 7 by deleting the two entries 7y, ; and (k + 1),
and reducing the result to a permutation of length (2n — 4). Since we obtain the same permutation in
7' € DIYT_, by deleting 7, and k, the cardinality of Ay, 5 is half the cardinality of [2n — 4] x DI .

Therefore, the generating function for the number of involutions of type (b) is given by 2 - (2"_4)%.
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Finally, we conclude as,, = (2n — 2)ag,—2 + (2n — 4)ag,—4 forn > 2. |

More generally, the proofs of Lemmas I andllmply that there are Tl -ag, fixed point free involutions

of length 2n with exactly 2k successions, where as,, is the sequence defined in Theorem [ 1]
Theorem 12 For o € {132,213,321} and n > 0, the sets DI () of irreducible involutions of length
2n without fixed points and avoiding the pattern o, are enumerated by the Motzkin numbers (see [16],

7 ’L'2 — T x
A001006). The generating function for DI, " (&) is given by I+ (1=3a2)(1+a%)

2x2

Proof: Since the set DZ(«) is expanded and closed under deflation, we apply Lemmalof Section 2. As
the generating function for DZ,, (), n > 0, is f(z) = c(x?), where c(z) = Vgi A7 is the generating
function for the Catalan numbers, the generating function for DT («v) is

T x? 1+x —\/(1—3x2)(1+x2).

d

A simple application of Lemmayields the bivariate generating function f(z,y) = ¢ (ﬁ) of
the set DZ(«) of fixed point free involutions avoiding the pattern « for o € {321, 213,132}, where the

coefficient of zy* gives the number of elements in DZ,, () with exactly k successions.

Theorem 13 For o € {231,312} and n > 0, the sets DI5" () of irreducible involutions of length 2n
without fixed points and avoiding the pattern o, are enumerated by 2™ 1.

Proof: Let o = 231 and 0 = 0105 - - - 02, be an irreducible involution of length 2n without fixed points
and avoiding «.. Since o avoids 231, we can decomposed o = §(2n)y(2k+1) where 2k+1 < 2n—1,5 €
DIY; (o) and (2n)7(2k +1) is a decreasing sequence of consecutive numbers in the interval [Qk +1,2n].

Therefore, if as,, enumerates the set ’DI;T,LT( ), we deduce the induction as, = ag+as+as+---+as,—2
where ay = 1. We obtain as,, = 2" ! for n > 1 with ag = 1. The case @ = 312 is handled by the

symmetry o — oL (W

Theorem 14 The generating function for the sets DI (123), n > 0, of irreducible involutions of length
n without fixed points and avoiding the pattern 123 is

222 (221 — 422 — 1)
V1—422 . (14224 + /1 —422)

Proof: Let o be an involution of length 2n without fixed points containing at least one succession. We
suppose that (o, ok1) is the leftmost succession. Since o avoids 123, it is straightforward to see that
op=2n—kandopy; =2n—k+ 1.

Then o can be written: o = A(2n — k)(2n — k + 1)Bk(k + 1)y where A (resp. «) is a 123-avoiding
sequence of elements in [2n — k + 2, 2n] (resp. [1, k — 1]) without successions, such that red(\) = !
and [ is a sequence of elements in [k + 2, 2n — k — 1] where red(/3) is an involution of length 2n — 2k — 2
without fixed points. See Figure [2|for an illustration of the structure of o.
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1
L1
Let g(x) = % be the generating function for the set of involutions without fixed points and

avoiding 123 (see for instance [4]]). Let f(x) be the generating function of irreducible involutions without
fixed points and avoiding 123. We have

g(x) = f(x) = 2" - h(z?) - (g9(x) +1)

where h(x) is the generating function for irreducible permutations avoiding the pattern 123 (see Theo-
rem ). Finally, a simple calculation gives the desired results. O

Y

Fig. 2: Proof of Theorem[I4] The special structure of a fixed point free involution avoiding 123 and with at least one
succession.

Pattern Sequence Sloane aon,n > 1
{} 2n41 =0 A165968 1,2,10, 68,604
agn = (2n — 2)agp_g + (2n —4)ag, 4
{132},{213}, {321} Motzkin A001006 1,1,2,4,9,21
{231}, {312} on—t A000079 1,2,4,8,16, 32
{123} 20 (221 4o2 1) New | 1,2,8,30,109,401

V1—4z2.(1+2z4+/1-422)

Tab. 3: Fixed point free irreducible involutions avoiding at most one pattern of Ss.

5.2 Bijective proofs

Recall that a Motzkin path of length n is a lattice path starting at (0,0), ending at (n,0), and never
going below the x-axis, consisting of up steps U = (1, 1), horizontal steps H = (1,0), and down steps
D=(1,-1).

e Bijective proof for DT4" (132).
A fixed point free irreducible involution o of length 2n that avoids the pattern 132 is necessarily of the
form o = BB’ where 3’ belongs to Si"(132) and such that red(3) = '~ (all values of /3 are greater
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than those of 3’). Using the bijection f from S2"(132) to the set of Motzkin paths of length (n — 1)
(see Section 3.2), we deduce immediately a constructive bijection f between DZ5,"(132) and the set of
Motzkin paths of length (n — 1) as follows: f(c) = f(8). a

e Bijective proof for DT4" (321).

This part presents a constructive bijection between DIQ;LT(321) and the set of Motzkin paths of length
(n—1).

Let 0 = o7 --- 09, be an involution of length 2n without fixed points and that avoids 321. Then o is
the product of n transpositions (cycles of length 2): o = (¢1,71) « (2,7r2) - -+ (€, ) Where {1 < {3 <
e <,y <1 < - <rpandr; < ¢;forl < ¢ < n. Infact, the values ¢; (resp. r;) for 1 < i < n,
are the left-to-right maxima (resp. right-to-left minima) of o, i.e., ¢; (resp. r;) is greater (resp. less) than
all values on its left (resp. right) in 0.

Remark 2 It is well-known (see [4)] for instance) that involutions of length 2n without fixed points and
avoiding 321 are enumerated by the n-th Catalan number. Such an involution is associated to the Dyck
path from (0,0) to (2n,0) by the following process: reading o from left to right, we replace each left-
to-right maxima with U = (1,1) and each right-to-left minima with D = (1,—1). For example, the
involution 35172846109 = (3,1) - (5,2) - (7,4) - (8,6) - (10,9) is associated to the Dyck path
UUDUDUDDUD.

On the other hand, o can be viewed as a matching by putting 2n points labeled from 1 to 2n in this order,
and then connecting, for 1 < j < n, the numbers £; and r; by an arc (see Figurefor an illustration).

Fig. 3: The two forbidden configurations in the matching of an involution o € DZ457 (321).

Therefore, a fixed point free involution o avoids 321 means that its matching does not contain nesting
arcs, i.e. the configuration (1) in Figure [3|does not occur. Moreover, o does not contain any successions
if and only if the configuration (2) in Figure [3|does not occur, i.e., there does not exist two arcs a; and ay
such that as is obtained from a; by an horizontal translation of (1,0). These two last conditions can also
be expressed using the one-line notation of o as follows.

A fixed point free irreducible involution o avoids 321 if and only if, for 1 < ¢ < n — 1, at least one of
the two following statements is verified:

(A;) there exists a right-to-left minimum in o between the i-th and (¢ + 1)-th left-to-right maxima;

(B;) there exists a left-to-right maximum between the i-th and (i + 1)-th right-to-left minima.

Let us define the map h that transforms o € DZ47(321) into the Motzkin path M from (0,0) to
(n — 1,0) defined as follows:

Forifrom1lton —1,

(a) if B; is verified but not A;, then the i-th step of M is an up step U;
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SRR R

Fig. 4: The Motzkin path UHUUDHDHD and its corresponding involution o =
3719(11)(13)2(14)4(16)5(17)68(19)(10)(12)(20)(15)(18).

(b) if A; is verified but not B;, then the i-th step of M is a down step D;

(c) if A; and B; are verified, then the i-th step of M is an horizontal step H.

For instance, involutions 2143, 351624, 214365, 35172846, 35162487, 21573846 and 21436587 are
respectively transformed by h into H, UD, HH, UHD, UDH, HUD and HH H (see Figure 4 for an
example with 2n = 20).

Let us prove that / is a one-to-one correspondence between DZ5 " (321) and the set of Motzkin paths
of length n — 1. Let o be an involution in DZ5 7 (321). Using Remark o is associated with a Dyck
path where left-to-right maxima (resp. right-to-left minima) correspond to up steps (resp. down steps).
So, there is a one-to-one correspondence between up steps and down steps such that the image of an up
step is a down step lying on its right. This induces a one-to-one correspondence ¢ between the set of all
occurrences of UU and the set of all occurrences of DD such that the image by c of a UU-occurrence lies
on its right. This implies that there is a one-to-one correspondence ¢ between the sets Up = {i,1 < i <
n — 1, (a) is verified} and Down = {i,1 <i <n — 1, (b) is verified} such that &(¢) is greater than i (we
have ¢(7) # i since the configuration (2) of Figure [3|does not occur). As the function h associates an up
step when ¢ € Up, a down step when ¢ € Down and an horizontal step otherwise, h(o) is a Motzkin path
of length (n — 1). Moreover this construction ensures that the images by h of two different involutions
necessarily yields two different Motzkin paths.

Conversely, from any Motzkin path M of length n — 1, we construct an involution of length 2n without
fixed points and that avoids 321, by the following process. More precisely, we will construct a sequence of
red and green points where red (resp. green) points correspond to left-to-right maxima (resp. right-to-left
minima) of the involution of length 2n. This sequence will characterize the desired involution.

We start the process with a red point followed by a green point. Through the Motzkin path M from left
to right:

- if we meet an up step U, then we add one red point just after the last red point, and we add one red
and one green points (in this order) on the right;

- if we meet a down step D, then we add one green point on the right;
- if we meet horizontal step H, then we add one red and one green points (in this order) on the right.

For instance, this process applying to the Motzkin path M = U H D provides the following steps:
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Step 0: ® Stepl: e®@ o @ Step2: e@c @@ Step3: e@c@c @
Fig. 5: Construction of the involution o = 35172846 from the Motzkin path M = UH D.

At each step of this process, we add only one green point on the right. Moreover, the number of red
points is, at each step, at most the number of green points; at the end of the process, there is equality. The
configuration (2) of Figure 3| does not occur. Therefore, the obtained matching corresponds to that of a
fixed point free irreducible involution that avoids 321 and such that its image by h is exactly the Motzkin
path M. We conclude that / is a one-to-one correspondence between DZ5" (321) and the set of Motzkin
paths of length n — 1. a

Notice that the above construction appears as a generalization of the bijection of P. Manara and C.
Perelli Cippo, [9], which transforms a restricted set of Motzkin paths into the set of simple involutions
avoiding the pattern 321.

6 Pattern avoiding involutions

In this section, we present enumerative results for sets of irreducible involutions avoiding one pattern of
length three (see Table ).

Theorem 15 For a € {231,312}, the sets T (), n > 0, of irreducible involutions of length n avoiding
« are enumerated by the Tribonacci numbers (see [16], A000213).

Proof: A length n irreducible involution o avoiding 231 can be written Snyk, 1 < k < n, where
CRS I,’Z_Tl () such that the last value of 3 is different from n — 1 whenever k = n, and where nvk =
n(n—1)---(k+1)k. Let g(z) (resp. h(x)) be the generating function for the sets Z:"" (), n > 0, (resp.
for the sets of irreducible involutions of length n avoiding « such that the last value is different from n).

According to the above structure of o, it is straightforward to see that g(z) = 1 + xQ‘{(f‘Tz + zh(z)

with (1 + z)h(x) = g(z). Thus we obtain g(z) = % which is the generating function for the
Tribonacci numbers. The case o = 312 is handled by the symmetry o — o~ . O

Theorem 16 The generating function for the sets T:""(123), n > 0, of irreducible involutions of length

1—2z—2x% 4423 +/1—4z?
(1—2z)(142x*+v1—422) °

n avoiding 123 is given by

Proof: Let o be an involution of length n containing at least one succession. We suppose that (o, 0%+1)
is the leftmost succession. Since o avoids 123, it is straightforward to see that o), = n — k and o1 =
n — k + 1. We distinguish two cases: either (1) o # k or (2) o, = k.

In the first case, o can be written o = A(n—k)(n—k+1)5k(k+1)y where X (resp. ) is a 123-avoiding
sequence of elements in [n — k + 2, n] (resp. [1, k — 1]) without successions, such that red(\)= v~ ! and
B is a sequence of elements in [k + 2,n — k — 1] where red(/3) is an involution of length n — 2k — 2.

In the second case, o can be written o = Ak(k + 1)y where A (resp. ) is a 123-avoiding sequence of
elements in [k + 2, n] (resp. [1, k — 1]) without successions, such that red(\)= 1.
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2z —4x?
Let f(x) be the generating function of irreducible involutions avoiding 123. The above structure of o

implies

Let g(z) = Zit2etVI—4z® b the generating function for the set of involutions avoiding 123 (see [13])).
e

g(z) = f(z) = 2" - h(z?) - g(x) + 2 - h(z?)
where h(x) is the generating function for irreducible permutations avoiding the pattern 123 (see Theo-

rem|I). Finally, a simple calculation yields the desired results. O

Theorem 17 For € {132,213, 321}, the generating function for the sets Z:"" (c), n > 0, of irreducible
involutions of length n avoiding o is given by (see [16]], AI125189):
2(1 +z)(1 +2?%)
l—z+22 23+ (1+2)V/1 - 222 — 3%

Proof: For a = 132, 0 € Z!"" () can be written either 0 = AnSBvyk where (vk)~! = red(\n) €
S}"(132) and such that 8 € I, (132) or 0 = (n where 3 € I, («) such that its last value is
different from n — 1. If f(x) is the generating function for Z!"" (), the above structure of o implies
that f(z) = g(z?)f(z) + zg(2?) f(x) + 1 + x where g(z) is the generating function for irreducible
permutations avoiding 132 and ending with n. So, we have g(x) = xh(z) where h(z) is the generating
function for irreducible permutations avoiding 132 and not ending with n; thus g(x) = x(M (x)—g(z)+1)

where M (z) = 1=2=v1-20=327 W is the generating function for irreducible permutations avoiding 132 (see
Theorem[2). A simple calculation gives the result for o = 132.

For o = 213, the result is obtained from o = 132 with the symmetry ¢ — (¢”)¢.

For a = 321, let f(x) be the generating function for Z:"" («). Then we have f(z) = h(x) + g(x)
where h(z) (resp. g(z)) is the generating function for DZ" () (resp. for Z:"" (a)\DZ"(a)). On
the other hand, we have f(x) = fi(z) + fa(x) and g(x) = h(x)fi(x) where fi(x) (resp. fa(z)) is
the generating function for permutations in Z'"" («) with the last value equal to n (resp. different from
n). Then we have fi(z) = zf2(z), fi(z) = 5 - f(2) and g(z) = 5 - h(z) - f(x). We obtain
f(@) = h(z) + 15 - h() - f(x). Since h(x) is known using Theorem a simple calculation gives the
desired result. a

Problem: It remains to obtain the generating function for the sets If;”, n > 0, of irreducible involutions
of length n.

Pattern Sequence Sloane an,n >1
{} ? ? 1,3,5,13,37,107, 341, 1141
2(14-xz)(1+2?)
{132}, {213}, {321} U e o S P e e A125189 | 1,2,2,3,5,7,11,17,27,42
1—2z—22°+42° +/1—4a2
{123} (—22)(1 1204 1/ T—127) New 1,3,4,9,16,31,58,112
{231}, {312} Tribonacci A000213 1,1,1,3,5,9,17,31, 57

Tab. 4: Irreducible involutions avoiding at most one pattern of Ss.
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