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Statistics for 3-letter patterns with repetitions
in compositions
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A composition m = w2 - - - Ty of a positive integer n is an ordered collection of one or more positive integers
whose sum is n. The number of summands, namely m, is called the number of parts of 7. Using linear algebra, we
determine formulas for generating functions that count compositions of n with m parts, according to the number of
occurrences of the subword pattern 7, and according to the sum, over all occurrences of 7, of the first integers in their
respective occurrences, where 7 is any pattern of length three with exactly 2 distinct letters.

Keywords: Subwords, generating functions, Cramer’s method.

1 Introduction

A composition 7 = w17y - - - T, Of a positive integer n € N is an ordered collection of m positive integers
whose sum is n. The number m of summands is called the number of parts of 7 and is denoted by ord (7).
For example, the compositions of 3 are 3, 12, 21 and 111. We denote the set of compositions of n by
Cn, and the set of compositions of n with parts in [d] = {1,2,...,d} by Cp,4. Clearly, the number of
compositions of n is given by |C,,| = 2"~ (for instance, see [6])).

Let m = mymy - - - 7, be any composition of n with exactly m parts in [d] and let 0 = 0109 --- 0, be
any word of length s, where m > s. An occurrence of o in 7 is a subword m;m; 1 - - - T s—1 Which is
order isomorphic to o, i.e., m;—144 < m;—14p ifand only if o0, < oy forall 1 < a < b < s. Here, the word
o is usually called a pattern of length s (or an s-letter pattern). We denote the number of the occurrences
of o in 7 by occ, (7) and we denote the sum of the values of the first letters over all occurrences of ¢ in 7
by sfl,(m). For example, the occurrences of the pattern 121 in the composition 7 = 12122421 of 15 are
121 and 242, SO OCC121(7T) = 2 and Sﬂlgl(ﬁ) =14+2=3.

In last decade, statistics on compositions (a statistic on set A is a function A — Ny = {0,1,2,...})
has been received a lot of attention (see [[6] and references therein). For instance, Heubach and Mansour
[5] studied the generating function for the number of compositions of n with exactly m parts according to
the number of occurrences of the patterns 11, 12 and 21. Mansour and Sirhan [8] discussed the generating
function for the number of compositions of n with exactly m parts according to the number of occurrences
of several families of patterns (for other reference, see also [} 3| 4] and references therein).
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Recently, by using linear algebra, Askaly and Mansour [2]] determined formulas for generating func-
tions that count compositions of n with m parts, according to the numbers of pattern 7 of length 2, and
according to the sum, over all occurrences of 7, of the first integers in their respective occurrences.

Let F, = F.(x,y,u,v) be the generating function for the number of compositions of n with parts in
[d] according to the statistics ord, occ, and sfl,, that is

FT;d — z Z Inyord(ﬂ)USﬂT(ﬂ)UOCCT(W),

n>07ECy;q

In this paper, by using linear algebra, we extend the results of [2] to derive the generating functions for
the number of compositions, the number of parts, and the statistics occ and sfl.. This unified framework
generalizes earlier works.

The paper is organized as follows. In the next section, we obtain generating functions for the number
of compositions of n with parts in [d], according to the above mentioned statistics. Finally, in the last
section, we use our results to derive the average sum of the values of the first letters of the occurrences of
o in words of [d]™, where o € {112,121,122,211,212,221}.

In order to achieve our results, we need the following notation. We define

F(ajas---as) = Fr(x,y,u,v|aras - - - as)

to be the generating function for the number of compositions 7 = ajag - - - a;7" of n with parts in [d]
according to the statistics ord, occ, and sfl-, that is

Fr;d(a1a2 L as) — § : § : mnyord(w)usﬂT(ﬂ),Uoccf(‘n').
n>0m=aiaz--asm €Cpiq

Clearly,
d
FT;d:1+ZFT;d(j)- (1)
j=1
We will conclude the paper with a short description on future work.

2 Three letters pattern

This section is divided into several subsections, where in each subsection we study a fixed pattern from
the set {112,121, 122,211, 212,221}.

2.1 Thecaser =112

In this subsection, we find an explicit formula for the generating function Fyi9,4. Firstly, we find a
recurrence relation for the generating function F* 112;d(a). By the definitions, we have

d
Fiig4(a) = 2%+ Z Fi12.4(ab) + Fii12.4(aa)
b=1,ba
d
zy + 2%y Z Fi12,a(b) + F12;a(aa),
b=1,b#a
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which, by (I), implies

Fiig.q(a) = 2%y (Fi12;a — Fi12:a(a)) + Fii2;4(aa). )

Now, we express Fi12.4(aa) in terms of generating functions Fi12.4(j). Again, by definitions, we have

a—1
Fiiog(aa) = 2*%y* + ZF112 .a(aaj) + Fi12.4(aaa) Z Fi12,4(aayj)
J=1 j=a+1
d
= 227+ 2%y Z Fii2.a(j) + 2y Fiiza(aa) + 2*y*u’v Z Fi12.4(7),
j=a+1
which gives
x20y? d
Fiiz4(aa) = T2y 1+ ZF112 a(d) +uv Y Fiigal(h)
j=a+1
Therefore, by (T), we obtain
anyQ )
Fi12.4(aa) = T o Fi12.4 — Fi12.q4(a) + (u®v — 1) Z Fri2.a(j) | - 3)
y j=a-+1
By substituting (3) into (@), we get
anyQ
Fiig.4(a) = 2% (Fi12,a — Fii2,a(a)) + e Fi12.4 — Fi12.4(a) + (u®v — 1) Z Fii2.q4(4) |,
Y j=a+1
which is equivalent to
Frizg(a) = 2"y Fii.q — 229 ( Z Firi2,4(j 4
j=a+1
Let o = 2%%9%(1 — u®v) and B, = 2y Fi12.4. Then @) can be written as
Mi12,4%112;d = V112:d,
where v112.0 = (B1,- -+, Ba)T, 112, = (F112:a(1), - . ., F112.a(d))T, and My12.4 = (mi;)1<i,j<d With
a;, 1 <j
mij = 1, 1= j
0, i>j

We solve this system by Cramer’s method and obtain

det M) .
Fii,4(a) = Wﬁjj = det M§1)2;d7
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where M(l‘i)z 4 1s a matrix obtained from the matrix M2,4 by replacing the a-th column by the vector
v112;4- By the definitions, we have (we omit the zeros)

Bo Qg
Ba—i—l 1
F112;d(a) = det ﬂa+2
Ba
d—a .
= Z(_l)Jﬁa-&-J’det
=0

By simple induction on j > 1, one can show

Qg Qg Qg

—_

aa+1 aa+1
det 1 Qa2

Hence, we have

d—a
Fll?;d(a) = Ba + Z(_l)jﬁaJrjaa
j=1

By substituting this into (), we obtain

d d—a
F112;d=1+z @1"‘2(
a=1 j=1

On the other hand,

d d—a j—1
Z 5(1 + Z(_l) ﬂa«k]aa H(aa+z 1)
a=1 j=1 i=1

Qg Qg
Qg+1 Ma41
1 Qg2
1
Qg Qg Qg o Qg
1 Qg+1 Qg1 - Qg4
1 Qg42 0 Ag42
1 agtj-1
Qg
Qa1 j—1
Qat2 =a, H(O‘aﬂ -1)
. i=1
Qgtj—1
j—1
H(O[a+i — 1)
i=1
j—1
—1)?Batjcta H(aa+i - 1)
i=1

d k-1
Bit+ > Be|1+> (-1
k=2 j=1

j—1

Ton—j [J(an—jui = 1)

i=1

d k—1
B+ > (118 [ (i = 1)
k=2 =1

d
> (-1

k=1

k-1
"B H(ai - 1).
i=1
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Hence, by definitions of a, and (3., we have
d
Frga = 14 (=D 1ﬁkH '
k=1
1+F112;d2(_ k—1 k H 2z 2 uiv)—l)

1+F112d233 yH 2?y*(1 - u'v)),

which gives the following result.

Theorem 2.1 The generating function Fi12.4(x,y, u, v) is given by
1
d k—1 - - .
L= oy T (L= a%iy?(1— wi))

By taking d — oo in Theorem [2.1] we obtain the main result of this section.

F112;d($, Y, u, U) =

Theorem 2.2 The generating function Fy12(x,y, u,v) is given by

1
1=y ahy [0 (1 — a%y2(1 — uiv))’

Frig(z,y,u,v) =

2.2 Thecaset =122

In this subsection, we find an explicit formula for the generating function F'i29.4. By using similar argu-
ments as in the previous section, we have

Figo.4(a) = 2%y + o yZF122d Z Fia2.4(aj). &)
Jj=1 Jj=a+1

Now, we express F122.4(ak) with a < k < d in terms of generating functions Fj22.4(j). Again, we have

d
Fiog.a(ak) = a0TFy? 4 g0tk QZszd + 2"y Fyog. (k) + 2%y Z Fia2.q4(kj)
G=kt1
k
= 2% o:kerarkyZFm;d 7) + ¥y (uv — 1) Fraga(k Z Fiao.q(kj) | »
J=1 j=k+1

which, by (3, gives

F122;d(ak) =a%y(1+ mky(uav - 1))F122;d(k)~
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Therefore, by substituting this into @), we obtain

d

Fiag.a(a) = 2%y Fia.q — 2°y* (1 — u®v) Z 27 Fio9.4(3). 6)
j=a-+1

Let o, = 2247 1y2(1 — u®v) and 3, = 2%y F120.4. Then @ can be written as
Mi22,47122;d = V122:d,
where v122.0 = (1, - - -, Ba)T, T122:0 = (F122;a(1), . . ., Fi22,a(d))", and Myoo,q = (my;)1<i j<a With

Ty, i<
mi; = 1, i::j.
0, >3
We solve this system by Cramer’s method and obtain
(a)
det Ml;Q;d (a)

Fig.4(a) = Aot Ming.y = det 1954,

where Mg‘;)Q 4 1S a matrix obtained from the matrix M 22,4 by replacing the a-th column by the vector
V122;4. By the definitions, we have (we omit the zeros)

xd—a—l

Ba 0y T o
d—a—2
6a+1 1 Qg+1 T @ dgt1
d—a—3
Flog.a(a) = det Bat2 1 e Qg2
Ba 1
2 i—1
Qg TQ, TQg O o'
j—2
d—a 1 a1 zagyr 0 27T g4
= 3 (1) By det L e e a7 0ag
j=0 " . .
1 agqj1
By simple induction on j > 1, one can show
Qg TOg mzaa s a?j_loza
j—2
1 aat1 zogyr 0 @ g4 -1
L. Jj—3
det 1 Ca+2 T Tat2 | = q H(ozaH — ).

1 agtj-1
Hence, we have

j—1

d—a
Fig.q(a) = Ba + Z(*l)jﬂaﬂaa H(aa+i — ).
j=1

i=1
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By substituting this into (T)), we obtain

d d—a j—1
F122;d =1+ Z 6@ + Z(_l)jﬁaﬁ-jaa H(aa-i-i - Z‘)
a=1 j=1 i=1
Hence, by definitions of «, and (,, we have
d d j—1
Fiaog =1+ Fiao4 Z 2%y — Z ma+2jy3(1 . uav) H (1 . x2zy2(1 . ulv))
a=1 j=a+1 i=a+1

which gives the following result.

Theorem 2.3 The generating function Fiog.q4(x,y, u, v) is given by
1
d d ; j—1 ; ; )
=201 (may =D imar T Y3 (1 — uv) e (T —22y2(1 — UZ”)))

By taking d — oo in Theorem 2.1} we obtain the main result of this section.

F122;d(x7 Y, u, U) =

Theorem 2.4 The generating function Fiaa(x,y, u,v) is given by
1
. i—1 . . :
1 - ZaZl (may - Zj2a+1 xa+2]y3(1 - uav) g:aJrl(l - $21y2(1 - uzv)))

F]_22($, ya%”) =

2.3 ThecaseT =221

In this subsection, we find an explicit formula for the generating function F521.4. By using similar tech-
niques as showed in the previous subsection, we obtain

Foo1.4(a) = 2%y (Fao1,a — Faor,a(a)) + Foor.q(aa) @)
and
x2ay2 a—1 .
Fs1.4(aa) = T e Fo1.4 — Foor.q(a) + (uv — 1) ZF221;d(]) . (3
—zay =

By substituting (8] into (7)), we get

x2ay2

1 —2x%y

a—1
Faoria(a) = 2%y (Fao1,q — Fhor,a(a)) + Fao1.4 — Foor.q4(a) + (uv — 1) ZF221;d(j) ,
i=1

which is equivalent to

a—1
Foria(a) = 2%y Fagnia — °%y* (1 — u®v) Z Fao1,a(7)- ©))
j=1
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Let o, = 2%%9%(1 — u®v) and B, = 2y Fa1.4. Then @) can be written as

Ma221,4%221;d = V221:d,

where vao1.0 = (81, .-, Ba)T, T221,0 = (Fa21;a(1), - .., Fao1,a(d))”, and Mag1.q = (mij)1<i,j<d With
Qs i >.7
m;; = 1, 1= j
0, i<j

We solve this system by Cramer’s method and obtain

det MY
Foo15a(a) = dethzj = det M{3) .

where Mg;)l 4 1s a matrix obtained from the matrix Ma21,4 by replacing the a-th column by the vector
U221,4. By the definitions, we have (we omit the zeros)

1 0 0 e 0 B
(65) 1 0 - 0 ﬂg
Fggl;d(a) = det :

Qg—1 Qg—1 Qq—1 *°° 1 ﬁafl

Qg Qg Qg T Qg ﬁa
Q541 1

a 2 @2 1
= ) (-1)"7B; det
=1 Qg—1 Qq—1 Qg1 **° 1

Qg Qg Qg e Qg

By simple induction on 7 > 1, one can show (see Lemma (2.1) with x = 1)

ojr1 1
ajrz ez 1 S -1
det | : = q, H (a; — 1).
Qg1 Qg1 Qg1 -+ 1 =gt
Qg &7 Qg Tt Qg
Hence, we have
a—1 a—1
Foora(a) = B+ Y (1) Bjaq [] (ai—1).
j=1 i=j+1

By substituting this into (I)), we obtain

a—1

d a—1
Foorg=1+ Z Ba + Z(—l)a_jﬁj% H (a; — 1)
a=1 j=1

i=j+1
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On the other hand, it is not hard to see that

d a—1 a—1
Yo Bt D (1) B [] (@ Z/ak H (1— o).
a=1 j=1 i=j+1 k=1 i=k+1

Hence, by definitions of «, and (,, we have

d d
Foor.q =1+ Fooiyg Zwky H (1 — 2%%(1 — u'v))
k=1 i=k+1

which gives the following result.

Theorem 2.5 The generating function Faa1.4(x,y, u,v) is given by
1
d d : N
1=3 01 5y [Timpga (1 — 22721 — wiv))

By taking d — oo in Theorem[2.5] we obtain the main result of this section.

F221;d(x7 Yy, u, ’U) =

Theorem 2.6 The generating function Foo(x,y, u,v) is given by

1
I ZkZI zhy Hi2k+1(1 —22y2(1 — u'v))’

F221(l', Y, u, ’U) =

2.4 Thecaset =211

In this section, we find an explicit formula for the generating function F511,4. Firstly, we find a recurrence
relation for the generating function Fb11.4(a). By the definitions, we have

a—1 a—1 d
Friy;a(a) = 2 erZqud aj +ZF211d aj) =z y+ZF211d aj) +x yZFQUd J). (10)
Jj=1 Jj=a Jj=1 Jj=a

Now, we express Fh11,4(ak) with @ > k > 1 in terms of generating functions F511,4(j). Again, by
definitions, we have

k—1
Forralak) = a0hy? +ZF211 .a(akj) + Fo1,q(akk) + Z Fsi1;q(aky)
J=1 j=k+1
d k-1
= 2 14+ ) Fana(h) | + 2y u o Paa(k) + 2%y Y Forna(ky)-
J=kt1 j=1

By (10), we have that

d
> Porva(ky) = Paava(k) — 2¥y — 2%y Y~ Forva(h).
_ P
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Thus,
Forvalak) = z*yFornsa(k) + 2Ty (uv — 1) Forpa(k),

forany 1 < k < a — 1. Therefore, by substituting into (I0), we obtain

a—1 d
Fova(a) = 2y + Y (2"yFora(f) + 2y (o — 1) Fora(4)) + 2%y Y Foivalj)
Jj=1 j=a
which, by (T), implies
a—1
Fona(a) = 2y Foria + Y 2y (o — 1) Farpa(j).- (11)
j=1

In order to solve this recurrence relation, we need the following lemma.

Lemma 2.1 Forallm > 1,

(651 1
Q2 T 1 e m—1
det | : = Qm H(miai—l).

Q-1 TQm—1 T20py_1 -+ 1 =1

A, T, 2, s g™,
Proof: We denote this determinant by p,, (a1, ..., am,). By expanding the determinant according to the
rightmost column, we obtain

-1
Pm(1, . am) = 2" amPmo1(Q1, - Q1) = Pr2(Q, - 2, Q)

Thus, by induction on the size of the determinant, we obtain p,, (a1, ..., am) = HZi_ll(a:’az - 1),
as required. O

Let oy = 2T y?(1 — u) and B, = %y F511.4. Then (11)) can be written as
Ma11,4%211;d = V211:d,
where va11,a = (B1, -+, Ba) T, w211,0 = (For1:a(1), - - ., Forr,a(d))”, and Moy1,q = (m4j)1<4,j<q With
ay, i> g
mij = 1, = j
0, i<
We solve this system by Cramer’s method and obtain

det M) .
Fr1.4(a) = Wﬁid = det 1\/Ié1)1;d7
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where Mé‘i)l 4 1s a matrix obtained from the matrix M>;,4 by replacing the a-th column by the vector
v211;4- By the definitions, we have (we omit the zeros)

1 0 0 - 0 51
(65 1 0 -+ 0 ﬁg
an;d(a) = det : : .
Qa-1 TQq_1 T20q_q - 1 Ba—-1
Qg T, z2ay, 29 2a, B,
i—92
! 2aj+1 L X
a o T a1
= D> (=) det .
J=1 29 20,1 ¥ lago1 g1 - 1
I 2a, i a, e sz 20,
Thus, by Lemma [2.I] we obtain
a—j
, - —
Foir,a(a) = Ba + Z )BT T H(xi a1 —1).
i=2
By substituting this into (I), we obtain
d a—1 a—j
For1.a =1+ Z Ba + Z(—l)aﬂﬁjﬂfrlaa H($172+]04i+j—1 —-1)
a=1 j=1 i=2
Hence, by definitions of a,, and (3,, we have
d
F211;d — 1+F211;dz xay_ a+1 3 Z$2J 1 H 2z 2 uZ’U)) ’
a=1 i=j+1

which gives the following result.
Theorem 2.7 The generating function Fa11.4(x,y, u,v) is given by
1
1- 22:1 (x“y — x%t1y3(1 — uv) Z xQJ T _j+1(1 — z%y?(1 — u%}))) '

F211;d(x7yaua ’U) =

By taking d — oo in Theorem[2.7] we obtain the main result of this section.

Theorem 2.8 The generating function Fa11(x,y, u,v) is given by
1

F211(5571/»U7U): : . .
1=> 0 <;v“y —aatly3(1 —uav) 3300, a2 -1 [ J+1(1 — 22iy2(1 — uzv)))
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25 Thecaser =121

In this section, we find an explicit formula for the generating function F2;.4. Firstly, we find a recurrence
relation for the generating function Fyo1.4(a). By the definitions, we have

Fioya(a) = = y+ZF121d ab) + Z Fia13a(aj)
b=1 j=a+1
a d
= 2% +2"Y Y Fioab)+ > Fiavalaj). (12)
b=1 j=a+1

Now, we express Fi21,4(ak) with a < k < d in terms of generating functions Fi21.4(j). Again, by
definitions, we have

Fioralak) = x%Thy? 4 ZF121 .d(akj) + Fia1.q(aka) Z Fio1,4(akj) + Z Fio1.q(akj)
Jj=1 j=a+1 j=k+1

a—1

= a+ky2 1 + Z F121 d Z F121 d + a+ky2u UFlgl;d(a)
j=1 j=a-+1

d
+ 2% Y Fiova(ki)-
j=k+1

By (I2), we have that

d k
Z Fior,a(kj) = Fiana(k) — 2y — xkyz Fi21,4(4)-
Pt =1
Thus,
a—1
Fioa(ak) = x%tFy? 1+ZF121 .d(J Z Fia1,a(5) | + 2" y?uvFio1,4(a)
Jj=1 Jj=a+1
k
+ a%y <F121;d(k) —afy > F121;d(kb)> ;
b=1

which gives
Figra(ak) = 2%y Fiara(k) + 2y (uv — 1) Fiora(a),
for any a + 1 < k < d. Therefore, by substituting into (T2)), we obtain

a d
Fia1,4(a) = 2%y + ZFIQI;d(ab + Z 2y Fro1.a(§) + 2 y? (uv — 1)F121;d(a)) ;
b=1 j=a+1
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which, by (I), implies

a+1 d+1

Fio1.q4(a).

— X

Fiora(a) = 2%y Fiara + 2%y* (u®v — 1) 1—»
By solving for F21.4(a), we obtain

%y
1 —z%y2(usv — 1)

Fio1;q(a) = Tt L1214

l1—x
By substituting into (], we derive our main result.

Theorem 2.9 The generating function Fy21.4(,y, u,v) is given by

1

le;d(%%%”) = d

1=

zy
a=11_g2at1 y2(usv—1)1=

zd—a
1 x

2.6 Thecaset =212

In this section, we find an explicit formula for the generating function F5q2.4. Firstly, we find a recurrence
relation for the generating function Fb12.4(a). By the definitions, we have

a—1
Fri04(a) = = y+ZF212d (aj) +ZF212d (aj)
j=1 j=a
a—1 d
= 2+ Fosalag) + 2%y Y Fozald)- 13)

Jj=1 j=a

Now, we express Fhia.4(ak) with @ > k > 1 in terms of generating functions Fh12.4(j). Again, by
definitions, we have

k—1 a—1
Fooa(ak) = "2+ Foigal(ak) + Y Faisa(ak) + Faiza(aka) + Z Fy,a(aky)
j=1 j=k j=a+1
d
= z0thy? 1+ZF212d §) — Forz.a(a) | + 2T y2uv Fa19.4(a)
j=k
k-1
+ 2% Foinalki).
=1

By (13), we have that

Z Foi19.4(kj) = Fo1,a(k) — aky — aky Z Fo12.4(9)-
; =
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Thus,
d
Foinalak) = xThy? |1+ ZFZH;d(j) — Faraala) | + 2% Fy?u v Fy0.4(a)
=k
d
+ 2% | Faza(k) — 2y — 2y Z Foi9,a(j) |
=k

which gives
Foio.4(ak) = 2y Faa.a(k) + 2 Fy? (uv — 1) Farz.4(a),

forany 1 < k < a — 1. Therefore, by substituting into (T3], we obtain

a—1 d
Fyi0,4(a) = 2%y + Z (2" yFor2.a(k) + 2"ty (u — 1) Fri2,a(a)) + 2y Z Fr12:4(7)
k=1 j=a
which, by (I), implies
a a,2(, a r—at
Foi9,a(a) = 2%y Forg,a + 2%y~ (uv — 1) T F12.4(a).

By solving for Fy;2.4(a), we obtain
%y

Foio.9(a) = _
S R =

Fi9.4.

By substituting into (I, we derive the following result.

Theorem 2.10 The generating function Foi2.q4(x,y, u,v) is given by
1

Ty

F212;d(xay7u7v) = 1 d
- Za:l 1—w“y2(uav—1)7szza

By taking d — oo in Theorem [2.10} we obtain the main result of this section.

Theorem 2.11 The generating function Fo12(x,y, u,v) is given by
Fous(a,y,,0) -

212(%, Y, U, V) =
o 1- Zazl 1—ga

Ty
z—x@

y2(usv—1) —

Next we recover some of the results presented in [7]. Note that Theorem [2.2]for u = 1 gives
Fira(a.y,1,0) :
112, Y, L, v) = k—1 . ’
1 - Zk21 ahy [[=) (1 —22y?(1 —v))
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as given in the first part of Theorem 2.2 in [7]]. Also Theorem[2.6]for u = 1 gives

1
1- 21@1 zky HiZkJrl(l —a%y2(1 —v))’
as given in the second part of Theorem 2.2 in [[7]. Next we recover some basic results related to composi-

tions of n with k parts and compositions of n, respectively. Substituting v = 1, v = 1 in Theorem [2.2] (as
well as in all main Theorems of each section) gives

1 11—z n—1
F 1,1) = = = "yt
nz2(z,y,1,1) 1_Zkz1xky 1—z(1+y) Z <k:—1>x Y

n>1

F221(xayv 171}) =

which is the generating function for a composition of n with k parts. Moreover, setting y = 1 in the last

. . . . - 1=
equation one obtains the generating function for the number of compositions of n, that is 7

3 The mean of sfi ()

This section is divided into several subsections. In each subsection we discuss the results of the average
value of sfl, () over all compositions of n as 7 ranges over the set {112,121,122,211,212,221}. In
what follows, we define 53|n to be 1 if 3 divides n and 0 otherwise.

3.1 Thecaser =112

In this subsection, we find the average of the sum of the values of first letters of the occurrences of the
subword 112 in all compositions of n.

Corollary 3.1 The mean of sfl12, taken over all compositions of n, is given by

1 108 4(n+1) 1
_-F 17 — 1681)5. 1w + 5(4 + 211)5, (-1 — (37 — 630)6.n—2) .
9-2n—1 343 o 3057z )y + 54+ 21n)dy s — ), -2)

Proof: By differentiating the generating function Fi12(z,y, u, 1) with respect to u and evaluating it at
u = 1, we obtain

k=1 2;
L 1) o= (st S o) 41— )y
du’ 12 == (1 - ﬂ)Q T A -2l -z —ay)?
11—z
Hence,
d z4(1 —2)
~F TLu, 1) |y =
du 12(2,1,u,1) fu=1 (1 —23)2(1 — 2z)2
1 54 2 290 — 190z — 1002

T 9(1—2) 383(1—22) 29(1—20)2 T 3087(1— %)

—13 + 15z + 922 — 1123
147(1 — 23)2 ’
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which implies that the mean of sfl;15, taken over all compositions of n, is given by

1 108 4(n+1) 1
W - % + 49 + 3087 . on—1 ((17 - 168n)53|n + 5(4 + 2171)(53‘77,71 — (37 - 6371)53'71,—2) s
as claimed. O

For example, the generating function for the total values of sfl;15 taken over all compositions of n is
given by

(1 — )

.4 5 6 7 8 9 10 11 12
(1= 2%)2(1 — 22)° =2 +3x° +8x° + 222" + 54x° + 128x° + 299z 4+ 681z " + 1528z + - - -

3.2 Thecaser =122

In this subsection, we find the average of the sum of the values of first letters of the occurrences of the
subword 122 in all compositions of n.

Corollary 3.2 The mean of sfl129, taken over all compositions of n, is given by

L= ()" 380 4(nt1) , (148—1050)d,). — (630 +68)5, s + (1680 — 80)0, .-
18-27-1 3087 ' 147 3087 - 201 '

Proof: By differentiating the generating function Fiao(x,y,u, 1) with respect to u and evaluating it at
u = 1, we obtain

d y32° (1 — x)?
7F 1 u= = P Pl
du 122(2, Y5 u, 1) |u=1 (1—22)(1—23)%(1 — 2 — ay)?
Hence,
d 25(1 — 2)?
—F Lu,1) lu=1 =
du 122(2, 1w, 1) fu=1 (1—22)(1 — 23)2(1 — 2x)2
B 1 1 190 " 1 190 + 248z
© 18(1—=) 18(1+x) 3087(1—2z) 3087 a2 +ax+ 1
2 1 -2-13z

+ 147(1 — 2)2 T (22 + z +1)2

which implies that the mean of sfl; 59, taken over all compositions of n, is given by

L— ()" 380 d(n+1) , (148—105)3,)0 — (630 +68)d,ns + (163 — 803,
18-27-1 3087 147 3087 - 271 ‘
O

For example, the generating function for the total values of sfl;95 taken over all compositions of n is
given by
25(1 — 2)?
(1—22)(1 —23)2(1 — 2x)?

= 2% 4+ 225 + 627 + 162° + 382° + 90210 + 20921t + 472212 + .. ..
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3.3 The caser = 221

In this subsection, we find the average of the sum of the values of first letters of the occurrences of the
subword 221 in all compositions of n.

Corollary 3.3 The mean of sflao1, taken over all compositions of n, is given by

15+ (=1)" + 6n(—1)"*! 26n 1994
108 - 21 441 9261
(=125 — 1051)8,1n — (631 + 26)8,n—1 + (1680 + 151)8,n—2

3087 - 2n—1

Proof: By differentiating the generating function Fso1(x,y, u, 1) with respect to u and evaluating it at
u = 1, we obtain

k . 2 2
iF o) |y D k1 (I YD iske1 107y ) _ 29242z + 22)(1 — 2)3y3
d’U, 221 sy Uy u=1 (1_ - )2 (1_m3)2(1_x2)2(1_x_xy)27
11—z

Hence,

d 252422 + 22)(1 — x)3
—Foo1(z,1,u,1) |y=1 ( I )

du (1—23)2(1 — 22)2(1 — 22)2
_ 5) " 7 _ 1270 n 1 —83+ 17z B
T 36(1—2) | 103(1+ @) 9261(1 —2z) 3087 22 +a+1l

1 " 13 + L -2 —13z
18(1+x)%  441(1 —2x)2 147 (22 +x+1)2

which implies that the mean of sflyo1, taken over all compositions of n, is given by

15+ (—=1)™ + 6n(—1)"*! 26n 1994
108 - 2n—1 441 9261
(=125 — 105n)d,n — (63n 4 26)6,n—1 + (1681 + 151)4,|n—2
3087 - 2n—1 '
which completes the proof. O

For example the generating function for the total values of sflao; taken over all compositions of 7 is
given by

252+ 27+ 2%)(1 — )3
(1—2%)2(1 —22)2(1 — 22)

5 = 22° +42° + 1327 + 332° + 812° + 1912"° + 4452 4 - ...
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3.4 Thecaser =211

In this subsection, we find the average of the sum of the values of first letters of the occurrences of the
subword 211 in all compositions of n.

Corollary 3.4 The mean of sfla11, taken over all compositions of n, is given by

4 248 1ln | —8(21n+32)5,. + (1050 +62)5,.1 + (63 + 194)5, .-
9.2n—1 343 " 49 3087 - 271 '

Proof: By differentiating the generating function Fs11(x,y, u, 1) with respect to u and evaluating it at
u = 1, we obtain

st 2+ + 22 (1 —2)

(1221 -z —ay)?’

d
%Fm(ﬂf,y’u, 1) [u=1=

Hence,

2+ +2)(1 —2)

d
7F211("I:a 17u) 1) ‘u:l

du (1 —23)2(1 — 22)?
B 4 325 1 17-131z
T 9(1—a) 686(1—22) 3087 @ +z+1
11 1 —13-1lz

TR —20? T @t

which implies that the mean of sfl311, taken over all compositions of n, is given by

4 248 N 1ln N —8(21n + 32)6,» + (1051 + 62)d,n—1 + (630 + 194)0,|n—2
9.2n—1 343 49 3087 - 2n—1 '
which completes the proof. a

For example, the generating function for total values of sflo1; taken over all compositions of n is given
by

2+ +22)(1 -2)
(1 —23)2(1 — 2x)2

= 22% + 72 + 2025 + 5527 + 1382 + 3322° + 780210 + 17892 + - - ..

3.5 Thecaser =121

In this subsection, we find the average of the sum of the values of first letters of the occurrences of the
subword 121 in all compositions of n.

Corollary 3.5 The mean of sflo1, taken over all compositions of n, is given by

1 @ " 4(n + 1) 4 (17 — 16877,)53|n + 5(4 + 2171)53@71 — (37 — 63n)53|n72
9.2n—1 343 49 3087 - 2n—1 ’
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Proof: By differentiating the generating function F21.4(x,y, u, 1) with respect to « and evaluating it at
u = 1, we obtain

ZZZl ax3a+1y3(1 _ xdfa)

(-2 (15 ey

x3d(dw3—d—1)+1 4 3 wz‘i(dw2—d—1)+1 3 3
T =92 TY T Ty Y

d
%FIQI;d(ajayvua 1) |u:1

(1) (1 =y

Hence, by taking y = 1 and d — oo, we obtain

d (1 —2)
AP La1) fyer= :
g 2@ LD umi= G g =0
which, by Corollary completes the proof. O

3.6 Thecaser =212

In this subsection, we find the average of the sum of the values of first letters of the occurrences of the
subword 212 in all compositions of n.

Corollary 3.6 The mean of sflay9, taken over all compositions of n, is given by

15+ (=1)" + 6n(—1)"+1 26n 1994
108 - 2n—1 441 9261
(=125 — 105n)d,|n — (63n + 26)0,|n-1 4 (168n + 151)d,jn—2

3087 - 2n—1
Proof: By differentiating the generating function Fs19(x,y,u, 1) with respect to u and evaluating it at
u = 1, we obtain

2oy3(2+ 2z + 22)(1 — )3
1—22)2(1—23)%(1 — x — zy)?’

d
@sz(% Y, u, 1) |u:1: (

Hence, by taking y = 1, we obtain

d 252422+ 2?)(1 —2)3
%sz(% Lu,1) |u=1= (1—22)2(1 — 23)2(1 — 2z)2’

which, by Corollary completes the proof. O

Remark 3.1 Note that the total values of sfli21 (resp. sfla12) taken over all compositions of n equals the
total values of sfl112 (resp. sflosy) taken over all compositions of n. However we failed to prove these
facts directly.

We end this paper by showing the possible directions this work can be extended. In our future work will
try to cover 3-letters patterns in S3 = {123,132,213,231,312,321}. Also, we will try to obtain results
related to studied statistics for other families of compositions, such as: Carlitz compositions, Palindromic
compositions, Carlitz palindromic compositions, k-Carlitz compositions and so on.
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