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Différentes approches pour la modélisation de
l’électroporation des membranes cellulaires.

Résumé : Le but de ce rapport est de présenter les différentes approches biophysiques
et phénoménologiques développées pour décrire l’électroperméabilisation de la membrane cellu-
laire. Nous repartons des modèles simples de circuits électriques équivalents, et celui de Schwan
décrivant la membrane comme un condensateur mis en parallèle avec une résistance. Ensuite
nous présentons les principes de la théorie de l’électroporation développée dans les années 90’ à
partir des énergies libres des membranes, et qui a fait l’objet depuis de quelques modifications.
Enfin nous présentons les approches phénoménologiques récentes qui permettent de comparer les
données expérimentales et les simulations numériques. L’objectif est présenter les avantages et la
désavantages de chaque approche afin d’ouvrir de possibles directions de recherches pour obtenir
une théorie de l’électroporation plus en accord avec les observations, tout en se fondant sur une
base théorique solide

Mots-clés : Modélisation de l’électroporation cellulaire, modèles biophysiques pour la forma-
tion de pores, modèles mathématiques pour l’électroporation des membranes cellulaires
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4 Poignard, Silve, Wegner

Figure 1: Schematic process of electroporation.

1 Introduction

Eukaryotic cell is a complex biological entity, which is the main constituent of any biological
tissues: it is somehow the base unit of any living organism. These cells are generically composed
of cytoplasm, which includes nucleus, mitochondria and other organelles that are necessary for
life. This cytoplasm is protected from the extracellular stress by the plasma membrane, which
is a phospholipid bilayer. This barrier plays a double role of protecting the cell and controlling
exchanges between the cytoplasm and the extracellular medium. In the 70’s, it has been observed
that electric shock may change transiently the membrane porosity, allowing the entrance of
usually non-permeant molecules into the cytoplasm. This phenomenon, called electroporation
or electropermeabilization has then been studied for cancer treatments, by treating cells with
cytototoxic drugs – such as bleomycin or cisplatin – while exposing them to pulsed electric
fields. This treatment called electrochemotherapy is now used standardly in more than 40 Cancer
Institutes in Europe for cutaneaous tumors and several clinical studies are driven for deep located
tumors. Even though the bases of cell electroporation are well-known, several experimental
observations are still unexplained and the modeling of the phenomenon suffers from a lack of
accuracy. The aim of this chapter consists in presenting different approaches to model cell
membrane electroporation, and in discussing the pros and cons of each approach.

Generally speaking, the process of electroporation can be schematized by Figure 1: Expo-
sure to applied external electrical field leads to an increase of the transmembrane voltage Vm,
which induces an increase of membrane conductivity σm, permittivity εm and permeability pm.
Increased membrane conductivity and permittivity, in turn, affect membrane voltage til the end
of the pulse. Membrane permeability is not intrinsic: it depends on the considered molecule, and
is detected thanks to transport of molecules (PI, DNA plasmids...). The aim of the chapter is
to focus on the electrical description of the cell membrane, without accounting for the transport
process, which is still unclear. The chapter is organized into 5 sections. We first present the
linear electric model of Schwan et al. [4] in which the cell is composed of a conducting cytoplasm
surrounded by a resistive thin layer. We present the equivalent circuit model and the more
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Mathematical model for DNA transport by electroporation 5

generic model in which the thin membrane is accounted for by imposing equivalent transmission
conditions across the interface between the cytoplasm and the outer medium. We then focus on
the electroporation phenomenon. In Section 3, we describe the biophysical models for electropore
formation and we present the KN–model, which is considered as the most advanced description
of electroporation. In Section 4, we present the phenomenological approach which consists in
designing a model thanks to the experimental observations. We show how this phenomenological
model avoids the drawbacks of the other models, in particular when considering the effect of
pulse repetition. We conclude by interesting challenges in cell electroporation modeling in order
to obtain models reliable and in complete accordance with the experiments.

2 Cell electrical modeling before electroporation: the lin-
ear regime

In the Schwan model [4], the cell is composed of a homogeneous conducting cytoplasm, which
is roughly tens of micrometers in diameter, surrounded by a few nanometers thick, insulating
membrane (see Figure 2).

σc, σe ∼ 1S/m,
σm ∼ 10−5 à 10−7S/m,
εe, εc ∼ 80ε0,
εm ∼ 10ε0,
h ∼ 5nm, L ∼ 20µm

(Ohc , σc, εc)

(Oe, σe, εe)

(Ohm, σm, εm)

∂Ω

L

h

(a) Schematic cell and dielectric parameters (b) Equivalent electric cell model

Figure 2: Electrical model of biological cell by Schwan, et al. [4] and its equivalent electric circuit.
The cytoplasm Oc is protected thanks to the thin membrane Om, whose thickness h is about a few
nanometers. The cell is embedded in an extracellular medium denoted by Oe. We denote by Ω the
whole domain.

2.1 Equivalent circuit for cell: the 0D– model

The simplest way to model the cell is to derive an electric circuit model in which the cell cytoplasm
is described by a resistivity Rc, the cell membrane is identified by a capacitor whose capacitance
equals Cm and the ambient medium is described by a resistivity Re as given by Figure 2(b).
Kirchhoff ’s circuit law writes then

Vcell = Vm + RcCm
dVm

dt
.
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6 Poignard, Silve, Wegner

If a static electric field of magnitude E is applied to the cell of diameter rc we get

2rcE = Vm + RcCm
dVm

dt
,

or in terms of conductance:

2σcrcE = σcVm + Cm
dVm

dt
. (1)

Assuming that Vm is zero at the initial time and that the electric field E is constant, then Vm is
given by

Vm = 2rcE(1− e−T/τ ), with τ = Cm/σc.

Interestingly, this very simple model exhibits a linear dependency of the transmembrane voltage
on the radius. Such a linear dependency is intrinsic and it will be recovered in the 3D–model,
as explained below. However this equivalent model is too rough, and in particular it cannot
describe the influence of the cell shape or the effect of the direction of the electric field on the
membrane voltage. Therefore, it is necessary to use partial differential equations (PDE), which
describe the electric field in the whole cell.

2.2 3D Maxwell equations and their simplication to the 3D–model

Maxwell equations and the standard constitutive laws for a dielectric material with permittivity
ε and conductivity σ read

curl H = ε∂tE + σE, curl E = − curl H.

This 3D–vector system is quite complex to solve, especially for high contrast material as biological
cells. However, neglecting the time-variation of the magnetic field leads to a curl–free electric
field E, which then implies that E derives from a scalar potential E = −∇V . Then, taking
the divergence of the left equation leads to the following PDE on V called the electroquasistatic
formulation:

∇ · (ε∇∂tV ) +∇ · (σ∇V ) = 0,

to which initial and boundary conditions are imposed, for instance

V |∂Ω = g, V |t=0 = V0.

For the cell cytoplasm and the extracellular medium, the ratio ε/σ is about 10−9s (see the
parameters of Fig.2(a)), meaning that up to several mega-hertz, the displacement currents can
be neglected. However, due to the high resistivity of the membrane, these currents have to be
accounted for in the thin layer [13], hence V is the continuous solution to

∇ · (σ∇V ) = 0, in Ohc ∪ Ohm ∪ Oe,

σ∂nV |Γ+,Γ−
h

= εm∂t∂nV |Γ−,Γ+
h

+ σm∂nV |Γ−,Γ+
h
, on Γ and Γh respectively,

V |∂Ω = g, V |t=0 = V0,

Inria



Mathematical model for DNA transport by electroporation 7

where Γh and Γ are the respective outer and inner boundaries of the cell membrane, and the
normal vectors are taken from the inner to the outer part of the cell. Even though this equation is
a rough simplification of the Maxwell vector equations, ∇V describes quite precisely the electric
field at low frequency and thus it is widely used in the electrical bioengineering community.
However, due to the high resistivity and the small thickness of the membrane, it is still complex
to solve accurately the above equation on V .

To perform computations on realistic cell shapes without meshing the cell membrane, Puci-
har et al. [16] propose to replace the membrane by an equivalent condition on the boundary of
the cytoplasm, see Figure 3. Denoting by S0 the surface conductivity and by Cm the capacitance

∂Ω

Oc
t

Oe
t

Γt

n(t)

Figure 3: Cell model with a zero-thickness membrane. The influence of the membrane is described
through its capacitance Cm and its surface conductance S0.

of the membrane defined as
Cm = εm/h, S0 = σm/h,

and denoting by Oc the whole cell
Oc = Ohc ∪ Om,

the electric potential V is approached by U , the solution to

∆U = 0, in Oc ∪ Oe, (2a)
σe∂nU |Γ+ = σc∂nU |Γ− , (2b)
Cm∂tVm + S0Vm = σc∂nU |Γ− , where Vm = U |Γ+ − U |Γ− , (2c)
U |∂Ω = g, U |t=0 = V0. (2d)

It is worth noting that unlike V , the approximate potential U is discontinuous across the interface:
this is the effect of the high resistivity and the small thickness of the membrane. Equation (2c)
corresponds to a contact resistance model. It is a generalization of (1), accounting the cell
geometry and the electric field orientation thanks to the Neumann derivative. The mathematica
proof of this approximation has been presented in [12].

2.3 Spherical cell in a unidirectional constant field

For simple shapes and simple electric field, it is possible to compute analytically the transmem-
brane voltage. For instance, let assume that the cell is a sphere of radius rc embedded in the
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8 Poignard, Silve, Wegner

whole space R3 and submitted to the homogeneous unidirectional electric field E = E ez. Using
polar coordinates, defined as

x = r cos θ sinϕ, y = r sin θ sinϕ, z = r cosϕ,

one obtains the following explicit expression of Vm:

Vm(t, ϕ) = 3
2rcE

1

1 + σc + 2σe

2σcσe
rcS0

(1− e−t/τm) cosϕ, with τm = rcCm
2σcσe

σc + 2σe
+ rcS0

. (3)

In the linear regime, the membrane conductance is of order 1, and since the cell radius is of the
order tens of microns, one has:

1

1 + σc + 2σe

2σcσe
rcS0

∼ 1, and τm ∼
rcCm(σc + 2σe)

2σcσe
.

Thus we recover the linear dependency of the membrane voltage with respect to the cell radius,
but with a different constant compared with the equivalent circuit model.

One interesting feature of formula (3) lies in the fact that the membrane conductance has to
increase dramatically to impact the membrane voltage. Roughly, for values of S0 increasing from
1 to 104 S/m2, the changes on the potential is only about 10%. Therefore direct measurements of
the membrane potential cannot detect any increase of membrane conductance below 1000 S/m.
Another interesting feature is that the constant time τm is bounded by below by rcCm(σc +
2σe)/(2σcσe), which is about several microseconds for cells, and thus the membrane voltage
stabilizes within a few microseconds.

Formula (3) predicts the following behavior of the transmembrane voltage in the linear regime:

 
Figure 8 : Profil de la différence de potentiel 
transmembranaire totale ��  sur une cellule sphérique 
soumise à un champ extérieur homogène, unidirectionnel, et 
constant. On se positionne à � = �⁄  et on regarde 
l’évolution de ��  en fonction de l’angle φ. La différence 
de potentiel de repos ��  s’ajoute à la tension induite ��   
pour donner la tension totale. 

 
Il  est  possible  expérimentalement  d’étudier  la tension 
transmembranaire induite par un champ électrique 
extérieur. La méthode expérimentale la plus courante 
consiste à utiliser des molécules fluorescentes sensibles 
au champ électrique. Ces molécules  s’insèrent dans  la 
membrane des cellules. Lorsqu’elles sont excitées à  la 
longueur d’onde appropriée, elles produisent un signal 
de fluorescence qui est une image du champ électrique 
local  qui  les  entoure.  Lorsqu’une tension 
transmembranaire est induite sur la membrane, le 
champ électrique local autour des molécules 
fluorescentes est modifié. Ceci se traduit 
expérimentalement par une modification (atténuation 
ou amplification) du signal de fluorescence. La 
Figure 9 illustre cette technique expérimentale. La 
photographie de gauche est une image de fluorescence 
d’une cellule dont la membrane contient des molécules 
électrosensibles  (dans  ce  cas,  l’ANNINE-6). Cette 
image indique le niveau de fluorescence de base F0 en 
l’absence  de  champ  électrique  extérieur.  Sur  la 
photographie de droite, on observe la même cellule, 
1 µs après le début d’une  impulsion  électrique  de 
100 kV/m. La direction du champ est indiquée par la 
flèche. On observe du côté de la cathode (pole -) une 
atténuation de la fluorescence et inversement, du côté 
de  l’anode  (pole +), une intensification de la 
fluorescence. Les variations d’intensité de fluorescence 
F/F0 peuvent être quantifiées en chaque point de la 
membrane. Le graphique de la Figure 9 représente le 
ratio F/F0 en fonction de l’angle θ. Ceci est un résultat 
moyen obtenu sur une dizaine de cellules. Le graphique 
fait apparaitre de façon évidente le comportement de 
type cosinus que nous avons détaillé plus haut. La 
mesure absolue de la valeur de la tension 
transmembranaire induite nécessite de pouvoir calibrer 
la réponse de fluorescence. Bien que cette calibration 
ait été faite dans certains cas particuliers, ceci demeure 
un sujet de recherche actuel. 
 

 
Figure 9 : Images  de  fluorescence  d’une  cellule  dont  la 
membrane contient une molécule sensible au champ 
électrique. Les images de gauche, respectivement droite, 
donnent les niveaux de fluorescence F0, respectivement F,  en 
l’absence  de  champ  extérieur  et  1µs  après l’établissement 
d’un  champ électrique de 100 kV/m. Le graphique donne le 
ratio de fluorescence F/F0 sur la membrane, en fonction de 
l’angle  φ (moyenne de 10 cellules). La courbe grise est un 
ajustement des données expérimentales par une fonction 
sinusoïdale. 

 

5.3. Remarque  sur  le  champ à  l’intérieur de  la 
cellule. 

Nous avons montré dans la section 5.1 que le potentiel 
� dans la cellule s’écrit : 

� �, �, φ = � � − � � �����  
En utilisant la relation (5.2), on obtient donc pour le 
potentiel dans la cellule : 

� �, �, φ = − �
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 Si on considère un champ � indépendant du temps et 
en remplaçant δ t, φ  par son expression explicite 
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En négligeant encore ��� devant  � � � + �⁄ , 
on obtient : 

� �, �, φ = − �
� + �  � ⁄  ������ 
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Figure 4: Left: Schematic angular variation of the transmembrane voltage according formula (3).
Right: Fluorescent measurements, and relative fluorescent with respect to the angle. From [14].
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3 Basic concepts in biophysics for pore formation in lipo-
somes

The creation and growth of single pores in vesicles have been studied for many years [27, 19, 7, 18].
At the end of the 90’s, Sandre et al. [19] have studied the pore creation in vesicles embedded
in a highly viscous fluid. The high viscosity of the ambient medium made possible to visualize
pore formation in stretched vesicles in real time, and thus the comparison of the theory with
the experiments. Unfortunately, such experiments have not been performed in electroporation
research. Note that changes in the medium viscosity would imply dramatic changes in the
medium conductivity and in the lipid properties, which thus would complexify the modeling.
However since the end of the 90’s, biophysicists proposed different model for pore formation in
membranes subjected to high transmembrane voltage.

3.1 Single pore models

Pore radius models are based on the description of the free–energy of membranes, thanks to
which Langevin–type equation provides the pore radius evolution. More precisely, given the
membrane energy Em as a function of the pore radius r, the time–evolution of the single pore
radius r behaves as follows accordingly Weaver and Chizmadzhev [27]:

dr

dt
= − D

kBT
∂rEm, (4)

where D, kB and T hold respectively for the diffusion coefficient, the Boltzmann constant and
the temperature. We present in the two next subsections the two main models that describe the
single pore radius, that we call respectively BGS–CW model and DAV–model.

3.1.a The classical BGS–CW model

Brochart–Wyart, de Gennes and Sandre [19] on one side and Chizmadzhev and Weaver [27] on
the other side proposed a quite similar membrane free–energy Ef given by:

Ef (r) = 2πγr − πr2σ0 + Cs
r4 ,

where γ is the line tension, which tends to shrink the pore, while σ0 is the surface tension of the
stretched vesicles. The term Cs/r

4 holds for the steric repulsion of the lipids. It ensures that a
small space r0 between the phospholipids remains at rest, and has a very low influence for pore
radii above r0.

In order to model the electroporation phenomenon, Chizmadzhev and Weaver added the
electrostatic energy Ep, which describes the fact that the membrane behaves as a capacitor:

Ep(r) = apπr
2V 2

m,
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10 Poignard, Silve, Wegner

where ap is the membrane capacitance and Vm is the transmembrane voltage. The total mem-
brane energy reads then

Em(r) = Ef (r) + Ep(r) = 2πγr − πr2 (σ0 + apV
2
m
)

+ Cs
r4 . (5)

The pore radius evolution, which is called here BGS–CW model, is then derived thanks to (4)
into

dr

dt
= − D

kBT

(
2πγ − 2πr

(
σ0 + apV

2
m
)
− 4Cs

r5

)
.

Stokes–Einstein relation links the diffusion coefficient to the membrane viscosity ηm as
D

kBT
= 1

2πηmδ
,

where δ is the membrane thickness, such that
dr

dt
= − 1

ηmδ

(
γ − r

(
σ0 + apV

2
m
)
− Cs
r5

)
, (6)

where Cs has been adequately modified.
One can point out a few drawbacks of the model. The first one lies in the fact that pores are

assumed cylindrical all along their lives. Such assumption seems justified during the formation,
according to the very recent study of Sengel and Wallace [21]. However there is no physical jus-
tification of circular shrinkage, in particular the lateral diffusion of membrane lipids is important
(a few nm2 per ns) and should change the shape of the defects. In addition pore expansion is
exponentially fast above the critical radius rc given by

rc ∼
γ

σ0 + apV 2
m
,

which is hardly defensible since the pore radius should be bounded at least by half of the mem-
brane circumference. On the other hand, if the membrane voltage is stoppped, the pore shrinks,
but the shrinkage is linear as soon as the radius is smaller than γ/σ0, whereas Sandre et al. have
reported an acceleration of the shrinkage for small radii[19]. More recently, Kroeger, Ryham,
et al. [7, 18] have pointed out that experiments are at odds with the linear closure, and they
derived in two different ways a curvature–driven pore model.

3.1.b Curvature–driven pore closure: the role of aequous viscosity

In [18], Ryham et al. suggested that the aequous viscosity of the ambient medium impacts the
pore dynamics. They derived the Dominant Aequous Viscosity (DAV) model by adding a force
Fs, which accounts for the lateral stresses generated on the bilayer:

Fs = Cηsr
dr

dr
,

where C is a non–dimension constant, whose value is around C ∼ 8 according to [18], and ηs is
the viscoity of the solution. Summing up all the forces, the following equation on the pore radius
evolution in membrane submitted to a transmembrane voltage holds:

Cηsr
dr

dt
+ ηmδ

dr

dt
= −γ + r

(
σ0 + apV

2
m
)

+ Cs
r5 .
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Note that the steric repulsion Cs/r
5 is not given in the DAV model as written in [18], however

it is necessary to prevent negative radii. The main insight of this model, which fits very well
the experiments of Portet and Dimova [15], as shown by Figure 5 of [18], is the predominance
of the aequous viscosity. Actually even if ηs is much smaller than the lipid viscosity, for pore
radii bigger than 1µm, the term Cηsr plays a crucial role in the pore closure since the membrane
thickness h is very small of order 10nm. The term

ηeff(r) = ηmh+ Crηs,

can be seen as the effective membrane viscosity, which increases linearly with respect to the pore
radius. Ryham et al. pointed out that due to the membrane thinness, the aequous viscosity
cannot be neglected, explaining the curvature–driven pore closure. Kroeger et al. used another
reasoning based on the electrochemical potential to obtain a similar equation accounting for
membrane viscosity (see equation (7) of [7]), keeping the hypothesis of cylindrical pores.

3.2 From one pore to the total pore density

From these models, Smoluchowski equation, which is a drift–diffusion equation on the distribu-
tion function of pores of radius r, gives the pore distribution in the space of radii. The number
of pores of radius r at time t is described by the function n satisfying:

∂tn = D
∂

∂r

(
1

kBT
n∂rEm + ∂rn

)
+ S(t, r). (7)

The coefficient D is a diffusion coefficient of the pore distribution, and the source term S describes
the fluctuation in the number of pores due to pore creation and pore destruction [7]. The choice
of the source term, which is crucial in the asymptotic analysis of Neu and Krassowska [10] is
given by

S(r, t) = νcδ

kBT
∂rUe

−U/(kBT ) − νdnH(r − r?),

where r? is the “critical radius” of the pore1, νc and νd denote the fluctuation rates per unit
volume and molecule respectively, U is the energy function of non–conducting pores:

U(r) = r2

r2
?

F? − πr2apV
2
m,

where F? is the energy associated to the critical radius r?. The boundary conditions n(t, r)→ 0
for r → +∞ and r = 0 are imposed.

The very important insight of Krassowska and Neu in the late 90’s was to approach Smolu-
chowski equation by an ordinary differential equation on the total pore density Nep, thanks to a
subtle asymptotic analysis [10]. Interestingly Kroeger et al. [7] pointed out that both BGS–CW
model and DAV–model of pore radius lead to the same ordinary differential equation for the
pore density Nep, which satisfies (see [10, 7])

dNep

dt
= αeV

2
m/V

2
ep

(
1− Nep

No
e−qV

2
m/V

2
ep

)
, (8)

1r? denotes the mean distance between two phospholipids when the membrane is at rest.
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12 Poignard, Silve, Wegner

where Vep is the threshold membrane voltage above which electroporation occurs, No is the pore
density at rest, when Vm equals 0, and α and q > 1 are ad hoc parameters.

3.3 Pore radii evolution

In the pore density model, all the pores are created with the same radius, rm. This is due to the
averaging and the asymptotic analysis performed to pass from the Smoluchowski equation to the
simple differential equation on Nep. In [23, 6], Krassowska et al. add another equation for the
pore radius evolution rj , for j = 1, . . . ,K, which has the same basis of equation (6):

drj
dt

= D

kBT

(
ap(rj)V 2

m − 2πγ + πrjσeff(rj) + Cs
r5
j

)
, (9)

where ap and σeff are defined as

ap(rj) = Fmax
1 + rh/(rj + rT ) , σeff(rj) = 2σ′ − 2σ′ − σ0

(1− 1
4
∑K
j=1

r2
j

R2
cell

)2
.

In [6], the link between K and Nep is not precisely stated, but it seems that the following equality
holds:

K(t) = 4πR2
cellNep(t).

3.4 The KN–model for electroporation current

From the total pore density Nep and from the description of the pore radii evolution, Krassowska,
Neu et al. [10, 23, 6] propose the following nonlinear electroporation current Iep:

Iep(t, Vm) =
K(t)∑
j=1

iep(rj , Vm), (10)

where iep(rj , Vm) is the current through a single pore of size rj . Debruin and Krassoswka
proposed first the following formula

iep(rj , Vm) =
σπr2

j

δ

Vm (eνm − 1)

eνm
woe

w0−nνm − nνm

wo − nνm
− woe

w0+nνm + nνm

wo + nνm

, with νm = VmRT/F , (11)

where the parameters are referred to as the mean pore radius rm, the pore conductivity σ, the
membrane barrier energy “inside a pore” wo and the “relative entrance length of the pore” n.
This formula has bee replaced in Krassowska and Filev’s paper [6] by

iep(rj , Vm) = 2σrj
1 + δ/(2πrj)

Vm (12)

Linearizing the electroporation current of (11) implies

iep(rj , Vm) = kepπr
2
jVm, (13)
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Mathematical model for DNA transport by electroporation 13

where kep is the linearization constant of iep, given in terms of σ, wo and δ, therefore the
two models have different behavior in terms of rj , however equation (12) seems more studied
nowadays, in particular in recent works by Weaver et al. [25] and Li and Lin [9].

Note that the way K is computed is still unclear. For numerical purpose, Filev and Kras-
sowska proposed to consider only two kinds of pores: Ksmall for small pores and Klarge large
pores. At the begining all the pores are created at the same radius, with a density Nep. Since
each node is associated to a surface area δA, the number of small pores Ksmall is given by
Ksmall = δANep on the nodes of the mesh. Then at any point of the mesh on the membrane,
the pore radii evolves, and if the radius increases locally, then the Ksmall is decreased and Klarge

increases. One of the drawbacks lies in the fact that the number of pores depend on the mesh,
which means that the numerical method is not mathematically consistant: changing the mesh
changes the number of pores passing from Ksmall to Klarge. However since the transmembrane
voltage value is quite robust with respect to the membrane conductance, as shown in subsec-
tion 2.3 of section 2, such a variability should not be troublesome, even though it raises modeling
issues.

3.5 Back to the electric equation and drawbacks of the KN–model

In order to link the biophysical model of electroporation to the electric cell model, the Kirchhoff
equation (2c) is changed into

Cm∂tVm + S0Vm + Iep(t, Vm) = σc∂nU |Γ− . (14)

KN–model provides a biophysical explanation of pore formation. The grounds of the model
consist of cylindrical pore formed by transmembrane voltage. Such hypothesis has been recently
confirmed, at least during the formation process, by optical signal-channel recording in Sengel and
Wallace’s paper [21], even though more complex phenomena are pointed out such as electropore
diffusion, and the resealing has not been addressed in this study. Interestingly, KN–model
provides a link between pores of the membrane and global electric potential in the whole cell.
From the numerical point of view, the model is not easy to solve because it is non linear and stiff
(the dynamic of pore creation is very rapid), therefore accurate numerical methods combined
with very fine mesh is needed. The computational cost is quite high, especially for Finite Element
Methods, therefore most of the numerical studies focus on bidimensional simulations.

The typical behavior of transmembrane voltage Vm is illustrated by Figure 5, which comes
from Smith et al. [24]. During the first microsecond, the membrane is being charged as a
capacitor, but once the transmembrane voltage reaches a threshold value, pores are created,
leading to a decrease and then a stabilisation of the transmembrane voltage within 2µs. At
the equator, the electric field is tangent to the membrane and thus the transmembrane voltage
does not increase: no electroporation occurs. At the pole, the electric field is normal and the
transmembrane voltage is the highest before electroporation, therefore this is the privileged
location for pore formation, as shown in Figure C. 5. Such privileged locations near the poles
facing the electrodes have been corroborated qualitatively by the experiments in many studies,
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14 Poignard, Silve, Wegner

accepted view that EP is not driven by heating, and can therefore be
regarded as a non-thermal effect.

3. Results and discussion

3.1. General aspects of dynamic pore populations

The focus of this paper is on dynamic pore population behavior,
which, for some conditions, leads to a gradual but pronounced emer-
gence of a subpopulation of large pores. As already noted, there are no
known experimental methods for determining pore populations (pore
size distributions) during a pulse, which are expected to vary temporal-
ly and spatially over a cell membrane. Although Um(t) measurements at
different membrane sites by voltage-sensitive dyes is very important,
Um itself does not allow calculation of the underlying pore population.
Because expanding and contracting pores can vary continuously in
their size, different pore size distributions may generate the same
total pore conductance. However, different pore populations generally
have different molecular transport properties.

3.2. Life cycle of a pore population

Historically, the notion and terminology of pore birth and death
were developed in the sixth [43] of seven well-known back-to-back
EP papers published in this journal in 1979. Similarly, a recent MD
study provides a detailed narrative of one pore's life and death on a

timescale of order 100 ns following pore birth by an electric field of sev-
eral hundred megavolt per meter [44]. Here we emphasize the birth,
evolution and slow stochastic death for 12,000 pores created by a single
1 kV/cm, 100 μs pulse (Figs. 3–5). Pore births are distributed in time
and across the membrane in response to non-uniformly rising local
Um during an applied pulse. The pore birth period concludes once pore
creation generates enough membrane conductance to shunt Um to
~0.5 V, after which pore creation ceases but pores continue to evolve
through expansion or contraction.We observe the emergence of a tran-
sient subpopulation of large pores during the pulse. After the pulse, the
bimodal distribution of pore radii collapses into a narrow but thermally

Fig. 1.Multi-scale cell systemmodel. (A) 10 μm radius plasma membrane (PM), located between extra- and intracellular aqueous regions (light and dark blue, respectively). Red ‘+’ and
black ‘−’ indicate the anode and cathode facing sides of the cell model. (B) Meshed transport network near the PM. (C) Meshed transport network for the complete system model on
100 μm scale, with idealized planar electrodes at upper and lower boundaries.

Fig. 2. Pore energy landscape, W(rp,Um), as a function of pore radius, rp, and transmem-
brane voltage, Um, at 0.25 V intervals. Dashed line curves for rp b 0.65 nm show an illus-
trative quadratic expression for the energy of hydrophobic pores, which is not
considered in thepresentmodel. Creation and destruction of hydrophilic pores are defined
to occur at rp∗ = 0.65 nm, and may expand up to a maximum of rp,max = 60 nm (only
shown to 4 nm here).

Fig. 3. Electrical and poration response to a 1 kV/cm, 100 μs trapezoidal pulse with 1 μs
rise and fall times. (A)Um tð Þ, spatially averaged over the polar quadrants, during the initial
5.5 μs, and at the end of the pulse from 97 to 103 μs. Red ‘+’ indicates the hyperpolarizing
anodic side and black ‘−’ indicates the depolarizing cathodic side. (B) Angular profile of
transmembrane voltage, Um(θ), at 99 μs. Background shaded regions indicate the angular
extent of EP around the anodic and cathodic sides of the membrane. Red and black dots
mark the location of the anodic and cathodic poles on the membrane, respectively.
(C) Equipotentials (black) and pore density, n(θ) (white), at 99 μs.

5K.C. Smith et al. / Bioelectrochemistry 100 (2014) 3–10

Figure 5: Numerical simulations of KN–model from Figure 3 of [24]. ”Electrical and poration response
to a 1 kV/cm, 100 µs trapezoidal pulse with 1 µs rise and fall times. (A) Transmembrane voltage spatially
averaged over the polar quadrants, during the initial 5.5 µs, and at the end of the pulse from 97 to 103
µs. Red ’+’ indicates the hyperpolarizing anodic side and black ’–’ indicates the depolarizing cathodic
side. (B) Angular profile of transmembrane voltage at 99 µs. Background shaded regions indicate the
angular extent of EP around the anodic and cathodic sides of the membrane. Red and black dots mark
the location of the anodic and cathodic poles on the membrane, respectively. (C) Equipotentials (black)
and pore density, n(θ) (white), at 99 µs.”

in particular from Teissié and Rols’ group (see for instance [17, 2] and reference therein) and also
Vernier’s team [26].

3.5.a KN–model v.s experiments

One of the main drawbacks of the KN–model lies in the fact that it barely corroborate quanti-
tatively the experiments. We point out here a few experimental observations non accounted for
by the KN–model.

• According to [25], the maximum electroporation should be achieved after the first pulse.
Patch-clamp experiments on chinese hamster ovary DC3F performed by Wegner et al.
exhibits a cumulative effect of the pulses [28] leading to a persistent permeabilization, in
addition to the transient permeabilization accounted for by the models. As mentioned by
Wegner et al., such a persistent effect could result from a change in lipid property (such
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as oxidation), which is not accounted for in the KN–model. Interestingly, patch-clamp
measurements of membrane intensity do no exhibit systematically a stabilisation during
the pulse unlike KN–model. According to [28], for some patch-clamped cells, the current
response does not stabilize during the pulse, and moreover the membrane conductance
increases with the number of pulses.

• Such cumulative effect is also reported in experiments performed by Pakhomova et al. [11].
Whether the pulse repetition rate induces a sensitization or a desensitization is still con-
troversial. Recently Silve et al. reported that high repetition rate of similar pulses is less
efficient than the same pulses repeated at a lower rate [22]. These two studies have differ-
ent explanations of the same phenomenon: the pulse repetition rate has an impact on the
electroporation.

• From the modeling point of view, since membrane is a dynamic soft matter (lipid are
constantly in motion) it is hard to imagine that no diffusion or motion of pores is involved
in the description of pore density. Another important drawback is that saturation of the
membrane conductance and pore formation is not accounted for as described e.g. in [28].

The KN–model has been extensively studied in silico during the past decade, providing interesting
explanations of electroporation. However the modeling has several drawbacks making the model
hardly predictive. The main drawbacks of such modeling lie in the number of non-measurable
parameters, and the sensitivity of the results to the parameters which makes the model calibration
hardly obtainable. Even though biophysics gives a range for their values, the model is too
sensitive to slight modification of many parameters, making hard the parameter calibration with
biological data.

4 Phenomenological models for membrane conductivity

In order to compare theoretical models and experimental measurements, an alternative to bio-
physical models is to develop phenomenological models with the fewest parameters to describe
the main features of the experiments. The fact that a few parameters are involved facilitate
the parameter identification to obtain results that are quantitatively in accordance with the
experiments, the drawbacks being the physical justification of the modeling.

4.1 Biological evidences of electroporation

The phenomenological model of membrane permeabilization proposed by Leguèbe et al. in [8] is
based on the following assumptions, which come from experimental observations:

• Permeabilization results from a long-term effect of defects in the membrane related to
an alteration of phospholipids in the membrane. Such alterations may be due to the
combination of high electric field and water molecules inside the membrane. Actually
it has been reported by [5] that electric field changes the phospholipid composition, by
altering the lipid property.
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were S-shaped directly after the strong pulse, and the curve
flattened out with time after the pulse (Fig. 9 B). The
conductance around 0 mV was more or less stable or
decreased slightly (Fig. 9 C). In only a few cases did

conductance increase strongly with time, as shown in
Fig. 9 D; this example is likely to represent a case of irre-
versible electroporation leading to cell death (treated in
more detail in the Discussion).
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FIGURE 7 Two examples of the current response to repetitive application of a double-pulse protocol, consisting of a depolarization to 320 mV command
voltage for 10 ms and successive clamp at 80 mV for 25 or 100 ms (A and B, upper; note that part of the trace is omitted in B). Subsequently, the membrane
was stepped back to 0 mV for 5 s before the next pulse of the same type was applied. Individual repetitions are superimposed as indicated by numbers. The
membrane conductance at the physiological voltage range was calculated from the difference in steady-state current level induced by a voltage step from 80
to 0 mV (redrawn at an enlarged scale in (A) and (B), as indicated by the arrows). Bar graphs (A and B, lower) show the conductance levels for the applied
sequence of pulses. The conductance increased stepwise (dotted lines), either in several steps (A, pulses 3, 4, and 10) or in one step (B, pulse 15). These two
examples were selected to reflect the variability among individual cells. (C) Summary of data for eight experiments carried out in the same way. Cells 1 and 3
correspond to the experiments shown in (A) and (B), respectively; in the other experiments, the same protocol was employed as in (B). Apparently, the dis-
tribution of conductances normalized to cell capacitance was non-Gaussian but reflected preferred conductance states of the membrane (dotted lines). b.c.,
background conductance.

Biophysical Journal 108(7) 1660–1671

1666 Wegner et al.

Figure 6: Experimental patch-clamp measurements on DC3F, from Figure 7 of [28]. ”Two examples of
the current response to repetitive application of double-pulse protocol, consisting of a depolarization to
320 mV command voltage for 10 ms and successive clamp at 80 mV for 25 or 100 ms (A and B, upper;
note that part of the trace is omitted in B). Subsequently, the membrane was stepped back to 0 mV
for 5 s before the next pulse of the same type was applied. Individual repetitions are superimposed as
indicated by numbers. The membrane conductance at the physiological voltage range was calculated
from the difference in steady-state current level induced by a voltage step from 80 to 0 mV (redrawn
at an enlarged scale in (A) and (B), as indicated by the arrows). Bar graphs (A and B, lower) show
the conductance levels for the applied sequence of pulses. The conductance increased stepwise (dotted
lines), either in several steps (A, pulses 3, 4, and 10) or in one step (B, pulse 15). These two examples
were selected to reflect the variability among individual cells.”
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• The dynamics of alteration and reconstruction of the membrane are much longer as observed
by the experiments [17]. The alteration of the lipids is a physical phenomenon, which occurs
as long as pores are present on the membrane and which is persistent after the end of the
field pulse. On the contrary, the membrane recovery is a biological phenomenon, which
takes time: it happens for minutes after the electric shock.

• Lipids diffuse along the membrane at a speed dL around 1 µm2/s [3], which is non negligible
compared to the lapse of time between two pulses (usually of the order of 1 second), and
therefore this surface diffusion has to be accounted for.

4.2 The two–step process of membrane electroporation

Leguèbe et al. proposed in [8] a two–step model for membrane electroporation, describing the
membrane surface conductance Sm as

Sm(t, ·) = S0 + S1X1(t, ·) + S2X2(t, ·),

where S0 is the membrane conductance at rest, S1 is the surface conductance of the fully porated
membrane, S2 is membrane conductance due to the long term effect of electroporation. The non–
dimension variables X1 and X2 refer to as the degree of poration during the pulse, and the degree
of long term changes in the membrane respectively, and they satisfy the follwing equations:

∂X1

∂t
= β(Vm(t, ·))−X1(t, Vm(t, ·))

τ1
, t > 0, (15a)

∂X2

∂t
− dΓ∆ΓX2 = [(X1 −X2)/τ2]+ , t > 0, (15b)

X1|t=0 = X0
1 , X2|t=0 = X0

2 . (15c)

where [·]+ denotes the positive part, while τ1 and τ2 are the characteristic times of “pore” creation
and changes in the membrane. The function β is a sigmoidal function, for instance

β(λ) = e−(Vep/(λ+v0))2
, or β(λ) = 1 + tanh(kep((|λ+ v0|/Vep − 1)

2 .

The Kirchhoff law is then given by

Cm∂tVm + Sm(t, ·)Vm = σc∂nU |Γ− . (16)

Such model involves 6 parameters: Vep, the two characteristic times τ1, τ2, the diffusion coeffi-
cient dΓ and the 2 conductance S1 and S2.

4.3 Calibration of the model with patch-clamp experiments

Patch-clamp experiments provide interesting direct measurements of the current that flows across
the membrane, for different pulses. Considering patch-clamp experiments on DC3F of [28], it is
possible to fit the model parameters with the data. The idea is to use the angular invariance of

RR n° 8940



18 Poignard, Silve, Wegner

Table 1: Values of the parameters for the calibration of Figure 1.

Variable Symbol Value Unit
Cell parameters :
Cell radius Rc 8 µm
Inner radius for patch-clamp Rs 2.10−3 µm
Extracellular conductivity σe 1 S/m
Membrane capacitance Cm 2,7 µF/cm2

Surface conductance at rest S0 2 S/m2

Resting potential v0 88 mV
Electroporation model :
Porous membrane conductance S1, S2 2.106 S/m2

Time for poration τ1 8.10−4 s
Time for lipid alteration τ2 10−1 s
Voltage threshold for poration Vep 510 mV

the command voltage g. Assuming that the source potential is applied at the center of the cell
–assumed spherical– on a ball of radius Rs, the flux σc∂rU |r=Rc reads:

σc∂rU |r=R−c = − (Vm + g) /
(
Rc

σe
+ Rc

σc

(
Rc

Rs
− 1
))

,

and thus the membrane potential Vm satisfies:

I(t) := Cm∂tVm + Sm(t, Vm) (Vm + v0) = − (Vm + g) /
(
Rc

σe
+ Rc

σc

(
Rc

Rs
− 1
))

. (17)

The feature of the above equation is two–fold: on one hand the patch-clamp technique measures
directly the current I, and thus we can compare measured and computed intensities. On the
other hand the right-hand side of the formula makes it possible to obtain the transmembrane
voltage from the measured intensity. The value of the parameters to obtain the currents of
Figure 8 are given in Table 1.

Phenomenological models being designed to be calibrated with the experiments, it is natural
to try to identify parameters that match the data. The key-point being to find a set of parameters
such that numerical results fit with as many experiments as possible2. Interestingly, it is possible
to find a set of parameters so that the numerical simulations fit quite well with the data. The
two functions X1 and X2 seems necessary to describe the data: the first X1 increases very fastly
during the pulse, and vanishes at the end of the pulse, while X2 increases more slowly, but
remains after the pulse. Fitting the KN–model with these patch-clamp data is proved to be
difficult. One reason is the huge number of parameters, which prevents a systematic sensitivity
analysis of the model. We also suggest that the two–step process exhibited by the data is hard
to obtain with the variable Nep.

4.4 Biophysical basis of the phenomenological and link with pore ra-
dius evolution

Equations (15) of the phenomenological model of Leguèbe et al. is very different from the
approach of Krassowska et al.. More precisely, equation (15a) can be linked to the pore density

2If different set of parameters are needed for each experiment, it means that the model is not reliable.
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Figure 7: Comparison between simulations and patch-clamp data. The applied voltage is a rectangular
function (as described in [28]) with a voltage amplitude of 820mV during 10ms. Thanks to the model,
one can compare the currents but also the TMV. The membrane conductance is increasing during the
pulse delivery.
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(a) Applied voltage amplitude: 860mV (b) Applied voltage amplitude: 460mV

(c) Applied voltage amplitude: 140mV

Figure 8: Comparison of the computed and measured currents for different applied voltages to DC3F
for a well-chosen set of parameters. Experimental setup is described in [28]. Interestingly, the measured
current exhibits a two-step increase, as in the model. Such results cannot be obtained easily with the
KN model.
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equation (8), but the reaction-diffusion (15b) involves surface diffusion of lipids which is not
accounted for in Krassowska et al. approach. Even though the physical bases of such reaction–
diffusion model is still unclear, it can be related to the phase-ordering kinetics approach, as
described in the seminal book of Bray [1]. The concept being to look at the membrane as a two–
phase medium described thanks to the order–parameter field φ: the lipid phase, corresponds
to the state φ = 0, and the water phase to φ = 1. The Landau free–energy of the membrane
subjected to transmembrane voltage Vm is given by the functional H(φ):

H(φ) =
ˆ

Γ

(
1
2 |∇φ|

2 + V (φ) + 1
2Cm(φ)V 2

m

)
ds, (18)

where V is a double–well potential with two minima 0 and 1 and Cm(φ) is the membrane
capacitance depending on φ. For instance, Weaver and Chizmadzev proposed Cm = CWφ +
CL(1−φ) in [27]. From this Landau free-energy, the so–called model A [1] describes the evolution
of the order–parameter:

∂tφ = −d∂H
∂φ

(φ),

leading to the following reaction–diffusion on φ:

∂tφ = d∆Γφ− V ′(φ) + 1
2(CW − CL)V 2

m.

The right-hand side of phenomenological model can be seen as a specific model of the term
V ′(φ) − 1

2 (CW − CL)V 2
m in the above equation. The main insight of such approach is to avoid

the simplistic assumption of cylindrical pores. It is more general but the equation on single pore
can be derived from it. More precisely, the making the assumption that only one cylindrical pore
of radius r is present in the membrane supposed to be flat and infinite, then the last equation
leads to an equation similar to equation (6), as described in Bray’s book [1].

4.5 The role of the surface diffusion

The main novelty of Leguèbe et al. model lies in the surface diffusion, which is numerically
difficult to tackle. It is thus important to determine whether or not such surface diffusion plays
an important role. Theoretically, the diffusion induces a delay in the spatial response of the
membrane, therefore diffusion should appear when several identical pulses at different frequency
are applied. In model without surface diffusion, the maximal electroporation occurs after the
first pulse, and then the pulse efficiency decreases as reported by Weaver et al. in [25]. In
particular the influence of pulse frequency is not accounted for. Surface diffusion induces a
complex response, which is a balance between the characteristic time of lipid diffusion and pulse
frequency.

In order to investigate the role of the surface diffusion, 3D–simulations of a spherical cell
submitted to 10 permeabilizing micropulses (10 µs, 40 kV/m), with various repetition rates from
1 to 1 000 Hz are presented. The lateral diffusion of the lipids on the membrane is set to

dL = 10−12 m2s−1,
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which is in the range of the measured lateral diffusion of the lipids in cell membranes [3].
The average permeabilization X2 of the membrane is computed at any simulation time.

Figure 9 shows the distribution of X2 on the surface of the cell at different instants of the 1 Hz
and 1 000 Hz simulations.

We see that in the case of a fast repetition rate, the altered lipids do not have time to be
evenly spread on the membrane. Since the next pulse alters the same region as the previous one,
and therefore the total quantity of altered lipids is lower than for the 1 Hz case.

After pulse 1 Before pulse 2 After pulse 2 After pulse 5 2 s after pulse 10

0

0.2

0.6

0.8

1

X2 (A.U.)

Figure 9: Numerical illustration of the lateral diffusion effect, from Figure 12 of[8]. Influence of the
pulse frequency on the membrane permeabilization X2. The magnitude of each pulse is 40 kV/m during
10 µs. 10 pulses are applied on both cells, but the time between pulses is different : 1 second for the
top line, 1 millisecond for the bottom line. After 10 pulses, the average of X2 is around 8× 10−8 for the
1 Hz case, and half for the 1 000 Hz case.

Figure 10 presents the average of X2 after each pulse. As expected, the permeabilization is
more efficient if enough time is left between pulses to let the lipids diffuse.
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Figure 10: Numerical illustration of the increase of the variable X2, from Figure 14 of[8]. Average
permeabilization X2 on the cell after each of the 10 pulses of Figure 9 for different pulse repetition rates.
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These simulations corroborate qualitatively the results of High Voltage/Low Voltage experi-
ments [20] that, within the first seconds after the pulses, show a better permeabilization when
the lapse of time between two consecutive pulses is longer.

5 Concluding remarks and perspectives

In this chapter, we have presented biophysical and phenomenological ways to model cell electrop-
ermeabilization, and pros and cons for each approach are discussed. To summarize, biophysical
models are more reliable due to their theoretical grounds but they generally involve too many
parameters that prevent quantitative comparisons with the biological data. On the other hand,
phenomenological models are designed to account for the biological observations, but they suffer
from a lack of mechanistic basis. An interesting challenge in cell electroporation modeling would
be to enrich the phenomenological modeling with a theoretical grounds, and the phase–ordering
kinetics theory could be the appropriate way to tackle this challenges.

The long–term goal would consist in providing a model that can predict quantitatively the
degree of cell permeabilization, and the amount of molecules taken up by electroporation. The
fitting of the parameters is thus a crucial point, which is common to these perspectives.
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