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p-th order optimality conditions for singular
Lagrange problem in calculus of variations.
Elements of p-regularity theory
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! Siedlce University of Natural Sciences and Humanities, Siedlce, Poland,
aprus@uph.edu.pl
2 System Research Institute of the Polish Academy of Sciences, Warsaw, Poland,
Dorodnicyn Computing Center of the Russian Academy of Sciences, Moscow, Russia

Abstract. This paper is devoted to singular calculus of variations prob-
lems with constraints which are not regular mappings at the solution
point, e.i. its derivatives are not surjective. We pursue an approach based
on the constructions of the p-regularity theory. For p-regular calculus of
variations problem we present necessary conditions for optimality in sin-
gular case and illustrate our results by classical example of calculus of
variations problem.

Keywords: singular variational problem, necessary condition of opti-
mality, p-regularity, p-factor operator.

1 Introduction

Let us consider the following Lagrange problem:

Jo(x):/t2F(t,x(t),x’(t))dt—>min (1)

1

subject to the subsidiary conditions
H(t,z(t),2'(t)) =0, Az(t1) + Bx(ta) =0 (2)

where z € C2[t1,ts], H(t,z(t), 2/ (t)) = (Hi(t,z(t),2'(t)), ..., Hu(t,z(t),2' ()7,
Hi :RxR*xR" R, i=1,....m, F:RxR"xR* - R, t € [t1,ts], A, B —
nxn matrices, C., ([t1,t2] — Banach spaces of n-dimensional I-times continuously
differentiable vector functions with usual norms.

Let us introduce a mapping G(z) = H(-,z(:),2'(+)) such that G : X — Y,
where X = {x(-) € C2[t1,ta] : Ax(t1)+Bz(t2) = 0}, Y = Cp[t1, t2]. It means that
G acts as follows G(z)t = H(t, z(t),2'(t)). Then the system of equations (2) can
be replaced by the following operator equation G(z) = 0y (or G(z(+)) = Oy).
We assume that all the functions and their derivatives in (1)—(2) are p+ 1-times
continuously differentiable with respect to the corresponding variables ¢, x, z’.
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Under these assumptions: G(z) € CPT1(X), where by CP™(X) we mean a set of
p + 1-times continuously differentiable mappings on X.

Let us denote A(t) = (A1 (1), ..., Am(E)T, NO)H = M\ (t)Hy + -+ -+ A () Hp
A Hy =M (@) Hiz + -+ A (O) Hin, A@)Hy = M () Hywr + -+ A (8) Hir

If Im G’ () = Y, where &(¢) is a solution to (1)—(2), then necessary conditions
of Euler-Lagrange F, + A(t)H, — < (Fu + A(t)Hyr) = 0 hold. Here, Fy, Hy, Fyr,
H, are partial derivatives of the functions F'(t,2(t),2'(t)) and H (¢, z(t),z’'(t))
with respect to x and ', respectively.

In singular (nonregular or degenerate) case when Im G'(&) # Y, we can only
guarantee that the following equations

d
NoFs + A1) He — 2 (MoFor + A(t)Hor) = 0 (3)

hold, where A2 + |[A(¢)||? = 1, i.e. Ao might be equal to 0, and then we have not
constructive information of the functional F(¢, z(t), z'(t)).
Example 1. Consider the problem

27
o) = /0 (@2(t) + 22(8) + 22(8) + 22() + 22())dt — min  (4)

subject to
H(t,z(t),2'(t) =
_ (#1(t) = wa(t) + 23 (D2 (t) +
xh(t) + 21 (t) + 23 -
2;(0) —x;(2m) =0,i=1,...,5.
Here F(t,x(t),2'(t)) = 23(t) + 23(t) + 22(¢t) + 23(t) + 22(t), A= —B = I,
where I5 is the unit matrix of size 5 and
G(z) =
_ (iv’l(-) —2() + 25 ()21 () + 25 ()22() — 23 () (@1 () + wz(-))) —o.
wy() +a1() + 23 ()w2() — 25 ()21 () — 25 () (@2() — 21 ("))
The solution of (1)—(2) is #(t) = 0. At this point G’(0) is singular. Later we
explain this in more details.
The corresponding Euler-Lagrange equation (see (3)) in this case is as follows:

20071 + A2 — AN + A\x3 + Mad — Aox — Aozl =0
2N0T2 — A1 — Ny + A\@h + Aoxs — A\a2 — Aoz =0
2Xox3 + 2 12173 + 2 92073 = 0 (6)
2X0T4 + 2M 291y — 2X0x124 =0
2M0T5 — 2M 12511 — 2M1Tox5 — 2X0xoxs + 2X0x125 = 0
Ai(0) = N (2m) =0, i=1,2.

(to simplify formulas we omit dependence of ¢ here and further in the paper).
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If A\g = 0 we obtain the series of spurious solutions to the system (4)—(5):
x1 =asint, 3 =acost, x3=2x4 =2x5 =0,

A1 = bsint, Ay =bcost, a,b€eR.

2 Elements of p-regularity theory

Let us recall the p-order necessary and sufficient optimality conditions for de-
generate optimization problems (see [1]-[5]):

min ¢(x) (7)

subject to
f(z) =0, (8)

where f: X — Y and X, Y are Banach spaces, ¢ : X — R,
f € CPtY(X), ¢ € C?(X) and at the solution point & of (7)—(8) we have:
Im f'(z) #Y ie. f'(£) is singular.

Let us recall the basic constructions of p-regularity theory which is used in
investigation of singular problems.

Suppose that the space Y is decomposed into a direct sum

Y=Y10...0Y, (9)
where Y7 = Im f/(£), Z; =Y. Let Z3 be closed complementary subspace to Y;
(we assume that such closed complement exists), and let Pz, : Y — Zs be the
projection operator onto Zs along Y;. By Y5 we mean the closed linear span of
the image of the quadratic map Py, f?)(z)[-]2. More generally, define inductively,

Y; =span Im Py, fO(2)[]' C Z;, i=2,...,p—1,

where Z; is a chosen closed complementary subspace for (Y1 & ... ® Y;_1) with
respect to Y, i = 2,...,p and Py, : Y — Z; is the projection operator onto Z;
along (Y1 @ ... @ Y;_1) with respect to Y, ¢ = 2,...,p. Finally, ¥, = Z,. The
order p is chosen as the minimum number for which (9) holds. Let us define the
following mappings

fl(‘r):P’Lf(m>7 le—>Y2221,,p,

where P; := Py, : Y — Y, is the projection operator onto Y;
along (Y1 @...0Y,_18Y11@...8Y,) withrespect to Y, i =1,...,p.

Definition 1 The linear operator ¥,(Z,h) € LIX, Y1 & ...8Y,), he X, h#0
(&, h) = fi(2) + f5 (@)h+ ...+ [P @) R

is called the p-factor operator.



4 Agnieszka Prusinska, Ewa Szczepanik, Alexey Tret’yakov

Definition 2 We say that the mapping f is p-reqular at & along an element h,
if Im¥,(2,h) =Y.
Remark 1 The condition of p-regularity of the mapping f(x) at the point &
along h is equivalent to Tm f(p)(A)[h]p_1 oKer ¥,_1(%,h) =Y,, where

A 1
Tpor(&,1) = (@) + S @0+ .+ 250 @)

Definition 3 We say that the mapping f is p-regular at T if it is p-regular along
any h from the set

ﬂ Ker® £ (2) \ {0},

where

k k
Ker* i (#) = {¢ € X : £ (@)[¢]" = 0}.
1s k-kernel of the k-order mapping fk (x)[f]k
For a linear surjective operator W¥,(&,h) : X — Y between Banach spaces
we denote by {¥,(&,h)}~1 its right inverse. Therefore {¥,(&,h)} 1 : Y — 2%

and we have {¥,(2,h)} 1 (y) = {x € X: ¥,(&,h)z = y}. We define the norm of
{¥,(2,h)}~! via the formula

{2, (2, )}l = Sup, inf{ 2] : = € {p (2, h)} (1)}
We say that {@,(&,h)} ! is bounded if |[{¥,(&,h)} | < occ.

Definition 4 The mapping f is called strongly p-regular at the point T if there
exists v > 0 such that

sup H{!I/p(i;,h)}_lH < 00

heH,

where H, = {heX Hf(k) 1k

<%k:1,...,p,||h|:1}.
Yi

3 Optimality conditions for p-regular optimization
problems

We define p-factor Lagrange function

Ly, M h) = <Zf(k e ’“,A>,

where A € Y*, 1(0) (x) = f(z) and

Ly(x,\ h) <Z AT (= 1)(x)[h]k—1,A>.

Let us recall the following basic theorems on optimality conditions in non-
regular case.
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Theorem 1 (Necessary and sufficient conditions for optimality) (see [1])
Let X and Y be Banach spaces, ¢ € C*(X), f € CPTYX), f : X — Y,
¢ : X — R. Suppose that h € H,(Z) and f is p-reqular along h at the point
&. If & is a local solution to the problem (7)—(8) then there exist multipliers,
A(h) € Y* such that

L (5 AR), 1) = 06 /(@) + (1) + -+ SO @RED) Ar) = 0. (10)

Moreover, if f is strongly p-reqular at T, there exist « > 0 and a multipliers 5\(h)
such that (10) is fulfilled and Lpz.(2, \(h), h)[R]? > a||h||? for every h € H,(%),
then & is a strict local minimizer to the problem (7)—(8).

For our purposes, the following modification of Theorem 1 will be useful
(see [3]).

Theorem 2 Let X and Y be Banach spaces, ¢ € C*(X), f € CPT1(X),

f: X =Y, ¢: X >R, he Hy(z), and f is p-regular along h at the point &. If
& is a solution to the problem (7)—(8), then there exist multipliers \;(h) € Y;*,
i=1,...,p such that

&@)+ (@) M) + .+ (FO@BE) Am =0, (1)
and
(f(k)(:i;)[ K 1>) N(h)=0,k=1,....i—1,i=2,....p. (12)

Moreover, if f is strongly p-reqular at &, there exist o > 0 and multipliers \;(h),
i=1,...,p such that (11)-(12) hold, and

11 ( 2, 1 1A\ Y 2
= A1(h
(7@ 4 g7 @M+t 2
> a|h|?,
for every h € Hy(&), then & is a strict local minimizer to the problem (7)—(8).

Proof.
We need to prove only the formula (12). From (10) we obtain

(&) + (P (@) + - + P f@(@)[B) 1) A(R) = 0.
This expressioAn can be transformed as foll(iws .
@'(&) + f'(@) PrA(R) + - + (FP (2)[h]P7D) ;‘/\(h)ZO
Let)\(h) P*)\(h) i =1,. ..,p Then fork<i,i=1,...,p,
(% D) Xi(h) = (FB@)RED)T PrA(R) =
(Pf k)( )[R ) ( ) = Wthh proves (12).

f<P+1><az>[h1p-1Ap<h>) H? >

Now we are ready to apply this theorem to singular calculus of variations
problems. Let us introduce p-factor Euler-Lagrange function

S(@) = F(@) + (A1), (01(2) + gh@)h] + ..+ gp D @)p) ) =
= F(z) + A(t)GP D (z)[n]P ",
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where GV (@)[h]P~! = g1(2) + gh(@)[h] + - + g (@) [,

At) = M)y, A ()T and gr(x), for k = 1,...,p are determined for the
mapping G(z) similarly like fx(z), k = 1,...,p for the mapping f(x), i.e.

gr(z) = Py, G(x), k =1,...,p. Denote

k—1 — 7 k—1 7 j
g V@R = YT Cige i @R, k=1,

iti=k—1
where
k—1 k—1
gl(czi(z)/)j (z) = gl(cz ) ra z/(x)

@ J
Definition 5 We say that the problem (1)—(2) is p-regular at & along
P
he M) Ker'gV (@), bl # 0 if

I (g7 (&) + ...+ g @) [h]' ") = Cultr, ).
The following theorem holds.

Theorem 3 Let &(t) be a solution of the problem (7)—(8) and assume that the

P
problem is p-regular at & along h € () Kerkg,gk) (Z). Then there exists a multi-
k=1

plier At) = (A(t), ..., Am())T such that the following p-factor Euler-Lagrange
equation

d
Sy (Z) an/ () = Fp(2) +
P
. <x,z c,z_lg;’:@%;j<mm<h/>j> _ (13)
k=1itj=k—1 "

d R Q P i - aN7 i j
- me<x>+<x<t>,z Ci_ g0, (o) (W> 0

x!

holds.

The proof of this theorem is very similar to the one of analogous result for
the singular isoperimetric problem, see in [3], [4].

Consider again the Example 1 and (4)—(5). Here p = 2, & = 0. At the begin-
ning we substantiate that G is singular at the points Z = (asint,acost,0,0,0)7.

Indeed, G'(z) = (8% _T_ 8?), where G'(z)z(t) = (223128%) Let us

xh — o , _[(0-1000
denote <x’2+x1>byx —l—Lm,WhereL—(l 0000)
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Then G'(z) = ()’ + L(-) and
KerG'(z) = span {(®1(t),0,0,0)T, ($2(t),0,0,0)7} @ {(0,0, z3(t), z4(t), z5(t))7,

x; € C[0,27], i = 3,4,5}, where @1 (t) = (sint,cost)T, @5(t) = (cost, —sint)T,
and moreover Im G'(z) = (Ker(G'(2)*)* = (Ker(—2 ()" + LT(") ))
= {5 € C2[0,27] : (&,4;) = 0,i = 1,2,41(t) = (sint,cost)T y(t) =
= (cost, —sint)T} # C[0, 2]

It means that the mapping G(z) is non-regular at the points Z. From the
last relation we obtain that Yo = (Im G’(Z))* = span {t1,12} where 9] = 1,
W =~y and (i, 45) = by, (Cm) = [ C(TIn(r)dr.

The projection operator Py, is defined as

Py <z;) = Poy = §11 + §obo,

where y = (y1,92)” and
(v — (191 + Yov2),¢1) =0

(y — (11 + G2w2),92) =0

Le. 5=(y, 1) = G1, 55 (Y, ¥2) = G
Let us point out that P2(1‘1,¢1 + I2¢2) = x11 + T2s.

Based on Remark 1 we can verify surjectivity of PoG” (Z)h only on KerG'(Z),
for h € KerG'(z) N Ker* P,G"(Z), h = (asint,acost,1,1,1)T. In order to find
P,G"(Z)h let us determine

00sint 0O 0
00 O cost 0
00 0 O cost—sint
00cost O 0
00 0 —sint 0
00 O 0 sint—cost

G”(i) _

and ( )
ey 00 hysint hycost hs(cost —sint
G (m)h_2a<00h3costh4sint h5(sintcost))

It is obvious that h = (asint,acost,1,1,1)7 belongs to KerG'(z) N Ker?’G" (z)
and consequently belongs to KerG'(z) N Ker? P,G” (z). We have

G (2)[h, 2] = 2a(zs — x5) (Smt) + 2a(zs — a3) < cost ) .

cost —sint

It means that
P,G"(z)[h,x] = G"(Z)[h,z] and G"(Z)[h] o KerG'(Z) = span {P1, P2} = Ya.
Therefore G”(Z)[h] is surjection. Hence, G(x) is 2-regular along h at the points
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T = (asint,acost,0,0,0)T

have constructed operator

. Finally, we can apply Theorem 3 with A\ = 1. We

G'(z) + Py,G"(z)h =

AOH n 0 —1 2asint 2acost 2a(cost — sint)
BRNOS 1 0 2acost —2asint 2a(sint — cost)

which corresponds to the following system (F,» = 0):

Fy(2)+ (G'(7) + PG (2)h)*A = 0 & F,(z) + G (2) "\ + (PG (z)h)"

A=0,&
271 — )\/1 + X =0
2To — )\/2 +X =0
< ¢ 2T3 4+ 2M\asint 4+ 2Xzacost =0 (14)
2%4 4+ 2MA1acost — 2Xqasint =0
2T5 4+ 2M\1a(cost — sint) + 2Xqa(sint — cost) =0
or
2asint — A+ A2 =0
2acost — Ay + A1 =0
Aysint + Mg cost =0
Apcost — Apsint =0
A1(cost —sint) + Aa(sint — cost) = 0,
Ai(0) = Ni(2m) =0, i =1,2.

One can verify that the false solutions of (6)
r1 = asint, ro = acost, x3=x4 =25 =0

do not satisfy the system (14) for a # 0. It means that 1 = asint,
X9 = acost, x3 = x4 = x5 do not satisfy 2-factor Euler-Lagrange equation (13)

Let us consider the same problem with higher derivatives #/(t), ..., z(",
r>2,

J(x) = /tZ F(t,a(t),2'(t),....a"(t))dt — min, () € C3'[t1, ta],

ty

subject to subsidiary differential relation

Hy(t,z(t), 2’ (t),. ..,z (t)) 0
H(t,z(t),2'(t),...,2"(t)) = =|...|,
Hp (t,x(t), 2/ (t), ...,z (1)) 0

Apx®) (t1) + Braz®)(ty) = 0, where Ay, By are n x n matrices, k = 1,...,7.
Let G(z) = H(-,z(-),...,z" ("), G : X — Y, where Y = C,,([t1,t2]) and
X = {.73() € Cir[thtg] : Akl‘(k)(tl) + Bkm(k)(tg) = O,k = 1, cen ,’/‘}.
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Moreover,
k—1 — k—1 rk—
g](g )(:‘C)[h]k ! = Z g;zl)(x(r))zr[h+h/++h( )]k 1a k= la"'apa
i1t tip=k—1

and introduce the co called p-factor Euler-Poisson function
K(2) = F() + (A®), (91(2) + gal@)b] + ... + g~V (@) ") )

Theorem 4 Let (t) be a solution of the problem (1)—(2) and assume that this
problem is p-reqular at T along h € ﬂﬁzl Kerkg](f) (). Then there exist a multi-
plier At) = (A(t), ..., Am(t))T such that the following p-factor Euler-Lagrange
equation

K, (3) — %le (3 + %Kwu (&) — oo+ (1) Ky (8) =
= Fu(d) + <&<t>,z Y @mt) -
k=1
d N N u 1)/ 4 1
~dt Fz'<x>+<k(t>,k_1 v @)t > +
*"'+(*1)(T)jt: Fw(r)(£)+</\(t),igl(€k ”(:e)[h]kl> ]o
k=1 2(7)

holds.

The proof of Theorem 4 is similar to that one the reader can find in [4] for
isoperimetric problem.
Example 2. Consider the following problem

J(x) = /Oﬂ(x%(t) + 22(t) + 22(t))dt — min (15)

subject to
H(t,x(t),2'(t), 2" (t)) = 2 (t) + 21(t) + 23()21(t) — 25 (D21 (1) =0, (16)

z;(0) — x;(m) = 0, 24(0) + z}(w) =0, i = 1,2,3. Here Ay = —B; =I5,
Ay = By = I3, where I3 means the unit matrix of size 3.
The solution of (15)—(16) is Z(¢) = 0. The Euler-Poisson equation in this case
has the following form
d d?

SO ) + (A Har) = 0

MFy + Mt)H, —
0 + () dt2

or
20071 + A+ Az3 = ArZ + N =0
2XoT2 + 2 x2x1 = 0
2)\01)3 — 2/\1‘3331 = O7
AO) = A(r) = 0, X'(0) + N () = 0
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and gives us the series of spurious solutions z; = asint, zo = 0, x3 = 0,

A = bsint, \g = 0, a € R. The mapping G(z) is singular at these points

x1 = asint, x5 =0, z3 = 0 and G’'(asint,0,0) is non surjective.

But G(z) is 2—regular at the points Z = (asint, 0, 0) along h = (sint, sin¢, —sin t).
Indeed, Y5 = span {sint},

G'(Z)h + Py,G"(z)[h)> = W' + h +2a sint/ (sin® t — sin® t) sin” tdt = 0.
0

It means that h € KerG’(Z) N Py, Ker?G" () and
Py,G"(Z)h = 2a sint/ (sint(-)g + sint(+)3) sin” tdt.
0

‘We have

bsint -
Py,G"(z)h | bsint | = Qabsint/ 2sin tdt = Ya,b € R
bsint 0

i.e. G is 2-regular at the points Z = (asint,0,0) along h. At these points T we
can guarantee A\g = 1 in the 2—factor Euler-Poisson equation

2asint+ X' +A=0
2asint [ sin® TA(T)dr =0
2asint [ sin® 7\(7)dT = 0
A(0) = A(m) =0, A(0) + A(w) =0

The first equation has no solutions for a # 0, which means that the point
z = (asint,0,0)7 is not a local solution of the considered problem.
Acknowledgements. Research of the second author is supported by the Rus-
sian Foundation for Basic Research Grant No 11-01-00786a and the Council for
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