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Abstract. An identifying code in a graph G is a subset of vertices with
the property that for each vertex v € V(G), the collection of elements
of C' at distance at most 1 from v is non-empty and distinct from the
collection of any other vertex. We consider the minimum density d*(Sk)
of an identifying code in the square grid Sy of height & (i.e. with vertex

1
set Zx {1,...,k}). Using the Discharging Method, we prove % + 0% <
* .27 3 . 7
d ) < - — 4+ — dd (S3) = —.
(Sk) —mm{5’ 20 " 10k}’ and d'(Ss) = 73
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1 Introduction

The two-way infinite path, denoted Py, is the graph with vertex set Z and edge
set {{i,i+ 1} : i € Z}. For every positive integer k, the finite path of length
k — 1, denoted Py, is the subgraph of Py induced by {1,2,...,k}.

The cartesian product of two graphs G and H, denoted by GOH, is the
graph with vertex set V(G) x V(H) and edge set {(a,x)(b,y) | either (a = b and
xy € E(H)) or (ab € E(G) and = = y) }. A square grid is the cartesian product
of two paths, which can be finite or infinite. The square lattice is the cartesian
product Pz[Py; of two two-way infinite paths and is denoted by G. For every
positive integer k, we denote by Sy the square grid Pz1P;

Let G be a graph. The closed neighbourhood of v, denoted N{v], is the set of
vertices that are either v or adjacent to v in G. A set C' C V(G) is an identifying
code in G if for every vertex v € V(G), N[v] N C # 0, and for any two distinct
vertices u,v € V(G), NjulNC # N[v]NnC.

Let G be a (finite or infinite) graph. For any non-negative integer r and
vertex v, we denote by B,.(v) the ball of radius r in G, that is B,(v) = {z |
dist(v, z) < r}. For any set of vertices C C V(QG), the density of C' in G, denoted
by d(C,G), is defined by

_|CnB.(w)
d(C,G) =limsup ——————
(€, G) =Hmsup =5



where vy is an arbitrary vertex in G. The infimum of the density of an identi-
fying code in G is denoted by d*(G). Observe that if G is finite, then d*(G) =
|C*|/IV(G)], where C* is a minimum-size identifying code in G.

The problem of finding identifying codes of small density was introduced in
[10] in relation to fault diagnosis in arrays of processors. Identifying codes are
also used in [11] to model a location detection problem with sensor networks.
Identifying codes of the grids have been studied [2], [5], [9], [10] as well as varia-
tions where instead of considering the closed neighbourhood to identify a vertex,
the the ball of radius r (for some fixed r) is considered [2], [8]. The closely re-
lated problem of finding a locating-dominating set with minimum density has
also been studied [12].

In this paper, we are interested in identifying codes of square grids, and more
specifically the Si. The tile depicted in Figure 1 was given in [3]. It generates a
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Fig. 1. Tile generating an optimal identifying code of the grid.

periodic tiling of the plane with periods (0, 10) and (4, 1), yielding an identifying
code C§ of the square lattice with density 2—70. Ben-Haim and Litsyn [1] proved
that this density is optimal, that is d*(G) = 5.

Daniel, Gravier, and Moncel [6] showed that d*(S1) = % and d*(S;) = 2. For
larger value of k, they proved the following lower and upper bound on d*(Sk):
% — i < d*(Sk) < min {2, % + Z} In this paper, we improve on both the

lower and upper bounds of d*(Sy). We prove

7 1 . . [2 7 3
%—I—M < d*(Sk) <m1n{5720+10k}.

The upper bound is obtain by deriving an identifying code of Sy with density
% + % from the optimal identifying code Cg of the square lattice.

The lower bound is obtained using the Discharging Method and proceeds in
two phases. The first one is a rewriting of the proof of Ben-Haim and Litsyn [1]
as a Discharging Method proof. Doing so, it becomes clear that it extends to
any square grid, and so that d*(G) > % for any square grid. It makes it also
possible to improve on this bound when G = S, with k£ > 3 in a second phase.



We strongly believe that both our upper and lower bounds may be improved
using the same general techniques. In fact, to obtain the upper bound, we only
alter the code Cg on the top two rows and the bottom two rows of Sy. Looking
for alterations on more rows, possibly with the help of a computer, will cer-
tainly yield codes with smaller density. We made no attempt to optimize the
second phase in the lower bound proof. Doing more complicated discharging
rules, based on more complicated properties of identifying codes will surely give
better bounds. However, we do not see any way to make the two bounds meet

for all k. Nevertheless, we are able to do it for k = 3 : we show that d*(Ss) = 1.

2 General upper bounds

7 3
Th 1. F > (Sp) < — + —.
eorem or all k > 7, we have d*(Sy) < 50 + 0%
Proof. Let Ky be the code of S obtained from Cg on Sy by replacing the rows
Z x {1} and Z x {2} by the rows depicted in Figure 2 and the rows Z x {k — 1}

and Z x {k} by the ones obtained symmetrically.
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Fig. 2. The bottom rows (white disks) of K.

We claim the code K} is identifying. Indeed since C§ is an identifying code
of the square lattice, it suffices to check that for every vertex v € Z x {1,2,3, k —
2,k —1,k}, there is no vertex w such that N[v] N K = N[w] N K. This can be
easily done.

The density of Kj, on Z x {1,2,k,k — 1} is 3%. So, the density of K} is
T(l—d)yp 34T 3
20 E 80 ° % 20 " 10k

3 Lower bounds on d*(Sg)

The aim of this section is to show that d*(Sg) > % + 5oz

The general idea is to consider an identifying code C in a square grid G.
We assign an initial weight w(v) to each vertex where w(v) = 1 if v € C and
w(v) = 0 otherwise. We then apply some local discharging rules. In such rules,
some vertices send part of their weight to some other vertices at distance at most
s, for some fixed integer s. We then prove that the final weight w*(v) of every
vertex v is at least d*. We claim that it implies d(C,G) > d*. This is trivial
if G is bounded. Suppose now that G = Sk. Since a vertex sends at most 1 to




vertices at distance at most s, a charge of at most |B,ys(vo) \ Br(vg)| < 2sk
enters B, (vg) during the discharging phase. Thus

OB () = 3 w) > Y w )| Brealto)\ By (u0)] > d|B, (uo)] ~2sk
vE B, (vo) vE B, (vo)

2sk
But | B, (vo)| > (2r 4+ 1)k — k2, th > lims S
ut |Br(vo)| > (2r+1)k—k?, thus d(C, S) > ﬂiﬁf (d (2r+1)k—k2>

d*. This proves our claim. We then deduce d*(Sy) > d*.

Let C be an identifying code in a square grid G. We denote by U the set of
vertices not in C. For 1 <i <5, we define L; = {v € G | [N[v]NC| = i}, and we
set C; = L, N C and U; = L; NU. Observe that Us is empty. For X € {C,L,U}
we set Xzi = U?:l Xj and Xﬁi = U;‘:1 Xj.

For every set S C V(G), a vertex in S is called an S-vertex.

The following proposition is a direct consequence of the definition of identi-
fying code.

Proposition 1. Let C be an identifying code in a square grid G.

(i) Every vertex in C has at most one neighbour in Uy .
(i) Every vertex in C1 has no neighbour in Uy .
(i3) Two vertices in Cy are not adjacent.

Let C’ be the set of vertices in C; that have four neighbours in G that belong
all to U<y. Let L3 be the set of vertices in Cs having at least one neighbour in
023. Set Zg = L3 \ L3 and 63 = Cg \ L3

Proposition 2 (Ben-Haim and Litsyn [1]). Let C' be an identifying code in
a square grid G. There is a bipartite graph H with bipartition (C', L>3) such
that

(i) the degree of every element of C' is at least 4,

(ii) the degree of every element of Ls is at most 2,
(iii) the degree of every element of L3 is at most 6, and
(i1i) the degree of every element of L>4 is at most 4.

Proof. Ben-Haim and Litsyn [1] proved Proposition 2 for another definition of
the set Ls : their set is larger than ours. However it happens that using word for
word the same rules as Ben-Haim and Litsyn (Steps 1 to 10 in [1]) for building
the bipartite graph from an identifying code of the square lattice, regardless
to the fact that Ls is not the same set, we get a bipartite graph that may be
different but has exactly the same degree properties ; the proof of this fact is
exactly the same as the one of [1].

Furthermore, in the construction of Ben-Haim and Litsyn, the neighbours in
H of an element ¢’ of C’ are always in the rectangle with corners ¢’ and another
vertex ¢ € C. Therefore it is in any square grid containing those two vertices, and
so their proof works for any square grid. However, it might be possible that this
vertex is not in G if this graph is not a square grid and the proof of Proposition 2
does not work for any induced subgraph G of G.



Remark 1. The graph H in Proposition 2 may have some double edges.
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Theorem 2. Let G be a square grid. Then d*(G) > 5.
Proof. Let C be an indentifying code in G and H be a bipartite graph associated
to C' as described in Proposition 2. We give an initial weight 1 to the vertices of
C and 0 to the vertices in U. We then apply the following discharging rules, one
after another. So if several rules must be applied to a same vertex, then it will
send charge several times.

(R1) Every vertex of C sends o5 to each neighbour in U; and -
in UZQ‘

(R2) Every vertex of L>3 sends —0 to its neighbours in C<s.

(R3) Every vertex of L>3 sends g5 to each C’-vertex to which it is adjacent in H
by one edge and 80 to each C'-vertex to which it is adjacent in H by two
edges.

10 to each neighbour

Let us prove that the final weight w’(v) of each vertex v is at least 7/20.

If v € ¢, then its original weight is 1. By Proposition 1-(ii), it has no Uy
nelghbour Hence it sends E to each of its four neighbours in U by (R1), and
recelves == frorn each of its at least four edges in H by (R3). Hence w'(v) >
1-4- +4 = 5.

Ifov E Ch\ C then its original weight is 1. By Proposition 1-(ii), it has no Uy
neighbour By deﬁnition of ', it has a neighbour in L>3 from which it receives

2 by (R2). Hence w'(v) >1—4- & + 5= = L.

If v € Uy UUs, then its original weight is 0. It receives 55 by (R1), and it
does not send anything. Hence w'(v) = .

If v € Cy, then its original welght is 1 By Proposition 1-(i), it has at most one
U1 neighbour, so its sends at most 20 by (R1). Moreover by Proposition 1-
(i), it has a nelghbour in Cs3 from Wthh it receives 5 by (RQ) Hence w’'(v) >
1=55 =2 1 +3 = 3°

If v € Lg, then it is in Cs, so its original weight is 1. By Proposition 1-(i), it
has at most one U; neighbour, so it sends at most 270 + 5 by (R1). By definition

of L3, v has at most one neighbour in C<2, so its sends at most by (R2).
Finally, it has degree at most 6 in H, so it sends at most 6 - & by (R3) Hence
W) 21 F == =6 = 4
If v € Cs, then it is in C3, so its original weight is 1. By Proposition 1-
(i), it has at most one U; neighbour, so it sends at most 5 + & by (R1).
It has at most two neighbours in C<3, so its sends at most 2- by (R2).
And it has degree at most 2 in H, so it sends at most 2 - by (R3). Hence
w'(v) >1— & — & — 2.5 — 2%:%

If v e U37 then its or1g1nal weight is 0. It receives 3 - %0 by (R1). It has
at most three neighbours in C<g, so its sends at Inost 3. 5 by (R2). And it
has degree at most 2 in H, so it sends at most 2 - g5 by (R3) Hence w'(v) >

7
3 *_3*_2 80_20
If v e 04, then its original weight is 1. It send at most 55 to its unique

U-neighbour by (R1). It has at most three neighbours in C’gg, so its sends at



most 3 - % by (R2). And it has degree at most 4 in H, so it sends at most 4 - %

by (R3). Hence w'(v) > 1— o5 —3.55 —4- g5 = o5.
If v € Uy, then its original weight is 0. It receives 4 - 4—70 by (R1). It has

at most four neighbours in C<s, so its sends at most 4 - 55 by (R2). And it
has degree at most 4 in H, so it sends at most 4 - g5 by (R3). Hence w’(v) >
7 1 1 _ 9
If v € Cs, then its original weight is 1. It has no U-neighbour. It has at most
four neighbours in C<», so its sends at most 4 - % by (R2). And it has degree at

most 4 in H, so it sends at most 4- g5 by (R3). Hence w'(v) > 1—4.55—4-45 = 35

Thus at the end, w’(v) > & for all vertex v, so d(C,G) > .

Theorem 2 is tight because d*(G) = %. However, for Sk, we can improve on
7/20.

Theorem 3. For any k > 3, d*(Sk) = % 4 ﬁ'

Proof. Let us first give some definition. In S, the row of index i, denoted R;,
is the set of vertices Z x {i}, the column of index j, denoted @Q;, is the set of
vertices {j} x {1,...,k}. The border vertices are those of Ry U Ry.

Let C be an identifying code in S.

We first apply the discharging phase as in the proof of Theorem 2. At the
end of this phase every vertex has weight at least 7/20. But some of them may
have a larger weight.

It is for example the case of Cy-vertices which have weight at least 9/20.
Let D3 be the set of vertices of (s having no neighbour in C<y. Observe that
D5 C Lj. A vertex of Dy do not send anything by (R2), hence its weight is at
least %. Set D = D3 U Cy.

Consider also border C-vertices. Such vertices are missing one neighbour,
so for any 1 < ¢ < 4, border Cj-vertices gives to one U-neighbour less than
non-border Cj-vertices by (Ry). It follows that if v is a border C-vertex, then
w(v) > o + 4.

The following claim shows that there are many vertices in Ry U Ry with a
weight larger than 7/20.

Claim. Let C be a code of S;. If {(a — 3,1),(a — 2,1),(a — 1,1),(a,1),(a +
1,1),(a+2,1),(a+3,1)}NC =0, then (a,2) is in D.

Proof. 1f{(a—3,1), (a—2,1), (a—1,1), (a,1), (a+1,1), (a+2,1), (a+3,1)}NC = 0,
then necessarily (a — 2,2), (a — 1,2), (a,2), (a+ 1,2), and (a + 2,2) are in C,
because each vertex has a neighbour in C. Therefore (a—1, 2), (a,2), and (a+1, 2)
are in C>3 and so (a,2) is in D.

We then proceed to a second discharging phase. Set S; = Q;_3 U Q;j_2 U
Qj—1UQ; UQ 1 UQj+2UQj43.

(R4) Every vertex in D gives ﬁ to every vertex in its column.
(R5) Every border C-vertex in column Q; gives 15z to every vertex in S;.



Let us examine the weight w*(v) of a vertex v after this phase.

Observe first that every vertex receives at least ﬁ during this second phase.
Indeed, if v = (a,b) has a D-vertex in its column, then it receives 20% from

it by (R4). If it has no D-vertex in its column, then by Claim 3, a vertex in
{(a—3,1),(a —2,1),(a — 1,1),(a,1),(a+1,1),(a+2,1), (a + 3,1)} is a border
C-vertex, and symmetrically, a vertex in {(as, k), (a —2,k), (a —1,k), (a, k), (a +
1,k), (a+2,k), (a+3,k)} is a border C-vertex. And these two vertices send -
each to v by (R5), so v receives at least 5 in total.

If v € D, then w'(v) > 2. By (R4), it sends 5 to the k vertices of its
column. Hence it sends %. Since it received at least 557, w*(v) > % + ﬁ.

If v is a border C-vertex, then w’(v) > o=+ 4. By (R4), it sends 54z to the 7k
vertices of S;. Hence it sends 4—70. It also receives at least ﬁ. So w*(v) > 2—704—ﬁ.

If v is neither a border C-vertex, nor a D-vertex, then it does not send
anything. So w*(v) > w'(v) + 55z = 95 + 305-

To conclude, after the second phase, each vertex has weight at least % +
Thus d(C,Sk) > o5 + 5.

L
20k

4 Optimal identifying code in Ss.

Theorem 4. d*(Ss) = &.

It is straightforward to check that repeating the tile of Figure 3 with period
(12,0), we obtain an identifying code of density %.

Fig. 3. Tile of a minimum-density identifying code in Ss.

It remains to show that every identifying code in S3 has density at least 1—78.
We again use the Discharging Method: the technical details are more complicated
than in the previous section, but the general framework is the same.

4.1 Properties of codes in S3

The lower row, (resp. central row, upper row) of Sz, is the set of vertices in
Z x {1}, (resp. Z x {2}, Z x {3}). A border vertex is a vertex on the upper or
lower row. A central verter is a vertex on the central row. The column of index
a is the set {(a, 1), (a,2),(a,3)}.

For convenience, instead of using the set C; we use the set B;, which is defined
as follows. A vertex is in B; if it is in C' and adjacent to ¢ vertices in U. Hence,
a border vertex in B; is in C4_; and a central vertex in B; is in Cs_;.

Similarly to Proposition 1, we get the following proposition.



Proposition 3. Let C be an identifying code in S3. Every border Bs-vertex has
no neighbour in U .

Proposition 4. Let C be an identifying code in S3. Fvery vertex in By has a
neighbour in Usz.

Proof. Let x be a vertex in By. Necessarily x must be a central vertex, that is,
x = (a,2) for some a. Assume for a contradiction that z has no neighbour in
Us3. Then by Proposition 1, its four neighbours are in Us,. Consider u = (a, 3):
one of its neighbours y is in C. By symmetry, we may assume y = (a—1, 3). Now
the two vertices u and v = (a — 1,2) are both adjacent to x and y. Hence, since
u and v are in Us, we obtain N[u]NC = {z,y} = N[v] N C, a contradiction.

Proposition 5. Let C' be an identifying code in Ss. Fvery border C-vertex ad-
jacent to a central Bs is in By U Bj.

Proof. Assume for a contradiction that a border Bs-vertex y is adjacent to a
central Bs-vertex x. Then N[z]NC = N[y] N C = {z,y}, a contradiction.

4.2 Establishing the lower bound

We use the Discharging Method. Let C' be an indentifying code in S3. We give
an initial weight 1 to the vertices of C' and 0 to the vertices in U. We will then
apply some discharging rules. Our aim is to prove that at the end the final weight
of each vertex will be at least 1—78.
For sake of clarity and to simplify the proof, we will perform these discharging
rules in two stages.
A generous vertex is either a By-vertex or a border vertex in B; having its

central neighbour in C. We first apply the following rules.

(RO) For 1 <i <4, every vertex of C gives & to each of its neighbours in U;.

(R1) Every generous vertex gives 2 to its central neighbour(s).

Let us denote by wi(v) the weight of the vertex v after applying (RO-R1).
Observe that after (RO-R1) all the vertices of U have weight exactly .
Indeed for all 1 < ¢ < 4, every vertex u in U; receives —Z_ from each of its i

18x1
neighbours. Hence in total it receives % and so wq(u) = 1—78.

The weight of the vertices of U will not change anymore and the charge will
now only move from C-vertices to other C-vertices.

We define the ezcess of a vertex v of C as €(v) = w1 (v) — . Informally, if it
is positive, the excess of v measures how much weight v has above 1—78 and thus
can give to other vertices. If it is negative, the excess of v measures the quantity
of weight v must receives from others to get weight 1—78.

Observe that By-, Bi-, Bs- and border Bs-vertices have positive excess:

— If v € By, then it gives nothing to U-vertices, and it gives 13—8 to each (at

most two) central neighbours. Thus e(v) > 1 — % — % = =.



— Ifv € By, then it gives at most {g to its U-neighbour. So if it is not generous,

e(v) >1-— fsfgandlfvlsgenerous e()>1f——%—138:118

—Ifv e BQ, then it is adjacent to at most one U;-vertex by Proposition 1.
7 7 7 _ 1
Heneee()>1—ﬁ—l—87367%. N . .
— If v is a border Bjs-vertex, then by Proposition 3, it is adajcent to no U;-

Vertex Hence it gives at most g5 to each of its U-neighbours. So e(v) >
1— £ —3x%x &=z
36

On the opposite, some vertices of B3UB,4 may have negative excess. Such vertices
of B3 U By will be called defective. Observe that defective vertices are on the
central line. Moreover it is easy to check that a defective vertex has no generous
neighbour. Indeed if a defective vertex = has a generous neighbour Y, then it is
in Bs. Since x has at most one Uj- nelghbour it sends at most g —|— 2 X o= = }é
to its U-neighbours. But it also receives Ts from its generous nelghbour Hence
) >1- -1+ =0

Simple calculations and Propositions 1, 3 and 4 show that a defective vertex

is of one of the following kinds:

— a By-vertex with at least two Us-neighbours;
— a central Bs-vertex with one U;-neighbour and no generous neighbour.

We will now apply some new discharging rules in order to give charge to the
defective vertices so that the final excess €*(v) of every vertex v is non-negative.
The rules are applied one after another, so if several rules must be applied to a
same vertex then it will send charge several times.

For S € {C,U}, an S-column is a column all vertices of which are in S. A
right barrier (resp. left barrier) is a C-column such that the right (resp. left)
neighbours of its two border vertices are in Uy. A lonely barrier is a barrier such
that the columns to its right and its left are U-columns. Let x be a C-vertex. Its
right pal (resp. left pal) is the closest central C-vertex to its right (resp. left). A
pal is good if it is defective or in a lonely barrier.

(R2) Every border C-vertex = whose central neighbour is not in C' sends e(z)/2
to each of its good pals, if it has two of them and e(z) to its good pal, if it
has exactly one.

(R3) Every border vertex x in a right (resp. left) barrier sends e(z) to its right
(resp. left) pal. Every central vertex z of a right (resp. left) barrier sends to
its right (vesp. left) pal e(x) if it is in By and 13 1f it is in By.

(R4) Every generous Bj-vertex not in a barrier sends 2 to each of its pals.

(R5) Every central By-vertex whose left (resp. right) neighbour is not in C' sends
% to its right (resp. left) neighbour.

(R6) Every border Bo- vertex whose central neighbour is in By and adjacent to a
central Bs sends 36 to this later vertex.

(R7) Every central Bs-vertex with a border C-neighbour and a central C-neighbour
sends 3z to its central C-neighbour.

(R8) Every central By-vertex or central Bj-vertex with its two central neighbours
in C sends 75 to each of its central neighbours.



(R9) Every central vertex in a right (resp. left) barrier resend to its right (resp.
left) pal all the charge its receives from border vertices to its left (rep. right)
by (R2).

(R10) A central Ba-vertex with a Bs-neighbour to its right (resp. left) and a Ba-
neighbour to its left (resp. right) sends == and everything it gets from the

36
left (resp. right) to its right (resp. left) neighbour.

It is routine to check that every non-defective vertex sends at most its excess
and that its final excess is non-negative. We now consider defective vertices.
Let v = (a,2) be a defective vertex. Let us show that its final excess €*(v) is
non-negative.

We first consider the case when v is in Bjy.

— Assume first that v has three Us- nelghbours and one nelghbour 1n U3 U Uy.
Then its original excess €(v) is at least 1 — 15 — 3 X o — & = — .
By symmetry, we may assume that (a, 3) € Ug, (a—1 3) € Cand (a+1,3) €
U. Hence (a — 1,2) is in Uz U Uy because N[(a — 1,2)] NC # Nl(a,3]NC.
Thus (a,1) and (a + 1,2) are in Us. Since N(a,1)]NC # N(a +1,2] N C,
(a—1,1) and (a+2,2) arein C and (a+1,1) € U. But (a+1,1) and (a+1, 3)
must have a neighbour in C, so (a+2,1) and (a+2,3) are in C. Hence the
column of index a + 2 is a left barrier. So v receives at least 3 X 5= by (R3)
from the vertices of this barrier and 2 from each of (a —1,1) and (a—1,3)
by (R2). Hence €*(v )27%+3x—+2x—>0

— Assume now that v has two Us-neighbours and two neighbours in Us U Uy.
Then its original excess €(v) is at least 1 — 18 -2 x % 2 x é = —%.

Observe that (a, 1) and (a,3) may not both be in Us for otherwise (a — 1,2)

and (a + 1,2) would also be in Us. Hence without loss of generality, we are

in one of the following two subcases:

e {(a—1,1),(a—1,3),(a+1,3)} CC and (a+1,1) isin U. Then (a+2,1)
must be in C Hence the three vertices (a — 1,1), (e — 1,3), (a + 1,3)
send each =5 to v by (R2). Hence €*(v) > —g= + 3 x =5 > 0.

e {(a—2,2), (a 1,3),(a+1,1),(a+2,2)} CCand (a—1,1) and (a+1,3)
are in U. Then (¢ — 2,1) and (a + 2,3) must be in C. Observe that
the columns of index a — 2 and a + 2 are not barriers since (a — 1, 1)
and (a + 1,3) are in Uy and (¢ —1,3) and (a + 1, 1) are not in U;. If
(a—2,2) is not defectlve then (a—1, 3) sends at least 5= to v by (R2) and
(a+1,1) sends at least =5 to v by (RQ) Hence €*(v) > —5-+ 35+ 75 > 0.
If (a —2,2) is defectlve then it is in Bs. Since the code is identifying
(a—3,1)isin C, so (a —2,1) 1s a border Bj-vertex. So it sends 45 to v
by (R4) As v receives at least = from each of (a —1,3) and (a + 1,1),
we have €*(v) > —5- + 3 +2><—>0

We now consider the case when v € Bs. Let w be its C-neighbour. w is a
central vertex, for otherwise w would be a generous vertex by Proposition 5 and
thus v would not be defective. By symmetry, we may assume that w = (a—1, 2).



— Assume first that v has one Uj-neighbour and two Us-neighbours. Up to
symmetry, the Uj-neighbour z is either (a + 1,2) or (a, 3).

o If z=(a+1,2), then (a +1,1) and (a +1,3) are in U and so (a —1,1)
and (a — 1,3) are in C. Hence w is in B1 because a defective vertex has
no generous neighbour. Thus w sends 75 to v by (R5). So €*(v) > 0.

e Assume that z = (a,3). Then (a—1,3) and (a+1,3) are in U. Moreover
(a+1,2) and (a,1) are in U and so (a+1,1) is not in C. It follows that
(a—1,1), (a+2,2), (a+2,1) and (a + 2,3) are in C. The column of
index a + 2 is a left barrier.

We claim that v receives at least 75 from its right and at least 3 from
its left. This yields €*(v) > 0
Let us show that v receives 18 from its right. If one vertex of the column
of index a+2 is in By, the vertices of the barrier send at least 118 +2X == 36 =
2 to v. Hence we may assume that (a+3,1) , (a+3,2) and (a+3,3) are
in U. Furthermore by Proposition 1, (a+3,1) and (a+ 3, 3) are in Uz so
(a+4,1) and (a+4,3) are in C. If (a+4,2) is in C, then (a+3,2) € Us
and so €((a + 2,2)) = 2. Hence v receives at least 2 +2 X 52 > 2 from
its right. If (a + 4,2) is not in C, then by (R2) (a +4,1) and (a + 4, 3)
send in total 5= to (a + 2,2) which redirect it to v by (R9). In addition,
the barrier send at least 3 X % to v by (R3). Hence v receives at least
18 from its right.
Now, either (a —1,2) is in By 1n which case it sends 75 to v by (R8), o
(a—1,2) is in By and sends 5z to v by (R7) and (a —1,1) is in By or
By and sends 5z to v by (R6) or (R4). In both cases, v receives {5 from

its left.
— Assume that v has one U;- neighbour one Ug—neighbour and one neighbour
in UsUUy. Then e(v) > 1— & — & — L — = = — L Tet t be the neighbour

of v in UsUUy. By Symmetry, we may assume that ¢t = (a,3) or t = (a+2,2).

e Assume that ¢ = (a,3). Then (a—1,3), (a+1,3) are in C and (a—1, 1),
(a+1,1) and (a +2,2) are in U. Thus (a 4+ 2,1) is in C.
If (a—1,2)isin Bl, then it sends & to v by (R8). If not (a —1,2) is in
Bs and thus sends = to v by (R7). Moreover (a—1,3) is in B;UB; and
thus sends gz by (R4) or (R6). Hence v recelves at least % from its left.
Let us now show that v receives at least = = from its right. Since N{(a +
1,1)]NnC # N[(a+2,1)]NC, we have (a+3,1) € C. Since N[(a+1,3)]N
C # N[(a+2,3)]NC, we have (a+3,3) € C. If (a+ 3,2) is in C, then
this vertex is not good So (a + 1,3) sends all its excess to v by (R2).
This excess is at least 2;. If (a4 3,2) is not in C, then (a+2,3) is in C,
because N[(a+2,2)]NC # N[(a+1,1)]NC. Hence (a+2,3)isin By
and it is not generous. So its excess is at least 2 and by (R2), it sends
at least & 5 towv.
Hence v recelves at least 1
€ () > —f55 + 5 + 55 > 0-

e Assume that t = (a+1,2). By Symmetry, we may assume that (a,3) € U;.
Then (a—1,3), (a+1,3) and (a—1,1) arein U and (a+1,1), (a+2,2)
are in C.

from its left and g; from its right. Thus



Since N[v] N C # N[w] N C, necessarily (a — 2,2) € C. Since (a — 1,1)
and (a — 1,3) have different closed neighbourhoods, then a vertex y in
{(a—2,1),(a—2,3)} isin C. If (a —2,2) is in By, then it sends 75 to w
by (R8) if (a —2,2) is in By, then it sends at least g to w by (R5) or
(R8); if (a —2,2) is in Bg, then (a —2,2) sends 3 to w by (R7). In any
case, w recelves at least 55 from (a —2,2,) Wthh it redirects to v with
an additional 55 by (RlO) So w sends at least 75 to v.
Now (a+1,1) has excess at least 54 smce it is adJacent tono U; and at
least one Us. Hence it sends at least to v by (R2).
Thus €*(v) > — 155 + 15 + 195 = 0.
Assume that v has one Uj-neighbour and two neighbours in Us U Uy. Then
()>1_T78_T78_2X574 21
Without loss of generality, (¢ — 1,3), (a4 1,3) and (a + 2,2) are in C, and
(a—1,1), (a+1,1) are in U. Then the vertex (a + 1,3) had excess at least
AT since it is adjacent to two Us and no U;. Thus by (R2) it sends at least

I
715 to v. So e*(v) > — > 0.

108

27 + 216

Hence at the end, all the C-vertices have non-negative final excess and final

weight at least ;5. This finishes the proof of Theorem 4.
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