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July 17, 2016

Abstract

We consider the problem of recovering a signal observed in Gaussian noise. If the set of signals is
convex and compact, and can be specified beforehand, one can use classical linear estimators that achieve
a risk within a constant factor of the minimax risk [5]. However, when the set is unspecified, designing
an estimator that is blind to the hidden structure of the signal remains a challenging problem. We
propose a new family of estimators to recover signals observed in Gaussian noise. Instead of specifying
the set where the signal lives, we assume the existence of a well-performing linear estimator. Proposed
estimators enjoy exact oracle inequalities and can be efficiently computed through convex optimization.
We present several numerical illustrations that show the potential of the approach.

1 Introduction
We consider the problem of recovering a complex-valued signal (x4)iez from the noisy observations
Yr =2, +0C, —n<71<n. (1)

Here n € Z,, and {; ~ CN(0,1) are i.i.d. standard complex-valued Gaussian random variables, meaning
that (o = &} +1&% with i.id. &, ~ N(0,1). Our goal is to recover z; given the sequence of observations
Y—n, -, Yt Up to instant ¢, a task usually referred to as (pointwise) filtering in machine learning, statistics,
and signal processing [§].

The traditional approach to this problem considers linear estimators, or linear filters, which write as

t+n+1
{U\t = Z ¢7yt7¢7 —n <t<n.
7=0

Linear estimators have been thoroughly studied in various forms, they are both theoretically attractive [20,
10,16, [5] and easy to use in practice. If the set X of signals is well-specified, one can usually compute a (nearly)
minimax on X linear estimator in a closed form. In particular, if X is a class of smooth signals, such as a
Holder or a Sobolev ball, then the corresponding estimator is given by the kernel estimator with the properly
set bandwidth parameter [20] and is minimax among all possible estimators. Moreover, as shown by [9] 5],
if only & is convex, compact, and centrally symmetric, the risk of the best linear estimator of z; is within a
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small constant factor of the minimax risk over X. Besides, if the set X' can be specified in a computationally
tractable way, which clearly is still a weaker assumption than classical smoothness assumptions, the best
linear estimator can be efficiently computed by solving a convex optimization problem on X. In other words,
given a computationally tractable set X on the input, one can compute a nearly-minimax linear estimator
and the corresponding (nearly-minimax) risk over X. The strength of this approach, however, comes at a
price: the set X still must be specified beforehand. Therefore, when one faces a recovery problem without
any prior knowledge of X, this approach cannot be implemented.

We adopt here a novel approach to filtering, which we refer to as structure-blind recovery. While we do
not require X to be specified beforehand, we assume that there exists a linear oracle — a well-performing
linear estimator of x;. Previous works [I2] [7], following a similar philosophy, proved that one can efficiently
adapt to the linear oracle filter of length m = O(n) if the corresponding filter ¢ is time-invariant, i.e. it
recovers the target signal uniformly well in the O(n)-sized neighbourhood of ¢, and if its £3-norm is small —
bounded by p/+/m for a moderate p > 1. The adaptive estimator is computed by minimizing the ¢s,-norm
of the filter discrepancy, in the Fourier domain, under the constraint on the ¢;-norm of the filter in the
Fourier domain. Put in contrast to the oracle linear filter, the price for adaptation is proved to be of order
O(p*vInn), with the lower bound of O(pv/Inn) [12,[7].

We make the following contributions:

e we propose a new family of recovery methods, obtained by solving a least-squares problem constrained
or penalized by the ¢1-norm of the filter in the Fourier domain;

e we prove exact oracle inequalities for the fo-risk of these methods;

e we show that the price for adaptation improves upon previous works [12} [7] to O(p*VInn) for the
point-wise risk and to O(pvInn) for the ¢5-risk.

e we present numerical experiments that show the potential of the approach on synthetic and real-world
images and signals.

Before presenting the theoretical results, let us introduce the notation we use throughout the paper.

Filters. Let C(Z) be the linear space of all two-sided complex-valued sequences z = {z; € C},_,. For
k,k' € Z we consider finite-dimensional subspaces

CZY={zeC@Z): x,=0, t¢|kK]}.

It is convenient to identify m-dimensional complex vectors, m = k' —k+ 1, with elements of (C(Z’,j/) by means
of the notation: / )
xf =[xy . 2] € CFRFL

We associate to linear mappings C(ZE') — C(Z?) (' =j+1) x (K — k+ 1) matrices with complex entries.
The convolution u * v of two sequences u,v € C(Z) is a sequence with elements

[uxv]y = ZUTU:&—T, t e Z.
TEZL

Given observations and ¢ € C(Z7') consider the (left) linear estimation of x associated with filter ¢:

T =[xyl

(Z; is merely a kernel estimate of z; by a kernel ¢ supported on [0,...,m]). Note also that if A is the
right-shift operator on C(Z), [Az]; = z:_1, the linear estimation [¢ * y]; may be alternatively written as

[p(A)yle.-



Discrete Fourier transform. We define the unitary Discrete Fourier transform (DFT) operator F, :
crtl — Cntl by

n
2wkt

zw Fpz, [Fpzlk =+ 1)71/2 zentt, 0<k<n.
t=0

The inverse Discrete Fourier transform (iDFT) operator F, ! is given by F; ! := FH (here A” stands for
Hermitian adjoint of A). By the Fourier inversion theorem, F,, ! (F, z) = z.

We denote || - ||, usual £,-norms on C(Z): ||z]|, = (3,cz lze[")*/?, p € [1,00]. Usually, the argument will
be finite-dimensional — an element of (C(Z’,j/); we reserve the special notation

”x”n,p = [z |-

Furthermore, DFT allows to equip C(Z§) with the norms associated with ¢,-norms in the spectral domain:

el = 26|l = 1Faag )y, p € [1,00];

note that unitarity of the DFT implies the Parseval identity: [z, o = [|z[}, o-
Finally, ¢, C, and C’ stand for generic absolute constants.

2 Oracle inequalities for adaptive recovery procedures

2.1 Constrained recovery

Given observations and g > 0, we first consider the constrained recovery Teon given by
[Zeonlt = [@*yle, t=0,...,m,

where @ is an optimal solution of the constrained optimization problem

min {lly =@ ylaz: el <o/vVn+1}. (2)
»€eC(Zg)

The constrained recovery estimator minimizes a least-squares fit criterion under a constraint on [l¢||}, ; =

IEng |1, that is an ¢; constraint on the discrete Fourier transform of the filter. While the least-squares

objective naturally follows from the Gaussian noise assumption, the constraint can be motivated as follows.

Small-error linear filters. Linear filter ¢ with a small ¢; norm in the spectral domain and small recovery
error exists, essentially, whenever there exists a linear filter with small recovery error [I2] [7]. Indeed, let us
say that © € C(Zy) is simple [7] with parameters m € Zy and p > 1 if there exists ¢° € C(Z§") such that for
all —m <1 < 2m,

B {Jor — 0° 2l PY) ' < <22 ®)

In other words, x is (m, p)-simple if there exists a hypothetical filter ¢° of the length at most m + 1 which
recovers x, with squared risk uniformly bounded by fnz—fj in the interval —m < 7 < 2m. Note that
clearly implies that ||¢°|2 < p/vm + 1, and that |[z — ¢° * 2].| < op/vVm + 1 V7, —m < 7 < 2m. Now, let
n = 2m, and let

(PO _ ¢o*¢o c Cn+1.
As proved in Appendix [C] we have

le?ll1 < 20°/Vn + 1, (4)

and, for a moderate absolute constant c,

lz = 9% * yll,, » < cop/1+In[1/a] ()

with probability 1 — . To summarize, if x is (m, p)-simple, i.e., when there exists a filter ¢° of length
< m+ 1 which recovers x with small risk on the interval [—m,2m), then the filter p°® = ¢° * ¢° of the length
at most n + 1, with n = 2m, has small norm ||¢°||;, ; and recovers the signal x with (essentially the same)
small risk on the interval [0, n].



Hidden structure. The constrained recovery estimator is completely blind to a possible hidden structure
of the signal, yet can seamlessly adapt to it when such a structure exists, in a way that we can rigorously
establish. We formalize the hidden structure as an unknown shift-invariant linear subspace of C(Z), AS = S,
of a small dimension s. We do not assume that = belongs to that subspace. Instead, we make a more general
assumption that x is close to this subspace, that is, it may be decomposed into a sum of a component that
lies in the subspace and a component whose norm we can control.

Assumption A We suppose that x admits the decomposition
r=x54¢ a°5€S8,

where S is (an unknown) shift-invariant, AS = S, subspace of C(Z) of dimension s, 1 <s<n+1, and ¢
is “small”, namely,
|ATe|l, o <o, 0< 7 <.

Examples. Shift-invariant subspaces of sequences C(Z) are actually sets of solutions of difference equations

S

> piar =0, TEL (6)

i=0
For instance, discrete-time polynomials z- =Y ._, a;7%, T € Z of degree s form a linear space of dimension
s 4+ 1 of solutions of the equation (6) with binomial coefficients p; = (—1)*("}). Harmonic oscillations
are another example: x, = Ce™7 for some frequency w € [0,27) is the set of solutions of the equation
z, —e“r,._1=0.

We can now state an oracle inequality for the constrained recovery estimator; see Appendix [B| for the

proof.

Theorem 2.1. Let ¢ > 1, and let ° € C(Zg) be such that
¢°ln, < 2/Vn+1.

Suppose that Assumption A holds for some s € Z4 and » < co. Then for any o, 0 < a < 1, it holds with
probability at least 1 — «u:

o = Feonllne < & = ¢° # Yllnz + Cor/s + (/M [1/a] +In [n/a] ). (7)
When considering simple signals, Theorem [2.1] gives the following.

Corollary 2.1. Assume that signal x is (m, p)-simple, p > 1 and m € Z, . Let n = 2m, 7 > 2p?, and let
Assumption A hold for some s € Zy and » < co. Then for any o,0 < a < 1, it holds with probability at

least 1 — a:
w2 < Cop*y/Il/a] + C'oy/s + 3 (/I [1/a] + In[n/a] ).

Adaptation and price. The price for adaptation in Theorem and Corollary is determined by
three parameters: the bound on the filter norm 9, the deterministic error s, and the subspace dimension
5. Assuming that the signal to recover is simple, and that 3 = 2p?, let us compare the magnitude of the
oracle error to the term of the risk which reflects “price of adaptation”. Typically (in fact, in all known to
us cases of recovery of signals from a shift-invariant subspace), the parameter p is at least \/s. Therefore,
the bound () implies the “typical bound” O(o\/7p?) = os,/7 for the term ||z — ¢° % y|[n2 (we denote
v = In(1/a)). As a result, for instance, in the “parametric situation”, when the signal belongs or is very
close to the subspace, that is when sc = O(In(n)), the price of adaptation O (o[s + p?(y + \/71nn)]*/2) is

||CE - /w\con|



much smaller than the bound on the oracle error. In the “nonparametric situation”, when s = O(p?), the
price of adaptation has same order of magnitude as the oracle error.

Finally, note that under the premise of Corollary we can also bound the pointwise error; see Ap-
pendix [B| for the proof. We state the result for g = 2p? for simplicity.

Theorem 2.2. Assume that signal x is (m, p)-simple, p > 1 and m € Z,. Let n = 2m, 0 = 2p%, and let
Assumption A hold for some s € Zy and »x < oco. Then for any o,0 < a < 1, the constrained recovery Teon

satisfies
‘xn - [i'\con]n| < C\/% |:p2\/m+p %\/m+\/§} .

2.2 Penalized recovery

The constrained recovery estimator assumes that the parameter g is known. If the noise variance is known
(or can be estimated from data), then we can build a more practical estimator that still enjoys an oracle
inequality.

The penalized recovery estimator [Zpen]: = [ * y]; is an optimal solution to a regularized least-squares
minimization problem, where the regularization penalizes the £1-norm of the filter in the Fourier domain:

@ € Argmin {|ly — o *yllZ o + MWn+ 1l 1} (8)
peC(Zg)

We establish an oracle inequality for the penalized recovery estimator, similarly to Theorem
Theorem 2.3. Let Assumption A hold for some s € Zy and 3 < oo, and let ¢° € C(Zg) satisfy ||¢°[[51 <
o/v/n+1 for some o > 1.
1°.  Suppose that the reqularization parameter of penalized recovery Tpen satisfies X > A,

A 1= 6002 In[63n/a).

Then, for 0 < a < 1, it holds with probability at least 1 — a:

2 = Fpenllnz < 12 — 67 * gllnz + OV + C'o\[s + (3 + 1)3e/m(1/al,

where 0 1= \/mH@”;l

2°.  Moreover, if » < x,
__10In[42n/a]

VIn[16/a] ’
and A > 2\, one has

n2+Cyv o+ C'oy/s.
The proof of Theorem [2.3] closely follows that of Theorem [2.1] and is omitted.

2 = Zpenlln2 < llz — ¢° x gy

2.3 Discussion

There is some redundancy between “simplicity” of a signal, as defined by , and Assumption A. Usually a
simple signal or image x is also close to a low-dimensional subspace of C(Z) (see, e.g., [13] section 4]), so that
Assumption A holds “automatically”. Likewise, x is “almost” simple when it is close to a low-dimensional
time-invariant subspace. Indeed, if © € C(Z) belongs to S, i.e. Assumption A holds with s = 0, one can
easily verify that for n > s there exists a filter ¢° € C(Z",,) such that

1602 < V/5/(n 1), and . = [¢° *al,, TEZ. ©)



See Appendix |C| for the proof. This implies that x can be recovered efficiently from observations :

B{ler 0 walo P < 0[5

In other words, if instead of the filtering problem we were interested in the interpolation problem of recovering
x¢ given 2n+ 1 observations ys—p, ..., Yt+n on the left and on the right of ¢, Assumption A would imply a kind
of simplicity of z. On the other hand, it is clear that Assumption A is not sufficient to imply the simplicity
of x “with respect to the filtering”, in the sense of the definition we use in this paper, when we are allowed to
use only observations on the left of ¢ to compute the estimation of ;. Indeed, one can see, for instance, that
already signals from the parametric family X, = {x € C(Z) : =, = ca”, ¢ € C}, with a given |a| > 1, which
form a one-dimensional space of solutions of the equation z, = ax,_1, cannot be estimated with small risk
at t using only observations on the left of ¢ (unless ¢ = 0), and thus are not simple in the sense of .

Of course, in the above example, the “difficulty” of the family &, is due to instability of solutions of the
difference equation which explode when 7 — +00. Note that signals € X, with |a| < 1 (linear functions,
oscillations, or damped oscillations) are simple. More generally, suppose that x satisfies a difference equation
of degree s:

0=p(A)z, [: Zpixr—i] ) (10)
i=0

where p(z) = Zf:o piz* is the corresponding characteristic polynomial and A is the right shift operator.
When p(z) is unstable — has roots inside the unit circle — (depending on “initial conditions”) the set of
solutions to the equation contains difficult to filter signals. Observe that stability of solutions is related
to the direction of the time axis; when the characteristic polynomial p(z) has roots outside the unit circle, the
corresponding solutions may be “left unstable” — increase exponentially when 7 — —oco. In this case “right
filtering” — estimating x, using observations on the right of 7 — will be difficult. A special situation where
interpolation and filtering is always simple arises when the characteristic polynomial of the difference equation
has all its roots on the unit circle. In this case, solutions to are “generalized harmonic oscillations”
(harmonic oscillations modulated by polynomials), and such signals are known to be simple. Theorem [2.4
summarizes the properties of the solutions of in this particular case; see Appendix for the proof.

Theorem 2.4. Let s be a positive integer, and let p = [po;...;ps] € CT1 be such that the polynomial
p(z) = Zf:o piz" has all its roots on the unit circle. Then for every integer m satisfying

m > m(s) = Cs?In(s + 1),
one can point out ¢ € C"™ Y such that any solution to satisfies
xr =[g*xx];, VT EZ,
and
lalle < pls.m)/Vim where  p(s,m) = €' min {s*/2Vins, s/nfms] | . (11)
3 Numerical experiments

We present a preliminary simulation study of the proposed recovery algorithms in several application sce-
narios. We illustrate the performance of constrained ¢-recovery of Sec. and the penalized ¢2-recovery of
Sec. and compare it to that of the constrained £ -recovery of [7] and the Lasso recovery of [I] for signal
and image denoising. Some implementation details are discussed in Appendix Details and discussion of
the discretization approach underlying the competing Lasso method can be found in Sec. 3.6 of [I]. First,
we investigate the behavior of the different methods on a simple one-dimensional signal denoising example.



3.1 Signal denoising

We consider two different scenarios. In Scenario 1, the signal is a sum of k = 4 sine waves of equal
amplitudes and random frequencies. In Scenario 2, k/2 = 2 pairs of close frequencies are sampled, with the
frequencies in each pair separated by only 0.1 of the DFT bin 27 /n, making recovery harder due to high
signal coherency. The signal-to-noise ratio (SNR) is defined as the ratio ||z[|7 5/(0*n). In both scenarios, we
perform 100 Monte-Carlo trials for a signal-to-noise ratio in the range 10~!,...,10!. The parameter of the
constrained /- and constrained ¢.,-recoveries was set o = 4. We use the same regularization parameter of the
penalized fs-recovery as in the dimension reduction example above. For the Lasso, we use the theoretically
recommended value [I]. As Fig. (1| suggests, by comparing results with g = 4 and @ = 16, the constrained
lo-recovery method is in fact not too sensitive to the choice of g(k), where k is the number of sines.

10 i 102 ‘ ‘ ‘ ‘ ‘ 102 — . .
-O-Lasso -O-Lasso ‘:2—C0nstra!ned 12-recovery, rho=4
Constrained linf-recovery Constrained linf-recovery -Constrained 12-recovery, rho=16
xCOnstrained 12-recovery xCOnstrained 12-recovery
Penalized 12-recovery Penalized 12-recovery

\~*~-‘~\

10

10t 0.é5 0:5 160 é 4‘1 10! 10t 0.é5 0:5 160 é 4‘1 10! 107 025 05 10° 2 4 10!
SNR SNR SNR
Scenario 1 Scenario 2 0=4vs. 0=16.

Figure 1: Denoising harmonic oscilations.

3.2 Image Denoising

We now consider the recovery of an unknown regression function f on the regular grid 7 on [0,1]? given
noisy observations:
12 2
yr=f(r)+0l, TET :=9—,—,..,1p . (12)

nn

The signal-to-noise ratio (SNR) is defined here as ||z]|2 5/(0?n).

Denoising textures. In this experiment, we apply the proposed recovery methods to denoise two images
from the original Brodatz texture database, observed in white Gaussian noise.

The signal-to-noise ratio (SNR) is set to SNR = 1. We use the blockwise implementation of the con-
strained fo-recovery algorithm, as described in Appendix |D| We set the constraint parameter to o = 4, and
we use the adaptation procedure of [7, Sec. 3.2] to define the estimation bandwidth. We use the Lasso
method of [I] with A = 0.50y/2log N, halving the theoretically recommended value to prevent edge over-
smoothing. The resulting images are presented in Fig. 2] Despite comparable quality in the mean square
sense, the two methods significantly differ in their local behaviour. In particular, constrained ¢s-recovery
better restores the local signal features, whereas the Lasso tends to oversmooth, even with the chosen value
of the regularization penalty.

Dimension reduction. The purpose of this experiment is to illustrate the performance of the penalized
{y-recovery in the problem of estimating a function with a hidden structure. We consider the single-index
model of the regression function f:

Ft)=g(0"t), g()eS3L), [0li=1. (13)



True signal Observations Constrained recovery Lasso

Figure 2: Recovery of two instances of the Original Brodatz database, cut by half to 320 x 320 and observed
with SNR = 1. fy-error: 1.35e4 for the constrained fo-recovery 1.25e4 for the Lasso in the first row (inst.
D73); 1.97e4 for the constrained ¢a-recovery, 2.02e4 for the Lasso method in the second row (inst. D75).

Here, S5(L) = {g: R = R, l9®)()||l2 < L} is the Sobolev ball of smooth periodic functions on [0,1], and 6,
called the index, is some unknown direction.

Note that if it is known a priori that the regression function possesses the structure , but the index
is unknown, one can adapt to it, obtaining the one-dimensional rates of recovery; see e.g. [16] and reference
therein.

B || Observations | Penalized recovery | Lasso
0.5 45.30 54.22 54.94
1.0 64.71 17.05 16.94
2.0 65.66 4.02 7.49
3.0 65.63 2.72 6.95

Table 1: £s-error in the dimension reduction experiment.

In our experiments, a random direction 6 is sampled uniformly from the unit sphere and then renor-
malized. We use the blockwise strategy, with one block corresponding to the entire image. For penalized
{y-recovery (8), the regularization penalty parameter is set to A = 207 log(21/a) with a confidence level
1 —a =0.9. For Lasso, we use the same parameter setting as previously. The signal-to-noise ratio (SNR) is
set to SNR = 1. The corresponding results are presented in Tab. [I| and Fig.

Denoising harmonic oscillations. We consider the recovery of noisy images which are sums of k = 4
harmonic oscillations in R? with random frequencies. We compare constrained fo-recovery , with a single
block and the constraint parameter set to (k) = k2, to the Lasso, with the regularization penalty parameter
set to the theoretically recommended value [I]. The signal-to-noise ratio (SNR) is set to SNR = 0.25. We
present the results in Fig. [4]



True signal Observations Penalized recovery Lasso

Figure 3: Recovery of the single-index signal , observed with SNR = 1, for 8 = 2 (first row) and =1
(second row). Results are in Tab.

True signal Observations Constrained recovery Lasso

Figure 4: Recovery of a sum of 4 random sines observed with SNR = 0.25. Second row: the magnified
north-west corner of the image. fs-error: 6.61 for the constrained ¢o-recovery, 13.67 for the Lasso method.
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A Preliminaries

We start with introducing several objects used in the sequel. We denote (-, -) the Hermitian scalar product:
for a,b € C", (a,b) = a'’b. For a,b € C(Z) we reserve the shorthand notation

<a7b>n = <a6l7b8> = [a’g]Hbg'

Convolution matrices. We will extensively use the matrix-vector representation of the discrete convolu-
tion.

e Given y € C(Z), we associate to it an (n + 1) x (m + 1) Toeplitz matrix

Yo Y-1 e Y—-m
Ty = 7T 1)
Yn  Yn—-1 coo Yn—m

such that [p *ylg = T(y)ey for ¢ € C(Z§"). Its squared Frobenius norm satisfies
2 T
IT@)IE =D 1A7Y]7 . (15)
7=0

e Given ¢ € C(Z{"), consider an (n+ 1) x (m + n + 1) matrix

Om  Pm-1 .. o 0 0 .. 0
0 m 0 .. 0

M@= T T (16)
0 o e 0 om0

For y € C(Z) we have [p * y]if = M (p)y™,, and
1M (@)7 = (n+ Dl 2- (17)

e Given ¢ € C(Z{"), consider the following circulant matrix of size m + n + 1:

©m e e o 0 0 e ... 0
0 Om e . o 0 e ... 0
Cle)=10 T I N I (18)
©o 0 e e O ©Om - P1
| ¥m-1 « w0 0 . .o . 0 on

One has )
1CIF = (m+n+1)lelZ, .

This matrix is useful since C(¢)y™,,, encodes the circular convolution of ", and the zero-padded filter
O™ (recall that ¢ € C(ZZ')) which is diagonalized by the DFT. Specifically,

C(¢) = Bl D(¢)Frusn,  where D(g) = vim + 1+ Ldiag(Foin o). (19)
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Deviation bounds. We use the following simple facts about Gaussian random vectors.

e Let ¢ ~ CN(0,1,) be a standard complex Gaussian vector meaning that ¢ = &; + €2 where &; o are
two independent draws from N(0, I,,). We will use a simple bound

Prob {[[¢llec < V2R F 20} > 1~ " 0

which may be checked by explicitly evaluating the distribution since |¢1|3 ~ Exp(1/2).

e The following deviation bounds for ||¢||3 ~ x3, are due to [I5, Lemma 1]:
2 2
Prob{”CZHQ<n—+—\/2nu—|—u}>1—e“7 Prob{”C2”2>n—\/2nu}>1—e“. (21)

By simple algebra we obtain an upper bound for the norm:

Prob {||g||2 <Von+ \/ﬁ} >1—e v (22)

e Further, let K be an n x n Hermitian matrix with the vector of eigenvalues A = [Ay; ...; A,]. Then the
real-valued quadratic form ¢ K¢ has the same distribution as ¢7 B¢, where & = [£1;&)] ~ N(0, Iz,),
and B is a real 2n X 2n symmetric matrix with the vector of eigenvalues [\;\]. Hence, we have
Tr(B) = 2Tr(K), | B||% = 2||K||% and ||B|| = ||K|| < ||K||r, where || - || and || - | r denote the spectral
and the Frobenius norm of a matrix. Invoking [I5, Lemma 1] again (a close inspection of the proof
shows that the assumption of positive semidefiniteness can be relaxed), we have

prob{CHfC < TH(K) + (u + m»mnp} >, (23)

Further, when K is positive semidefinite, we have ||K||r < Tr(K), whence

Prob { CHQKC < Tr(K)(1+ \/6)2} >1—e ™ (24)

B Proof of Theorems 2.1] and 2.2

B.1 Proof idea

Despite the striking similarity with the Lasso [19], [3], [2], the recoveries of section [2] are of quite different
nature. First of all, the £;-minimization in these methods is aimed to recover a filter but not the signal itself,
and this filter is not sparseﬂ The equivalent of “regression matrices” involved in these methods cannot
be assumed to satisfy Restricted Figenvalue or Restricted Isometry conditions, usually imposed to prove
statistical properties of “classical” ¢1-recoveries (see e.g. [], [2I], and references therein). Moreover, being
constructed from the noisy signal itself, these matrices depend on the noise, what introduces an extra degree
of complexity in the analysis of the properties of these estimators. Yet, proofs of Theorem and rely on
some simple ideas and it may be useful to expose these ideas stripped from the technicalities of the complete
proof. Given y € C(Z",)) let T(y) be the (n+1) x (n+1) “convolution matrix,” as defined in such that
for ¢ € C(Z}) [ *y]h = T(y)pl. When denoting f = F,¢, the optimization problem in can be recast
as a “standard” /;-constrained least-squares problem with respect to f:

min {ly = Aufll3 : [flx <2/vn+1} (25)

feC'rL+1

1Unless we consider recovery of signal composed of harmonic oscillations with frequencies on the DFT grid.
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where A,, = T'(y)F,; 1. Observe that f° = F,,¢° is feasible in so that
ly = Aufln 2 < lly = Aufll7 2,
where f = F, @, so that
o= AnfIZ o = llz = AufI2 5 < 20 (R(G. 2 = Auf*)n = R(Cw = Auf)n)
<20 (G, An(F° = Pin] < 201 AT Gl £ = Fllx < 40l AT G l|oo 2

In the “classical” situation, where (' is independent of A, (see, e.g., [I1]), the norm ||AX (||~ is bounded
by coVInnmax; [|[[An]jlle < caVnInn||A,|le where ||Allo = max; ;|A;;| and ¢, is a logarithmic in a~!
factor. This would rapidly lead to the bound of the theorem. In the case we are interested in, where A,
incorporates observations y”,, and thus depends on (g, curbing the cross term is more involved and requires
extra assumptions, e.g. Assumption A.

B.2 Extended formulation

We will prove a simple generalization of the theorem in the case where the length n of “validation sample”
may be different from the length m of the adjusted filter. We consider the “skewed” sample

Yr =z, +0( —m<T1<n, (26)
with Ky 1= :1111 Accordingly, we assume that the regular recovery ¢ * y uses the filter
ge Arg(rgir;{\\y —¢xyln2: ol <o/Vm+1}. (27)
peC(Zg

The corresponding modification of Assumption A is as follows:

Assumption A’ Let S be a (unknown) shift-invariant linear subspace of C(Z), AS = S, of dimension s,
1 <s<n+1. We suppose that x admits the decomposition:

z=2°+ £,
where 5 € S, and € is “small”, namely,
|ATe]|,, o < o3, 0T <m.

In what follows we use the following convenient reformulation of Assumption A’ (reformulation of Assump-
tion A when m = n):

There exists an s-dimensional (compler) subspace S, C C"*' and an idempotent Hermitian
(n+1) x (n+ 1) matriz Ils, of rank s — the projector on S,, — such that
| (e~ T, ) (A7l [, [ = 1A7el, ] < oo, 7= 0,0m (28)

where I,11 is the (n+ 1) x (n+ 1) identity matriz.
Theorem B.1. Let m,n € Z,, 3 > 1, and let ¢° € C(Z§") be such that
le?lli <o/vm+1.

Suppose that Assumption A’ holds for some s € Zy and » < co. Then for any «,0 < a < 1, there is a set
Z C C?*! Prob{¢",, € Z} > 1 —a, of “good realisations” of ¢ such that whenever (", € Z,

o =@ yllnz < llo = ¢° # Yllns +20 [VEVZ + @+ Deare+ V25 +cal (29)

where ¢ == +/2In[16/a], and

V2 =2(144kmn) I [55(m +n+1)/a].
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B.3 Proof of Theorem [B.1
1°. The oracle filter ¢° is feasible in , hence,
e —=@xyllne = 111 —¢°) xyllhz— 0?2 — 2R (¢, 2 — @ y)n

|z — 2 = y||fl2 —2Ro((,x — D *Y)n +2Ro((,x — @ % Y)p - (30)
s 52

Let us bound 6(Y). Denote for brevity I := I,11, and recall that IIg  is the projector on S, from . We
have the following decomposition:

oW = Ro(¢ Ms,[v = @ yl5) +Ro (G, (I — s, )[z — §+alp)
6§1) 5;1)
~Ro?(¢, (I - 1s,) [ * ) (31)
5V

One can easily bound 551) under the premise of the theorem:
6] <ol 2 2 8 < 15 Elll 5l
Note that IIs, ¢f ~ CN(0, ), and by we have
Prob {HHSanHQ > V25 + \/%} <e™,

obtaining the bound
Prob{’5§1)| <oz y”n2 (\/ﬁ—i— V2In [1/a1]>} >1—a. (32)

2°.  We are to bound the second term of (31). To this end, note first that
68" = Ro (G, (I — s, ) — Ro(GF, (I — s, )[@ * ).
By (29), [|[(I — 11, )x§]l, < 03¢, thus with probability 1 — «,
(o (I = 1ls, )ag)| < o3ey/2In(1 /0. (33)
On the other hand, using the notation defined in (I4), we have [§ = 2] = T(2)@F', so that
(€0 (I —1s, ) [P = 2]g) = (¢ (I — 1L, ) T (2)%5")-

Note that [T'(z)], = 2-7"" for the columns of T'(z), 0 < 7 < m. By [28), (I —ILs,)T(z) = T(e), and by
(),

m . 9
I = W5, )T (@) = 1T()[7 = Y _ =75 < (m + 1),
7=0
Due to (24) we conclude that

7)1 = T, )G [ < 20m + 1) (14 \/ln[l/a])2

with probability at least 1 — a.. Since

(G0 (I = s, ) T'(2)g")| <

< s 7@ - 115,)G
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we arrive at the bound with probability 1 — a:

(G (0 =T, )T(2)25)] < V20563 (14 /In[1/a] ) .

Along with this results in the following bound:

Prob{|5§”y <V2o2x(5+ 1) (1 + m)} >1— as. (34)

3°. Let us rewrite 5§1) as follows:
55" = Ro* (G, (I = s, )M(B)C" ) = Ro*(C" 0, QU (B)C),
where M (p) € C+D)x(m+n+1) ig defined by (I6]), and Q € CImHn+x(+1) g given by

Q= [ Omnt1; I —1s, ];

hereinafter we denote 0y, the m X n zero matrix. Now, by the definition of @ and since the mapping
© — M () is linear,

27
1 n AN AN n g Q n n
%) = HC)TQME) + MPTQT)", < s max ()T (W)
K1(9) lully <1
27
; |
- 0 ¢ )T K (), (35)

max max
vVm—+1 1<5<m+1 9€[0,2n]

where u/ € C(Zy"), and [u/]5* = F,,'e;, e; being the j-th canonical orth of R™ 1. Indeed, M (¢) attains its
maximum over the convex set

B, 1 ={ueCZy), lull,, <1} (36)
at an extremal point e?u;, 6 € [0,27]. It is easy to verify that
K1 (e®u) = Ky (u) cos 6 + Ky(u)sin 6
for the Hermitian matrix
Ko(u) =1 (QM(u) — M(u)" Q™).
Denoting ¢/ (¢) = 1(¢",,) T Ki(u?)¢",, for i = 1,2, we have

—m

1(/n \H 0,7\ — J J :
pax 5(C) K (€)M = max {ql(é)cosﬂqg@)smﬂ

= V1P + & < vamax (| ()], |4(C)])-

By simple algebra and using , we get

Tr [K;(u/)?] <4 Te[M ()M )] =An+ D)||W/|2,, <4(n+1), i=1,2.

Now let us bound Tr[K;(u)], i = 1,2, on the set (36). One may check that for the circulant matrix C(u), cf.
(118), it holds:

QM (u) = QQ" C(u),
——
R
where R = QQ is an (m +n + 1) x (m +n + 1) projection matrix of rank s defined by

. Om,m ‘ Om,n+1
R= 0n+1,m ‘ I— Hsn
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Hence, denoting || - ||« the nuclear norm, we can bound Tr[K;(u)], i = 1,2, as follows:
| Te[K;(w)]| < 2[ T[RC(w)]| < 2RI Cu)l, < 2[C )l = 2vm+n+ Tull5yy 1,

where in the last transition we used (19)). The following technical lemma gives an upper bound on the norm
of a zero padded filter (see Appendix for the proof):

Lemma B.1. For any u € B}, 1, see , and n > 1, we have

m,1’

[wlln < 41+ A7 (Infm +n+ 1] +3).

Thus we arrive at
| Te[K;(w))]| < 2vVm + 1(k2,,, + D(In[m +n+1]+3), i=1,2.

By we conclude that for any fixed pair (¢,7) € {1,2} x {1, ..., m + 1}, with probability 1 — «,

4(Q)] < [Tel& ()] + |15 ()] (1 + VIn27a])

With g = 2(m + 1)«, by the union bound together with and we get

Prob {55}’ < 2v20%3 [(nfm +1)(nfm +n+ 1] +3) + Kmn (1 + /I [4(m + 1)/040])2} } >1—ap. (38)

4°. Bounding 6 is a relatively simple task since ¢° does not depend on the noise. We decompose
0@ = oR(C,x — @° % ) — T2 R(C, 0% % O
Note that R(C,z — ¢° % x), ~ CN(0, ||z — ¢° % z||2 5), therefore, with probability 1 — a,

Rz —¢®*x), < v2In[l/a]l|lx — ¢ * x|/ 2. (39)
On the other hand,

o = @% 2z < o = 67+ Yllna + 0l0° % Cllnz
< iz = ¢ % ylln2 + V200kpn,0 (1 +v/W(1/a]) (40)

with probability 1 — «. Indeed, one has

2
2 b

e = [ M(©7)C",|

le? %]

where for M(¢°) by we have
1M ()7 = (n+ D072 < K3 n0® (41)
Using (24) we conclude that, with probability at least 1 — a,
6% % CI2 < 263 00% (1 + VT/a])
which implies . Using and , we get that with probability at least 1 — as,
R(C,x — ¢° xx)p

< V2 R/as] [z = 9%yl + V2008 (1+ v/ 2] )]
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<l = ¢ * yllnay/2In [2/as) + 20 0kmn (1 +/In [2/a3])2 . (42)

The indefinite quadratic form
R(C, 0% % Ch = (Cﬁm)H‘K;O(QOO)Cva
where Ko(©°) = [Ommins1; M(©°)] + [Ommans1; M(©°)]", can be bounded similarly to 3°. We get
| Te[Ko(@?)]] < 2(n+ 1) [¢7,] < 267, 0.

Indeed, for e,, 11 = [0; ...; 0; 1] € R™*! one has

0
| = 10 m < e Fm m oo<
loml = Kl¢°10"s em+ )| < €%l Fmem+illee < 1
since || Fem+illoo = 1/v/m+ 1. By ., | Ko(e ||F <4|M(p )H% < 4/@2717ng2. Hence by (23),
2
Prob {—?R(C, @ % Q)n < 260 0 + 26 0 (1 ++/2In [1/a4]) } >1—ay. (43)

5°. It remains to combine the bounds obtained in 1°-4°. For any « € (0, 1], putting ag = o = oy = /4,
as = ag = /8, and using the the union bound, we get from with probability > 1 — a:

lz = Gxylhe < llo—¢°xylho+26® — 250

by @] < |z —¢°*yl7o+ 20z — ¢ % yllaov/2In[16/a]
by (@2), (43)] +4029{mfn}n + 260 (14 \/mf]

by (32)] +20|z — 3 % ylln2 (V25 + \/2In[16/a])

by (4] +2v202(3+ 1) (1 + /I[16/a]) >

by @] +4V20%D (4 Dl 4+ 1] 4+3) 4 s (14 VIO D7)

Hence, denoting

o = 2f02@+1(1+\/ [16/a]) >

CI

[ K20+ 1)( lnm+n+1]+3)+nmn<l+ 1n[16(m+1)/a})1

i 26m (14 v/21n[16/a])?]

@
+40%p |k [
we obtain

lo—=@xylns < llo—¢xyllh o +20(V2s + /2In[16/a]) (|2 — G+ ylln,2 + [|lz —
Lo 4 @)

2)

The latter implies that

le—&

¢ 5 Ylln2 + 220 (/s + v/In[16/a]) + Vo) + 03,
Finally, we arrive at using the bounds
v < 4v/20% (5 + 1)y/In[16/a] >
and
v <625 (4\@(/43,%" +1)(In[m 4 n+ 1]+ 4) + 4.5(4v2 + 8) K. In [16(m, + 1)/a])

<8520 (1 + 4kim.p) I [55(m +n+1)/a].
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B.4 Proof of Lemma [B.1]

The function Hu||;*n 4n,1 18 convex on , 80 its maximum over this set is attained at one the extreme points

F [/ = e¥e; where e; is the j-th canonical orth of R™*+! and 6 € [0, 27]. Since ul = \/nllﬁ exp {19 - 2723_71]} ,

we obtain
s m+n k ] 1 m+n Wik
H'LL Hm—i—n,l ]CE:O 7-Z()exp v2m m4+n+1 _m—|—1 T :; kzz: ’Dm (7) ’

Wik

where v = v/(m +n + 1)(m + 1), and the Dirichlet kernel D,,,(-) is defined as

sin((m+1)x)
Du(z)i={ s TF7
m—+ 1, r = l.
Hence, [[u? ||, 1,1 < maxeepo,x] Smn(€), where

m—+n

Smn(€) =Y | D

k=0

, e€l0,m]. (44)

7k
— —€
m+n+1

Note that | D, ()| is upper bounded by the following (positive) function on the circle R/7Z:

e —— € (0,m)

B — 2min(z,m—x)’ ')
For any € € [0,], the summation in is over a regular (m + n + 1)-grid on R/nZ. The contribution
to the sum of each of two closest to zero points of the grid is at most max,e(o ] Dm (%) = m + 1. For the
remaining points, we can upper bound |Dy,(z)| < By, (z) noting that By, (x) decreases over [——"—, 7] as

long as n > 1. These considerations result in

|'7n+;—1'|

1 1
Smn(€) <2(m+1)+ > % <2(m+1)+ (m+n+1) <1n VH;JF] +1>
k=1
where in the last transition we used the simple bound H, < Inn + 1 for harmonic numbers. O

B.5 Proof of Theorem [2.2]

We decompose

[z — @ ylnl = 1[(¢° + (1 = ¢%)) * (x — @ * y)]nl
< o (@ =@ y)lal +[(1 = @) x (1= ¢°) x an| + o|[@ * (n| + 0[P * ¢ * (]
= W 463 453 4 5@, (45)

We have

8 < N@ll2llz = &% )llm,2 < \/—Ilfc—w*y\lmz

When using the bound of Corollary with @ = 2p?, we conclude that, with probability > 1 — /3,

s < cg—\/'% [pQ\/ln[l/a] —|—p\/(%ln [1/a] +1In[n/a]) + V5| .
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Next we get
op

0 < (1418l (1 = ¢°) * | Vmt1

< (1+2p%)

n,o0o —
By the Parseval identity,

2
5@ = o{Fal@"18, FalClon)| < o1I5.11¢015 00 < %" 210 [3(n + 1)/al

where the last inequality, holding with probability > 1 — «//3, is due to .
Finally, observe that, with probability > 1 — a/3 (cf. ),

16° * Clln2 < V2p (1 + W[g/a]) .
Therefore, we have for 6(4):
_ 2p? 2v/2p?
5 < 0| Bllnall6° * Cllna < (1+ Vinf3/a]) = (1+ Vinf3/a])
< o1Bllnald” * Clus S oLy /o) = o 7 (14 Vi3l
with probability 1 — a/3. When substituting the bound for 5k =1,..,4, into we arrive at the result
of the theorem. |

C Miscellaneous proofs

Proof of relations and . Let n = 2m, ¢ € C(ZF), and let p € C(Zy) satisfy ¢ = ¢ * ¢. Then

el

2
2m +1 —1/2 Z | FQmQO() k \/72 < Ln(b(; }1 >

Vem + 1)10)32 5 = V2m + 1)|¢)|3.0 = V2m ’||¢>||m2_v ”,

implying (). Moreover, since 1 — ¢ x ¢ = (1 + ¢) * (1 — ¢), for all z € C(Z) one has for all 7 € Z:

o =[x als| = [(L+¢%) % (1= ¢°) xal,| =Y _[1+6°); [z — ¢° xa]r—
7=0

o(l+p)p

< 1 o _ 4o <
< I+ ol max [l -0 aly| < T2

(we have used to obtain the last inequality), and

|z = [p° * 2][|n2 < o(1+ p)p.

Next note that
HSO * C”n 2~ <C7 M(@O)C>nv
where M (¢) is defined as in . When taking into account that

< 20V +1
n+2

we get (cf. ([@7) |M(¢°)||% = (n+ 1)|l¢l|3 < 4p?, so that the concentration inequality now implies
that, given 0 < o < 1, with probability at least 1 — a,

I+ Clinz < 2v3p* (1 + v/Inl1/a]) (46)

lpllz <

)

and we arrive at .

20



Proof of @D Assume that Assumption A holds true for some n > s and € = 0. Let IIs, be the Euclidean
projector on the space S,, of elements of S restricted on C(Zf). Since dim(S,,) < s, HHS ||2 =Tr(Ils,) <
there is ¢ € {0,...,n} such that the «-th column [IIg ], of IIs, satisfies ||[IIs,].ll2 < v/s/(n + 1). Note that
one has z, — ([IIs,],,zf) = 0, and S,, is time-invariant, implying that

— (s, ], 27"+ = 0, Vr € Z.

L’TL

We conclude that there is ¢° € C(Z",,), ¢° = [0;...; 0; [ILs,],; 0; ...; 0] (i.e., vector [Ils, ], completed with zeros
in such a way that «-th element of [IIs, ], becomes the central (n + 1—th) entry of ¢°) such that

lo°llz < v/s/(n+1), and z, — [¢° xx], =0, Vr € Z. O

C.1 Proof of Theorem 2.4

Note that to prove the lemma we have to exhibit a vector ¢ € C™*! of small ¢5-norm and such that the
polynomial 1 —¢(z) =1— [Zgo qizﬂ is divisible by p(z), i.e., that there is a polynomial r(z) of degree m —s

such that
1—q(2) =r(z)p(z).
Indeed, this would imply that
—[g*zle =[1—q(A)]z = r(A)p(A)z: =0

due to p(A)zy =0,

The bound [|g|ls < C’s%/2\/25 of (1) is proved in [14, Lemma 6.1]. Our objective is to prove the
“remaining” inequality
In[ms]

lall2 < C's

So, let 61, ..., 85 be complex numbers of modulus 1 — the roots of the polynomial p(z). Given § = 1—e € (0,1),

let us set § = 25/(1 + §), so that

g—1=1—5>0. (47)
Consider the function

1) = [ 2"

7= oz —0;

Note that g(-) has no singularities in the circle
B={z:]2] < 1/6)
besides this, we have §(0) = 1.Let |z| = 1/6, so that z = §~'w with |w| = 1. We have

|Z—0i‘ _1|’LU—501‘
52 =6~ S50,

We claim that when |w| = 1, |w — 00;] < |w — g@i\.

Indeed, assuming w.l.o.g. that w is not proportlonal to 6;, consider triangle A with the vertices
A=w, B=4§0; and C = 50 Let also D = 6;. By (47), the segment AD is a median in A, and
ZCDAis > 7 (since D is the closest to C point in the unlt circle, and the latter contains A)

that [w — 66;] < |w — 26;).
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As a consequence, we get
z€B = |q(z)] <677, (48)

whence also
lzl =1 = |g(z)| < 5% (49)

S

Now, the polynomial p(z) = [[;_;(z — 6;) on the boundary of B clearly satisfies

1 * [1-47°
>|l=—1| = |——
pel= |51 = |55
which combines with (48]) to imply that the modulus of the holomorphic in B function

m@:[rk&—&ﬂ

i=1

is bounded with 6—* [%] = {%] on the boundary of B. It follows that the coefficients r; of the Taylor

series of 7 satisfy

2 17,
‘TJ| S |:15:| 6]a j:O71727"'

When setting

¢ (z) = p(2)r'(2), r'(2) = imzj} (50)
j=1
for |z| < 1, utilizing the trivial upper bound |p(z)| < 2%, we get
d"(2) —a(z)] = p)|[r(2) = T(2)]] < [p(2)lIr"(2) = 7(2)]
s oo s $04+1
< 2 {12_5} j;l Irj| < {Jfé} ff 5 (51)

Note that ¢“(0) = p(0)r¢(0) = p(0)7(0) = 1, that ¢ is a polynomial of degree ¢ + s, and that ¢ is divisible
by p(z). Besides this, on the unit circumference we have, by ,

4 1% 5+l 4 7% §e+t
‘) <|g — - <0+ | —— - 52
OIS+ | 1] Ty 1] (52)
R
(we have used (49)). Now,
- 26 2 — 2 1—e€
6= = = <1—¢/2<e/?
149 2-¢ T_ep St
and 1 146 2
__ 140 _2-€_2
1-6 1-9 € T €
We can upper-bound R:
4 s SZ+1 225+1 5/2
R= = < —€
[1—(5] 1-5 = est1©
Now, given positive integer ¢ and positive « such that
o
7<h (53)
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let € = 5% Since 0 < e < &, we have —In(§) = —In(1 —€) < 2¢ = &, implying that § < e~9/? = e~ 1%, and

R<
(6%

80s1°T! «
[} exp{—zs}.

Now let us put
a=a(l,s) =4s(s+ 2) In(80s);
observe that this choice of « satisfies , provided that
£>0(1)s*In(s + 1) (54)
with properly selected absolute constant O(1). With this selection of «, we have a > 1, whence

s+1 €

CRHR] csew{-Rfee

=
Q
|
IN
@
4
i)

< exp{—(s+2)In(8¢s)} exp{(s + 2)In(8¢s)} = 1,
that is,
a 1
R< 7 <i (55)
Furthermore,
07° = exp{—sln(l —e)} <exp{2es} =exp{F} <2, (56)
672 = exp{-2sln(l —€)} < exp{des} =exp{2¥} <1+exp{5}3 <144
When invoking and utilizing and we get
1 1
— %(2)]2ld2| <672 +20 R+ R2<1+4% + 4R+ -R<1+10°.
2 |z|=1 Y4 4 Y4

On the other hand, denoting by qo, ¢1,....qe4s the coefficients of the polynomial ¢ and taking into account
that go = ¢“(0) = 1, we have

l+s

1 «
1 +Zlqi|2 = g0l + ... + |qess* = 27r}'|{| ) 1¢°(2)*|dz] <1+ 105 (57)
i=1 zl=

We are done: when denoting m = ¢ + s, and ¢(z) = > .-, g;27, we have the vector of coefficients ¢ =
[0; q15 ... gm] € C™ 1 of g(2) such that, by (57),

lql2 < 40s(s + 2) In[8s(m — )]
2= m—s ’

and such that the polynomial ¢*(2) = 1+ ¢(z) is divisible by p(z) due to (50). O

D Comments on algorithm implementation

In Sec. [2| we considered only recoveries which estimated the value x; of the signal via the observations at
n+ 1 points t — n,...,t “on the left” (filtering problem). To recover the whole signal, one may consider a
more flexible alternative — interpolating recovery — which estimates x; using observations on the left and on
the right of ¢. In particular, if the objective is to recover a signal on the interval {—n,...,n}, one can apply
interpolating recoveries using the same observations y_,, ..., ¥, to estimate x, for each 7 € {—n,...,n}.
Ideally, when using pointwise recovery, a specific filter is constructed for each time instant ¢. This
may pose a tremendous amount of computation, for instance, when recovering a high-resolution image.
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Alternatively, one may split the signal into blocks, and process the points of each block using the same filter
(cf. e.g. Theorem [2.1). For instance, a one-dimensional signal can be divided into blocks of length, say,
2m + 1, and to recover x € C(Z™,,) in each block one may fit one filter of length m + 1 recovering the right
“half-block” z* and another filter recovering the left “half-block” z~) .

When recovering a signal or an image, the “optimal” filter bandwidth — the length of the filter for which
the balance of the stochastic and the approximation error is attained — depends on the local signal parameters
(e.g. smoothness) and vary from one point to another. In the experiments of Sec. 3] we implement pointwise
and blockwise bandwidth adaptation using a procedure similar in spirit to the celebrated Lepski adaptation
procedure [I7]. Details are given in e.g. [I3] Sec. 3.3] and [7}, Sec. 3.2].

Note that the optimization problems and (8) underlying recovery algorithms are well structured
Second-Order Conic Programs (SOCP) and can be solved using Interior-point methods (IPM). However,
the computational complexity of IPM applied to SOCP with dense matrices grows rapidly with problem
dimension, so that large problems of this type arising in signal and image processing are well beyond the
reach of these techniques. On the other hand, these problems possess nice geometry associated with complex
£1-norm. Moreover, their first-order information — the value of objective and its gradient at a given ¢ —
can be computed using Fast Fourier Transform is time which is almost linear in problem size. Therefore,
we used first-order optimization algorithms, such as Mirror-Prox (MP) and Nesterov’s accelerated gradient
algorithms (see [I8] and reference therein), in our recovery implementation. A complete description of the
application of these optimization algorithms to our problems is beyond the scope of the paper; we shall
present it elsewhere.
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