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Abstract

Strategic Workforce Planning is a company process providing best in class, economically sound,
workforce management policies and goals. Despite the abundance of literature on the subject, this
is a notorious challenge in terms of implementation. Reasons span from the youth of the field itself
to broader data integration concerns that arise from gathering information from financial, human
resource and business excellence systems.

This paper aims at setting the first stones to a simple yet robust quantitative framework for
Strategic Workforce Planning exercises. First a method based on structured equations is detailed.
It is then used to answer two main workforce related questions: how to optimally hire to keep labor
costs flat? How to build an experience constrained workforce at a minimal cost?

2010 Mathematics Subject Classification. 90B70, 91D35, 92D25, 35B40
Keywords and phrases. Human resource planning; Strategic planning; Structured population dynam-
ics; Long time asymptotics

1 Introduction

Strategic Workforce Planning (SWP in short) is a company process designed to get the right people at
the right place, at the right time, at the right costs. Multiple methodologies exist to sustain it. They
all revolve around 5 milestones (see [20} 23]): after a first baselining of the population, demographic
forecasts are drafted in order to assess the potential evolution of a company’s headcount. Then business
needs, both in terms of headcount and competencies, are gathered to perform a gap analysis between
a company’s desired future state and its natural evolution. Finally solutions to bridge the gaps are
proposed, agreed upon and implemented.

If the process in itself seems simple and if many research studies are focused on the topic of manpower
/workforce planning (see state of the art), SWP is something most companies struggle to implement
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(see [9]). According to the CEB (Corporate Executive Board) latest benchmarks ([IJ, [10]), only 10%
of companies really succeed in aligning their workforce plans to meet strategic objectives. Among the
surveyed firms, 70% failed at drafting a workforce plan and 84% of them are not confident in their
use of labor market trends. The same study stated that 65% of the respondents felt a disconnection
between the business needs and standard Human Resources processes such as recruitment. There
is therefore a need to jump from methodological milestones to analytics in order to standardize and
industrialize the technical aspects of SWP.

Goals and motivations. Companies’ Financial Information Systems (IS) and/or Human Resources
Information Systems (HRIS) collect both labor costs and demographic data as part of their standard
processes. In section [2 the proposal developed in this paper revolves around creating an actionable
quantitative framework based upon those data. This enables a workforce evolution forecast and
provides a better understanding of the dynamics at stake to manage a company workforce. In section [3]
the explanatory power of this framework is stressed by its results on standard workforce management
policies. It is shown that moving from a workforce management by operating expenses toward an
investment in human capital is economically sound. Empirical evidence is provided.

State of the art. Population evolution has been an extensively researched topic, which fields of
application are very broad, especially in biology, where partial differential equations (PDE) are fre-
quently used to model real life processes in ecology, immunology, epidemiology (see [0}, 16, 21])... What
started with Malthusian considerations has now evolved into advanced multidimensional and nonlin-
ear frameworks. Among structured population models, the age-structured also called ”"renewal” or
McKendrick-Von Foerster equation [I11, [12], is probably the most famous and most studied equation,
under linear or nonlinear forms, and with variants used in many fields, from neurosciences to cancer
modeling.

Besides, Manpower planning is a relatively recent area of research (begun in the late 90s). Many
frameworks seem to coexist ranging from stochastic formalisms [I4] to the PDE framework in place in
population evolution models [§]. It appears that most of the manpower based studies are tailored to
answer specific questions. For instance, A. C. Georgiou and N. Tsantas chose to divide the population
into several classes, and to simulate the evolution with Markov chains [7]. Some studies also propose
to determine an optimal hiring policy. With E. G. Anderson, the optimal policy is found by searching
the best ratio between apprentices and experienced employees, in a growth context, with a model
based on experience and productivity which suggests to strike the happy medium between too many
apprentices (that have to be trained by older employees) and too many experienced employees (that
are more expensive in the company’s point of view) [2]. Other studies also proposed to optimize the
required number of staff with a stochastic model [3].

This article is organized as follows. In section [2] we build a preliminary framework with which
we determine the workforce evolution and convergence towards a stable age structure. We show that
there can be many short term headcount fluctuations, and studying the long term behavior may not be
appropriate, due to an exceedingly long time scale. We therefore build another framework in section
for which the hire rate structure is driven by an economic constraint: the labor cost. We first de-
termine the workforce evolution, we then optimize the company’s expenses with preserved experience,
which leads us to an optimal demographic structure and an associated hiring policy. We show that
the result is consistent with the idea of human capital investment.



2 Understand workforce evolution in a demographic framework

SWP is usually a long term analysis, hence, assessing the stability of the workforce of the firm from
a demographic standpoint is of key importance. Workforce usually evolves according to aging, which
represents an increasing experience; attrition, which accounts for workers leaving the company, and
hiring. Hire is endogenous (depending on firm activity) while attrition is exogenous. Attrition is driven
by two factors: market labor demand and company termination policies. In this case, termination is
not allowed, because it is not consistent with the idea of human capital investment. This translates
into the following age-structured representation

Work force evolution

0 0
Sot2) + 2L (02) = = 1@p(t ) + RPIPA(R), 2min < 2 < ma,

Attrition Hiring

where p(t,z) is the concentration of workers of age z at time t; p(z) the attrition rate; v(z) the
hired population distribution. We assume that p and + are independent of time because the current
framework is built for businesses with long product and research cycles (typically 5 to 10 years),
which tranlates into a relatively stable global labor competition and experience needs. P; is the total
headcount at time ¢ : P, = f Fmax p(t, z)dz, with zp;, the first hiring age and zyax the retirement age.

Zmin

The coefficient h(P;) represents the hiring rate for the population in scope. It is natural to build a
model where the number of hired employees is proportional to the total population. However, if h(F;)
is taken constant, the model is linear, leading to an exponential growth or decay of the population.

2.1 Identifying the hiring rate structure

Consequently, we consider here that the hiring profile v has been defined and propose another hiring
rate based only on the total headcount P;. We study its ability to stabilize the workforce population
towards an age profile P.y. Using a standard formulation in population evolution, we choose h(P;) =

Tap? +; 57 [herefore, the temporal evolution of the headcount density is driven by this equation:
t
—ap(t z)+—8p(t 2) = —u(2)p(t, 2) + —L5v(2) o < 2 < 2
ot \\» 92\ H{z)pLL, 1+apt27 s min max s
p(ta Zmin) =0, (1)

p(0,2) = p°(2) > 0.

The parameter « is a pressure population constant representing the budget constraint (a > 0).
Indeed, thanks to «, the hiring rate increases with the population for small populations, and decreases
from a certain population threshold. So workforce cannot grow exponentially, which reflects the fact
that companies cannot hire indefinitely.

The hire distribution v(z) is given equal to its historical value. Under this formalism, stability can be
reached. The convergence (see appendix |A)) is achieved exponentially fast. In order to have a possible
non null steady state, We show that the following condition is required:

5 _ max </ ’y(y)e—(M(Z)—M(y))dy> dz > 17 (2)

Zmin Zmin

where M is an antiderivative of p. This may be interpreted as the fact that the hiring rate must be
sufficiently high to counterbalance those leaving the firm.



2.2 How to action the framework

In the case of a non null equilibrium, the hiring rate structure and the steady state Feq of the workforce
are closely connected. Indeed, we show in the appendix (A.1) that:

[ ( 5 y(y)e-ME)-M (y>>dy) dz—1

Zmin Zmin
o =
P2 )
eq

which leads us to the condition thanks to a > 0.

Consider the case of a mature and established business. It can be assumed that its overall workforce
is not likely to change over the long term (FPy = P.q). Indeed, the overall workload can be assumed
steady because of the long business cycle hypothesis. According to the previous formalism, the hiring

rate is hence fixed. In the next subsection, we analyze the short term workforce evolution according
to the current workforce demographic structure.

Examples: necessity to adjust workforce management practices to reach stability. We
choose to display the workforce analysis for two cases. For both examples, we show the initial work-
force structure, the attrition and the hired population distribution, and we then display the associated
workforce evolution. We assume P.q = Py = 1000 for both cases. The first example is taken in a
fictional business unit A (BU A). In this example, the turnover rate is very low, and employees usually
wait until retirement to leave the firm. The second example is taken in another fictional business unit
B (BU B). In this example, employees are mainly young, and tend to leave the firm quickly. This
is typically the case for sectors in which there are specific labor policies revolving around fixed term
contracts and extreme labor demand. The numerical method is described in the appendix (A.3)).
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FIG. 1. Initial age structure, historical hired population distribution (normalized), and historical attrition rate (for zmin = 20
years and zmax = 70 years) for the BU A.
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FIG. 2. Equilibrium age structure and headcount temporal evolution for the BU A, for the discretization 6t = 6z = 1 year, and
for Peq = Po = 1000.
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FIG. 3. Initial age structure, historical hired population distribution (normalized), and historical attrition rate (for zmin = 20

years and zmax = 70 years) for the BU B.
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FIG. 4. Equilibrium age structure and headcount temporal evolution for the BU B, for the discretization 6t = 6z = 1 year, and

for Peq = Py = 1000.

For the BU A, we can see that the initial average age is around 45 years. Furthermore, employ-
ees are mostly hired when they are young, and the maximum attrition rate is at retirement (see
Figure 1). The final average age of the employees is also 45 years, so the overall population did not



age. This is due to the high hiring rate for young employees and the very low attrition rate for all
employees until retirement. This also results in a flattening of the age structure. Plus, we note that
the equilibrium is reached within around 80 years, and there are substantial headcount fluctuations
in-between (see Figure 2).

For the BU B, we can see that the initial average is around 27 years. Furthermore, employees are
mostly hired when they are young, and the maximum attrition rate is both for the youngest (fixed term
contracts) and oldest (retirement) employees (see Figure 3). The final average age of the employees
is around 30 years, 3 years older than the initial average age, which is due to the hiring profile and
the attrition rate: young and old employees tend to leave quickly the company, whereas average-aged
employees stay (and age) in the company. Plus, we note that the equilibrium is reached within around
30 years, and there are substantial fluctuations in-between (see Figure 4).

As a whole, we find that the equilibrium state is reached very slowly (80 and 30 years), and the fluc-
tuations that we first thought to be short term may not be as short as expected. Indeed, fluctuations
can extend up to 60 years, which is higher than an employee’s lifetime in the company.

Although determining the steady state seems conceptually appealing, it may not be a relevant op-
tion, since the equilibrium will not be reached in a company’s activity time scale range. In the next
section, we review and modify the hiring rate structure, according to a reasonable economic constraint.
The functional a(t) = I f;tpg has been designed empirically to answer good qualitative properties to
the solution, the parameter o being determined by the target equilibrium Py, which happens to be
achieved too late to be sound. Plus, each employee does not necessarily have the same impact on the
hiring policy of the firm, and this first hiring rate structure does not translate this idea.

3 Design of economically sustainable management policies

To complement the use of the total headcount only, we study now another hiring policy based on
budget considerations. We assume that workforce needs and expenses are directly tied together, as
employees have a certain cost depending on their age. In the first subsection, the workforce evolution
will be analyzed with a total budget constraint, in the second subsection, an ideal hiring policy will
be searched for, minimizing the cost while keeping a fixed total experience.

3.1 Management policy 1: operational expenditure (opex) adjustments

As a first step, we choose to build the hiring rate with a labor cost constraint: we assume here that
the total annual budget (which is assimilated to the sum of the annual salaries) remains constant at
all times, and it drives the hiring policy through the modulation of the hiring rate. This translates
into the following age-structured representation:

B(t,2) + 32(t,2) = —u(2)p(t, 2) + h([)V(2),  Zmin < 2 < Zmaxs
p(t, Zmin) = 0, (3)
p(0,2) = p°(2) >0,

where h([p]) depends on the labor cost contraint and does not depend on the age z.

Quantitative framework. To find the hiring rate structure h([p]), we assume here that the hiring
profile v is given (termination is still not allowed) and that the total budget [~™** p(z,t)w(z)dz should

Zmin



not be time-dependent, where w(z) is the cost per employee of age z (given as well). By definition,
this makes the equation conservative. We have

()22 (1,2) + w(z) 22 (1,2) = ~w(Du(olt, 2) + WD),

and

/ " w(z)%(t, 2)dz = / o ag;;}(t, z)dz =0,

Zmin min
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min min Zmin

(zmax )p(t Zmas) — [ p(z) 2 (1, 2)dz

“min

and thus we obtain the following formula for the hiring rate

Attrition Costof aging
Retirement
Zmax Zmax aw
/ w(z)p(2)p(t, 2)dz + w(zmax) p(t, Zmax) — / p(t,2) 5 (2)dz

() = === T

Zmin
So h is a linear form, easy to interpret:
e The first term represents the budget available from the attrition of employees of all age bands.
e The second term represents the budget available from the retirement of employees of age zyax-
e The last term is the cost of aging, which tracks the drift in wages due to seniority and promotions.

Under this formalism, and with the assumption pw > w' (which may be interpreted as a positive
balance between the budget earned with the attrition and to the cost of aging), stability can be
reached. The convergence is shown in the appendix (B]).

Examples. Now, we can analyze the workforce evolution for this framework, with the same two
examples of the BUs A and B. The historical values (initial age structure, attrition rate and hiring
distribution) are the same as before. The numerical method is described in the appendix (B.3]).
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6z =1 year.

The budget structure of the employees of BU A (see Figure 5) is linear and increases with age, until
a certain age (around 55), and then it is constant, reflecting the fact that the maximum experience
for an employee is reached at around 55 years. We can see that the final age structure is very similar
to the one of the first framework (see Figures 2 and 6). Just as in the previous framework, the high
hiring rate for young age and the very low attrition rate for all employees until retirement result in
a flattening of the age structure. However, the final headcount is 10% lower (around 900 instead of
1000). The equilibrium is reached around 90 years (see Figure 6).

On the other hand, the budget structure of the employees of BU B is fully linear (see Figure 7). We
can see that the final age structure is very similar to the one of the first framework (see Figures 4 and
8). Just as in the previous framework, young and old employees tend to leave quickly the company,



whereas average-aged employees stay in the company. However, the equilibrium headcount is 75%
lower (250 instead of 1000), which is due to the flat total budget constraint while having an aging
population. The equilibrium is reached within 30 years (see Figure 8).

For both the first and second examples, the equilibrium age structures are very similar for the two
frameworks. However, the equilibrium headcount is different (in these cases lower), because we did
not fix Poq = Py for the second framework. Plus, the way to reach stable state depends on the frame-
work. By simulating several cases with diverse assumptions, we observe empirically that there seems
to be less oscillations for the first one, and the time to reach the equilibrium state is similar for both
frameworks.

Even though the two frameworks are similar (in terms of fluctuation and stability), the second one
may be more adapted to the SWP analysis. Indeed, this framework makes more economical sense and
takes into account labor market trends (through the total budget constraint), contrary to the first
one.

3.2 Management policy 2: invest in knowledge

Until now, we have kept the hired population distribution constant equal to its historical values.
Though this is convenient to analyze the natural workforce evolution, identifying the optimal hiring
policies is of key importance regarding the business needs assessment of a given company. This is why
the hired population distribution «(z) is not fixed anymore, and neither is the total budget.

Identification of the optimal hiring policy. We now minimize the global labor cost with given
total knowledge, and hence find an optimal age structure, and an optimal hiring policy. We consider
the case of knowledge workers, in fields for which specific knowledge is required (for instance: experts
from the medical field). Knowledge is the sum of aggregated experience and is age dependent. In this
case knowledge is assumed to be equal to age.

More precisely, our objective is to minimize the total labor cost defined as C' = f;::" p*(2)w(z)dz
where w(z) still denotes the cost per employee of age z and p*(z) the concentration of workers of age
z; under the constraint that the total knowledge £ = fzz’zzx p*(2)zdz is given. This constraint makes
especially sense considering the workers population global knowledge. Knowledge (in other words the
experience) rather than hourly workload is a better proxy to describe business needs.

Termination is still not allowed. Recalling that M denotes an antiderivative of the attrition rate p,
we show in the appendix that the optimal workforce structure is defined by

pr(z) = e_M(Z)blzZZO, v (z) = bézOe_M(z),
with
FE

b= fZZOmaX ZG*M(Z)dz’ C = Ed(ZO)

and the optimal hiring age zg is defined by

(z0) = min (d(2)),

where d(z) = ! Ej)) can be interpreted as follows:

<

e The numerator f(z) = [/ w(y)e ™ ®)dy represents the average cost of the tenure of an em-
ployee in the firm



e The denominator g(z) = f;ma" ye MW dy represents the average knowledge the employee will

own if hired at age z during its tenure within the firm.

So it makes sense to minimize d. Hence, people should only be hired at the optimal age (zp). This
result is in line with the talent pipeline creation concept (see [4]): the optimal hiring policy is to hire a
pool of candidates of the same experience (here linked to their age) qualified to assume newly created
or vacated positions. More precisely, according to the cost and the attrition structures, three different

cases are possible:

e The "build a talent pipeline” case: if the minimum is reached in 2y € (Zmin, Zmax), then it is
optimal to build internally employees’ careers starting from the age zg. The firm is here doing
long term investments in knowledge workers.

e The ”focus on experts” case: if the minimum is reached in zy,x, then it is optimal to hire a pool
of experts of maximum experience. However, those experts have to be newly hired each year,
and this framework does not take into account the recruiting time and cost. So this solution

may not be relevant.

e The "ant colony” case: if the minimum is reached in zyj,, then the firm counts on recruiting a

high number of young employees, in order to train and keep them until retirement age.

Examples. We choose to apply the previous framework to three examples from three different
BUs (BU 1, BU 2, BU 3), in order to cover all three cases considered for the search of the optimal
hiring age. We always keep the attrition at u = 30%. The BU 1 represents a BU of managers, the
BU 2 represents a BU of professional workers and the third example represents a support function BU.
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FIG. 10. Optimal age structure for the BU 3.
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Optimal age structure for the third example
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For the BU 1, we can see that the minimum is at the retirement age (see Figure 9), and we can
deduce that the ideal age structure of Figure 10 is 50 people of age of retirement (”focus on experts”
case). This is a typical scenario for a BU of managers, where many years of experience are usually
required. The optimized labor cost is around 3 million $/year, which represents a 2 million $/year
saving (around 40% of the total labor cost). However, as we said before, this framework does not take
into account the recruiting cost and time to fill, which is not realistic. A suboptimal solution should
therefore be in order.

For the BU 2, we can see that the minimum is at the minimum age 20 (see Figure 11), and we can
deduce the ideal age structure of Figure 12 ("ant colony” case). This is a typical scenario for a BU of
professionals, where the salary gap between the young and the old employees overtops the associated
experience gap. The optimized labor cost is around 1.8 million $/year, which represents a 0.2 million
$/year saving (around 10% of the total labor cost). We can see that people are hired at 20 years and
they progressively leave the company as they age. The average age is around 25 (instead of 30 for the
non optimized situation), and the total headcount is around 120 (instead of 100).

For the BU 3, we can see that the minimum is at the age 33 (see Figure 13), and we can deduce the
ideal age structure of Figure 14 ("build a talent pipeline” case). Here, the most experienced employees
are expensive and few, whereas the young ones are less expensive and available. Yet, it is risky to
hire the youngest employees, so that a happy medium has to be found. The optimized labor cost is
around 5 million $/year, which represents a 1 million $/year saving (around 15% of the total labor
cost). We can see that people are hired at 33 years and they progressively leave the company as they
age. The average age is around 37 (just as in the non optimized situation), and the total headcount
is also around 100.

This minimization provides generic solutions to workforce design challenges under experience and
cost constraints. The three cases scenario that arises from the study described below is in line with the
talent pipeline concept, and should provide insight into the business needs assessment of a company.

4 Conclusion

The structured equations framework developed in this paper is a suitable first milestone to get prelim-
inary answers to standard long term workforce concerns such as population stability or the mandatory
adaptability of a company hiring policies. This framework can also be leveraged to provide generic
solutions to workforce design challenges under experience and cost constraints. So far, we have stud-
ied two issues. First, assuming the age profile is known, we have considered hiring strategies able to
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stabilize the employees population, either based on the total headcount or on a budget constraint. We
have also studied the hiring profile in order to reach an optimal age profile at equilibrium under an
experience constraint.

Several limits to the current paper arise. First, from a theoretical standpoint, the framework does
not allow for time variation in the attrition nor hired population distribution. Second the framework
does not account for more than two dimensions (age and time) and one population class, which does
not account for the workforce evolution from one job to the other while staying in the same firm.
From a practical perspective, the main shortcoming of the study is the lack of productivity function
that has been replaced by constraints on experience. Therefore this paper should be considered as a
preliminary study case for workforce planning.

A first natural next step would be to optimize the labor costs under population and experience con-
straints. This type of constraint would be suited to investigate cost-optimal demographic structure for
non-knowledge workers. Their overall activity is first determined by workload constraint that is not
demographic in nature (for example hours of works spent on a machine) which leads to a population
size requirement. Experience would still be important because it represents a knowledge process that
cannot be acquired prior to a certain experience threshold. This type of multiple constraints mini-
mization is an extensively researched topic called the linear programming problem. This domain has
been pioneered in the 60s [22], and followed by many studies, see e.g. [I7, I8, [19]. As another next
step, in a continuation of the present analysis, the notion of productivity and a study case on sales
representatives could be investigated. The framework could then be expanded to a multi-population
framework to better represent layers within a company.

Appendix

A Proof of convergence for the non-linear model ([1)

We study the convergence for the first workforce evolution model (section. We recall the equation
under consideration

0 0

{Tg(tv Z) + 87§(t7 Z) = —/,L(Z)p(t, 2) + 1_;'_}%]33’7(2)7 Zmin < 2 < Zmax;
P(t7 Zmin) = Oa

p(0,2) = p°(2) 2 0,

with @ > 0. In this section, we assume that v € L ((2min, Zmax); R+), £ € L ((Zmin, Zmax)s R+),
P € LY'N L ((2min, Zmax), Ry ). Classical arguments (see [16]) allow to prove that admits a unique
solution p € Cyp(Ry, L' (2min, Zmax))-

The aim of this section is to give the set of possible stationary states of equation and study the
asymptotic behavior of the solution. This asymptotic behavior strongly depends on the parameter 3
defined in

o= ( / v(y)e(M(Z)M(y))dy> dz

Zmin min
which is essentially positively correlated with the mean coefficient of recruitment. We first show that,
if 8 < 1, the only stationary state is zero and that, as soon as 8 > 1, that is, the function of recruitment

is big enough compared to the attrition rate, there are two stationary states: zero and a positive non
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trivial stationary state. We then show the convergence of the solution to zero when 8 < 1, and to the
positive non trivial equilibrium state when # > 1 and small enough, as soon as the initial repartition
p(2) # 0. Let us mention that, the assumption 8 small enough, which is the case when the non
linearity is not too strong, seems to be a technical constraint only. Numerically, we observe that the
solution converges to the positive steady state even for a large 5.

A.1 Existence of steady states

Proposition A.1 If 8 < 1, the only possible equilibrium of the equation is zero. If B > 1, the
system admits two equilibrium states: zero and a positive one.

Proof. The stationary states, peq, of equation are solution of the equation

dp ¥
o (B) = —#(2)peq(2) + (),
P Zmax
where a* = 5 +;;g§q and Poqg = [ peq(2)dz. Hence, we have necessarily
Zmin

<dc[1):*q(z) + “(z)peq(z)) M) = gy (2)eM ),

SO

and thus

z P z
_ * —(M(2)-M(y)) g, — _ tea —(M(2)—-M(y))
Peq(2) / a*y(y)e dy = 7 TP / Y(y)e dy.

Zmin Zmin

Integrating the above equation, we find that P,y must satisfy the equation

Py

Py = f—04__.
ed ﬁl—i—anq

(4)
Now, either 8 < 1, and the only possible solution of is Poq = 0 and hence, the only possible
stationary state of the equation is zero. Either, 8 > 1 and there are two solutions of the equation
[@) given by

5—1

Poq =0 and Poy = ,
Q@

and so, there are two different stationary states of the equation , which ends the proof of

Prop. [A]] 0

A.2 Asymptotic behavior

Proposition A.2 (case § < 1) If 5 < 1, the total population P(t) tends exponentially fast to 0 and

lim {|p(2)]

t—o00 Lee (Zmina Zmax
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Proof. Using the characteristics, we can find a semi-explicit solution in accordance with ~, u and
P(s), for s € [t — (Zmax — Zmin), t] and for ¢ > (zZmax — Zmin):

P(s)

p(t,z) = e M) alt — 2+ T)y(@)eMDdr, 2 € [zmin, Zmax),  a(s) = T aP(s)

Zmin

and by integrating from zyi, t0 Zmax, we find

Zmax z ]-
P(t) = ~M(2) / _ M) g g < T N\ 1 4
(t) /me e - a(t —z+7)y(r)e”\drdz < 555 T on? Ié] 2\/55

Yet a > 0, so a(t) = H{jigg(t) < P(t), and

P(t) < B sup P(s).

sE [t—(Zmax _Zmin)7t]

We can now prove that lim; oo P(t) = 0 SUDsep— (20— £(8) is reached in tg € [t — (2max —
Zmin), t] (P is continuous because p is uniformly bounded). We obtain that

P(t)<BP(ty), Plty)<B  sup  P(s).

sE [to — (Zmax_zmin)zto}

Therefore, we obtain
P(t) < 2 sup P(s),

se [to—(zmax_ztnin))to]

which we write as
P(t) < p? sup P(s).
Se[t*2(zmaxfzmin)7t}

We may iterate the above argument and deduce that the following estimate holds for ¢ > n(2zmax — Zmin)

P(t) < pg" sup P(s),

se [t_n(zmax_zmin)vt}

which ends the proof of exponential convergence of P to 0 because 8 < 1. =

Proposition A.3 (case 3 > 1) Assume that p%(2) is not identically null and 1 < 3 < 9. Then, the
total population P(t) tends exponentially fast to Poq > 0 and, denoting peq the positive equilibrium
state, we have:

Jim {|p(t) — peqHLm( =0.

Zmin> Zmax)

Proof. For t > zpax — Zmin, We have

Zmax _ . z . T 1
P(t) = / e~ M( )/ a(t — z+7)v(7-)eM( Vdrdz < Sl%p+ <1+a:1:2> B = mﬂ’
Zmin Zmin e

and =1+ ongq so, for t > Zmax — Zmin

|P(t) = Peq| < sup la(s) — a*|(1 + aPZ),

se [t—(zmax_zmin)’ﬂ
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which leads us to

P(s)(1+ ozPqu) — Peq(1+ aP?(s))

|P(t) — Poq| < sup

N Se[t*(zmax*'zmin):t] 1 + OKPQ(S) ’
and ( )
1—aPP,
|P(t) — Peg| < sup |P(5) = Peq| | 55571
o SE[t—(Zmax—Zmin )| “ 1+ 04P2(8)
Denoting ¢ = /5 — 1, we have
C
Peq = ﬁy
which, with f.(z) = %jrig, leads us to
|P(t) — Peql| < sup |P(s) — Peg sup |fe (VaP(s))|.
Se[t—(zmax_zmin)7t] Se[t_(zmax_zmin),t]

Using Lemma below, since 3 < 9, there exists C; < 1 such that, for all + > z,., the following
estimate holds

s fVaP(s) < C1 < 1,

Se[t_(zmax_zmin)vt}
so that we can conclude as for Prop. that P converges to P.q exponentially fast. Then, we conclude

62 = pu() S s ale) = ale MO [ (et

Se[t*(zmaxfzmin)»t] z20

which ends the proof of convergence. =

Lemma A.4 Under assumptions of Prop.[A.3, we have

sup  |fe(VaP(s))] < 1.

$2Zmax—Zmin

Proof. With the assumptions of Prop. we have ¢ < 2\/?, and so f.(z) < 1 for all x > 0. Hence,
to prove Lemma it is enough to show that there exists P > 0 such that

P(s) > P for all 5 > zpax — Zmin- (5)

To prove , we first show that for any ¢t > 0, P(t) > 0 and then conclude to estimate ().
To prove that P(t) > 0 for all ¢ > 0, we first use the semi-explicit formula on P for ¢t > zpax — Zmin,
given by

P(t) = / o e M=) / alt — 2+ 7)y(r)eMNdrdz.

Zmin Zmin

If we suppose that P(t) > 0 for ¢t < zpmax — Zmin, then we can deduce that P(t) > 0 for all ¢: if it was
not the case, we call ¢y the first time for which P(¢p) = 0 (defined because P is continuous), then

P(ty) = / . e M alto — z + 1)y (1)eM D drdz.

Zmin Zmin
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This means that a(t) — z + 7) > 0 everywhere except in 7 = z, which would bring us to P(tg) > 0,

in direct contradiction with P(¢y) = 0. So it remains to show that P(t) > 0 for ¢ < zZmax — Zmin-

t < Zmax — Zmin, We have

Zmin+t Zmax
P(t) :/ p(t,z)dz+/ p(t, z)dz.

Zmin Zmin+t
Yet .
p(t,2) = e MO p0,z —t) + e MO / M a(s)y(z —t+ s)ds if t < z — zmin,
0

and ;
p(t, z) = / e MEHMT) (Pt — 2+ 7)dT if £ > 2 — Zmin.

Zmin

By the same reasoning we obtain P(t) > 0 because P(0) > 0. So we always have P(t) > 0.

Let us now prove that there exists P > 0 such that for ¢t > Zmax — Zmin,
P(t) > P> 0.

We know that for ¢ > zmax — Zmin, and with a(z) = Hﬁ

P(t)y>p min a(P(s)).

$E[t—(Zmax—Zmin )]
Since B8 > 1, we can find P > 0 and € > 0 with the following properties:
Ba(s) > s(1+¢), Vs <P,
a is strictly increasing on (0, P),
Binf e p_1_g al(s) = P(1+¢).

2/

For

(7)

Now, if P(t) > P for t > Zmax — Zmin, Our minoration is proved. Else, there exists tg > Zmax — Zmin @

time for which P(tg) < P. In this case, we denote

P > Pp(to) := min P(s)>0

sE [tO - (Zmax _Zmin) 7t0}

and let us first prove that
P(to) > Put(to)(1 +¢).

To this, we write
{8 S [to - (Zmax - Zmin)vto]} =AU A°

with
A= {5 € [to — (zmax — Zmin), to] such that P(s) > P}

and where A is the complement of A. Using @, we obtain

Pto) = min(min fa(P(s)), min fa(P(s).

Using the first part of @, we deduce that

B min a(P(s)) = P (to) (1 +¢),
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and using the second part of , we obtain that
Bmina(P(s) > P(1+¢) > Par(to) (1 + <)
sE

and so we obtain estimate . Let us now prove that, for all ¢t > tg, the following estimate holds
P(t) > Pt (to)-

Indeed, if it was not the case, since
P(to) > Pt (to),

we would find ¢; > tg for which

P(t1) = Pue(to) and min P(s) > Ps(to)-

Se[tl_(zmax_zmin)atl}
Combining again @ and , we would obtain
P(t1) > Pe(to)(1 +¢),

which is in contradiction with P(t1) = Ppu¢(to). So our minoration is proved.

A.3 Numerical method

To simulate the workforce evolution p(t, z) according to the framework , we discretize time and
age. We recall that the initial structure p°(z), the attrition u(z) and the hired population distribution
~(z) are given. This numerical method is applied to the examples of subsection

We discretize time : ¢ =0:6t : T and age : 2 = zmin : 02 : Zmax, and we denote by z; = zmin + 702 ,
t = kot and p(ty, z;) = p;?, w(zj) = i, v(zj) = 7; (with pf = 0 and p? given). For this simulation,
we choose a semi-implicit scheme because there are less restrictions with d¢ and dz. According to the
Courant-Friedrichs-Levi condition (see [0, [13]), we take :S% < 1 in order to avoid oscillations. For j > 1

and k > 0, for a first order scheme, we have

Work force evolution Hiring

PYCR P Attrition P,\
Pj Pi PPt i ph T 4 LI
5t 5 A ey

where P, = > i p;? . Then, from time t;, we can find the number of employees of age z; at time t;4;

k k
1 P P; — Pj—
L P k R e et
P 1+ pjot (p] * (1—i—aPk?% 0z )

B Proof of convergence for the linear model

We study the convergence for the second workforce evolution model (subsection [3.1]). We recall the
equation under study

%(tv z) + %(ta Z) = —M(Z)p(t, Z) + h([p})’y(z), Zmin < Z < Zmax;
p(t, Zmin) = 0,
p(0,2) = p()(z) >0,
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with
h([p]) = fZi:zx w(2)p(2)p(t, 2)dz + W(2max) p(t; Zmax) — fz?i:x p(t, Z)%:(Z)dz
" Jom w(z)y(2)dz ‘

In this section, we assume that v € L™ ((2min, Zmax)s R+ ), £ € L ((Zmin, Zmax)s R ),
% € C ((2min, Zmax), Ry), w € Cy ([zmin, Zmax],R*Jr) and pw > w'. Classical arguments (see [16]) allow
to prove that admits a unique solution p € Cp(Ry, L' (2min, Zmax))-

The aim of this section is to give the set of possible stationary states of the equation and study
the asymptotic behavior of the solution.

We first show that the steady states are proportional to the positive state fzzmin v(y)e_(M(Z)_M(y))dy.
We then show non null convergence under certain assumptions, with the entropy method (see [15} [16]).

B.1 Existence of steady states

Proposition B.1 The steady states are proportional to the positive state f;in y(y)e_(M(z)_M(y))dy.

Proof. The equilibrium equation is

%(2) = —p(2)peq(2) + B (), (9)
with
f;};‘::" w(2)p(2) peq(2)dz + wW(Zmax) Peq(Zmax) — fzzr:zx peq(z)%(z)dz
[ w(2)y(2)dz .

Zmin

h* =

So we obtain .
peq(2) = / h*y(y)e” ME=MWD gy,

Zmin

and injecting this in the first expression of A*, we find the condition:

h* fznlax w(z)’y(z)dz

= ]’L* fZZr:::X ((OJ(Z)/J:(Z) — w,(z)) (fzzmin fy(y)e_(M(Z)_M(y))dy> + w(zmax)’7(2)6_(M(zmax)_M(z))) dZ

Yet, with an appropriate integration by parts, we find

Jzme () (2)d

= ZZI::x ((W(Z>M<2) _ W/(Z)) (fzijin V(y)e*(M(z)*M(y))dy> + w(Zmax)ry(z)e*(M(Zmax)*M(Z))) d;;;7
so that peq is solution of (9] . 0O

B.2 Asymptotic behavior

In order to prove that the hiring strategy under consideration converges, we introduce some notations.
We rewrite the equation as:

21.2) + 52002) = —u(2)plt,2) + Av(E)olts ) +9() [ Blulolt. )y,

Zmin
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with

 w(Zmax) u(y)wly) - F )
4= [ w(z)y(2)dz 20, By = Jomexw(z)y(2)dz 2

Now we denote p(t, z) a solution of system , and peq a positive solution of the equilibrium equation.

Proposition B.2 (General Relative Entropy Inequality) For all convex function H, we show

that )

([ wtmaon (23 a:) = -pt - g0 <0 0
uhere DI (1) = [0 [0 o) Bulea {8 (285) - 7 (£5) - 1 (235) (42 — A} v
and DI (8) = Apealamn) [ () {1 (R5725) = 1 (253) - 1 (R53)) (4l - 269) o=

Proof. An immediate calculation gives

§ (243)+4(23)

_ [Pmax pea(y) (plty)  p(t2) Peq(zmax) ( p(tzmax) _ p(t2)
- . ’}/(Z)B(y) Pej(z) (Peq(y) Pe (Z)) dy + A’Y( ) geq(z) (peq(Zmax) peCI(Z)) ’

o (7 (i) 22 (7 (055)) -

- <p(t, z)) < /mm7 () B(y) Ps®) ( p(t,y) p(t,z)) dy 4 Ary(z)PealZmax) (p(t, Zmax) _ p(t, z)))_

Peq(2) Peq(2) \ Peq(y)  Peq(2) Peq(2) Peq(Zmax)  Peq(2)
We also have

5 (W(2)peq(2)) + £ (w(2)peq(2))
= Aw(z)peq(2max) + fzmax (B(Y)peq(y)7(2)w(2) — B(2)peq(2)7(y)w(y))dy,

Zmin

therefore

then

= H (£45) ([ (Bu)pea(w)1(2)(2) = B(=)pea(2)7(w)w(w) )
! p(t,z) Zmax Pe (y) p(tvy) p(t,Z)
+w<z)7(z)H (peq(z)) fzmin B(y)peZ(Z) (peq(y) Peq Z)) dy)
+H ({385) A0l + 7 (£535) 1)) Apealamm) (25 = 2075

We now integrate in z so we obtain

% (fzn?ax w(2)peq(2)H (%) dz) + Apeq(Zmax) H (5:(:’(2221))) fZHTaX v(2)w(z)dz = —D{I(t)—i—

sz,:zX H (56(:?(?)) 7( ) ( )A,Oeq(zmax dZ + f;::x H ( p(t.z (Z))) Apeq(zmax)w(z)v(z) (56((?(2::;)) - 56(?(2))) dz,
and we obtain the result. 0O



Lemma B.3 With initial data satisfying |p°(z)| < Copeq(2) and %po(z) € LY (w(z)dz), we have

Zmax

t,2)|w(z)dz < C(p°).

[ 12wttt <o, [0

Zmin Zmin

Proof. First step. Time derivative. First, from the entropy equation, we have the contraction
principle:

C_peq(z) < PO(Z) < Cypeq(z) = C_peq(2) < p(t, 2) < Cypeq(2).
Yet, q(t, z) = % p(t, z) is solution of the first equation of system . So, applying the entropy equation
to ¢ with H(x) = |z,

/Zm"‘x lq(t, 2)|w(2)dz < /Zm"‘x la(t = 0, 2)|w(z)dz,

but
gt =0,2) = —aazpo(Z) — 1(2)°(2) + A(2) " (Zmax) + 7(2)/ m B(y)p’(y)dy.

Zmax

We may bound [p°] by Copeq, replace Ay(2)peq(2max) +7(2) [27* B(y)peq(y)dy by the other terms of

Zmin
the equation on peq and we arrive at

/Z’“ax lq(t =0, 2)|w(2)dz < /Zma" (’iﬂo(z)! + Co\(;ipeq(z)’) dz +2Co /zmax Peq(2)(z)w(2)dz.

Zmin Zmin Zmin

Second step. Space derivative. We have

o o

22) =~ 5 (4,2) — (2)olt,2) + Ar(Doltszma) +(2) [ B)olt )y

Zmin

The control of %(t, z) in the first step and p(t, z) < Cppeq(2) gives us a control similar to that on the
time derivative. O

Proposition B.4 Under assumptions of Lemma. [B.3, when t — +o0o we have

Zmax [2mex p0(2)w(z)dz
Ip(t, 2) — Mpeq(2)|w(z)dz — 0, with m = 222 .
/Zmin a fzmin peq(z)w<z)d’z

Proof. First we set
n(t7 Z) = p(ta Z) - mpeq(z)'
We notice that n is solution of (3], so, using with H(x) = |z|, we obtain

[ bt2)  mpa(2)etz)az - L

Zmin

and it remains to show that L = 0.
Yet, we have |n| < Copeq , [0 |%n(t,z)|w(z)dz < C(p°(2)) and [ \%n(t, 2)|w(z)dz < C(p°(2)).

Zmin Zmin

We then introduce the sequence of functions ng(t,.) = n(t + tx,.). After extracting a subsequence,
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still denoted ny, we have ny, — g strongly in L([0, T * [2min, Zmax]) for all T' > 0 because of the global
regularity of n. And we have that g is solution of and

l9(t, 2)] < Copeq(2)-

We can now work on the entropy dissipation of n, using with H(z) = 22, we obtain

Fmax n(t, 2)\ 2
i(/ | ”(z)”eq@)(pz’(z;) dZ) = -Df'(t) - Df (1) <0,

S0 [7™ w(2) peq(2) < nit, Z)) dz is decreasing and yet positive, so has a limit and is bounded, and so is

Zmin peq(2)
[ (7 vt (22 ) a

| ot ol <t>>dt\ e
0

<C,

and thus

which brings us to

Zmax Zmax n(t 2
/ / / )B(Y)peq(y) < > dydzdt < C,
Zmin Zmin peq peq

Zmax 2
Apeq(#max / / < (t: Zma) > dzdt < C.
z peq(zmax peq

min

and

Therefore, as k — oo:

2
Sy S f2m w(2)(2) B)pealy) () — 212)) dydzdt

Zmin Zmin

(
2
= [ Sz JIm w2 (2) Bly)peay) (29 — 242) dydzdt — 0.

Zmin Zmin

By the strong limit of ny, we arrive at

/ / o / mm )B(Y)peq(y) (ié:(z; — iié;)Qdydzdt =0,

min

and by the same reasoning,

Zmax 2
Apeq Zmax / / <g(ta Zmax) o g(ta Z)> dzdt = 0,
z Peq(Zmax)  Peq(2)

min

which brings us to

Peq(2)
Yet fzrr:" 2)g(t, z)dz = 0, and fzma" (2)peq(z)dz > 0, so ¢(t) = 0, and thus g = 0. We can conclude
that L = 0. O



B.3 Numerical method

We take the same notations as in This numerical method is applied to the examples of subsec-
tion In order to simplify some calculations, we choose to determine the concentration of workers
of age z at time ¢, p(t,z) with an explicit scheme, because, this way, the equation is kept conser-
vative at a discrete level. Additionally, the expression of the hiring rate h([p]) does not depend on
the time step 6t. However, the Courant-Friedrichs-Levi condition (see [0, [I3]) is more restrictive:
1 — max;(pj)ot — (‘% > 0. The first order discretization is

Work force evolution

Attrition  Hirin
k+1 _ ok ok ok — g
Pi  —P; Py TP

+ = 5o+ h
5t 52 - /’L]pj k'Y] 9

or, reorganizing the terms,

pk — pk 1
,0;”1 = p?(l — p;ot) + ot <hk'yj — J(Szj> .

Since we know that

we can write

Pk ph— o 1
J J J— k
R T T L R

therefore, by summing from j = 1 to J, one immediately gets

wi(pk—ph_)
Zj ( = +NJP]WJ>
Zj VWi '

hy, =

C Labor costs minimization

We study here the problem of cost minimization (subsection E More precisely, we minimize
fZZn’:ZX (z)dz with a given knowledge E = f “max o*(z)zdz. Here we assume that p and w are
smooth enough
The solution to this minimization problem must also take into account the fact that the workforce

structure p* is driven by this framework:

dp* .
() = —u(2)p" () +1(2)
We impose that the hiring profile v remains nonnegative, that is dlp ;ZeM) = veM > 0. Consequently,

this minimization problem has to take into account those two constraints: the knowlegde constraint

* M
E= f “max *(z)zdz, and the non-firing structure structure constraint %(Z) > 0.
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Proposition C.1 The solution of this minimization problem is
pr(z) = e_M(Z)blzZZO, C = Ed(z),

with B
b= T e MG d(z0) = min (d(2)).

Proof. We write

C:/mx w(z)p*(z)dz:/max w(z)e ™M) p*(2)eM @) gz,

Zmin Zmin

We denote Q(z) = d(p:éM) (2), then, integrating by parts

c= [ </ " w(u)e_M(“)du> Q(z)dz + [(/ w(u)e_M(“)du) p*(z)eM(Z)} ,

Zmin

Z=Zmin
the last term vanishes thanks to the boundary condition p*(zymin) = 0. Therefore, we obtain

Zmax

o= [ ([T e way) eeias = [T seae,

Zmin Zmin

and in the same way, we find

p= [ (/zmax Z/eM(y)dy> Q(z)dz = /Zm‘""‘ 9(2)Q(2)dz,

Zmin Zmin

with f(z) = [ w(y)e MW dy and g(2) = [ ye~MU)dy. Consequently we obtain:

oo /Zmax f(z)g(z)Q(z)dZ > Emzin (d(Z)),

min g(z)
where
9(2)

By continuity, this minimum is reached at least on zy; the expression of Q is then

Q(z) = boy,,
where b > 0 is a positive constant. Finally we obtain

d(p*eM X _
0 =0, = M e,

and the knowledge constraint gives the announced formula for b.
This gives us the ideal age structure p* at the equilibrium state, and then we can deduce the hiring
rate and profile
V() =P + pp" = bose M),

O
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