N

N

On algebraic damping close to inhomogeneous Vlasov
equilibria in multi-dimensional spaces
Julien Barre, Yoshiyuki Yamaguchi

» To cite this version:

Julien Barre, Yoshiyuki Yamaguchi. On algebraic damping close to inhomogeneous Vlasov equilibria in
multi-dimensional spaces. Journal of Physics A: Mathematical and Theoretical, 2013, 46, pp.225501.
10.1088/1751-8113/46/22/225501 . hal-01332789

HAL Id: hal-01332789
https://inria.hal.science/hal-01332789

Submitted on 16 Jun 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01332789
https://hal.archives-ouvertes.fr

arXiv:1210.8040v1 [math-ph] 30 Oct 2012

On algebraic damping close to inhomogeneous
Vlasov equilibria in multi-dimensional spaces

Julien Barré' and Yoshiyuki Y Yamaguchi?®

! Laboratoire J.A. Dieudonné, Université de Nice Sophia-Antipolis, UMR CNRS
7351, Parc Valrose, F-06108 Nice Cedex 02, France

2 Department of Applied Mathematics and Physics, Graduate School of Informatics,
Kyoto University, Kyoto 606-8501, Japan

E-mail: jbarre@unice.fr

Abstract. We investigate the asymptotic damping of a perturbation around
inhomogeneous stable stationary states of the Vlasov equation in spatially multi-
dimensional systems. We show that branch singularities of the Fourier-Laplace
transform of the perturbation yield algebraic dampings. In two spatial dimensions,
we classify the singularities and compute the associated damping rate and frequency.
This 2D setting also applies to spherically symmetric self-gravitating systems. We
validate the theory using a toy model and an advection equation associated with the
isochrone model, a model of spherical self-gravitating systems.

PACS numbers: 05.20.Dd, 45.50.-j, 52.25.Dg, 98.10.+z

Submitted to: J. Phys. A: Math. Gen.


http://arxiv.org/abs/1210.8040v1

On algebraic damping close to inhomogeneous Vlasov equilibria in multi-dimensional spaces2

1. Introduction

The Vlasov equation, often called Collisionless Boltzmann equation, describes, over
a certain time frame, the large scale dynamics of Hamiltonian systems of interacting
particles, in the limit where each particle feels the effect of many others. It is thus
found in many fields, among which plasma physics of course, and astrophysics, where it
describes self-gravitating systems.

The Vlasov equation shows a notoriously rich dynamics. First, it possesses a
continuous infinity of stationary states, whose study may in itself be a complicated
problem. The next problem, the study of the linearized dynamics close to a stationary
state, has a long story. In 1946, Landau [I] formally showed that close to a stable
homogeneous stationary state, a density perturbation may decay exponentially, which
was a very surprising result for a Hamiltonian system. This was the starting point of an
extremely abundant physical literature. On the mathematical side, it has been proved
that Landau analysis is correct [2,[3]. It is also known that the exponential damping fails
when the reference state or the perturbation is not analytic [4], or the spatial domain
unbounded [3].

The non-linear case, that is the study of a perturbation close to a homogeneous
stationary state, under the full Vlasov dynamics, is much more complicated. The subject
has witnessed spectacular progresses recently [0, [7) [§].

Most studies on Landau damping deal with homogeneous stationary states. By
comparison, the literature on perturbations of inhomogeneous states is less developed,
although these states are very important. Despite the technical difficulties involved,
a lot of work has been done in the astrophysical literature. Kalnajs [9], and then
Polyachenko and Schuckman [I0] have developed a powerful formalism, sometimes
called the "matrix method”, to solve the linearized Vlasov equation in a inhomogeneous
context. Since then, it has been used to study the instability of many models of stellar
systems, and compute the growth rates (see [I1] for a textbook account). Some other
methods to compute instability rates have been introduced and applied to toy models
recently [12] 13 [14]. Purely oscillating modes in 1D have been investigated in [I5]. Also,
when the question is to prove stability and not to compute a decay rate, there exist
powerful variational methods [I1]. However, computing decay rates for non-oscillating
stable situations is more tricky than computing instability rates, since it involves an
additional analytic continuation, as in Landau’s original analysis. In the astrophysical
literature, we are aware of only two papers performing this continuation numerically,
and thus explicitly computing the analog of Landau damping rates [16, [17]. In [I§],
the continuation is performed analytically, but on a one dimensional toy model. Thus,
although Landau damping is considered an important player in the dynamics of stellar
systems (see for instance [I1]), there are very few actual computations of damping rates
close to inhomogeneous stationary states.

In addition, these studies done in the astrophysical context do not mention a
fundamental difference between homogeneous and inhomogeneous stationary states: in
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the inhomogeneous case, no matter what is the regularity of the stationary state and
the perturbation, the asymptotic linear decay is never exponential. This has been seen
in the Kuramoto model, which shares some properties with the Vlasov equation [19],
and on a type of Vlasov equation in [20]. The picture is as follows: the dynamics may
show a transient exponential decay governed by a Landau pole, but the asymptotic
decay is always algebraic. This phenomenology is also well known for the 2D Euler
equation [2I], which is in many respects similar to the Vlasov equation. We note that
such algebraic decays may also arise close to a homogeneous state, when the perturbation
or the reference state is not regular enough [4]; we stress that the situation is different
close to inhomogeneous states, because the algebraic decay occurs for all reference states
and perturbations. [22] contains a detailed analysis of this phenomenon in 1D, including
derivation of the decay exponents and comparison with direct numerical simulations.
In this paper, we extend the analysis of [22] to multidimensional systems, putting our
emphasis on 2D systems and 3D systems with spherical symmetry. These includes some
important models of stellar systems.

More specifically, we first use the standard matrix method to formally solve the
linear dynamics in a Laplace transformed space (section [2). From this starting point:
i) we identify and classify the singularities appearing in the Laplace transform of the
perturbation. It turns out that the zoology of singularities in two dimensions is much
richer than in one dimension, see section
ii) we exhibit the asymptotic decay for each type of singularities in section [l
iii) we introduce advection equations associated with the linearized Vlasov equations
in section These advection equations have a solution in integral form; hence the
numerical task to obtain the temporal evolution of the system is reduced from solving
the (linearized) Vlasov equation in 2d-dimensional phase space to performing integrals
in a d-dimensional space, where d is the spatial dimension.

iv) Using the above theory, we analyze the asymptotic decay of a perturbation in a
toy model and a spherically symmetric stellar model, and check the theory against the
numerically computed exact solutions to the simple advection models, see sections 6.4, [7]

Our analysis of the asymptotic decay of a perturbation is formal, and moreover
relies on the linearized Vlasov equation. There is no guarantee that this is relevant to
understand the asymptotic decay of the non-linear Vlasov equation. In principle, our
results should then be supplemented by direct numerical simulations of the full Vlasov
equation. However, such simulations are difficult in more than one spatial dimension,
since we are aiming at an asymptotic in time regime, while keeping a good spatial
precision. We left this study for future work. This is why we analyze instead with the
present theory easily solvable linear advection equations, for illustrative purpose.

2. Solution to the linearized Vlasov equation: the matrix method

Throughout the paper, we will use bold letters (g, p, 8, J, ...) to denote vectors.
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2.1. System

We start with the Vlasov equation in d spatial dimensions for the one-particle
distribution function f(q,p,t),

8tf + VpH ' qu - VqI_I ’ fo =0, (1>

where ¢ € X C R? is the position variable, p € R? the conjugate momentum variable,
and Vg4, V,, denote respectively the gradients with respect to g and p. The domain X
is R? in a stellar system, and [0,27)? if the system has periodic boundary conditions.
H is the one-particle Hamiltonian defined by

p2

H{f(q,p,t) = 5 + 2lf](q,1) + Pexs(q)- (2)
The potential ®[f](g,t) is defined from the two-body interaction potential v and the

distribution f as

o[f](q,t) = /ddp/ dg v(q—q')f(q,p,t). (3)
R X
The external potential ®.(q) creates a force Fey(q):
Fext(q) = _qu)ext (q) (4)

Let fo be a stationary solution to the Vlasov equation (dl). For the stationary
solution, the potential ®[fy] and the one-particle Hamiltonian H{f,] are independent of
time. In this paper, we limit ourselves to situations where the one-particle Hamiltonian
H|fo] is integrable. Thus, we may introduce actions J = (Ji,...,J;) and conjugate
angles @ = (0y,...,60;), and the one-particle Hamiltonian is a function of the actions
only, i.e. H[fo](J). A practically important example is given by spherically symmetric
stellar systems, see section B.Il A stationary solution can be constructed by taking fo
as a function of actions, satisfying self-consistent conditions, since the actions depend
on fy through the potential ®[fy].

We now consider a small perturbation to a stationary solution fo(J):

f(evJvt):fO(J)+f1(07J7t) (5>
and write the linearized Vlasov equation for f:
Ofr +QJ) - Vofi —=Vifo- Ve, =0, (6)

where ®; = ®[f] is the perturbed potential

v(a.0= [ [ vla-a)nia.pidap. 7

and Q(J) = VyH|[fo](J) is the vector of the frequencies in the unperturbed potential.
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2.2. Fourier-Laplace transform

To analyze the linearized Vlasov equation (B), we introduce the Fourier-Laplace
transform u(m, J,w) of a function u(0, J,t) as

i(m, J,w) = /

—T

s

+00
d@ e~ ° /0 dt e“'u(,J,t) (8)

where m = (my,...,my) is a d-uplet of integers, m - 8 is the Euclidian inner product
and Im(w) is large enough to ensure convergence of the integral with respect to ¢. The
inverse transform is then
u(@,J,t) = 1l Z gm0 / dw e ™" i(m, J,w) 9)
(2m)d+1 — .

where I' is a Bromwich contour running from —oo + o to +00 + 70, and the real value
o is larger than the imaginary part of any singularity of u(m,J,w) in the complex
w-plane.

Simple and standard algebraic manipulations on (@) yield the following expression
for the Fourier-Laplace transform of the perturbation:

film, J,w) = A(m, J,w)® (m, J,w) + B(m, J,w), (10)
where
A(m, J,w) = W‘Z’)—w’ (11)
_ g(m,J)
B(m,J,w)—m, (12)

and ig(m, J) is the Fourier transform of the initial perturbation f1(0,J,t = 0) with
respect to 8. Without loss of generality, we assume

9(0,J)=0. (13)

Notice that we can always include a non-zero ¢(0, J) in the stationary state fo.

2.3. Biorthogonal functions

We should now solve the two coupled equations () and ([I0) to find f; and ®;. The usual
strategy at this point is to introduce two families of biorthogonal functions [9, 10, 23].
The computations below are standard (for a textbook reference, see for instance [I1]);
we reproduce them here to ensure that this article is self-contained.
We expand any density function p(q) on the basis {d;(q) }ier:
plq) =Y adi(q) (14)
iel
and any potential function ®(q) on the basis {ux(q) }rex:
®(q) = brux(q). (15)
keK
The two index sets [ and K satisfy K C I C Z, and the two basis {d; };c; and {uy}rex
are chosen such that
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(i) the two families are orthogonal to each other:

(d,,uk) = /Rd di(q)ﬂk(q)dq = )\kélk, (Z - I, ke K) (16)

with A, # 0, and where 0;;, is the Kronecker 4.
(i) uy is the potential created by the density distribution d;:

/Rdv(q —q')di(q)dq’ = { gi(q) Ez ; g (17)

Assuming we have at hand two such families of biorthogonal functions, we expand
the perturbation density

pi(q,t) = » fi(g,p,t)dp (18)

and potential as

=Y ai(t)di(q) (19)

iel
=) a(t)ux(q). (20)
keEK
Properties ([I6) and (I7]) ensure that the coefficients are identical for p; and ®;.
Using (20), we first compute ®, the Fourier-Laplace transform of ®:
@1 (m, J,w Zak w)ex(m, J) (21)
keK
where @y, is the Laplace transform of ay, and c¢(m, J) is the Fourier transform of wy:

ck(m, J) = /uk(q)e_im'ede. (22)

Substituting (21]) into (I0)), and performing the inverse Fourier transform, we obtain
an expression for fl(H, J,w), the Laplace transform of the perturbation:

1 271' (o-\d Z (::Zj g‘ifz de(w)ck(m, J) + %) im-6 (23>

keK
Now, we multiply (23] by ul(q) (I € K) and integrate over d@dJ. We compute the left
hand side using the change of variables (6, J) — (g, p) which has Jacobian 1, and the
property (I6]): the result is \ja;(w). In the right hand side, performing the integration
over @ introduces the functions El(’m J). The result is

Na(w) =Y Fy(w)ar(w) + Gi(w) (24)

keK
with

Fiulw 27Td Z / m: VJfO Lau(m. D)ex(m, )T (1, k € K)(25)

and

Cilw) = (27lr>d n% / %El(m, NI (L€ K). (26)
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The contributions from m = 0 clearly vanish for Fj,, and also for G;, thanks to
assumption (I3). Defining the (£K) x (£K) matrices A and F(w) = (Fjx(w)), where
A is diagonal with elements {\; },cx, and the (K )-dimensional vectors G(w) = (G(w))
and a(w) = (ax(w)), the above equations may be rewritten in compact form:

A — F(w)]a(w) = G(w). (27)
The formal solution for a is
i(w) = [A = F(w)]7'G(w). (28)

The equation det(A — F(w)) = 0 is sometimes called the dispersion relation.

2.4. Analytic continuation

Assuming that the decay for large J is fast enough in the integrands, and that the
ck(m, J) are regular, expressions (25) and (26) show that functions Fjy(w) and G (w) are
analytic in the upper half plane Im(w) > 0, since the corresponding integrals over J have
no singularity. The integrands are singular however for any real w at which m-Q(J) —w
vanishes. Thus, expressions (28] and (26]) should be analytically continued to define the
F’s, G’s and a’s in the lower half plane Im(w) < 0. This analytical continuation is a
generalization of the usual Landau prescription in 1D. It is sketched in some details in
the 2D case in section

The last step to compute the evolution of the perturbation is to perform an inverse
Laplace transform on the functions a(w). The large time behaviour of ay(t) is determined
by the singularities of a;(w): our goal now is then to study and classify the singularities

of a(w).

2.5. Singularities of a(w) and roots of the dispersion relation

The singularities of @ may come (i) from the roots of the dispersion relation det(A —
F(w)) = 0, and (ii) from singularities of the functions F’s and G’s themselves. We
discuss the former singularities in this section: we will see that these singularities do
not dominate in the asymptotic regime. The dominating latter singularities are classified
in the next section in the two-dimensional setting.

Roots of the dispersion relation det(A — F'(w)) = 0 yield poles for the functions
a;. Such poles in the upper half plane correspond to eigenvalues of the linearized
Vlasov operator, with exponentially growing eigenmodes. Since we are interested in the
relaxation of a perturbation close to a stable stationary state of the Vlasov equation, we
assume that there are no such eigenmodes. Poles on the real axis correspond to purely
oscillating eigenmodes. In order to study the decay of perturbations, we also assume
that there are no such modes. There may be roots of the dispersion relation in the lower
half plane Im(w) < 0 (in this case, they are rather roots of the analytic continuation of
the dispersion relation). These are the usual “Landau poles”, giving rise to exponential
damping. This damping may be an important feature of the dynamics at intermediate
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time scales, especially if the pole is close to the real axis [16], [I7, [18], but the asymptotic
regime is always dominated by the singularities of the functions F’s and G’s, as will
become clear in the following sections.

3. Singularities of F' and G in two-dimensional setting

We have seen that the functions F’s and G’s have no singularities for Im(w) > 0. The
integrands of F’s and G’s are singular for J’s such that m - Q(J) — w vanishes, and
these singularities may yield branch points on the real w axis. Thus, to investigate
the asymptotic behaviour of a perturbation due to these branch points, we turn now
to the singularities on the real axis. From now on and for simplicity, we restrict
ourselves to two-dimensional integrations over J = (.Ji, J3) in the formulas (25) and (20)
entering into the definitions of F' and G. We have in mind perturbations in spherically
symmetric self-gravitating systems, which fit into this two-dimensional setting, as shown
in section B.Jl There would be no major obstacles to an analysis in higher dimension,
except the growing number and complexity of the possible types of singularities.

3.1. Spherically symmetric system

Although Vlasov-type equations appear in various settings, the main situation we have
in mind is the dynamics of a perturbation of a spherical self-gravitating system. The
dynamics in the potential created by the stationary distribution is then integrable. It
is customary [II] to use as actions J. ("radial action”), L (modulus of the angular
momentum) and L, (projection on the z axis of the angular momentum). The radial
action J,., energy E of a particle and angular momentum L are related by

g, =2 / o \/2E 2a(r)— L (29)
r = _ — r)— —dar
m Tmin T2

where ®(r) is the potential created by the stationary state and 7,,;, and 7., are the
minimum and maximum distance from the origin reached by the particle. In this

coordinate system, the one-particle Hamiltonian depends only on the actions J, and
L.

Let us assume that fy and g depend on the actions only through the one-particle
Hamiltonian. Then, fo(J), g(J) and cx(m, J) depend only on actions J, and L, and
hence the potentially singular integrands in (25) and (28) also depend only on J, and
L. The three-dimensional integrals are thus reduced to two-dimensional integrals. The
case of spherically symmetric systems is then included in the abstract setting introduced
in section
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3.2. An abstract problem

The abstract problem is to study the singularities of the analytic continuation of ¢(z)
defined for ITm(z) > 0 as integrals over a domain D C R?:
v(J)

o= [ it = o
with g and v real functions. Functions F' and G, (28) and (20) respectively, fit in this
framework, with p(J) = m - €(J), and by defining properly v(J). We assume m # 0
since the contributions from m = 0 in the definitions of F' and G vanish. We also
assume that g and v are very regular: although they are naturally defined over the
domain D C R?, they may be analytically continued over the complex J domain. We
further assume that their integrability properties are as good as needed. Our goal is to
study the singularities of the function

o(x) = lim @z +dy), with z,y € R. (31)
y—0+t

This is the analytic continuation on the real axis of ¢(z), which is a priori defined for
Im(z) > 0.

For z real, the denominator in (B0), wu(J) — z, may vanish. We explain
in why for a generic z there exists an analytic continuation of ¢ in a
neighborhood of z, and hence there is no singularity for ¢. From the computation
in [Appendix A] special values of zg = p(J*) corresponding to a singularity for ¢ are
easily identified; we classify the special points J* and the associated singularities for ¢
in the following subsections:

(i) Vertex singularity: a point J* at which the boundary of D is not regular

(section B.3)
(ii) Tangent singularity: a point J* at which the level set u(J) = pu(J*) is tangent to
the boundary of D (section [3.4)).
(iii) Critical singularity: a critical point J* of the function p(J) inside D (section [3.0]).
We will compute singularities of ¢(z) around zg = p(J*) by expanding u(J) around
J"

1
p(J) = xo + pa(Jy — J7) + pa(So — J3) + 5#11“1 — Ji)?

1
+ 5#22(J2—J5)2+,U12(J1 — )= J3)+ - (32)

where, for instance, u; (i = 1,2) represents (Ou/0J;)(J*) and is not zero in general.
The above three types of singularities (i), (ii) and (iii) appear at the point J* where
respectively (i) neither p; nor ps vanish, (ii) p; or us vanishes, but not both, and (iii)
both 1 and ps vanish. The three types of singularities have therefore respectively 0, 1
and 2 analytic conditions for p(J), and 2, 1 and 0 geometric conditions; see Table [II
Considering that there are two variables J; and J5, these singularities appear generically.
Special treatments are devoted to the case of an infinite domain D (section B.6), and
to a special situation which however does arise generically for spherically symmetric
self-gravitating systems (section B.7]).
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Singularity Conditions for i(J) Geometric conditions at J*

Vertex — On 0D, non-regular point
Tangent py=0o0r up =0 On 0D
Critical w1 =0and py, =0 —

Table 1. Summary for the vertex, tangent and critical singularities. u; represents
(Ou/0J;)(J*) for i = 1,2, and is not zero in general. The symbol 9D denotes the
boundary of D. The “or” in tangent singularity is exclusive.

3.3. Vertex singularity

We consider first a singular point J* on the boundary of the domain D, such that there
is a jump in the boundary’s slope at J*. We refer to such a point as a ”vertex”, see
figure [l This type of singularity is always present in spherical self-gravitating systems
at zero radial action and zero angular momentum.

To investigate the leading singularity of ¢(z) created by the vertex, it is enough to
keep only the leading order terms in the expansions of u(J) and v(J). We expand the
function p(J) as

() = xo + pua(Jr = J7) + pa(J2 — J3) (33)
where xg = p(J*), and v(J) as
v(J) ~ C(L = J)" (2 = J5)*, (34)

where a; and a, are non-negative integers. We assume that the first-order derivatives
i1 and ps do not vanish, which should be the generic case. Here and in the following C
is a constant whose value plays no role and may vary from line to line.
The singularity of ¢(x) is then investigated on the following reduced expression for
o(2)
QO(Z) —C (Jl - Jf>a1(‘]2 - ']5)@
vye H1(J1 = JF) + pa(J2 — J5) — (2 — 20)

where Uy+ is a domain including a vertex at J = J*. Shifting and rescaling J; and Js,

dJydJs, (35)

we have

B JitJy?
QO(Z) = C[]O Jl T J2 — (Z — xo)djldjg, (36)

where Uj is a domain including the shifted vertex at J = 0. Using new variables
u:J1—|—J2 andvzjl—Jg,

w(z) = Z ckl/ljﬁdudv, (37)

k,1>0,k+l=a1+a2
where ¢ is a constant and U is a domain including a vertex at (u,v) = (0,0). We
assume that the line u = 0 does not coincide with the boundary of U, since this case

results in the line singularity (see section B.7). As shown in the integral

over v yields

c 14a1+a2
o(z)=C / B, (38)
0

u—(z —xp)
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I le

. N -Tl Tl - ]1
Vertex singularity Tangent singularity
1, 1 Singu;rity at infinity
= . s ~ . N D
I J

Critical singularity

Figure 1. Vertex (top left), tangent (top right), critical (bottom left) singularities,
and singularity at infinity (bottom right). In all cases, the domain D is shaded, and
the dashed lines are level sets of the function p(J).

which fits in the framework (E.2)). Therefore, the singularity of ¢(z) at x = xq is:
(1) = Cy (2 — 20)™ T2 In |2 — 20| + O — 20)™ > H (2 — 20), (39)

o

where H is the Heaviside step function.

3.4. Tangent singularity

We consider now a regular point J* on the boundary of the domain D such that the
level set u(J) = p(J*) = o is tangent to the boundary of D at J = J*; see figure [Il
The appearance of a tangent singularity requires that one derivative of y vanishes, at
a point located on the boundary of D. Changing variables, we may assume that the
boundary of D is locally parametrized as Jy = JJ; then the tangency condition reads

op
— =0, J"€0dD 40
and at leading order we will use
1
) = 2o + Spn (s — J0)? + pa( T2 — J3). (41)

Using also the leading order approximation (B4]) for v, and introducing these into (30),
we obtain after shifting and scaling J1 and Jy the reduced expression for ¢(z):

=C / o J2 Z_xo)djldjg (42)




On algebraic damping close to inhomogeneous Vliasov equilibria in multi-dimensional spaces12

where the new tangent point is J* = (0,0), and we have chosen a subdomain U close to
J*. Changing variables again and performing one integration, the function ¢ is further

reduced to
u1/2+a1 /2+a2

o) = 0= (e [, (43)

see for details. This form fits in the framework (E.2)); hence the singularity
of ¢ is:
Cy(x — zo)V/¥rar/2re2 [ (1 — zp)
8 (x) = +Cy(mg — x) /202 2 [ (5y — 2)  a;: even (44)
0 ay: odd.

3.5. Critical singularity

We consider now a point J* belonging to the interior of D such that the level set
w(J) = u(J*) =z is singular at J*; this requires that both derivatives of p vanish at
J*. In addition, we assume that this critical point is generic, thus the Hessian at J* has
both eigenvalues different from 0. We also discard as non-generic the situation where the
critical point J* belongs to the boundary of D; see an illustration on figure[Il The critical
point may be a local extremum or a saddle point. We study both cases in [Appendix D]
and summarize the results here. Using the leading order approximation (34) for v,
changing variables and performing one integration, the function ¢(z) is reduced to

a1+a2 /2
—C / S (45)
u—(z—xp)
for a local extremum, and to

¢ ylataz)/2 I |y
pu— 4

for a saddle point. We note that these expressions are valid for even a; and a,, and
no singularity appears otherwise. These functions fit into (E.2]) and (E.3]) respectively,

and, for both extremum and saddle points, the singularity of ¢ is:
Cl(l' — xo)(“1+“2)/2 In ‘ZL’ — LU()‘
e (x) = +Co(x — ) @+ 2H(x — 20) ay,as : even (47)
0 otherwise.

3.6. Singularity "at infinity”

Assume p(J) tends to 0 when |J| tends to infinity; then zo = 0 is a singular point for
¢(x), see figure[[l This is a common situation for spherical self-gravitating systems. To
study this singularity, we assume that the domain D is [0, 400) x [0, 4+00), and

p(d) ~ (i + Jo)™ v(T) ~ (Ji + 1)~ (48)

We assume that both a and b are integers with b > 2 to ensure convergence of the
integrals in (30).
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Changing variables to u = J; + Jo, v = J; — Jo, and then from u to s = C}/u®, we

+o0 —b
' 4
= / du/ dvcéu_a_ ) (49)

c S(b 2)/a—1
—or [ T g (50)
o 8—(z—x0)

The integral over s fits in the framework (E.2]), and the leading singularity of ¢ at x is:
Ci(z — 20)O=2/e" 1 n |2 — x|
. _ (b—2)/a—1 _ _9=
img(x) _ + 02(1’ bﬁg) B H(SL’ SL’Q) b—2=0 (IIlOd CL) (51)
0 Ci(x — o) =2/ H (x — x¢)
+ Co(wg — )02/ H(2g — ) b—2%0 (mod a).

We will find this kind of singularity in a model of self-gravitating systems, see section [1l

obtain

3.7. Line singularity

We consider now a case which seems at first sight very special, but which does occur
generically in spherical self-gravitating systems. In a spherical potential, the orbit of a
particle with angular momentum L = 0 is purely radial; for small L, it is very elongated,
and remains close to be purely radial. When the particle travels from one maximal
radius to the next along the elongated orbit, this corresponds to one radial period; this
also corresponds approximately to a half angular period, see figure 2l Thus, on the
L = 0 line, the radial frequency is exactly twice the angular frequency €2, = 2€y; or
equivalently m - ©Q = 0, with m = (1, —2).

To study this singularity, we consider a domain D as in figure 2} the axis J; = 0 is
a boundary. Suppose that the function u(J) is constant on the Jo axis as

(0, Jo) = const. = z9 , VJo > 0. (52)

We then expect a singularity of ¢(x) at © = xy. Close to the singular line J; = 0, we
expand p(J):

W(J) =20+ W(T) Iy + ... (53)

Always having in mind self-gravitating systems, we assume that it is possible to expand
v close to the Jy axis as:

v(J) ~ h(Jo)J" (54)

with a non-negative integer a;. The function ¢ around z = xy reads

/ dJ, / TR, ‘]2)€_%) (55)

e/W(J2) al
— / dJ2(7J21)/ % (56)
0 W (Jp)t+e J, u— (2 — x)

The integral over u fits in the framework ([E.2); we conclude that the singularity of ¢ at

To is:

Si“g(x) =Ci(x —z9)" In|z — xo| + Co(x — x0)" H(x — x¢). (57)

x0
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.]2‘

Line singularity

-
J]

Figure 2. Left: schematic picture of a line singularity. Right: orbits of a particle in
a spherical potential with L = 0 (black line) and L small (blue elongated orbit).

This computation relies on the fact that W (Jy) is well behaved (for instance bounded
away from 0 and o).

4. Asymptotic behaviour of a perturbation

The singularities in the functions F' and G are passed on to the coefficients ay(w). Each
singularity corresponds to a decaying term in the inverse Laplace transform. If a;(w)
had a finite number of singularities, the asymptotic in time behaviour of ay(t) would be
a sum of decaying terms, each one corresponding to a singularity of ax(w) (see Theorem
19 in [24]). We expect that this remains true in our situation, where a;(w) actually has
an infinite number of singularities.

According to the analysis of section [ the singular part of a(w) (or rather of its
analytic continuation on the real axis) close to a singular value wy is, for w > wy:

(w—wp)"In|w—wy| forneZ,,
or (w—wy)*H(w—wp) foraeR\Z.

Here Z. is the set of non-negative integers. The behaviour is of course similar for w < wy.
If a function ¢ presents any of the above singularities, we associate to it an asymptotic
behaviour of its inverse Laplace transform ¢, according to the following rules [24]:

e—zwot

ne(w) = Cw —wo)"Infw —wo| (n € Zy) — ¢*(t) =’ sl (58)
gbf’j?g(w) =C(w—wy)"H(w —wp) (a e R\Z) — gzvSaS(t) = C"%:)t . (59)

Singularities and associated asymptotic behaviour are summarized in Table Pl Thus, to
extract the asymptotic behaviour of ax(t), one needs to

(i) Enumerate the singularities appearing in ay(w)

(ii) Keep the strongest singularity, corresponding to the slowest decay



On algebraic damping close to inhomogeneous Vliasov equilibria in multi-dimensional spacesld

(iii) Check if the symmetries of the problem induce a special cancellation.

Unless a cancellation occurs, this strongest singularity yields the decay exponent and
asymptotic frequency of ay(t). We illustrate this strategy on several examples in the
following sections, including the case of a cancellation; a careful reexamination of the
singularity is then needed.

Type Singularity Exponent « Damping Sign
Vertex (E4) 1+a; +ap e~ iwoty—(2+aitaz) (—1)tte
Tangent  (a; : even) (E3) 1/2+a1/2 +ay e i@otp=(/2Fa/24az) |
(ay : odd) N/A N/A N/A
Critical
extremum  (ay,as : even) (E4) (a1 + ag)/2 eimotp=(IH(aitaz)/2) | (1)1t
saddle (a1,as : even) (E.6) (a1 + az)/2 e~tmoty=(H(ataz)/2) | (_1)e
(otherwise) N/A N/A N/A
Infinity (b—2)/a € ) ED (b—2)Ja—1 e tmotp=(b=2)/a (1)l
((b—2)/a ¢ Z) ES) (b—2)fa—1 et O2/ -
Line (E4) a e~ iwoty—(1+a) (—1)tte

Table 2. Table of singularities of the function ¢(z) defined by [BQ) and [@BIl), with

their associated exponent « (see section[Bland [Appendix EJ), and asymptotic dampings.
The singularity is produced at J* = (J}, J3), and zo = p(J7,J5). The leading order
of the numerator is v(J) ~ (J; — J;)* (J2 — J5)*2 for vertex, tangent and critical
singularities, v(J) ~ (J; + J2)~° for a singularity at infinity, and v(J) ~ h(J2)J{* for
a line singularity. We assume p(J) ~ (J; + J2)~ for a singularity at infinity. a; and
as are non-negative integers, a is an integer and b is an integer satisfying b > 2. N/A
means that no singularity appears in ¢(x). This table shows the leading singularity
for each type. As shown in sections[Gland [ a special cancellation for the leading term
may happen between modes m and —m. The column Sign represents the relative sign
between the singular parts of modes m and—m for zy = 0. No cancellation is expected
for zyp # 0 irrespective of the relative sign. A bar means no simple relation between
the two modes. Note that the relative sign may also depend on the numerator v(J) of
0) if it depends on m, but this dependence is ignored in this table.

A remark is in order: we study here the asymptotic behaviour of the a(t), which
are the coefficients of the density and potential perturbation in the expansions (I9)
and (20). One might expect that the slowest decay for these coefficients yields the
asymptotic decay of the density or potential perturbation at a given point in space.
This is not necessarily true, as we have no information on the rate at which a; reaches
its asymptotic regime, and thus have no control on the series ([I9) and (20]).

5. Preparation for numerical tests

5.1. On numerical tests

The theory developed in this paper should describe the asymptotic behaviour of a
perturbation evolving according to the linearized Vlasov equation. Two questions arise:
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i) Since the above computations are formal, one may wonder if the theory is correct for
the evolution of a linearized Vlasov equation.

ii) Even if the theory is correct for the linearized Vlasov equation, it is not clear that it
describes the asymptotic behaviour of the fully non-linear Vlasov equation.

To answer these questions, direct numerical simulations of the Vlasov equation are
required. Such a check has been done in a one-dimensional setting using N-body
simulations [22]; however, the memory, accuracy and time frame required to perform
similar simulations in two or more spatial dimensions make the task challenging. Instead,
we will illustrate the various aspects of the theory on much simpler linear advection
equations in section [6] and apply it to make definite predictions on a spherically
symmetric self-gravitating system in section [7]

5.2. Advection equation and singularity analysis

To illustrate the theory, we consider an advection equation

Of+QUJ)-Vof =0. (60)
The exact solution is

f(6,J,1) = (0 — QJ)t, J,t =0). (61)
We consider the temporal evolution of the expected value of A(@) defined by

)0 = [ A0)f(6..110001. (62)

where f is governed by the advection equation (60]) and we assumed that A is a function
of @ only. From the Fourier Laplace transform of the advection equation (60), the
Laplace transform of (A) (¢) is given by

zm-H g(m’ J)
E / do | — Q(J)—de’ (63)
where ig(m, J) is the Fourler transform of f(6,J,t = 0). The function
g(m,J)
: = ——~ "~ dJ 4

fits in the framework (B0), thus the asymptotic damping of the expected value (A) (t)
is predicted by the theory presented in sections B and 4]

The theoretically predicted asymptotic damping can be checked without computing
the temporal evolution of f numerically, since we have the exact solution (61]) to the
advection equation, which gives

=y / A(0)e™?d0 / ig(m, J)e ™It g (65)

Integrals over 8 can be performed analytically, and hence our numerical task is to
perform integrals over J. Consequently, we can reduce the 2d-dimensional problem (G0)
to d-dimensional integrals over J. For 2-dimensional cases, numerical integrations are
possible with good accuracy.
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6. Numerical tests

We set the initial distribution as
F(0,J,t=0) = JM b2 (J,—J5)" (Jo—J5) e~ I3/ (14cos 6, cos by), (66)

where the unity is to keep f positive, but is not important since the mode (0,0) is
temporally invariant. We therefore focus on the four modes m = (1,1), (1, —1),(—1,1)
and (—1, —1). We assume that the system is defined on the domain (J, J5) € [0, +00)%.
The factor (J; — J;)* (Jo — J3)* corresponds to the leading estimation of v(J) (B34),
and the factor J/".J2 will be used to select the singularities we want to illustrate. The
function g is the same for the four modes and, remembering ig is the Fourier transform
of the initial perturbation,

1 2 2
ig(m, J) = 20T (= J))™ (Jo= J3)"e VIR m = (1, 41).(67)
We introduce four observables:
Al = COS(91—|—92), A2 = sin(91+92), Ag = 005(91—92), A4 = sin(@l—eg), (68)

to pick up singularities appearing in the modes (1,1) and (—1,—1) by A; and A,, and
in the modes (1, —1) and (—1,1) by A3 and Ay.

We now report detailed theoretical predictions and numerical illustrations for
vertex, tangent and critical singularities in sections [G.1] and respectively.
These include cases with cancellations between two modes. The line singularity is
discussed in section on a toy model, which also has the vertex and tangent
singularities. We discuss the dominant singularity for different modes, again taking into
account cancellations, and check the predictions against numerical computations. The
singularity at infinity will be demonstrated in section [0 on a spherical self-gravitating
model.

In this section, all the numerical integrations for the exact expected values are
performed by introducing a cutoff at J; = J, = 10 and slicing the interval [0, 10] in 2'2
bins.

6.1. Vertex singularity

We set the frequencies as
NW(J) =T, NB(J)=Jy (69)

which yields a vertex singularity at the origin, with (Jf, J5) = (0,0); the associated
frequency is wyp = m - Q(J*) = 0. We compute (A;) (¢) for a; = 0,1 and 2 with fixed
as = 0. There are no singularities of other types, thus we may use hy = hy = 0. From
Table @ we predict dampings and cancellations as shown in Table B Cancellations
occur for A; and Az with an odd ay, since the cosine observables pick up the sum of the
modes m and —m; for instance:

Ay =cos(br +6) = (A)(w) < p(w; (1,1)) + p(w; (=1, -1)), (70)
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(a1,a2) | (0,0) (1,0) (2,0)
(A) (t) | t72 C t
(A)) ()| C t=3 C
(Az) (t) | t72 C t
(A () | C t=3 C

Table 3. Dampings and cancellations for the vertex singularity. “C” stands for
”cancellation”.

100 T T 100

S
0.01 0.01
0.0001 + 0.0001 +
1e-06 | 1e-06 -

le-08 le-08

(A1) (#)]
[(A2)(#)]

le10 | le10 |
le-12 | (a) B le-12 |

le-14 + 4 le-14 -

le-16 le-16

1e-18 . T R 1e-18

Figure 3. Dampings for the vertex singularity. Observables are (a) A; and (b) As.
The parameter as is fixed as 0. Observables Az and A4 give qualitatively similar panels
to A; and Aj respectively.

and ¢(w; (—1,—-1)) = (=1)""*2¢p(w; (1,1)) holds for the vertex singularity. Similarly,
cancellations occur for the sine observables A, and A4 with an even a; since, for instance,

A =sin(0+6;) = (A)(w) x plw; (1,1)) — plw; (—1,—1)).  (71)
We note that the cancellations occur for the leading singularities; higher-order
singularities may survive in general. However, in this case, higher-order singularities
coming from the expansion of exp(—(J7 + J3)/2) do not change the parity of a; + as,
since expanded terms consist of J? and J3. Thus, all orders are cancelled when the
leading order is cancelled.

The above prediction is confirmed by direct numerical integration of (G3]) as shown
in figure Bl We remark that dampings without oscillation reflect the zero frequency
wo = 0. We have also checked that no cancellation occurs when we replace €); by
Oy (J) = Jy + 1, since wy = 1 # 0 (figure not shown).

6.2. Tangent singularity

We set the frequencies as
N (J) = (Jy =12 Qu(J) = Jo. (72)

There are a vertex singularity at (J1, Jo) = (0,0) and a tangent singularity at (J;, J2) =
(1,0). We are interested in the tangent singularity, and hence we set (J;,.J3) = (1,0)
which gives the frequency wy = 0. We choose a; and as from the set {0, 1,2}, and
use hy = 2 and hy = 0 to hide the vertex singularity: the slowest decay coming from
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the vertex singularity is then ¢t=%. The predicted dampings and cancellations are shown
in Table @ An explanation is needed for the case (ai,az) = (1,0): the leading order
does not give any singularity, since a; is odd; however, expanding ig(m,J) around
(J5,J3) = (1,0), the second leading order gives a; = 2; thus the damping must be ¢~
as in the case (ay,a9) = (2,0). We remark that no cancellation occurs for the tangent
singularities. These predictions have been checked numerically, though no figures are
reported.

(a1,a2) | (0,0) (0,1) (0,2) (1,0) (2,0)
(Ay) (1) p—15 =25 435 425 425

Table 4. Dampings and cancellations for the tangent singularity.

6.3. Critical singularity

We set the frequencies as
N(T)=(h—1)72% WJ)= (-1 (73)

Singularities are: a vertex singularity at (Ji,J;) = (0,0), tangent singularities at
(Ji,J2) = (1,0) and (0,1), and a critical singularity at (Ji,.J2) = (1,1). We are
now interested in the critical singularity, and hence we set (J},J3) = (1,1) giving
the frequency wy = 0. We choose a; from the set {0, 1,2}, and use h; = hy = 2 to hide
the vertex and tangent singularities as done in section

Cancellations between the modes m and —m are as follows. We first remark that
no leading singularity appears for (ai,as) = (1,0) since a; is odd. In this case, as
discussed in the case of the tangent singularity, the second leading singularity gives
the same singularity as (a1,a2) = (2,0), thus we concentrate on (ay,a2) = (0,0) and
(2,0). The second remark is that the critical singularity at (Ji,J2) = (1,1) behaves
as an extremum singularity for A; and A,, and as a saddle singularity for As and Ajy.
Referring to Table 2l and the above second remark, the leading singularities in A; and
Ay are cancelled for (aj,as) = (0,0), and in Ay and Aj for (ai,a2) = (2,0). In the
latter case, the next leading singularities come from (ay, as) = (4,0) for instance, and
t=3 dampings are predicted. These discussions are summarized in Table

We explain the whole cancellation in (Ay4) () for (ay, as) = (0,0). The exact solution
of (A4)(t) is proportional to

<A4> (t) = C/Q(Jl, JQ) sin((Ql(Jl, JQ) — Qg(Jl, JQ))t)dJ (74)

Exchanging the dummy variables J; and Jy, and using invariance of ¢ under this
exchange, we have (A,)(t) = 0. From the view point of singularity analysis, using
notations of [Appendix D| and [Appendix E| the invariance of g with respect to the

exchange between J; and .J, implies that the numerator of the integrand in (E.3) is
of the type u®In|u| with even «, since u = J? — J;. The evenness of o gives the
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(a1,02) | (0,0) (1,0) (2,0)
(Ar) (1) | £72(C) t2(N) 17
(A) (1) | 71 t7°(N) t7(C)
(As) (1) | 71 t°(N) t73(C)
(Ap@®) | € t2(N) 2

Table 5. Dampings and cancellations for the critical singularity. ”C” means that
there is a cancellation at leading order, and “N” that the leading order singularity
does not exist. Dampings associated with the next leading singularities are observed
when “C” or “N” appears. In (A4) (t) for (a1, az2) = (0,0), all the singularities at any
orders are cancelled due to a special symmetry of g(m, J).

Lea =1
0.1 t
0.01 |

0.001 +

[(As)(1)]

[(As)(D)]

0.0001

105 [ 1e05 | (b)

1e-06 |

1e-07

Figure 4. Dampings for the critical singularity. Observables are (a) Az and (b)
Ay. The parameter as is fixed as 0. The curves for a; = 1 and 2 in (b) are almost
superposed. The curve of a1 = 0 in (b) is out of range due to a special cancellation.
Except for this special cancellation, A; and Ay give qualitatively similar panels to Ay
and As respectively.

same sign for the two modes m and —m in the saddle singularity, hence they cancel
each other in the sine observable Ay: this is of course compatible with the exact result

(Ag)(t) =0.

6.4. Toy model

We set the frequencies as

J2
W (J)=—J, — 71 — 2y, Q(J) = —2J; + 2. (75)

This toy model ([75) has three types of singularities:
e Vertex singularity at (Jf, J5) = (0,0) for the modes (1, —1) and (—1,1).
e Tangent singularity at (J;, J3) = (1,0) for the modes (1,—1) and (—1,1).
e Line singularity on the J, axis for the modes (1,1) and (—1,—1).

No critical singularity and no singularity at infinity appear. We use distribution (G@)),
with hl = h2 = ay — ay = 0, that is

ig(m, J) = e Vit3)/2, (76)
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Singularity Vertex Tangent Line(leading) Line(second)
Damping t=2 e /2415 t1 t=2
Modes (+£1,F1)  (£1,F1) (+1,+1) (£1,+1)
(J5,J3) (0,0) (1,0) Jo axis Jo axis

Ay =cos(f1 +62) | NJ/A N/A C D

Ay =sin(0; + 65) N/A N/A D C

A3 = cos(ty — 0) E D N/A N/A

Ay =sin(0; — 6,) C D N/A N/A

Table 6. Theoretical prediction of the asymptotic damping for the A; observables
in the toy model ([3). “D” indicates the dominant singularity, “E” an existing
but subdominant singularity, and “C” a cancelled singularity. “N/A” tells that the
corresponding singularity cannot be captured by the observable. An oscillation is
predicted for the tangent singularity only.

6.4.1. Cancellation and higher-order contribution Three different types of singularities
appear for the A; observables, the strongest of which is a line singularity, see Table [
Concentrating on A; and A,, we show an example of cancellation for this line singularity.

The relative sign between ¢(w; m) and p(w; —m) is (—1) for the line singularity.
Thus, the leading singularity corresponding to a; = 0 is cancelled for A; but not for As.

Higher-order singularities may come from the expansion of g around J; = 0 and
correspond to a; > 1. However, since ¢ is even in J;, the same cancellation will take
place at all orders. Consequently, there is no higher-order contribution from g.

Nevertheless, a higher-order contribution comes from m - Q(J). For the mode
m = (1, 1), the function ¢(w; m) becomes

1 /e dJ, ¢ c [c d.Jy
L(1,1)) ~ — Al =1 o

keeping the leading order of g(m,J), which is constant. Changing variable from J; to
u=3J; + J/2, we have

—C [ (1+2u/9)"1/2 —C (1 —u/9+ O
o(w; (1,1)) = 12@_/0 ( /9) du = _/0 / ( )du

U+ w 127 u+w
g_—C[—ln|w\—fln|w\+-~-] (78)
127 9
A similar computation gives
—-C w

o(w; (—1,-1)) =~ o [ln lw| — ° In|w|+-- ] . (79)
Coming back to the expression ([[0)), the leading order In|w| is cancelled for the
observable A; = cos(f; + 05). However, the second leading order wln|w| survives,

and gives a t~2 asymptotic damping.

Similarly, we can find another cancellation for the observable A, = sin(6; — 65) on
the vertex singularity. From the above discussions, we build Table [6] which summarizes
existing, dominant and cancelled singularities for the four observables.
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6.4.2. Numerical computations of the exact solution On figure Bl we compare the
theoretical prediction of Table [6 with the numerically computed exact temporal
evolution of the four observables (68). We examine both amplitude’s damping and
frequency of (A;) (), whose exact solution is

(A;) (1) = =2 /0 h /0 h e IHD2 A (O (I)E, Qo (T)t)d Ty d ], (80)

by (63). Temporal evolutions of the four observables are reported in figure B, and the
agreements in damping rates are very good for all observables. Observables A; and
Ay have no tangent singularity, and hence the prediction for the frequencies of (A;) (¢)
and (As) (t) is zero. These zero frequencies are observed in figures Bla) and (b). On
the other hand, the observables A3 and A4 are dominated by the tangent singularity
at (J7,J3) = (1,0), and the prediction for the frequencies is [2;(1,0) — 25(1,0)| = 0.5.
Looking at the temporal evolutions in linear scale in figure [6 we see that the predicted
frequency is in good agreement with the numerics.

100 — ‘ \ \ 100
10 | — 10 P
1r 1
= 0.1 S 0.1 F
~ —
= <€
= 0.01 | e 0.01 |
0.001 £ 1 0.001 |
0.0001 (a) A 0.0001 £ (b)
1e-05 . . : : 1e-05 . : : :
0.01 0.1 1 10 100 0.01 0.1 1 10 100
t t
100 : 10

| \\\ | N\

0.1 F

0.01 \/\J \m

[(As) (®)]

001 \N\ IV

.. = fin
CAPEEEEL T I

1 1 1 1 1 1 1 1
0.01 0.1 1 10 100 0.01 0.1 1 10 100

[(43) (®)]

Figure 5. Temporal evolutions of the four observables: (a) (A;)(t) with A; =
COS(91 +92) (b) —<A2>(t) with AQ = sin(01 —|—92) (C) |<A3>(t)| with A3 = COS(91 —92)
(d) |(A4)(t)| with Ag = sin(61—02). All panels have the same scales. Straight lines show
the theoretically predicted algebraic dampings, which are respectively ¢t=2,¢~1 ¢t~ 1
and ¢t~1°. (A;)(t) is computed by using ([B0) with cutoff at J; = J = 10.
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0.1 : . . . 0.1

0.05 [ 0.05 |

(A3)(t)

005 T (a) 1 005 |

-0.1 i L L L L -0.1 H L L L L
0 20 40 60 80 100 0 20 40 60 80 100

Figure 6. Temporal evolutions of (a) (43) and (b) (A4) in linear scale. Red plus
points are numerically obtained, and green lines represent 4t~ cos(0.5(t — 4.8)) and
4t=15 cos(0.5(t — 8)) in (a) and (b) respectively.

7. Spherically symmetric stellar system

7.1. Isochrone model

We present the isochrone model, which is a simple example of a spherically symmetric
stellar system. The potential of this model is
GM
O(r) = ———F——.
b+ Vb%+1r?
where G is the gravitational constant, M is the total mass of the system, and b is a

parameter. A stationary state satisfying the self-consistent condition for the potential
is known to be [11]:

(81)

1 VE

= —— | 27 — 66E + 320L7 — 240E*
"= VAGmp @M - B
) o ' VE
+64E* + 3(16 % + 28 — 9)M , (82)
E(1-E)

where E = —Eb/GM and E is energy.
Let (r,9,1) be the 3-dimensional polar coordinate, and (.J,, Jy, Jy;) the conjugate
angular momenta. We introduce new actions (Ji, J2, J3):

Jp :Jw, J2:J19—|—‘J¢‘, Jz = J,. (83)

We denote the conjugate angle variables by (6, 02, 603). The Hamiltonian of this model
is then

(GM)?

2[Js + 5(J2 + /J3 + 4G MD)
The Hamiltonian is defined on the domain (Jl,JQ,Jg) € [—Ja, Jo] x [0,00) x [0, 00).
We remark that the Hamiltonian depends on .J; and J;, but not on J;. We hence
omit the modes corresponding to J;, and write m = (mgy, m3) for the mode vector

H(JT) = (84)
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and Q = (Qy,€3) for the frequency vector. Thus, the isochrone model fits in the 2-
dimensional analysis developed in this paper. Note that for consistency with standard
notations, the actions J, and .J3 in the isochrone model correspond to J; and .J5 in the
general theory of section Bl Frequencies are given by

oH GM)?
3 [J3+§(J2+\/J§+4GMb)]
OH 1 Ja
QDJ)=—) =z |1+ ———== | B(J). 86
A3 = 5(9) 2( J22+4GM6) () (0
7.2. Advection equation corresponding to isochrone model
Using the frequencies Q5 ([86) and 23 (83]), we consider the advection equation
2 ofy ofr _
Y +QQ(J)892 +Q3(J>8«93 = 0. (87)

This advection equation is obtained by omitting the potential perturbation in the
linearized Vlasov equation. We take as initial state:

f(0,J,t=0)= fo(J)+ f1(6,J,t =0), (88)
where fy(J) is the stationary state (82)) and the perturbation f; is set as
f1(0,J,t =0) = afo(J) cos(nabh) cos(nzbs), |a] < 1. (89)

Note that this perturbation is also independent of ¢#; and J;. The Fourier transform
ig(m,J) of f1(0,J,t=0) is then

ig(m. J) = { gfo(J)/éL (ma, ms) = (£ns, +n3)

Let us consider the temporal evolution of the expected value of an observable

(90)

otherwise.

A(0,03). As discussed in section (2 the Laplace transform of the expected value
is given by (G3]), but the integrals should be performed over 6y,60s,6s,.J;, Jo and Js.
Remembering that A, f; and €2 do not depend on #; and .J;, the expected value may
be written as a linear combination of functions of the form

o m) :/OOOdjg/OOOdJ2 m/j him, J)dJ,. (91)

Note that if we were studying the true linearized Vlasov equation, the function h in the
above equation would be replaced by m-V j fo(J)¢(m, J)c(m, J) or g(m, J)¢(m, J),
according to the definitions of Fj;(w) and G;(w) in equations (25]) and (26) respectively.
Since f_J?IQ hd.J, vanishes for J, = 0, a Jy factor can be factorized, and we can write

f;]jQ h(m,J)dJ, = J,h(m,J). Thus, the functions (@I) fit in the framework of the
abstract setting (30, and we apply the theory developed in sections [l and @, with

v(J) = Lh(m, J), u(J)=m- QJ). (92)

The J, factor in v(J) will be of importance to determine the singularity associated with
vertex, line and infinite singularities.
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Singularity Damping Frequency Condition for mode
Vertex =3 (Z2 + my) 246G£3% None
Tangent t=15 mo€a(J5,0) + msQ3(J5,0)  —1 < mg/my < —1/3
Line t2 0 me = —2ms
Infinity =23 0 None

Table 7. Dampings and frequencies associated with singularities in the isochrone
model. This table shows the leading singularity for each type. (mao, ms) represents a
mode. J3 is the solution to ([@4)). Modes satisfying mg + 2mg = 0 or mg + 3ms = 0
do not yield a generic vertex singularity, but a line singularity and a special vertex
singularity respectively. See text for the leading line singularity.

7.3. Singularities in isochrone model and theoretical prediction

We can now list the singularities in the isochrone model:

e Vertex singularity at (J3,J;) = (0,0), except for the modes m satisfying msy +
2msz = 0 or mo + 3ms = 0. The former case results in a line singularity, and the
latter case gives a special vertex singularity with d(m - Q)/0Js = 0 at the origin.

e Tangent singularity at (J5,0) for the modes m satisfying —1 < ms/my < —1/3.
For such a mode, the singular point .J5 is given by the solution to the equation

0
— m - =0, 93
0.J5 Ja=0 (93)
which reads
1 Jg 2 GMb ms
— _ 1 - - _—_ = 94
2 < +\/J22+4G]\/[b>+3J§—i—4GMb ™Mo (94)

We remark that the left-hand-side of (04]) is a decreasing function of .J5, and its range
is (—=1,—1/3) for Jy € (0,00). Thus ms3/ms must be in the interval (—1,—1/3).
The origin, namely J; = 0, results in the special vertex singularity for the modes
satisfying ms + 3ms = 0.

e Line singularity on J;3 axis for the modes m satisfying my = —2ms.

e A singularity at infinity appears for any mode m. Estimations of v(J) and u(J)
are

v(J) ~ (Jo+ )74 u(J) ~ (Jo+ J3) 72, (95)

since Qy ~ Q3 ~ (Jo + J3) 72, fo ~ E52 FE ~ (Jo + J3)~2, and taking into account
the J, factor for v appearing in (92]).

No critical singularity appears in the isochrone model. These singularities are arranged
in Table [ with asymptotic dampings and frequencies.

The leading dampings are t=3, t~55 ¢=2 and t=2/3 for the vertex, tangent, line and
infinity singularities respectively. We remark that the leading order of the function v is
v ~ Jy around Jy = 0 due to the Jy factor of v in ([@2]), thus the leading damping rates
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for the vertex and line singularities respectively are not =2 and ¢!, but t=2 and t=2 .

2/3 with zero frequency.

The dominant, i.e. slowest, decay is t~
In the next subsection we will observe the temporal evolution of the expected value

of the observable A(0) = sin(nqby + n36,) with respect to the exact solution

The mode (ng, n3) corresponds to the mode of perturbation (89). The expected value
is:

(A), (t) = / A(0)£,(0. J.1)d0d. (97)

For our interests, the prefactor of (A), () is not crucial; therefore we redefine (A), ()
as

<A>1 (t) = /OOO /(;oo Jgf()(.]) Sin((?’LgQg(J) + ngﬁg(J))t)dJdeg (98)

in the following. For this sine observable, the leading vertex, tangent and infinity
singularities survive, but the leading line singularity is expected to be cancelled looking
at Table B since the corresponding exponents are a; = 1 and a; = 0. From the line
singularity, therefore, the second leading damping ¢t~ should arise instead of the leading
damping ¢t=2. However, since the line singularity is never dominant, this cancellation
does not affect the following discussions.

7.4. Numerical check

We choose three modes: (nq,n3) = (1,1),(2,—1) and (3,—2). The mode (1,1) has
vertex and infinity singularities, (2, —1) has all four singularities, and (3, —2) has all
four except the line singularity. To perform the numerical integration of ([@8]), we set
the parameters as G = M = b = 1. The exact solutions (@8] are shown in figure [7]

The mode (1,1) shows t~2/3 damping without oscillation as the theory predicted.
This mode also has a vertex singularity, which gives a non-zero frequency, but no
oscillation is observed in the asymptotic time region: the vertex singularity contribution
is expected to damp as t~3, which may be too fast to be visible at large times.

The modes (2, —1) and (3, —2) asymptotically damp as ¢~2/3 as predicted, but they
have oscillations. At variance with the mode (1, 1), both these modes have a tangent

t~1% with non-zero frequency. To confirm

singularity, which gives a rather slow damping
that there is a contribution from the tangent singularity, we show the power spectra of
(A), (t) in figure Bl The peaks of the power spectra are in good agreement with the
theoretically predicted frequency |moQsy(J5,0) +m3Q3(J5,0)|, where J3 is the solution
to (@4)).

As mentioned above, to study the true Vlasov equation, we should also estimate
the ¢, (m, J) functions, which depend on the biorthogonal functions wu(q).
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(ng,n3) = (2,—-1)

+~ 0.1

0.01

1 10 100 1000

Figure 7. Damping in the isochrone model for the observable A = sin(naf2 + n3bs).
(na,n3) = (1,1) (red plus), (2,—1) (green cross) and (3, —2) (blue star). The purple
guide line is proportional to t=2/3. (A)(t) is computed by using ([@8) with cutoff at
Jy = Jg = 20.

0.001

(n, ns) = (2.-1)
(ng,ng) = (3,2

*

0.0001 | d

le-05

le-06 +

1e-07

Power Spectrum of (A);(¢)

le-08

Figure 8. Power spectra of (A)(t) for the modes (2,—1) (green cross points) and
(3,—2) (blue star points). The two vertical lines indicate w = 0.1185 and 0.0509,
which are predicted theoretically for the modes (2,—1) and (3, —2) respectively as
|meQa(J5,0) + msQs(J5,0)| with J5 the solution to ([@4). The power spectra are
computed from time series with time slice 1 in the time interval [77,1100] to avoid an
early transient time region.

8. Conclusion

When a stable inhomogeneous stationary state of a Vlasov equation is perturbed,
the asymptotic damping of the perturbation is algebraic, no matter how regular
the stationary state and perturbation are. The damping rate and frequency are
controlled by the singularities on the real axis of the Fourier-Laplace transform of the
perturbation. In this paper, in systems with two spatial dimensions, we have classified
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),

I

Figure A1l. The boundary of D is regular close to point A, its intersection with the
curve p(Jy, JJo) = xp, that is K1 =0

these singularities into vertex, tangent, critical, line and infinity singularities, and have
given damping rate and frequency in each case. This classification is also valid for
three dimensional spherically symmetric stationary states, since they reduce to the two-
dimensional case thanks to symmetry. The resulting picture is much richer than in
one spatial dimension [22]. We have illustrated the theory on a toy model, and on
an advection equation associated with the isochrone model, a simple model for self-
gravitating systems: tests in these models show that the singularity analysis captures
very well the observed damping.

The main goal of this theory is a better understanding of the asymptotic relaxation
of self gravitating systems. To achieve this goal, a detailed study of the classical
expansion of a perturbation on a biorthogonal basis should be coupled to the singularity
analysis we have presented here.
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Appendix A. Analytic continuation

The starting point is the following formula for ¢(z), valid for Im(z) > 0:
o= [ A
pere WS, o) — 2
We want to understand the regularity of ¢(z) close to z = xy € R.
Assuming that z is not a critical value for the function p (condition i), the equation
w(Jy, Jo) = xo defines one or several curves on the (Ji, J>) plane. We treat here the case
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with one curve, the argument carries over easily to the case of several curves.

It is then possible to use a new set of variables K, K5 fulfilling the two conditions:
a) Ky = u(Jy, Jo) — xo
b) K, is such that the Jacobian dK dK5/dJ;dJs never vanishes. We do not need to
further specify K.

Then, with a suitable definition of o:

(K, Ks)
z) = — = _dK{dK, .
©(2) /L")CR2K1—(Z—I0) 10189

Integrating over K, first:

R KM (K1)
1 ~
z) =  — 0(Ky, Ky)dK, .
¢(2) /K{m) Ki— (2 —a0) /K§m>u<1> (K1, Ky)dK,

If the boundary of the domain D is regular around its intersection with the curve
K1 = 0 (condition ii) (see figure &T] point A), then K" (K,) and K{™(K,) are regular
functions of K, and we are left with the single integral

KD
p(z) = / M) dKy

Kk  Ki— (2 — )
where h is a regular function. The usual Landau continuation argument then ensures
that ¢(z) is regular at z = x¢, unless K£m) =0 or K{M) = 0 (condition iii).
Thus, under conditions i), ii) and iii), ¢(z) is not singular at z = xy. Breaking
one of these conditions yields a critical (section B3, vertex (section B3) and tangent
(section B4]) singularity respectively.

Appendix B. Vertex singularity

Let us compute the leading singularity of

gp(z):/Uu_Ldudv. (B.1)

(Z — 1’0)

The origin (u,v) = (0,0) is on the boundary of the domain U, and is a singular point.
We assume that the boundary of the domain U is locally approximated by two lines
around the origin, and that the line v = 0 does not coincide with one of such boundary
lines. We can classify the shapes of the domain in three cases: (i) the two lines are in
the v > 0 half plane; (ii) the two lines are in the w < 0 half plane; (iii) one line is in the
u > 0 half plane, and the other in the u < 0 half plane. Case (ii) is made identical to
case (i) by changing the sign of u, z and C' if necessary. Thus we consider case (i) and
case (iii). Remembering that the line u = 0 does not coincide with the boundary of U,
we can further classify U into the following four types:

Uy ={(u,v) |0 <u<e Pu<v<au}. (B.2)

Uy ={(u,v) |0<u<e au<v<dord<wv<fu}
U{(u,v) | —e<u<0, —d<v<d}. (B.3)
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v v v v
U
4. omy 4
Us U,

Figure B1. Four types of domain U for the vertex singularity.

Us={(u,v) | 0<u<e au<v<d}
U{(u,v) | —e<u<0, fu<v<d}. (B.4)

Uy={(u,v) | 0<u<e 0 <v<au}
U{(u,v) | —e<u<0, §d<v< Pu}. (B.5)
The domains U; and Us correspond to case (i), and Us and Uy to case (iii). d, €, o and

B3 are constants. See figure [BIl for schematic pictures of the domains. We first note that
the integral over the domain

Uregular = {(u,v) | —e<u<e au<v<d} (B.6)

does not give any singularity for the function (B.). This fact is immediately obtained
by performing the integral over v:

€ kd 6 € k 51—1—1 _ I+1
/ _ran / vldv = / ! (o) du (B.7)
_cu—(2—=120) Jou _cu—(z2— ) [+1

and using Adding or subtracting such a regular domain, domains Us, Uz
and Uy can be reduced to U;. Thus, what we have to consider are integrals of the form:

€ ukdu au l al—i—l _ ﬂl—i—l € uk—l—l—i—l
— - - dv = du (B.
#(2) /Ou—(z—xo)/uv v [+1 /Ou—(z—xo)u( 8)

Using again, the leading singularity of ¢(x) = lim, o+ ¢(z +iy) at x is

8 (z) = ¢ (@ — 20)" " In |z — 2| + ea(z — 2o)* T H(z — ) (B.9)

except in the non-generic situation f = —a, [ odd.

Appendix C. Tangent singularity

Changing variables to u = J? + J,, v = Jj, the leading singular part of the function ¢(z)
is:
ug d Vu
w(z) = C/ —u)/ v (u — v*)2dv (C.1)
0

a2 k:d \/ﬂ
= ch/ “ / v Ty, (C.2)
o u—(z-— xo) o



On algebraic damping close to inhomogeneous Vlasov equilibria in multi-dimensional spaces31

The integral over v is computed as

v 1
a1+2kd 1— (=1 1+a1+2k (1+a1+2k)/2'
([ﬁf 1o, or () Ju

Thus we have

1—(—1 1+a1+2k ug u1/2+a1/2+a2
o) =St du.
- +a, +2 o u—(z—u1x)
The prefactor 1 — (—=1)1+@+2% = 1 — (—1)™% vanishes for any k& when a; is odd,

thus we may assume that a; is even. We are left with integrals as in (E.2|), with
1/2+ a1/2 + ay ¢ Z,. Thus the leading singularity is

¢Smg(1’) — Oy (l’—l’o)l/2+a1/2+a2H(l’—l’o)—l—Cg(l’o—l’)l/2+a1/2+a2H(xO_I)'(C'B)

zo

Appendix D. Critical singularity

Calling A\; and A, the two eigenvalues of the Hessian of 1 at the critical point, we expand
wu(J) after an appropriate change of basis

pw(J) =~ 204+ A (Jy — )2 4+ Ao(Jo — J3)2 (D.1)

We have to consider two cases: i) the critical point is a local extremum; ii) the critical
point is a saddle.

Case 1), MiAe > 0 : Without loss of generality, we assume \; > 0 , Ay > 0. Using the
leading order approximation (B4)) for v and performing the usual shifting and scaling of
variables, we obtain the leading singular part of ¢(z) as

C’/ I JSZ dJ,dJ. (D.2)
JE4 JE—(z—xg) U ? '
€ T1+a1+a2
= C’/ cos™ asin® ada/ —————dr (D.3)
0 o m*— (2 — o)

where (r, ) are the polar coordinates on the (J;, J;) plane. A change of variable u = r?

reduces the integral over r to the form (E.2)) and we conclude that the leading singularity
is
Cl(.flf - xo)(“1+“2)/2 In |LE — .CL’()|
Oo8 = +Co(x — o) @+ 2 H (2 — 20) a1, ay : even (D.4)
0 otherwise.

Case 7,7,), )\1)\2 <0
Without loss of generality, we may assume, shifting and scaling J; and .Js, that
A1 =1, = —1, and the saddle is at (Jy, J2) = (0,0). We need then to study

J‘”J"?
// = g 2Z_x0)djldj2, (D.5)
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The function ¢(2) is zero except for even a; and as. We perform the change of variables
n=Jua+Jd, ja=n—Jo; dirdja =2dJ1dJs. (D.6)

Forgetting a constant factor and modifying the integration domain (the important thing
is to integrate over a neighborhood of (0 0)), we are led to study

c2
(J1+72)" (1 — J2 o
/ / ) djrdjs
JiJ2 — Z - !L"o)

a1 a2 k—i—l a1+a2 —k—I1
=Yoo [T4 i 017)
After a further change of variables
. . o 1
U= Jjij2, V=7Jz2; djidjz = mdu dv (D.8)
we obtain
a1 as
=22 2Cu
k=0 1=0

c1C2 k—l—l a1+a2 2(k+l)
du/ dv +/ du/ ) (D.9)
</ /c1 —cico —u/cy u - (Z - ZIZ'Q))|'U|

Remembering that a; + as is even, we perform the integration over v:

a1 - a2 ciea bt
=330 [
k=0 =0 —cic2 (u - (Z - xO))

(D.10)

% %(Cg_(u/cl)ﬂy)v Y=a1+a—2(k+1)#0
In|co] —In|u/ci|, vy=a14+as—2(k+1)=0.

The terms with 2(k + 1) # a; + a2 are not singular, so we are left with

c k+ll
Z Ckl/ u7n|u|du (D.ll)
e U—Z

k+l=(a1+a2)/2
According to again, the singularity of ¢(x) is then
F8 (1) = Cy(x—w0) @+ In g —mo|+Co(r—20) T2 H (2 — 1) (D.12)

for a; and a, even.

Appendix E. Singularity computation

We first show that the function

c u®
QS(ZE) yl}%ﬁ LU— (Zlf + Zy) du? o€ + ( )

does not have any singularity. Then we compute singularities of the functions

C ua

¢($) :y]il'él+ ; mdu, a < R\{,—37—2,—1}, (E2)
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and

¢ u*In|ul

¢(r) = lim

—d /. E.
y—=0t J_u— (z +1iy) U *E Ly (E:3)

The constant ¢ is assumed to be positive in the above three functions. All the
singularities found in this paper reduce to a computation of the singularity close to
x = 0 of one of the above two functions, (E.2)) and (E.3). We show in this appendix
that singular parts of ¢ are

(1) = —2%In |z + ita®H(z), o€ Z, (E.4)
and

¢""8(1) = CLa“H(z) + Cy(—2)*H(—z) +inz*H(z), a € R\Z (E.5)
for the function (E.2)), and

¢ (z) = Ca“H(z) +irax®In|z|, o€ Z, (E.6)
for the function (E.3).

Appendiz E.1. No singularity of the function (EJ)

We start from the function (E.J))
L ° (u—x)u” , /c u®
o= [ w7
We denote the real and the imaginary parts of ¢(x) by ¢r(x) and ¢;(z) respectively.
The imaginary part ¢;(x) can be computed using the change of variable s = (u — x)/y:

¢r(x) =max*(H(x + ¢) — H(x — ¢)), (E.8)

where H is the Heaviside step function. Thus ¢;(z) has no singularity around x = 0.
The real part is simply:

or(z) = PV/ ©du
e uU—T
o a—1 c
= PV /_C o Idu + Z mel/ (u — x)* " du (E.9)

=0 ¢
where PV denotes the principal value. The sum on the right-hand-side is clearly regular,
and the first term gives:

PV/ T u=a2*(n)c—a| —In| —c—al), (E.10)

cU—T

so that no singularity appears around x = 0.
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Appendiz E.2. Singularity of the function (E.3)

We study the function (E.2)), which differs from the function (E.I) in the lower bound
of the integral. The imaginary part, ¢y, is then:

¢r(x) = max*(H(x) — H(z — ¢)), (E.11)
and hence the singularity of ¢; around z = 0 is
8 (1) = ma H (). (E.12)
The real part is also directly obtained using equation (E.I0):
or(x) =2%(In|c — x| —In| — z|) (E.13)
for a € Z, . Thus, the singularity of ¢ around x = 0 is
W8(r) = —aInlz|, a€Z,. (E.14)

Combining real and imaginary part gives (E.4]).
The final step for the function (E.2)) is to investigate the real part for o € R\ Z.
We divide ¢r(x) in two parts:

|z|—e a c a
dr(r) = lim du+t Cdu ). (E.15)
e—0 0 u X |x|+€u s

This division is just the definition of the principal value for z > 0, and is also valid for
x < 0. We then use the expansions, for v < |z| and u > |z| respectively:

1 -1 k 1 1. k
-3 -3 (). (E.16)
u—x T T u—x uk:O u

Substituting the above expressions into (E.I5) and remembering o € R\ Z, we have
o o0 1 1 0 ok
—2* 020 (o + am) + 2r0 P 5 z >0,
¢r(r) = (

o 00 -1 k -1 k+1 o) Caik (E17>
(=) > 0o of+kirl o azk ) + Y2t ax v<0

Note that all series converge. The second series for x > 0 and z < 0 exactly coincide,

hence they do not contribute any singularity. The singularity comes from the first series
and is:

W8(z) = Cla® H(x) + Co(—2)*H(—2), a €R\Z. (E.18)
Consequently, we have proved (E.5]) for the function (E.2]).

Appendiz E.3. Singularity of the function (E.3)
The imaginary part of the function (E.3)), denoted by ¢;(x), is

or(z) = mx*In|z|(H(z +¢) — H(x — ¢)), (E.19)
and the singularity around z = 0 is

sing

7 8(r) = max® In|z|. (E.20)
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To compute the real part, we rewrite the integrand as done in (E.9)):

c o a—1
¢r(z) = PV /_C p— + ;aCI(u —2) 2k | In |u|du. (E.21)
We remark that the integral
/ u"In|uldu  (n € Zy) (E.22)

can be performed in the sense of improper integral, and converges to a finite value.
Thus, concentrating on the singularity, the real part is reduced to

or(r) =2 PV/

_eU—T

|z|—e —|z|—e c 1
— 2% lim / +/ +/ nful 4, (E.23)
e—0 —|z|+e —c lz|4+e) U — T

Using expansion (E.16]), we obtain

¢ ln|u|d

|z|—e In |u| 0 —9 (‘SL’| - 6)2k+1 (|LE‘ o 6)2k+1
= | —¢ ————| (E.24
it = Yo [E et = - (| e
and
/—w—e+/c hl |U| d
—c |z|+e€ Uu—x
x + o)k (Ja] + =D
~ 9. 2k+1 |z ] E.2
Z ‘ ( 2k+1 nfzl 4l + (2k +1)2 ’ (E-25)

where we have omitted regular functions in (E.25]). The logarithmic terms are cancelled
by adding (E.24]) and (E.28) and taking the limit ¢ — 0; hence the singularity of ¢ ()
is:

W8 (1) = Cx™H (). (E.26)
The imaginary part (E20) and the real part (E26) prove (E.G]) for the function (E.3]).

Appendiz E.4. Relative sign between modes m and —m

Coming back to the functions F’s and G’s, we are interested in singularities of the
function

o(z;m) :/%dl (E.27)

To discuss a possible cancellation between the modes m and —m, we show a relation
between the above function and

/ — Q _ZdJ. (E.28)

We note that the numerator v(J) may also depend on m; in this case one would have to

discuss the sign of the numerator separately; we ignore this dependence in this section.
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Remembering that the singularity of the function (E.27) results in one of the two
types of functions (E2)) and (E3]), we consider the relation between

() = lim i)

y=0+ | u— (z—x9) — 1y

+
x0

du (E.29)

and
) . h(u)
—
0= (7) yoor | ut (x 4+ o) + 1y
where h(u) is u* (o € Zy U (R\Z) or u®In |u| (o € Z,), and 29 = m - Q(J*) € R with
a special point J = J*. ¢~

(E.30)

is obtained by changing the signs of the prefactor, z and

xo
y in ¢ , thus the singular points of ¢ () and ¢—, () are z¢ and —x¢ respectively. If
xg # 0, no cancellation occurs in general due to the different singular points. If xg = 0, a
cancellation may occur depending on the relative sign of the singularities for the modes
m and —m. The change of sign of y implies the change of sign of the imaginary part,
and we use H(—z) = 1 — H(x). Hence the relation between the singularities of ¢¢ (z)

and ¢, (z) is:

¢a,sing(x> _ (_1>1+a¢8-,sing(x)’ [ORS Z+ (Egl)
for the singularity (E.4]), and
¢a,sing(x> _ (_1)a S-,Smg(x), o€ Z+ (E32)

for the singularity (E.G). The relations (E.31]) and (E.32) imply that, for instance,
singularities of ¢(z;m) + ¢(z; —m) and of p(z;m) — ©(z; —m) cancel respectively if «
is 0 or positive even and o = 0. There is no simple relation such as (E.31]) for singularity
(EL3)), thus no cancellation is expected in general.
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