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A practical guide and new trends to price European
options under Exponential Lévy models

Khaled Salhi %b¢f
May 27, 2016

Abstract

In this paper we develop a thorough survey of the European option pricing under
exponential Lévy models. We sweep all steps from equivalent martingale measures
construction to numerical valuation of the option price under these measures. We
apply the Esscher transform technique to provide two examples of equivalent martin-
gale measures: the Esscher martingale measure and the minimal entropy martingale
measure. We numerically compute the option price using the fast Fourier transform.
The results are detailed with an example of each exponential Lévy class. The main
contribution of this paper is to build a comprehensive study from the theoretical
point of view to practical numerical illustration and to give a complete characteri-
zation of the studied equivalent martingale measures by discussing their similarity
and their applicability in practice.

Keywords: Lévy process, incomplete market, Esscher martingale measure, minimal en-
tropy martingale measure, fast Fourier transform, Merton model, variance gamma model.

1 Introduction

Stochastic processes are intensively used for modeling financial markets. The Black &
Scholes model is one of the most known models. It describes the stock price as a geometric
Brownian motion. In this context, the option pricing problem is solved using the risk
neutral approach [7]. The key tool is the uniqueness of the equivalent martingale measure
(EMM) and the derivative price is therefore the unique arbitrage-free contingent claim
value.

It has become clear, however, that this option pricing model is inconsistent with
options data. In the real world, we observe that asset price processes have jumps or
spikes and risk managers have to take them into consideration. Moreover, the empirical
distributions of asset returns exhibit fat tails and skewness behaviors that deviate from
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normality [4]. Hence, models that accurately fit return distributions are essential to
estimate profit ans loss (P&L) distributions. Similarly, in the risk-neutral world, we
observe that implied volatilities are constant neither across strikes nor across maturities
as stipulated by the Black & Scholes model [35, B6]. Therefore, traders need models
that can capture the behavior of the implied volatility smiles more accurately, in order to
handle the risk of trades. Lévy processes provide the appropriate tools to adequately and
consistently describe all these observations, both in the real world and in the risk-neutral
world [3] (14}, 15, [31].

By allowing the stock price process to jump, problems become more complicated. As
soon as the security can have more than a single jump size, the market will be incomplete.
Thus, under the assumption of no arbitrage, there are infinitely many equivalent martin-
gale measures. This induces an interval of arbitrage-free prices. In order to construct an
option pricing model, we have to select a suitable martingale measure. Once an equivalent
martingale measure P* is selected, the price m(H) of an option H is given by

7(H) = E*[e”""H], (1)

where 7 is the risk-free interest rate and 7" is a maturity. This is the idea of the equivalent
martingale measure method.

This survey is a practical guide to option pricing when the log of the stock price
is modeled with a Lévy process. This work aims at explaining in a single document
all stages of the option valuation process, as a global understanding of this process is
necessary and useful for a practical purposes. Considering a price process model under
the historical probability measure, we explicit this model under an equivalent martingale
measure. Then, we numerically compute the option price using the fast Fourier transform
technique (FFT) developed in [I0].

Outline. This paper is organized as follows. In Section 2, we give an overview of
the exponential Lévy model and the option pricing in this context. For background
information on exponential Lévy models, the reader may refer to textbooks [I, 12]. In
Section 3, we explain how to define an equivalent martingale measure P* using the Esscher
transform technique. We detail two examples: the Esscher martingale measure and the
minimal entropy martingale measure. For these measures, the logarithm stock price
process is still a Lévy process under P* and its characteristic triplet is known. The
similarity between the Esscher martingale measure and the minimal entropy martingale
measure is studied. Otherwise, we show that while the former is still a good tool for
pricing applications, the latter cannot be applied in a practical context. In Section 4,
we give the Madan-Carr method and develop an expression of the option price, based on
the characteristic function of the log price process. The application of the FFT here is
possible and will be the subject of Section 5. Finally, in Section 6, we detail our approach
on three examples of exponential Lévy models: the standard Black & Scholes model, the
Merton model and the variance gamma model.

2 Exponential Lévy model

In this section, we introduce the exponential Lévy model and give some of its properties.

Definition 2.1. Let (2, F, (Ft)swejo,r], P) be a filtered probability space satisfying the usual
conditions. The exponential Lévy model is defined by an asset price process (St)iwefo,r] of
the form:

St = S(] eXt, (2)



where Sy > 0 is a constant and (X)) @5 a one-dimensional Lévy process [1, [0, [38]
with a characteristic triplet (b, 02, v). The discounted price is given by S; = e~ ™S, where r
18 the risk-free interest rate.

Notation. In the sequel, the notations used in Definition 2.1 will always be valid.

The measure v on R, called the Lévy measure, determines the intensity of jumps of
different sizes: v([a1,az]) is the expected number of jumps on the time interval [0, 1],
whose sizes fall in [a1, as]. The Lévy measure satisfies the integrability condition

f 1 A |z]Pv(dz) < oo,
R

Note that v([ay,as]) is still finite for any compact set [a1,az] such that 0 ¢ [a1,az]. If
not, the process (X)o7 would have an infinite number of jumps of finite size on every
time interval [0,¢], which contradicts the cadlag property of (Xt)teo,r)- Thus v defines
a Radon measure on R\{0}. However, v is not necessarily a finite measure. The above
restriction still allows it to blow up at zero and (X;)e[o,7] may have an infinite number of
small jumps on [0,¢]. In this case, the sum of the jumps becomes an infinite series and
its convergence imposes some additional conditions on the measure v.

The law of X; at any time ¢ is determined by the triplet (b,0%, v). In particular, the
Lévy-Khintchine representation gives the characteristic function of (X)o7 under P

®y(u) := E[e™Xt] = ™ 4 eR (3)

where W, called the characteristic exponent, is given by

1 )
U(u) = ibu — 502u2 + J (€™ — 1 — tualjy<r) v(dz). (4)

R

Furthermore, if the Lévy measure also satisfies the condition S\xl < [7lv(dz) < oo, the
jump part process, defined by
X/ = > AX,,

s€(0,t]

AX#0
becomes a finite variation process. In this case, the process (X¢)epo,r] can be expressed
as the sum of a linear drift, a Brownian motion and a jump part process:

X, =~t+0oB + X/,
where v = b — Sm <1 zv(dx). The characteristic exponent can be expressed by

1 .
U(u) = iyu — §a2u2 + J (e™* —1) v(dz).
R

Note that the Lévy triplet of (X;)efo] is not given by (v,0% v), but by (b,0% v). In
fact, b is not an intrinsic quantity and depends on the truncation function used in the
Lévy-Khintchine representation while v has an intrinsic interpretation as the expectation
slope of the continuous part process of (X;)eo,r. The expectation E[X;] is given by the
sum of the linear drift and the expectation of jump part equal to (y + § 2v(dz))t.



Now, by using It6’s formula, we can observe that (S;)w) is the solution to the
following SDE

A$:&+f S,_dX,, (5)
(0.1]
where 1
Xg=&+§@wﬁ-2{&%—1—A&} (6)
s€(0,t]

and (X)o7 is the continuous part of (Xi)wpor7. Hence, (S¢)efo,r] can be rewritten as:
Sy = So £(X),, (7)

where (£(X )t )tefo,r] stands for the Doléans-Dade exponential of (Xt)te[O,T]; [27]. Further-
more, (Xt)te[O,T] is still a Lévy process under P. By expressing its Lévy-Ito6 decomposition,

we obtain that the characteristic triplet of (Xt)te[O,T] is given by (b, 02, 0) (see [12, 19| for
details) where

N 1
b=b+-ﬁ+f :wm@—f ww(dz) (8)
2 2] <1 <1

and
p(dr) = vo J *(dz) where J(x) := ¢* — 1 for v € R. (9)

Remark 2.1. (i) It holds that
supp{r} < (—1,00).

(ii) If v has a density v(x), then v has a density v(x) given by

v(x)

=132 v(log(1 + x)).

(iii) From the economical point of view, (Xy)epo,r) represents the logarithmic return pro-
cess of (St)wefo.r), while (Xt)te[O,T] represents the simple return process of (St)we[o.1]-

We consider a call with maturity 7" and strike K. The payoff of this option is given by
the random variable H = (Sp — K),. Let P denote the set of all equivalent martingale
measures (also called risk-neutral measures)

P = {IP’* ~ P, (S})te[oj] is a martingale under IF’*} )

In a complete market, there is only one equivalent martingale measure P*. Then, the
risk-neutral price of the option at t = 0 is given by

C(K) = e E*[(Sr — K)s ] (10)

where E* is the expectation under P*.

With exponential Lévy models, we are mostly in the incomplete market case. There-
fore, several equivalent martingale measures can be used to price the option. The range
of option prices is given by

inf e "TE*[(Sr — K) ], supe "TE*[(Sy — K)+]] .
P*eP P*eP
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So, one can always choose a measure P* € P according to some criteria and price the
option using the formula ([10).

Another difficulty with exponential Lévy models is that closed-form expressions exist
for their characteristic function while their density function is usually unknown. It is thus
difficult to find a closed-form formula of C'(K), and even not possible for some pricing
measures and Lévy processes. Nevertheless, the analytic expression of the characteristic
function ®; under the pricing measure P* is known, one can use the fast Fourier transform
(FFT) method developed by Carr & Madan [10] to numerically compute the option price.

Assume now that the characteristic function ®; of (Xy)seo,r] under P is analytically
known. The pricing procedure has two steps:

e Choose an equivalent martingale measure P* € P under which we have an analytic
expression of the characteristic function, called ®}.

e Apply the FFT in ®% to compute the option price.

3 Equivalent martingale measure

The equivalent martingale measure method is one of the most powerful methods of option
pricing. The no-arbitrage assumption can be expressed by the existence of at least one
equivalent martingale measure. If the market is arbitrage-free and incomplete, there
are several equivalent martingale measures and we have to select, with respect to some
criteria, the most suitable one in order to price options.

Several candidates for an equivalent martingale measure are proposed in the literature.
To construct them, two different approaches are employed:

e Esscher transform method: The Esscher transform method is widely used in risk
theory. It consists in applying an Esscher transform with respect to some risk
process. This risk process can be the logarithmic return (X;)po7] in the case of
the Esscher martingale measure |8, 21], the simple return ()A(t)te[o,T] in the case of
the Minimal entropy martingale measure [18, 19, B3] or the continuous martingale
part (X;)wor) of the Lévy process (Xi)wo,r) in the case of the mean correcting
martingale measure [42].

e Minimal distance method: This method is more related to the maximization of
expected utility and hedging problem. This includes the wutility-based martingale
measure [26], the minimal martingale measure [I7] and the variance optimal mar-
tingale measure [39).

3.1 Esscher martingale measure

The Esscher martingale measure is constructed by applying an Esscher transform with
respect to the process (X)o7 One of the greatest advantages is that (X;)se[o.r) is still
a Lévy process under this equivalent measure. Let us give the definition of the Esscher
transform and the condition under which we obtain an equivalent martingale measure.

Definition 3.1. Let (X;)po,r) be a Lévy process on (Q, F, (Fi)iefo,r), P). We call Esscher
transform with respect to (Xi)w[or) any change of P to an equivalent measure P* by a

density process Z; = % 7 of the form:

= =% 11
where 6 € R.



The Esscher density process Z; = i%* 7 which formally looks like the density of a

one-dimensional Esscher transform, leads to one-dimensional Esscher transforms of the
marginal distributions, with the same parameter 6:

0X¢ Oz

]dIP’ = JlB(x)—d]PX‘(dx),

P*(X, € B) = le(Xt)W E[efX]

for any set B € B(R).

One advantage of using (Xt)te[oj] as a risk process is that the density process only
depends on the current stock price. In what follows, we give the condition for the existence
of the density process Z; = and the characteristic triplet of (X)o7 under P* in
such case.

dp* }
ar |7,

Proposition 3.1. Let (X})se[0,m be a Lévy process on R with characteristic triplet (b, o2, v)
and let 0 € R. The exponential moment E[e?Xt] is finite for some t or, equivalently, for
all t > 0 if and only if Sle e%v(dx) < co. In this case,

E[eaxt] _ et‘l/(fié)

where U is the characteristic exponent of the Lévy process defined by .
For a proof, see [38, Theorem 25.17].

Proposition 3.2. Let (X)weo,r) be a Lévy process on R with characteristic triplet (b, 0, v)
under P. For all 0 € R such that E [eexl] < 0,

(i) The process (Z;)epo,r) given by defines a density process.
(i) The process (Xi)wepo,r) is a Lévy process with triplet (b*, o®, v*) under P* where
v¥(dz) = ”v(dx), forxzeR,

and

b*=b+028+f

lz|<1

xv*(dz) — f zv(dz).

lz|<1
Proof. (i) Recall that E[e?X] = (=) = (]E[eexl])t. Then, Z, is integrable for all .
Using the independence and stationary properties of the Lévy process (X;)se[o,r], we have
for s < t,

1 B 1 ~
E[Z:|Fs] = WE[QO(Xt X4 Xa)| F,] = BT E[e?X=X2)| £,] E[eX*| F,]
_ 1 [ H(Xt—XS)] eeXs _ €9Xs _ Z
B [ef%] E[efXs] ~ 7%

Thus, (Z;)ieo,r) is a P-martingale.
(ii) We prove that (Xt)te[o,T] is a Lévy process under the probability measure P* by
computing its characteristic function under P* :

e@Xt
®*(u) = E*[e"¥] = fethdP* - feiUXtE[eext]dP
€(6+iu)Xt
_ % — exp (t (U(—i(0 + iu) — W(~i0))



Define U*(u) = WU(—i(0 + iu)) — ¥(—if) for u € R. Then,

2

U*(u) = <b(9 + ) + %(0 +du)? + JR (e — 1 — (0 + iu) 21 |<1) V(dx))

2
- (b@ + %92 + J (e — 1 —021<1) V(dm))
R
2
=i(b+ o?0)u — %uQ + f (e (™ — 1) — iuzlyy <) v(de)
R

0.2

=3 (b +0%0 + J (e — 1)x1/(dac)) u— 7u2 + f (e (e — 1 — iuzly <)) v(dz).
lz|<1 R

By defining

Ox

v*(z) = ev(z), forxelR

and

b*=b+a29+f

lz|<1

xv*(dz) — f zv(dx),

lz|<1
we obtain a Lévy-Khintchine representation for ®*. Thus, (X;)e[o,r] is a Lévy process
under P* with triplet (b*, 02, v*). ]

To interpret the expression of b*, let us remember that the jump measure v can have
a singularity at zero. Thus, there can be infinitely many small jumps and the character-
istic function of their sum Slxl <, (e = 1)v(dz) does not necessarily converge. To obtain
convergence, this jump integral was centered and replaced by its compensated version in
the Lévy-Khintchine representation. We integrate this compensator S\wl <1 zv(dz) in the
drift. When we change the measure P to P*, we must naturally truncate the compensator
of v from the drift and add the one of v*. We thus obtain b*.

Theorem 3.1. Let (X)) be a Lévy process with triplet (b,o?, v) under P. Suppose
that X, is non-degenerate and has a moment generating function u — El[exp(uX;)] on
some open interval (ay,as) with ag — a; > 1. Assume that there exists a real number
0 € (ay,ay — 1) such that

2

beo® j (" (e" = 1) = 2 1jye) vl(de) = 7, (12)
R

or equivalently
E[6(0+1)Xt] _ e”E[eext], (13>

where v is the risk-free interest rate. Then the real 6 is unique and the equivalent mea-
sure P* given by the Esscher transform with respect to (Xi)iwe[o,r

dp| et
dP |  E[e"]

1s an equivalent martingale measure.

Proof. Proposition guarantees that (X¢)sejo,r is a Lévy process under all measures P*
given by an Esscher transform. By the independence and stationarity of increments of



(Xt)tefo,r], the martingale property of (S;)epo,r) under P* is implied by E* [St] = Sy for
t > 0. From the definition of the Esscher measure transform,

efXt _ g ot E[e(9+1)Xt]
E[efX:] ’ E[ef%:]

E*[S,] = E*[S, eX* ] = E lSO eXert (14)
Thus, E*[S,] = S, if and only if there exists a real  such that holds. This real 6
must be in (a1, as — 1) to ensure the existence of the moment generating function in  and
0+ 1.

Using Proposition , we rewrite in terms of the characteristic exponent under P

U(—i(0 + 1)) — U(—if) = r

We then develop the expression of ¥ given by (4) and we obtain the condition . The
discounted price (St)te [0,r] is a martingale under the equivalent measure given by the
Esscher transform with € (if it exists) solution to this equation (12)). O

3.2 Minimal Entropy martingale measure (MEMM)

The MEMM has been investigated in various settings by several authors [I6] 17, 18|
33, 139]. In particular, the MEMM for Exponential Lévy process has been discussed in
[11, 19, 23] B34]. It turns out that this measure can be obtained by applying an Esscher
transform with respect to the simple return process ()A(t)te[oj]. Furthermore, (Xt)te[O,T]
is still a Lévy process under this measure. In this section, we recall the definition of the
relative entropy and give the condition on the Esscher parameter for the existence of the
MEMM, as well as the characteristic triplet of (X})se[o,r] under this measure.

Definition 3.2. Let G be a sub-o-field of F and Q a probability measure on G. The
relative entropy on G of Q with respect to P is defined by

o - 1) (

+00, otherwise,

) dQ, ifQ«Pong, (15)

where %‘g stands for the Radon-Nikodym derivative of Q|g with respect to P|g.

Theorem 3.2. Let (X;)ieor) be a Lévy process with triplet (b, o, v) under P. Suppose
that there exists a real number 3 € R such that

L>1 e?eP Ny (dz) < (16)

and
2

b+o’p + % + JR ((e“” — 1)6’8(6171) — a:1|m|$1) v(dz) =, (17)

where r is the risk-free interest rate. Then,

1. The real 5 is unique and the equivalent measure Q* given by the Esscher transform
with respect to (Xi)ie[o,17,
dQ* ef Xt
dP

Ft N E |:€6Xt]

15 an equivalent martingale measure, where (Xt)te[()ﬂ“] 15 given by @

8



2. The stochastic process (Xi)iepo,r) s still a Lévy process under Q* with the following
characteristic triplet

(b + Bo® + J xv*(dx) — f zv(dr), o?, VQ*) ,
|z|<1 |z|<1

V9 (dz) = P Vp(da).

where

3. The probability measure Q* attains the minimal entropy in P

Hy, (Q'|P) = min Hr, (QIP).

For a proof, see [19).

Thus, the minimal entropy martingale measure can be simply expressed as an Esscher
transform with respect to the simple return process ()A(t)te[o’T]. Note that although we
have the characteristic triplet of the process (X)sejo,r] under Q*, the analytic expression
of the characteristic function under this equivalent martingale measure is often difficult
to express and the pricing with the characteristic function is not possible in this case.

4 Pricing with characteristic function

We consider here the problem of European call valuation of maturity 7. Various tech-
niques have been applied to answer this question. For example, one can resort to Monte
Carlo techniques to simulate sample paths for the asset. Averaging a sufficiently large
number of realized payoffs then yields the required price, see for example [5, 22]. One can
also attempt to derive a partial differential equation for pricing which can be solved using
numerical methods [41]. Yet another method is based on the Fourier analysis, which is
the subject of the current section.

Two methods based on the Fourier analysis exist in the literature. Both of them rely
on the availability of the characteristic function of the stock price logarithm. Indeed, for
a wide class of stock models characteristic functions have been obtained in a closed-form
formula even if the risk-neutral densities (or probability mass function) themselves are not
explicitly available. Examples of Lévy process characteristic functions have been derived
in [24] 30}, 43].

The first of these Fourier methods is actually the application of the Gil-Palaez inversion
formula in finance. This idea originates from [24]. However, singularities in the integrand
prevent it to be an accurate method. The second, called the Carr-Madan method, was
first proposed by [10]. It ensures that the Fourier transform of the call price exists thanks
to the inclusion of a damping factor. Moreover, the Fourier inversion can be accomplished
by the fast Fourier transform (FFT) in this case. The tremendous speed of the FFT allows
option pricing for a huge number of strikes to be evaluated very rapidly. In this section,
we illustrate the Carr-Madan method.

Let St = Spexp(Xr) be the terminal price of the underlying asset of a European call
with strike K, where (X;)weo,r) is a Lévy process with triplet (b, 0%, v). Denote by P* the
selected equivalent martingale measure and by f7 (its analytic expression is unknown)
the risk-neutral density of Xr. The characteristic function of X7 under P* can be written
as

@@=LWﬁmm (18)



Let k = log(K/Sy) be the logarithm of the normalized strike. The risk-neutral valuation
under P* yields

C(K) = e TE(Sy - K]
_ SoeiTTE*[(eXT . ek)+]
= Soe_rTJ (e — ) fr(2)d.

k

Define the function ¢y by co(k) = C(Spe¥). The Fourier inversion technique consists
in the following assertion: C'(K) = cy(k) and ¢y = FT ™' o FT(cy) where FT is the Fourier
transform operator. Since

li k) = 1li K)=
o) = I O) = S
we see that cg is not in L', the space of integrable functions, as the limit of ¢o(k) as k goes
to minus infinity is different from zero. For that, we cannot directly apply the Fourier

inversion technique as the Fourier transform of ¢y(k) does not converge. To get around
this problem of integrability, we consider the modified call price

calk) = eFeo(k)

where o > 0.

In the next two propositions, we develop a closed-form formula for the Fourier trans-
form of ¢, (k) and obtain the option price C(K) by applying the inverse Fourier transform
to the developed formula.

Proposition 4.1. Let a > 0 such that E*[e®T)XT] < oo, The Fourier transform of c,(k)
is well defined and given by:

Soe T (v — (o + 1))
a?+a—v2+i2a+ 1)v’

Ca(v) = Vv e R, (19)

where ®% is the characteristic function of X under P*.

Proof. Assume for the moment that é,(v) is well defined. We have

—0
0
= J eFe* C(Sye)dk
2z .
_ J itk ok (SoeTT f (% — &) f;;(x)dx) dk
-0 k
[ z .
=G efrT (o e(a+w)k % — ek dk | dz
0 fr
J—00 —00
[ z ) z )
_ SoefrT f;(l’) (ewf e(aer)kdk _J e(a+1+w)kdk,) dx
J—0o0 —00 —0
(o0 e(a+1+iv)x e(a+1+iv);v
=G —rT % _ d
0 J_OofT(x)( a + 1w a+1+iv) v

10



By substituting here in, we obtain the expression (|19).
We now prove the existence of é,(v). First note that E*[e(**DXT] < oo implies

¢a(0) < o0, (20)

since
Soe T ®%(— (o + 1)i)  Spe TR [eleDXT]

5 (0) = _
¢a(0) o? + « a2+«

On the other hand, as ¢, (k) is positive, we have

6o (v)| = UOO e, (k)dk| < fo ca(k)dk = ¢4(0).

—00

Combining this with completes the proof. O

Proposition 4.2. Let (Xt)te[O,T] be a Lévy process with characteristic function ®* under
an equivalent martingale measure P*. The option price is given by

—alog(K/S0) o
C(K) = S Re {f e_zvlog(K/SO)éa(v)dv} : (21)

™ 0

where ¢, 1S given by .

Proof. The inverse Fourier transform gives us

1 )
co(k) = Py fR e ey (v)dv. (22)
Then,
—alog(K/So) . —alog(K/So) 0 )
C(K) - 62—J e*WIOg(K/SO)éa(U)dU — e - Re {f ewlog(K/So)éa(v)dv} 7
m R Vi 0
(23)

where the last equality follows from the observation that

o]

0
J 6—iv10g(K/So)éa<,U)d,U :J e—ivlog(K/So)éa(U)dU+J €_iv10g(K/SO)éa(”U>d’U,
R 0 —0

and where the second term on the right-hand side can be written as

0

0 0
f efivlog(K/So)éa(v)dv _ J eiulog(K/SO)éa(_u)du — J efiulog(K/SO)éO[(u)du

0
=J e—ulog(K/S0)¢, (u)du.
0

This concludes the proof. O

We only have considered the pricing of vanilla calls. Obviously, one can obtain prices of
vanilla puts by using the put-call parity. The price Pr(K) of a vanilla put can alternatively
be obtained with the Carr-Madan inversion by choosing a negative value for a, see [29].

11



5 Discretization and FFT

Computing the price of a call option C(K) = e ""E*[(Sr — K),] under the pricing
rule P* requires the inversion of the Fourier transform in . In general, this will not
be analytically tractable. A numerical approach is necessary. In doing so we give a
formulation to which we can apply the fast Fourier transform (FFT) [13, 40]. Here we
define the discrete Fourier transform (DFT) as

N
Fu=> fuw§ VY =1, N (24)
n=1

where wy = e~ . The software R provides an efficient FFT-algorithm for this formula-
tion.
We are interested in computing the integral

w .
J e ke, (v)dw,

0

where ¢,(v) is given by (19).
For gi(v) = e"*¢,(v), the trapezoidal rule yields

A Av
J ge(v)dv ~ —-
0

N n=2
Z gr(vn) —
n=1

where A = (N —1)Awv. As we truncated the interval of integration, a truncation error will
result and we refer to [I0] for discussions on this topic. Let

gr(vr) +2 Z_ gk (vn) + gk(UN)] (25)

= Av [g(v1) + gk(UN)]] ; (26)

N —

vy, = (n—1)Av (27)
where n = 1,..., N. Furthermore, let
ky, =k + (u — 1)Ak, (28)

where v = 1,..., N, be the grid in the k-domain. The constant k; € R can be tuned such
that the grid is laid around aimed strikes. If we are interested in options with particular
strikes around a value K, we take k; = log(K/Sy) — %Av. Substituting and in

yields

—i[(n— v]|k1+(u— ; 1
[(n—D)Aw]lka +(u=DAR s () ) §[Qku (v1) + Gk, (”N)]]

M=

e

A
f Ik, (v)dv ~ Av

0 n

Il
fu

—iAvAk(n—1)(u—1)

M=

= Av e

g1, (0n) = 590, (1) + g, @N)]] .

n=1

By setting
27

Av Ak = —
(% N,

12



we have

A
J Gk, (v ~ Av
0

The above sum in takes the form of with f, = g, (v,). Hence FFT can be
applied to evaluate this sum. The final result for the Carr-Madan inversion is thus:

2 (,L)(n 1)(u—1) gkl (Un) — %[gku(vl) + Gk, (UN)]] . (29)

™

—aky
C(Spek) ~ ‘ Re {Av

Z w(n 1)(u— 1)gk1 (vn)] — %[gku(vl) + 9k, (UN)]] } _

n=1

Instead of the trapezoidal rule, we can apply the more accurate Simpson’s rule. Along
the same lines as above, one can easily show that in this case we have

—ak
ko €O Av
C(Spe™) ~ - Re {—3

N
Dy g (0) 3+ (1) = 61)

n=1

— [gk, (vn—1) + 49, (UN)]] } , (30)

where 6;_; denotes the Kronecker delta function that equals 1 whenever j = 1.

To apply the FFT algorithm, N must be a power of 2. For that, we fix N = 4096 and
Av = 0.25. This gives Ak = 6.13-1073. We are interested in strikes around at the money
K =5p. We fix then k; = —%Ak.

6 Applications

Financial models with jumps fall into two categories. In the first category, called jump-
diffusion models, the evolution of prices is given by a diffusion process, punctuated by
jumps at random intervals. Here the jumps represent rare events as crashes and large
drawdowns. Such an evolution can be represented by modeling the log-price as a Lévy
process with a nonzero Gaussian component and a jump part, which is a compound
Poisson process with a finite number of jumps in every time interval. Examples of such
models are the Merton jumps diffusion model with Gaussian jumps [32] and the Kou
model with double exponential jumps [28]. In these models, the dynamical structure of
the process is easy to understand and describe, since the distribution of jump sizes is
known. The second category consists of models with an infinite number of jumps in every
time interval, which called infinite activity models. In these models, one does not need
to introduce a Brownian component since the dynamics of jumps is already rich enough
to generate a nontrivial small time behavior [9] and it has been argued [9, 20] that such
models give a more realistic description of the price process at various time scales. In
addition, many models from this class can be constructed via Brownian subordination
which gives them additional analytic tractability compared to jump-diffusion models.
Two important examples of this category are the variance gamma model [10, B0] and
the normal inverse Gaussian model [2, 3, 37]. However, since the real price process is
observed on a discrete grid, it is difficult, and even impossible, to empirically observe
to which category the price process belongs. The choice becomes rather a question of
modeling convenience than an empirical one. In this section, we start by recalling the
standard Black & Scholes model. Then, we apply the pricing method in a jump-diffusion
example, the Merton model. We end by the variance gamma model: an infinite activity
example. Unless otherwise stated, we use the parameters summarized in Table [I| for
numerical applications.
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Market B&:S Merton VG FFT

So =100 pu=0145 ~y=0.1 v=0.1 N =4096
r=002 0=03 0=03 m=-001 Av=025

T =05 A=1 §=1 Ak=3
m = —0.1 k=02 k =-5Ak
§=02

Table 1: Summary of numerical values of different parameters used in Section 6.

6.1 Black & Scholes model

The Black & Scholes model, proposed by [7], is one of the most popular models in finance.
The price process (S;)w[o,r] is solution to the SDE

dSt = MStdt + O'StdBt; S() > 0, (31)

where € R, 0 > 0 and (By)sejo,r7 is a standard Brownian motion. By applying Ito’s
formula, we re-write (St)te[ng] as an exponential Lévy process where

0,2
Xt = ([1, — ?) t+ O'Bt, (32)

for t € [0,T]. The process (X;)w[o,r] is a Lévy process with triplet (u - "72, o2, 0) . In fact,

for each t € [0, T, as X; follows a Gaussian distribution N ((pu— %2)15, o°t), its characteristic
function is given by

o)~ 510%) o (1 (5 (u- 2 )0 2

In this model, the price process does not have jumps. So, we are here in the complete
market case where there is only one equivalent martingale measure.

Esscher martingale measure. The exponential moment E[e?X1] is finite for all § € R.
To prove the existence of the Esscher martingale measure P*, we look for a real # € R
solution to
G IV I 33
——= || to 0+ —=r
p g 5 (33)
The solution is given by # = (r — u)/o? and the measure P* defined by the Esscher
transform with respect to (X;)[o,r] and with the parameter ¢ is the unique equivalent
martingale measure. The process (Xj)se[o,r] is again a Lévy process under P* with triplet
(r — %2, 0,0).

This means that (X;)eo,r] can be written as

2
Xt: (T—%) t+UWt,

where (W, )eo,r] given by W, = B, + == t is a standard Brownian motion under P*. The
discounted price

~ 2
St _ SO eUWf_Tt
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solves the equation . .
dSt = Stth, S(] > 0.

We found the same context of Black & Scholes modeling and the Girsanov theorem for
measure changes.

Pricing with FFT. For a Black & Scholes model with parameters corresponding to
the values in Table [I], the Esscher parameter that gives the Esscher martingale measure
is @ = (r — p)/o? = —1.39. The numerical computation of the call price is presented in
Figure 2| with respect to the strike K. We see that the option price approaches Sy as
K — 0 and goes to 0 as K — +o0.

Otherwise, we have compared the closed-form price of Black & Scholes with the option
price given by the Carr-Madan method. The absolute error of the numerical method is
of order 6 - 10~7 whatever the strike is.

6.2 Merton model

This model is proposed by [32]. The price is described by an exponential Lévy process ({2

where
Ny

X, =qt+0B + )Y, (34)
i=1
with v € R, (By)seqo,r] is a standard Brownian motion, (N;)se[o,r] is a Poisson process with
intensity A and (Y;);>1 are i.i.d. Gaussian random variables with parameters m and 52.
For each 0 <t < T, the characteristic function of X is given by

;(u) = E[e™¥1] = M),

and
o? 52
U(u) = iyu — 7u2 + A (exp (z’mu - EU,Q) - 1) :
Define . ( 2
r—m
v(r) =\ x \/ﬂéexp <—2—52) , teR
and

b=+ f z v(dz).
lz|<1

Then, ¥ can be written on the form

2

U(u) = iyu — %uQ + JR (e"* —1) v(da)

2

= 1bu — %u2 + J (e"“gC -1- iu:vl|x‘<1) v(dx).
R

We conclude that, under P, (X;)sepo,r is a Lévy process with triplet (b,0?, ). With
this model, the market is incomplete. The compound Poisson process makes the risk
uncontrolled and there exists an infinity of equivalent martingale measures.
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Esscher martingale measure. The exponential moment E[e?*] is finite for all § € R.
To prove the existence of the Esscher martingale measure P*, we look for a real 6 € R

solution to )

7+029+%+f e (e” — 1) v(dz) = 7,
R

or farther )

For numerical application with the parameters given in Table [I| we obtain 6§ ~ —0.352.
The characteristic function of (X;)ep,r) under P* is given by

¥ (u) = !V,

where )

U*(u) = i(y + o0)u + %u2 + A (emw““)*%(9”“)2 — em9+§92) .

We conclude that, with the Esscher martingale measure, we are able to provide analytic
expression of the characteristic function under an equivalent martingale measure. This
analytic form will be numerically inverted with the fast Fourier transform later to provide
the option price.
Using Proposition 2.1, the process (X;)scjo,r] is a Lévy process under P* with triplet
(b*, 0%, v*) defined by
b* =+ 00 + f zv*(dx)

|z|<1

and
1

V276

where \* = Aexp(mf + @). Hence, the Esscher martingale model (X)o7 is once
again a jump diffusion with compound Poisson jumps:

VH(@) = Pu(@) = A x ——— exp (@ — (m + 6%0))2/(26%),

N
X, = (y+ 0?0t + oW, + ZYZ*,

=1

where (Wy)iepo,r) is a P*-standard Brownian motion, (NJ)por] is a P*-Poisson process
with intensity A* and (Y;*);>1 are i.i.d. Gaussian random variables with parameters m+4§20
and 62.

Minimal entropy martingale measure. The existence of the minimal entropy mar-
tingale measure Q* is equivalent to the existence of a real [ solution to

2

v+ 0%B+ % + J ((e" — 1)65(61_1)) v(dx) =,
R

in the Merton model framework. With the same parameters of Table[I we get numerically
£~ —0.365.
Using Theorem , (Xt)te[o,r) is a Lévy process under Q* with triplet (b2, o2, 9
defined by
b =y + Bo? + J v (dx)

lz|<1
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and
V¥ (2) = " Vy(z) = AV p% (2)

where A" = (19" (dz) is the intensity of the Q*-Poisson process and p%*(z) = SZE:%
is the jump size density under Q*.

The role of the damping factor e in the case of the Esscher martingale measure P*
and the dumping factor e?¢"~1 in the case of the minimal entropy martingale measure
Q* is to mitigate the general trend of the log price. In the Merton model, the general
trend is given by E[X;] = (v + Am)t. A positive expectation slope of the log price leads
to a negative parameters # and [ which permit to give more weight to negative jumps
and less weight to positive jumps in the Lévy densities v* and v%", to rebalance the
market in the risk-neutral world and to have the martingale property. Conversely, if the
log price expectation is negative, the dumping factors will strongly reduce the left tail of
the risk-neutral Lévy densities.

The initial Lévy density v and the two risk-neutral Lévy densities v* and 1", as well
as the corresponding jump densities, are depicted in Figure (1| for different values of the
log price expectation. We vary the jump size expectation m = {—0.1,—0.3,0.3} to have
different signs of E[X;]| and therefore different signs of 6 and /5. The remaining parameters
of the model are the ones given in Table[I] Depending on the Esscher parameter sign, we
have a dumping of the right tail or the left tail of the risk-neutral Lévy density. Despite
this dumping effect in the Lévy densities, we observe in the right hand figures that the
jump size densities are not affected by this change of measures and the main effect is then
an increase or decrease in the jump intensities A\* and A2,

On the other hand, when we compare v* to v®", we find that both functions are
almost equal with variations that do not exceed 1.6 x 1072, We can explain this by the
fact that X and X represent respectively the compound and the simple returns of the
stock price. So, we consider models with small jump x for which e* — 1 ~ x. Thus, the
Esscher martingale measure and the minimal entropy martingale measure are almost the
same.

While we have the triplet of (X;)e[0,77 under the minimal entropy martingale mea-
sure, we still do not have an analytic expression of the characteristic function under this
measure. For that, using the FFT to compute option prices under the minimal entropy
martingale measure will be not possible.

Pricing with FFT under the Esscher martingale measure. In Figure[2] we com-
pare the option price under a Black & Scholes model and a Merton model having the
same expectation of (Xj)se[o,r]. We choose models parameters such that p — %2 = v+ Am.
The numerical computation of the call price is presented in Figure [2| with respect to the
strike K. As the Merton model allows bigger negative jumps, the probability to finish
in-the-money is smaller. Otherwise, the option price can always be written

C(K) = Soll; — Ke ™" P(Sp > K),
where II; is the delta of the option. The call price is thus greater around the money in

the Merton model.

Option price sensivity to jumps. To discuss the effects of jumps on the option price,
we compare the results of the Merton model with respect to the jump intensity. Recall

that the B&S and Merton models are exponential Lévy models with triplets (u— é, a%,0)
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and (v + S\x|<1 zv(dx), o2, v) respectively, where

1
\/ 270

Then, a B&S model is a Merton model with particular parameters v = pu — § et
A = 0. This model does not contain jumps as the jump intensity A = 0. To see the effect
of jumps on the option prices, we fix parameters such that v = p — %2 and compare the
B&S model to Merton models with different jump intensities. We take the parameters of
Table [1] except for A that2varies in {2,4,6}. Note that this choice of parameters respects
the condition v = pu — %-. The different option prices are presented in Figure For
all models, the option price approaches Sy as K — 0 and goes to 0 as K — +00. The
jump intensity modifies the option price only for strikes around at-the-money. Otherwise,
as the intensity increases, we have more jumps in the period [0,7] and the variance
Var(X;) = (0% + A(m? + §2)) t increases. Consequently, the option price increases because
of greater risk that jumps brings to the seller. The same observation is found when the
jump size volatility increases. We present it in Figure [f] The price with respect to
the jump size mean is given by Figure [dl With a negative average of jumps size in the
asset price, we have interesting out-the-money options, while in-the-money options is less

interesting. A positive average of jumps size leads to reverse statement

v(z) =\ x

exp ((z —m)?/(26%)) .

6.3 Variance gamma model

The variance gamma process is proposed by [31] to describe stock price dynamics istead
of the Brownian motion in the original Black & Scholes model. Two new parameters: m
skewness and k kurtosis are introduced in order to describe asymmetry and fat tails of
real life distributions. A variance gamma process is obtained by evaluating a Brownian
motion with a drift at a random time given by a gamma process.

Definition 6.1. The variance gamma (VG) process (Yi)we[or] with parameters (m, 0, x)
18 defined as
Y, = my + 5B’yt7

where (By)iepo,r) 45 a standard Brownian motion and (v )wfor) 95 a gamma process with
unit mean rate and variance rate kK.

Proposition 6.1. The VG process (Y;)iwe[or) s a Lévy process with characteristic func-
tion @, and characteristic triplet (S|x|<1 zv(dz),0,v) where

Ele™"] = ; "
‘ -\ —imru + (62k/2)u?

m?2 2
1 m T T

—exp | mz — ——|7]

K|z 92 3

and

From the expression of v, there exists infinitely small jumps. Such a process is called
an infinite activity process. It does not admit a distribution of jump size since jumps
happen infinitely.
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To describe the stock price, we just add a drift component to the VG process. A
Brownian component is not necessary and the process moves essentially by jumps. The
price process is defined by an exponential Lévy model where

The process (X;)se[o,r is a Lévy process with characteristic triplet (7 + Sm < 2v(dz), 0, 1/)
and characteristic ffunction given by

ez*yut

(1 — imku + (826/2)u)’"

®,(u) = E[e™*] =

Esscher martingale measure. By solving the inequality 1 — imku + (6%£/2)u? > 0
with respect to u, we show that X; for some ¢ or, equivalently, for all £, possesses a moment
generating function u — E[exp(uX};)] on

<—m/52 —A/m2/6% 4+ 2/K 6, —m/6* + \/m2/02 + 2/k 5) :

To apply Theorem 3.1, we assume that 24/m?/0%2 + 2/k § > 1. Under this assumption,

we look for 0 € (—m/é2 — A/mM2/0% +2/K §, —m /6% + \/m?/6% + 2/K § — 1) solution to
E I:e(BJrl)Xt] _ eTtE I:eGXt:I .

For the parameters given in Table [1, the moment generating function of X, is well
defined on (—3.15,3.17). Numerically, we obtain § = —0.57.
The characteristic function of (X;)[o,r] under P* is given by
. ]E[e(e-i-iu)Xt] eivut
o (u) = E[ef Xt = ] 9 t/Kk’
0] (1 —im*ku + (6**K/2)u?)

where m* = (m +6%0)/A, 6* = §/v/A and A = 1 — mxf — %562, Hence, (X;)sefo.r) is once

again a variance gamma process under P* with characteristic triplet <’y + Slwl -, 2v*(dx), 0, 1/*>

where
2
* Ox 1 m* ?:2 +%
v¥(z) = e"rv(x) = mexp i 5—*|x|

The initial Lévy density and the risk-neutral Lévy density are given in Figure[6] With
our choice of parameters, the general trend E[X;| = (7 + m)t is positive, which leads to
a negative 6. The large positive jumps will be nearly irrelevant for pricing options, while
large negative jumps will still contribute.

Pricing with FFT under the Esscher martingale measure. The explicit form of
the characteristic function under the Esscher martingale measure P* is applied to price
call options. Figures [7] and [§ represent the sensivity of the call price to a variation of
the parameters ¢ and x respectively. We take the parameters of Table [1| except for §
that varies in {0.6,0.8,1} in Figure [7] and « that varies in {0.02,0.2} in Figure [8] The
parameters 0 and s provide control over volatility and kurtosis respectively. Increasing o
leads to greater volatility which in turn increases the option price. In the other hand,
when k inscreases, the distribution tails of the asset price become fatter and the price of
the out-the-money call increases, while the price of the at-the-money option decreases.
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7 Conclusion

In this survey, we studied step by step how to price European option under an Exponen-
tial Lévy model. We used the Esscher transform technique to construct two equivalent
martingale measures: the Esscher martingale measure and the minimal entropy martin-
gale measure. From the observation that the compound return and the simple return of a
stock price process are very close, we showed that these two measures are almost similar.
However, the minimal entropy martingale measure is not adequate to the Carr-Madan
pricing method as the characteristic function under this latter does not have an analytic
expression, even in simple models. Under the Esscher martingale measure, we numerically
computed the price of European option using the Carr-Madan method based on the fast
Fourier transform. Numerical error of the Carr-Madan method is shown with comparison
to the closed-form formula in the Black & Scholes context. Moreover, the sensivity of
option price to jumps is presented in the Merton model and the variance gamma model
with respect to jump parameters.
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Figure 1: Lévy densities and jump size densities under the historical measure, the Esscher
martingale measure and the minimal entro% martingale measure in the Merton model.
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Figure 2: Option price with respect to the strike K. A comparison between a B&S model
and a Merton model with the same expectation y — 02/2 = v + Am.
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Figure 3: Call price sensivity to the jump intensity in Merton model.
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Figure 4: Call price sensivity to jump size mean in Merton in model.
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Figure 5: Call price sensivity to jump size variance in Merton model.
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Figure 6: The risk neutral Lévy density v*(z) of the Esscher martingale measure in the
variance gamma model, compared to the initial Lévy density v(z).
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Figure 7: Call price sensivity to the volatility parameter in variance gamma model.
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Figure 8: Call price sensivity to the kurtosis parameter in variance gamma model.
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