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Abstract

We propose a new reinforcement learning algorithm for partially observable Markov decision pro-
cesses (POMDP) based on spectral decomposition methods. While spectral methods have been
previously employed for consistent learning of (passive) latent variable models such as hidden
Markov models, POMDPs are more challenging since the learner interacts with the environment
and possibly changes the future observations in the process. We devise a learning algorithm running
through episodes, in each episode we employ spectral techniques to learn the POMDP parameters
from a trajectory generated by a fixed policy. At the end of the episode, an optimization oracle re-
turns the optimal memoryless planning policy which maximizes the expected reward based on the
estimated POMDP model. We prove an order-optimal regret bound w.r.t. the optimal memoryless
policy and efficient scaling with respect to the dimensionality of observation and action spaces.

Keywords: Spectral Methods, Method of Moments, Partially Observable Markov Decision Pro-
cess, Latent Variable Model, Upper Confidence Reinforcement Learning.

1. Introduction

Reinforcement Learning (RL) is an effective approach to solve the problem of sequential decision—
making under uncertainty. RL agents learn how to maximize long-term reward using the experi-
ence obtained by direct interaction with a stochastic environment (Bertsekas and Tsitsiklis, 1996;
Sutton and Barto, 1998). Since the environment is initially unknown, the agent has to balance be-
tween exploring the environment to estimate its structure, and exploiting the estimates to compute
a policy that maximizes the long-term reward. As a result, designing a RL algorithm requires three
different elements: 1) an estimator for the environment’s structure, 2) a planning algorithm to com-
pute the optimal policy of the estimated environment (LaValle, 2006), and 3) a strategy to make a
trade off between exploration and exploitation to minimize the regret, i.e., the difference between
the performance of the exact optimal policy and the rewards accumulated by the agent over time.
Most of RL literature assumes that the environment can be modeled as a Markov decision pro-
cess (MDP), with a Markovian state evolution that is fully observed. A number of exploration—
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exploitation strategies have been shown to have strong performance guarantees for MDPs, either in
terms of regret or sample complexity (see Sect. 1.2 for a review). However, the assumption of full
observability of the state evolution is often violated in practice, and the agent may only have noisy
observations of the true state of the environment (e.g., noisy sensors in robotics). In this case, it is
more appropriate to use the partially-observable MDP or POMDP (Sondik, 1971) model.

Many challenges arise in designing RL algorithms for POMDPs. Unlike in MDPs, the estima-
tion problem (element 1) involves identifying the parameters of a latent variable model (LVM). In a
MDP the agent directly observes (stochastic) state transitions, and the estimation of the generative
model is straightforward via empirical estimators. On the other hand, in a POMDP the transition
and reward models must be inferred from noisy observations and the Markovian state evolution is
hidden. The planning problem (element 2), i.e., computing the optimal policy for a POMDP with
known parameters, is PSPACE-complete (Papadimitriou and Tsitsiklis, 1987), and it requires solv-
ing an augmented MDP built on a continuous belief space (i.e., a distribution over the hidden state
of the POMDP). Finally, integrating estimation and planning in an exploration—exploitation strat-
egy (element 3) with guarantees is non-trivial and no no-regret strategies are currently known (see
Sect. 1.2).

1.1. Summary of Results

The main contributions of this paper are as follows: (i) We propose a new RL algorithm for
POMDPs that incorporates spectral parameter estimation within a exploration-exploitation frame-
work, (i) we analyze regret bounds assuming access to an optimization oracle that provides the
best memoryless planning policy at the end of each learning episode, (iii) we prove order optimal
regret and efficient scaling with dimensions, thereby providing the first guaranteed RL algorithm
for a wide class of POMDPs.

The estimation of the POMDP is carried out via spectral methods which involve decomposi-
tion of certain moment tensors computed from data. This learning algorithm is interleaved with
the optimization of the planning policy using an exploration—exploitation strategy inspired by the
UCRL method for MDPs (Ortner and Auer, 2007; Jaksch et al., 2010). The resulting algorithm,
called SM-UCRL (Spectral Method for Upper-Confidence Reinforcement Learning), runs through
episodes of variable length, where the agent follows a fixed policy until enough data are collected
and then it updates the current policy according to the estimates of the POMDP parameters and their
accuracy. Throughout the paper we focus on the estimation and exploration—exploitation aspects of
the algorithm, while we assume access to a planning oracle for the class of memoryless policies
(i.e., policies directly mapping observations to a distribution over actions).!

Theoretical Results. We prove the following learning result. For the full details see Thm. 3 in
Sect. 3.

Theorem (Informal Result on Learning POMDP Parameters) Let M be a POMDP with X states,
Y observations, A actions, R rewards, and Y > X, and characterized by densities fT(ac’ |z, a),
folylz), and fr(r|x,a) defining state transition, observation, and the reward models. Given a
sequence of observations, actions, and rewards generated by executing a memoryless policy where
each action a is chosen N (a) times, there exists a spectral method which returns estimates fT, fo,

1. This assumption is common in many works in bandit and RL literature (see e.g., Abbasi-Yadkori and Szepesvari
(2011) for linear bandit and Chen et al. (2013) in combinatorial bandit), where the focus is on the exploration—
exploitation strategy rather than the optimization problem.
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and fR that, under suitable assumptions on the POMDP, the policy, and the number of samples,
satisfy

Hfo('lx)—fo('lw)\lléé( %)

IFatizsa) = Futl ol < 0y 55 )

IFitle. )~ el < Oy 17 ).

with high probability, for any state x and any action a.

This result shows the consistency of the estimated POMDP parameters and it also provides
explicit confidence intervals.

By employing the above learning result in a UCRL framework, we prove the following bound
on the regret Reg,; w.r.t. the optimal memoryless policy. For full details see Thm. 4 in Sect. 4.

Theorem (Informal Result on Regret Bounds) Let M be a POMDP with X states, Y observa-
tions, A actions, and R rewards, with a diameter D defined as
D = max minE [T(.’E/, alx,a; 71')] ,
z,2'€X,a,a’€A T

i.e., the largest mean passage time between any two state-action pairs in the POMDP using a
memoryless policy ™ mapping observations to actions. If SM-UCRL is run over N steps using the
confidence intervals of Thm. 3, under suitable assumptions on the POMDP, the space of policies,
and the number of samples, we have

Regy < 5<DX3/2\/W>,

with high probability.

The above result shows that despite the complexity of estimating the POMDP parameters from
noisy observations of hidden states, the regret of SM-UCRL is similar to the case of MDPs, where
the regret of UCRL scales as O(Dypp X /AN ). The regret is order-optimal, since O(v/N) matches
the lower bound for MDPs.

Another interesting aspect is that the diameter of the POMDP is a natural extension of the MDP
case. While Dypp measures the mean passage time using state—based policies (i.e., a policies map-
ping states to actions), in POMDPs policies cannot be defined over states but rather on observations
and this naturally translates into the definition of the diameter D. More details on other problem-
dependent terms in the bound are discussed in Sect. 4.

The derived regret bound is with respect to the best memoryless (stochastic) policy for the given
POMDP. Indeed, for a general POMDP, the optimal policy need not be memoryless. However,
finding the optimal policy is uncomputable for infinite horizon regret minimization (Madani, 1998).
Instead memoryless policies have shown good performance in practice (see the Section on related
work). Moreover, for the class of so-called contextual MDP, a special class of POMDPs, the optimal
policy is also memoryless (Krishnamurthy et al., 2016).
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Analysis of the learning algorithm. The learning results in Thm. 3 are based on spectral tensor
decomposition methods, which have been previously used for consistent estimation of a wide class
of LVMs (Anandkumar et al., 2014). This is in contrast with traditional learning methods, such as
expectation-maximization (EM) (Dempster et al., 1977), that have no consistency guarantees and
may converge to local optimum which is arbitrarily bad.

While spectral methods have been previously employed in sequence modeling such as in HMMs
(Anandkumar et al., 2014), by representing it as multiview model, their application to POMDPs is
not trivial. In fact, unlike the HMM, the consecutive observations of a POMDP are no longer
conditionally independent, when conditioned on the hidden state of middle view. This is because
the decision (or the action) depends on the observations themselves. By limiting to memoryless
policies, we can control the range of this dependence, and by conditioning on the actions, we show
that we can obtain conditionally independent views. As a result, starting with samples collected
along a trajectory generated by a fixed policy, we can construct a multi-view model and use the
tensor decomposition method on each action separately, estimate the parameters of the POMDP,
and define confidence intervals.

While the proof follows similar steps as in previous works on spectral methods (e.g., HMMs
Anandkumar et al., 2014), here we extend concentration inequalities for dependent random vari-
ables to matrix valued functions by combining the results of Kontorovich et al. (2008) with the
matrix Azuma’s inequality of Tropp (2012). This allows us to remove the usual assumption that the
samples are generated from the stationary distribution of the current policy. This is particularly im-
portant in our case since the policy changes at each episode and we can avoid discarding the initial
samples and waiting until the corresponding Markov chain converged (i.e., the burn-in phase).

The condition that the POMDP has more observations than states (Y > X) follows from stan-
dard non-degeneracy conditions to apply the spectral method. This corresponds to considering
POMDPs where the underlying MDP is defined over a few number of states (i.e., a low-dimensional
space) that can produce a large number of noisy observations. This is common in applications
such as spoken-dialogue systems (Atrash and Pineau, 2006; Png et al., 2012) and medical applica-
tions (Hauskrecht and Fraser, 2000). We also show how this assumption can be relaxed and the
result can be applied to a wider family of POMDPs.

Analysis of the exploration—exploitation strategy. SM-UCRL applies the popular optimism-in-
face-of-uncertainty principle® to the confidence intervals of the estimated POMDP and compute the
optimal policy of the most optimistic POMDP in the admissible set. This optimistic choice provides
a smooth combination of the exploration encouraged by the confidence intervals (larger confidence
intervals favor uniform exploration) and the exploitation of the estimates of the POMDP parameters.

While the algorithmic integration is rather simple, its analysis is not trivial. The spectral method
cannot use samples generated from different policies and the length of each episode should be care-
fully tuned to guarantee that estimators improve at each episode. Furthermore, the analysis requires
redefining the notion of diameter of the POMDP. In addition, we carefully bound the various per-
turbation terms in order to obtain efficient scaling in terms of dimensionality factors.

Finally, in the Appendix F, we report preliminary synthetic experiments that demonstrate su-
periority of our method over existing RL methods such as Q-learning and UCRL for MDPs, and

2. This principle has been successfully used in a wide number of exploration—exploitation problems ranging from
multi-armed bandit (Auer et al., 2002), linear contextual bandit (Abbasi-Yadkori et al., 2011), linear quadratic con-
trol (Abbasi-Yadkori and Szepesvari, 2011), and reinforcement learning (Ortner and Auer, 2007; Jaksch et al., 2010).
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also over purely exploratory methods such as random sampling, which randomly chooses actions
independent of the observations. SM-UCRL converges much faster and to a better solution. The so-
lutions relying on the MDP assumption, directly work in the (high) dimensional observation space
and perform poorly. In fact, they can even be worse than the random sampling policy baseline. In
contrast, our method aims to find the lower dimensional latent space to derive the policy and this
allows UCRL to find a much better memoryless policy with vanishing regret.

1.2. Related Work

While RL in MDPs has been widely studied (Kearns and Singh, 2002; Brafman and Tennenholtz,
2003; Bartlett and Tewari, 2009; Jaksch et al., 2010), the design of effective exploration—exploration
strategies in POMDPs is still relatively unexplored. Ross et al. (2007) and Poupart and Vlassis
(2008) propose to integrate the problem of estimating the belief state into a model-based Bayesian
RL approach, where a distribution over possible MDPs is updated over time. The proposed algo-
rithms are such that the Bayesian inference can be done accurately and at each step, a POMDP is
sampled from the posterior and the corresponding optimal policy is executed. While the resulting
methods implicitly balance exploration and exploitation, no theoretical guarantee is provided about
their regret and their algorithmic complexity requires the introduction of approximation schemes
for both the inference and the planning steps. An alternative to model-based approaches is to adapt
model-free algorithms, such as Q-learning, to the case of POMDPs. Perkins (2002) proposes a
Monte-Carlo approach to action-value estimation and it shows convergence to locally optimal mem-
oryless policies. While this algorithm has the advantage of being computationally efficient, local
optimal policies may be arbitrarily suboptimal and thus suffer a linear regret.

An alternative approach to solve POMDPs is to use policy search methods, which avoid esti-
mating value functions and directly optimize the performance by searching in a given policy space,
which usually contains memoryless policies (see e.g., (Ng and Jordan, 2000),(Baxter and Bartlett,
2001),(Poupart and Boutilier, 2003; Bagnell et al., 2004)). Beside its practical success in offline
problems, policy search has been successfully integrated with efficient exploration—exploitation
techniques and shown to achieve small regret (Gheshlaghi-Azar et al., 2013, 2014). Nonetheless,
the performance of such methods is severely constrained by the choice of the policy space, which
may not contain policies with good performance.

Matrix decomposition methods have been previously used in the more general setting of pre-
dictive state representation (PSRs) (Boots et al., 2011) to reconstruct the structure of the dynami-
cal system. Despite the generality of PSRs, the proposed model relies on strong assumptions on
the dynamics of the system and it does not have any theoretical guarantee about its performance.
Gheshlaghi azar et al. (2013) used spectral tensor decomposition methods in the multi-armed bandit
framework to identify the hidden generative model of a sequence of bandit problems and showed
that this may drastically reduce the regret.

Krishnamurthy et al. (2016) recently analyzed the problem of learning in contextual-MDPs and
proved sample complexity bounds polynomial in the capacity of the policy space, the number of
states, and the horizon. While their objective is to minimize the regret over a finite horizon, we
instead consider the infinite horizon problem. It is an open question to analyze and modify our
spectral UCRL algorithm for the finite horizon problem. As stated earlier, contextual MDPs are a
special class of POMDPs for which memoryless policies are optimal. While they assume that the
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Figure 1: Graphical model of a POMDP under memoryless policies.

samples are drawn from a contextual MDP, we can handle a much more general class of POMDPs,
and we minimize regret with respect to the best memoryless policy for the given POMDP.

Finally, a related problem is considered by Ortner et al. (2014), where a series of possible rep-
resentations based on observation histories is available to the agent but only one of them is actually
Markov. A UCRL-like strategy is adopted and shown to achieve near-optimal regret.

In this paper, we focus on the learning problem, while we consider access to an optimization
oracle to compute the optimal memoryless policy. The problem of planning in general POMDPs is
intractable (PSPACE-complete for finite horizon (Papadimitriou and Tsitsiklis, 1987) and uncom-
putable for infinite horizon (Madani, 1998)).Many exact, approximate, and heuristic methods have
been proposed to compute the optimal policy (see Spaan (2012) for a recent survey). An alter-
native approach is to consider memoryless policies which directly map observations (or a finite
history) to actions (Littman, 1994; Singh et al., 1994; Liet al., 2011). While deterministic poli-
cies may perform poorly, stochastic memoryless policies are shown to be near-optimal in many
domains (Barto et al., 1983; Loch and Singh, 1998; Williams and Singh, 1998) and even optimal in
the specific case of contextual MDPs (Krishnamurthy et al., 2016). Although computing the optimal
stochastic memoryless policy is still NP-hard (Littman, 1994), several model-based and model-free
methods are shown to converge to nearly-optimal policies with polynomial complexity under some
conditions on the POMDP (Jaakkola et al., 1995; Li et al., 2011). In this work, we employ memo-
ryless policies and prove regret bounds for reinforcement learning of POMDPs. The above works
suggest that focusing to memoryless policies may not be a restrictive limitation in practice.

1.3. Paper Organization

The paper is organized as follows. Sect. 2 introduces the notation (summarized also in a table in
Sect. 6) and the technical assumptions concerning the POMDP and the space of memoryless policies
that we consider. Sect. 3 introduces the spectral method for the estimation of POMDP parameters
together with Thm. 3. In Sect. 4, we outline SM-UCRL where we integrate the spectral method
into an exploration—exploitation strategy and we prove the regret bound of Thm. 4. Sect. 5 draws
conclusions and discuss possible directions for future investigation. The proofs are reported in
the appendix together with preliminary empirical results showing the effectiveness of the proposed
method.
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2. Preliminaries

A POMDP M is a tuple (X, A, V, R, fr, fr, fo), where X is a finite state space with cardinality
|X¥] = X, Ais a finite action space with cardinality |A| = A, ) is a finite observation space
with cardinality |Y| = Y, and R is a finite reward space with cardinality |R| = R and largest
reward ... For notation convenience, we use a vector notation for the elements in ) and R, so
that y € RY and » € R® are indicator vectors with entries equal to 0 except a 1 in the position
corresponding to a specific element in the set (e.g., y = e, refers to the n-th element in )). We use
i,7 € [X] to index states, k, ! € [A] for actions, m € [R] for rewards, and n € [Y'] for observations.
Finally, fr denotes the transition density, so that fr(z|x,a) is the probability of transition to z’
given the state-action pair (x,a), fr is the reward density, so that fr(7|x, a) is the probability of
receiving the reward in R corresponding to the value of the indicator vector = given the state-action
pair (z,a), and fo is the observation density, so that fo(y|x) is the probability of receiving the
observation in ) corresponding to the indicator vector y given the state . Whenever convenient,
we use tensor forms for the density functions such that

Tija = Pleir = jlae = i,a0 = 1] = fr(jli, 1), s.t. T e R¥xXx4
On,i = ]P)[y = en’x = 'L] — fO(en‘i)g s.t. O c RYXX
Fi,l,m = ]P)[T = em’x = i, a = l] = fR(em‘L l)7 st. e RXXAXR.

We also denote by T ;; the fiber (vector) in R¥ obtained by fixing the arrival state j and action !
andbyT..; € RX*X the transition matrix between states when using action [. The graphical model
associated to the POMDP is illustrated in Fig. 1.

We focus on stochastic memoryless policies which map observations to actions and for any pol-
icy m we denote by f(a|y) its density function. We denote by P the set of all stochastic memoryless
policies that have a non-zero probability to explore all actions:

P = {7 : minmin fr(aly) > Tmin}-
y a

Acting according to a policy 7 in a POMDP M defines a Markov chain characterized by a transition
density

Jra(@l2) = 33 folaly) folyle) fr(a'|z, a),
Yy

a

and a stationary distribution w, over states such that w.(z) = >, fr(2'|z)ws(z). The expected
average reward performance of a policy 7 is

n(ms M) =Y wr(2)Tx(2),
€T
where T () is the expected reward of executing policy 7 in state - defined as

Tr(x) =) Y folyle) fx(aly)F(z,a),

and 7(z,a) = Y . rfr(r|z,a) is the expected reward for the state-action pair (x,a). The best
stochastic memoryless policy in P is 77 = arg max n(m; M) and we denote by n* = n(r™; M)
TE
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its average reward.? Throughout the paper we assume that we have access to an optimization oracle
returning the optimal policy 7 in P for any POMDP M. We need the following assumptions on
the POMDP M.

Assumption 1 (Ergodicity) For any policy © € P, the corresponding Markov chain fr ;. is er-
godic, so wx(x) > 0 for all states v € X.

We further characterize the Markov chains that can be generated by the policies in P. For any
ergodic Markov chain with stationary distribution wy, let f1_,;(z¢|z1) by the distribution over states
reached by a policy  after ¢ steps starting from an initial state 1. The inverse mixing time ppmix ~(t)
of the chain is defined as

Pmix,x(t) = sup || fise(-|z1) — wrllpy
1

where || - ||ty is the total-variation metric. Kontorovich et al. (2014) show that for any ergodic
Markov chain the mixing time can be bounded as

pmix,w(t) < G(Tr)et_l(ﬂ)a

where 1 < G(7) < oo is the geometric ergodicity and 0 < §(m) < 1 is the contraction coefficient
of the Markov chain generated by policy 7.

Assumption 2 (Full Column-Rank) The observation matrix O € RY *X is full column rank.

and define

This assumption guarantees that the distribution fo(-|z) in a state x (i.e., a column of the matrix
0) is not the result of a linear combination of the distributions over other states. We show later
that this is a sufficient condition to recover fo since it makes all states distinguishable from the
observations and it also implies that Y > X. Notice that POMDPs have been often used in the
opposite scenario (X > Y) in applications such as robotics, where imprecise sensors prevents from
distinguishing different states. On the other hand, there are many domains in which the number of
observations may be much larger than the set of states that define the dynamics of the system. A
typical example is the case of spoken dialogue systems (Atrash and Pineau, 2006; Png et al., 2012),
where the observations (e.g., sequences of words uttered by the user) is much larger than the state of
the conversation (e.g., the actual meaning that the user intended to communicate). A similar scenario
is found in medical applications (Hauskrecht and Fraser, 2000), where the state of a patient (e.g.,
sick or healthy) can produce a huge body of different (random) observations. In these problems it
is crucial to be able to reconstruct the underlying small state space and the actual dynamics of the
system from the observations.

Assumption 3 (Invertible) For any action a € [A], the transition matrix T. . o € RX*X s invert-
ible.

Similar to the previous assumption, this means that for any action a the distribution fr(-|x,a)
cannot be obtained as linear combination of distributions over other states, and it is a sufficient
condition to be able to recover the transition tensor. Both Asm. 2 and 3 are strictly related to the
assumptions introduced by Anandkumar et al. (2014) for tensor methods in HMMs. In Sect. 4 we
discuss how they can be partially relaxed.

3. We use 7" rather than 7* to recall the fact that we restrict the attention to P and the actual optimal policy for a
POMDP in general should be constructed on the belief-MDP.
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3. Learning the Parameters of the POMDP

In this section we introduce a novel spectral method to estimate the POMDP parameters fr, fo,
and fr. A stochastic policy 7 is used to generate a trajectory (y,a1,71,...,Yy,an,Tn) of N
steps. We need the following assumption that, together with Asm. 1, guarantees that all states and
actions are constantly visited.

Assumption 4 (Policy Set) The policy m belongs to P.

Similar to the case of HMMs, the key element to apply the spectral methods is to construct a
multi-view model for the hidden states. Despite its similarity, the spectral method developed for
HMM by Anandkumar et al. (2014) cannot be directly employed here. In fact, in HMMs the state
transition and the observations only depend on the current state. On the other hand, in POMDPs the
probability of a transition to state 2’ not only depends on x, but also on action a. Since the action is
chosen according to a memoryless policy 7 based on the current observation, this creates an indirect
dependency of x’ on observation y, which makes the model more intricate.

3.1. The multi-view model

We estimate POMDP parameters for each action [ € [A] separately. Let ¢ € [2, N — 1] be a step at
which a; = [, we construct three views (a;—1,y,_1,7¢-1), (¥4, 7¢), and (y,, ;) which all contain
observable elements. As it can be seen in Fig. 1, all three views provide some information about the
hidden state x; (e.g., the observation y,_; triggers the action a;—1, which influence the transition
to xy). A careful analysis of the graph of dependencies shows that conditionally on x¢, a; all the
views are independent. For instance, let us consider y, and y,,,. These two random variables
are clearly dependent since y, influences action a;, which triggers a transition to x4 that emits
an observation y,, ;. Nonetheless, it is sufficient to condition on the action a; = I to break the
dependency and make y, and y,,; independent. Similar arguments hold for all the other elements
in the views, which can be used to recover the latent variable x;. More formally, we encode the
triple (a;—1,Y;_;,T¢—1) into a vector vﬁ e RAYE o that view vﬁ = e, whenever a;_1 = k,
Yi_1 =ep,and ] = ey, fora suitable mapping between the index s € {1,...,A-Y - R} and
the indices (k, n,m) of the action, observation, and reward. Similarly, we proceed for vg% € RY R

:(311 € RY. We introduce the three view matrices Vl,(l) with v € {1, 2, 3} associated with action

I defined as V") € RAY-RxX y () ¢ RY-RxX anq V() e RY*X guch that

and v

[Vl(l)]s,i — ]P)('Ugl) = es|x2 = Z) = [Vl(l)](n,m,k),i = P(yl =€n,T1 = €n,a1 = k|x2 = i)a
[VQ(Z)]M- = P(vgl) = eslry =i,a9 = l) = [V2(l)](n/7m/)7i = ]P’(y2 = e,y = ep|re =i,a9 = l),

[Vg(l)]svi = P(vgl) = eslry =i,a0 =1) = [Vg(l)]n” =P(y3 = epr|a =i,a0 = 1).

In the following we denote by N(yl, )Z = [V,,(l)] .; the ith column of the matrix v for any v € {1,2,3}.
Notice that Asm. 2 and Asm. 3 imply that all the view matrices are full column rank. As a result,
we can construct a multi-view model that relates the spectral decomposition of the second and third

moments of the (modified) views with the columns of the third view matrix.
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Proposition 1 (Thm. 3.6 in (Anandkumar et al., 2014)) Let K, = E[v\ @ v")] be the cor-

relation matrix between views v and v' and K7 is its pseudo-inverse. We define a modified version
of the first and second views as

~(1 l l l ~(1 l l l
o) = KD, 5 = K (k)T (1)
Then the second and third moment of the modified views have a spectral decomposition as
X
l l . l l
MY =B 03] =3 " w0 (0)u) @ uf, @
=1
M?E =E E[; e ® "’3 Z wi (i M3 i (l) i ® Hi(%)z’ €)

where ® is the tensor product and w(l)( ) = Plz = ila = ] is the state stationary distribution of ™
conditioned on action | being selected by policy .

Notice that under Asm. 1 and 4, wg )(z) is always bounded away from zero. Given MQ(l) and
Mél) we can recover the columns of the third view M:(),lz directly applying the standard spectral
decomposition method of Anandkumar et al. (2012). We need to recover the other views from V3(l).
From the definition of modified views in Eq. 1 we have

Mi(‘)l)z =E[0)]oy =i,ay =1] = K:gl%(Kfl%)TE[Ul\xQ =i,ay =1] = K§ (Kis) ug)l,
O]

1) = E[@alrs = i a0 = 1] = K\ (KS))E[va]ws = i,a0 = 1] = K3} (K5 )) ).

l

) (1l
,2
)

K
)+ “)
Thus, it is sufficient to invert (pseudo invert) the two equations above to obtain the columns of
both the first and second view matrices. This process could be done in any order, e.g., we could
first estimate the second view by applying a suitable symmetrization step (Eq. 1) and recovering
the first and the third views by reversing similar equations to Eq. 4. On the other hand, we cannot
repeat the symmetrization step multiple times and estimate the views independently (i.e., without
inverting Eq. 4). In fact, the estimates returned by the spectral method are consistent “up to a suitable
permutation” on the indexes of the states. While this does not pose any problem in computing one
single view, if we estimated two views independently, the permutation may be different, thus making
them non-consistent and impossible to use in recovering the POMDP parameters. On the other hand,
estimating first one view and recovering the others by inverting Eq. 4 guarantees the consistency of
the labeling of the hidden states.

3.2. Recovery of POMDP parameters

Once the views {V,, _o are computed from M, @) and Mé ), we can derive fr, fo, and fr. In
particular, all parameters of the POMDP can be obtamed by manipulating the second and third view
as illustrated in the following lemma.

Lemma 2 Given the views VQ(Z) and Vg(l), for any state i € [X] and action | € [A], the POMDP
parameters are obtained as follows. For any reward m € [R] the reward density is

Y

fR(em"ia l) - Z [V2(l)](n’,m/),i; (5)

n/=1

10
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for any observation n' € [Y] the observation density is

R

V2 V2 (' m/)i m’)z

9 (e : (6)
D=2 7 ewnti,

with

uaged (n m'),i 1
2:: 2:: frllen)  Plag =z = 1)

Finally, each second mode of the transition tensor T € RX*X*4 is obtained as
l
[T]is = O'V5 ) ™

where O is the pseudo-inverse of matrix observation O and fr(-|i,1) = [T);....

IRE]

In the previous statement we use f(ol) to denote that the observation model is recovered from

the view related to action /. While in the exact case, all fg) are identical, moving to the empirical
version leads to A different estimates, one for each action view used to compute it. Among them,
we will select the estimate with the better accuracy.

Empirical estimates of POMDP parameters. In practice, MQ(Z) and Mél) are not available and
need to be estimated from samples. Given a trajectory of /N steps obtained executing policy m, let
T() ={t €[2,N —1] : a; = [} be the set of steps when action [ is played, then we collect all
the triples (a¢—1,y;_1,7¢-1), (Y, 7¢) and (y;, ) for any ¢ € T (l) and construct the corresponding
views vﬁ, vgli, vgli Then we symmetrize the views using empirical estimates of the covariance
matrices and build the empirical version of Eqs. 2 and 3 using N (I) = |7 (1) samples, thus obtaining

Vi 1 ~(l) ~() 0, 1 =) o =) 0]
My’ = E @ Uy, My’ = E UV, RV, QU (8)
2 N(l) 2t 3 N(l) = 1,t 2.t 3.t

Given the resulting 1\72(” and ]/\4\351), we apply the spectral tensor decomposition method to recover
an empirical estimate of the third view 173(1) and invert Eq. 4 (using estimated covariance matrices)
to obtain @(l). Finally, the estimates fo, fT, and fR are obtained by plugging the estimated views
V, in the process described in Lemma 2.

Spectral methods indeed recover the factor matrices up to a permutation of the hidden states. In
this case, since we separately carry out spectral decompositions for different actions, we recover
permuted factor matrices. Since the observation matrix O is common to all the actions, we use it to
align these decompositions. Let’s define dp

do =t min [[fo(-[r) = fo(la')x

Actually, dp is the minimum separability level of matrix O. When the estimation error over
columns of matrix O are less than 4d, then one can come over the permutation issue by matching

4. Each column of O corresponds to £1-closest column of o)

11
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Algorithm 1 Estimation of the POMDP parameters. The routine TENSORDECOMPOSITION refers to
the spectral tensor decomposition method of Anandkumar et al. (2012).
Input:
Policy density f,, number of states X
Trajectory ((yq,a1,71), (Y, a2,72), ..., (Yn,aN,T"N))
Variables:
Estimated second and third views VQ( ), and V(l) for any action [ € [4]
Estimated observation, reward, and transition models fo fR, fT

fori=1,...,Ado
Set T(I) ={t € [N —1]:a; =} and N(I) = [T ()|
Construct views vglt = (at—1,Ys_1,Tt—1), vg)t = (Y, Tt), vgl)t =1y, foranyte T(l)

Compute covariance matrices K. :,()l)l, K. él)l, K 3(1)2 as

~ 1
K, = 0] ST ol @l v e {1,2,3)
) teT (1)
Compute modified views v( ) = K?(,Z)Q(K(l)) 1, él)t = K?(,l)l(K(l)) (l) forany ¢t € T(I)

Compute second and third moments

. 1 — 1
0= 1 a0 esl, HP=-L S5 esl) e
2 N(l) = 1,t 2.t 3 N(l) = vy, .t 2t 3,t

Compute ? TENSORDECOMPOSITION(MU ,M3l))
Compute fiy l) 1l)2(K(l)) ,ug)l for any i € [X]
Compute f(em|z,l) ZY, I[VQ(”](n ,m),s foranyi € [X],m € [R]

v
Compute p(i,1) = 3%, _ S, _, M forany i € [X],n € [Y]

f7r lle ’)
: R Ve lm :
Compute Fu )(en|2) Do WM foranyi € [X],n € [Y]
end for

Compute bounds 88)
Set [* = arg min; Bg), fo = jao* and construct matrix [6],” = fo(en|j)
Reorder columns of matrices ‘72(1) and ‘73(1) such that matrix O and O¢") match, VI € [A]*
fori € [X],l € [A] do
Compute [T);.; = Ot [‘7;3(”]:,1-
end for
Return: fR, fT, fo, Br, Br, Bo

columns of O! matrices. In T condition is reflected as a condition that the number of samples for
each action has to be larger some number.

The overall method is summarized in Alg. 1. The empirical estimates of the POMDP parameters
enjoy the following guarantee.

Theorem 3 (Learning Parameters) Let fo, fT, and fR be the estimated POMDP models using a
trajectory of N steps. We denote by a( ), =0 X(Kil)y,) the smallest non-zero singular value of the

12



REINFORCEMENT LEARNING OF POMDPS USING SPECTRAL METHODS

covariance matrix K, ,/, with v, v' € {1,2,3}, and by Jmin(VV(l)) the smallest singular value of the
view matrix V,,(l) (strictly positive under Asm. 2 and Asm. 3), and we define wr(lll)in = mingecy wf(rl ) ()
(strictly positive under Asm. 1). If for any action | € [A], the number of samples N (1) satisfies the

condition

2

4 16CZYR G(m) 32 " 2(Y? + AYR)
N Zmax g~ =0 | o 2 oy | O (8 5 !
(0-3,1 ) A dO Winin Ver{rilgg}{o-min ( v ) }

®

with O, defined in Eq 27°, and G(r), 6(r) are the geometric ergodicity and the contraction coef-
ficients of the corresponding Markov chain induced by w, then for any 6 € (0,1) and for any state
i € [X] and action | € [A] we have

._ Co [VRlog(1/9)

195 Cliy=fotlillh < BGs= i3\ x> (10)
Y . c Y Rlog(1/0

Il = 1Dl < B 1= Sy [FREE), 1y
AT ‘ C Y RX?2log(1/5

IFrCli D= FrCliDlz < B = ATT)\/ ey (12

with probability 1 — 6(Y2 + AY R)AJ (w.r.t. the randomness in the transitions, observations, and
policy), where Co, Cr, and Ct are numerical constants and

A = 01050 (0) () o Wik min {07 (V). (13)

mi min V€{1,2,3} min

)

Finally, we denote by fo the most accurate estimate of the observation model, i.e., the estimate ]/”\(()l

such that I* = arg minje |4 Bg) and we denote by B its corresponding bound.

Remark 1 (consistency and dimensionality). All previous errors decrease with arate O(1/+/N (1)),
showing the consistency of the spectral method, so that if all the actions are repeatedly tried over
time, the estimates converge to the true parameters of the POMDP. This is in contrast with EM-based
methods which typically get stuck in local maxima and return biased estimators, thus preventing
from deriving confidence intervals.

The bounds in Egs. 10, 11, 12 on fo, fR and fT depend on X, Y, and R (and the number
of actions only appear in the probability statement). The bound in Eq. 12 on fT is worse than the
bounds for fR and J?o in Eqgs. 10, 11 by a factor of X2. This seems unavoidable since fR and J?o are

@

min’

5. We do not report the explicit definition of ©) here because it contains exactly the same quantities, such as w
that are already present in other parts of the condition of Eq. 9.

13
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the results of the manipulation of the matrix VQ(Z) with Y - R columns, while estimating fT requires

working on both VQ(l) and Vg(l). In addition, to come up with upper bound for fT, more complicated
bound derivation is needed and it has one step of Frobenious norms to 2 norm transformation. The
derivation procedure for fT is more complicated compared to fo and fR and adds the term X to
the final bound. (Appendix. C)

Remark 2 (POMDP parameters and policy 7). In the previous bounds, several terms depend on
the structure of the POMDP and the policy 7 used to collect the samples:

e \D captures the main problem-dependent terms. While K1 o and K 3 are full column-rank
matrices (by Asm. 2 and 3), their smallest non-zero singular values influence the accuracy of
the (pseudo-)inversion in the construction of the modified views in Eq. 1 and in the compu-
tation of the second view from the third using Eq. 4. Similarly the presence of oy (O) is

justified by the pseudo-inversion of O used to recover the transition tensor in Eq. 7. Finally,
2

the dependency on the smallest singular values amm(VV(l)) is due to the tensor decomposition

method (see App. J for more details).

o A specific feature of the bounds above is that they do not depend on the state ¢ and the number
of times it has been explored. Indeed, the inverse dependency on wI(Tll)m in the condition on
N(l) in Eq. 9 implies that if a state j is poorly visited, then the empirical estimate of any
other state ¢ may be negatively affected. This is in striking contrast with the fully observable
case where the accuracy in estimating, e.g., the reward model in state ¢ and action [, simply
depends on the number of times that state-action pair has been explored, even if some other
states are never explored at all. This difference is intrinsic in the partial observable nature of
the POMDP, where we reconstruct information about the states (i.e., reward, transition, and
observation models) only from indirect observations. As a result, in order to have accurate
estimates of the POMDP structure, we need to rely on the policy 7 and the ergodicity of the
corresponding Markov chain to guarantee that the whole state space is covered.

e Under Asm. 1 the Markov chain f7 . is ergodic for any 7 € P. Since no assumption is made
on the fact that the samples generated from 7 being sampled from the stationary distribution,
the condition on N () depends on how fast the chain converge to w, and this is characterized
by the parameters G(7) and (7).

e If the policy is deterministic, then some actions would not be explored at all, thus leading
to very inaccurate estimations (see e.g., the dependency on f(I|y) in Eq. 6). The inverse
dependency on 7, (defined in P) accounts for the amount of exploration assigned to every
actions, which determines the accuracy of the estimates. Furthermore, notice that also the
singular values U% and 05{)2 depend on the distribution of the views, which in turn is partially
determined by the policy 7.

Notice that the first two terms are basically the same as in the bounds for spectral methods
applied to HMM (Song et al., 2013), while the dependency on i, is specific to the POMDP case.
On the other hand, in the analysis of HMMs usually there is no dependency on the parameters GG
and 6 because the samples are assumed to be drawn from the stationary distribution of the chain.
Removing this assumption required developing novel results for the tensor decomposition process
itself using extensions of matrix concentration inequalities for the case of Markov chain (not yet

14
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Algorithm 2 The SM-UCRL algorithm.

Input: Confidence 0’

Variables:
Number of samples N ) (1)
Estimated observation, reward, and transition models /(Ok), /}k), f;k)

Initialize: ¢ = 1, initial state 71,6 = 6'/NS, k =1

while ¢ < N do
Compute the estimated POMDP M® with the Alg. 1 using N®)(1) samples per action
Compute the set of admissible POMDPs M (%) using bounds in Thm. 3

Compute the optimistic policy 7*) = argmax max n(m; M)
TEP MeMk)

Set v*) (1) = 0 for all actions [ € [A]
while VI € [A],v®) (1) < 2N®) (1) do
Execute a; ~ fzm (-|y;)
Obtain reward 7, observe next observation y, yr-andsett =t +1
end while
Store N*+1)(1) = max<j, v (1) samples for each action [ € [A]
Setk=k+1
end while

in the stationary distribution). The overall analysis is reported in App. I and J. It worth to note
that, Kontorovich et al. (2013), without stationary assumption, proposes new method to learn the
transition matrix of HMM model given factor matrix O, and it provides theoretical bound over
estimation errors.

4. Spectral UCRL

The most interesting aspect of the estimation process illustrated in the previous section is that it
can be applied when samples are collected using any policy 7 in the set P. As a result, it can
be integrated into any exploration-exploitation strategy where the policy changes over time in the
attempt of minimizing the regret.

The algorithm. The SM-UCRL algorithm illustrated in Alg. 2 is the result of the integration of
the spectral method into a structure similar to UCRL (Jaksch et al., 2010) designed to optimize the
exploration-exploitation trade-off. The learning process is split into episodes of increasing length.
At the beginning of each episode k£ > 1 (the first episode is used to initialize the variables), an
estimated POMDP M®*) = = (X,A,Y,R, A(k A(k f(k)) is computed using the spectral method of
Alg. 1. Unlike in UCRL, SM-UCRL cannot use all the samples from past episodes. In fact, the
distribution of the views v, v, v3 depends on the policy used to generate the samples. As a result,
whenever the policy changes, the spectral method should be re-run using only the samples collected
by that specific policy. Nonetheless we can exploit the fact that the spectral method is applied to each
action separately. In SM-UCRL at episode k for each action [ we use the samples coming from the
past episode which returned the largest number of samples for that action. Let v(*) (1) be the number
of samples obtained during episode % for action I, we denote by N®) (1) = maxy - v*) (1) the
largest number of samples available from past episodes for each action separately and we feed them
to the spectral method to compute the estimated POMDP M®) at the beginning of each episode k.

15
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Given the estimate/(\i/ POMDP ]\7 (k) ang thg regult of Thm. 3, we construct the set MWE) of
admissible POMDPs M = (X, A, Y, R, fr, fr, fo) whose transition, reward, and observation
models belong to the confidence intervals (e.g., fék)(\z) —fo(|))|l1 < Bo for any state 7). By
construction, this guarantees that the true POMDP M is included in M) with high probability.
Following the optimism in face of uncertainty principle used in UCRL, we compute the optimal
memoryless policy corresponding to the most optimistic POMDP within M®) More formally, we
compute®

7 = argmax max n(m; M). (14)
T€P MeM(F)

Intuitively speaking, the optimistic policy implicitly balances exploration and exploitation. Large
confidence intervals suggest that M/ (%) is poorly estimated and further exploration is needed. Instead
of performing a purely explorative policy, SM-UCRL still exploits the current estimates to construct
the set of admissible POMDPs and selects the policy that maximizes the performance n(7; M) over
all POMDPs in M), The choice of using the optimistic POMDP guarantees the 7 (k) explores
more often actions corresponding to large confidence intervals, thus contributing the improve the
estimates over time. After computing the optimistic policy, 7 is executed until the number of
samples for one action is doubled, i.e., v¥) (1) > 2N*)(1). This stopping criterion avoids switching
policies too often and it guarantees that when an episode is terminated, enough samples are collected
to compute a new (better) policy. This process is then repeated over episodes and we expect the
optimistic policy to get progressively closer to the best policy 7™ € P as the estimates of the
POMDP get more and more accurate.

Regret analysis. We now study the regret SM-UCRL w.r.t. the best policy in P. While in general
7T may not be optimal, 7,;, is usually set to a small value and oftentimes the optimal memoryless
policy itself is stochastic and it may actually be contained in P. Given an horizon of NV steps, the
regret is defined as

N
Regy = Npt = "y, (15)
t=1

where 7 is the random reward obtained at time ¢ according to the reward model fr over the states
traversed by the policies performed over episodes on the actual POMDP. To restate, similar to the
MDP case, the complexity of learning in a POMDP M is partially determined by its diameter,
defined as

D .= inlE ad ; 1
e A SRR Bl (@ e asm), (16

which corresponds to the expected passing time from a state x to a state 2 starting with action a
and terminating with action o’ and following the most effective memoryless policy m € P. The

6. The computation of the optimal policy (within P) in the optimistic model may not be trivial. Nonetheless, we first
notice that given an horizon N, the policy needs to be recomputed at most O (log N) times (i.e., number of episodes).
Furthermore, if an optimization oracle to n(m; M) for a given POMDP M is available, then it is sufficient to ran-
domly sample multiple POMDPs from M®) (which is a computationally cheap operation), find their corresponding
best policy, and return the best among them. If enough POMDPs are sampled, the additional regret caused by this
approximately optimistic procedure can be bounded as O(\/N ).

16



REINFORCEMENT LEARNING OF POMDPS USING SPECTRAL METHODS

main difference w.r.t. to the diameter of the underlying MDP (see e.g., Jaksch et al. (2010)) is that it
considers the distance between state-action pairs using memoryless policies instead of state-based
policies.

Before stating our main result, we introduce the worst-case version of the parameters char-
@ 2

acterizing Thm. 3. Let 7123 := minminw, ; min Jmin(V,,(l)) be the worst smallest non-

le[A] meP ve{l,2,3}
zero singular value of the views for action [ when acting according to policy 7 and let 71 3 =

m[ilérs] mi7rj1 Omin (K %(W)) be the worst smallest non-zero singular value of the covariance matrix
le TE ’

K {l;(ﬂ) between the first and third view for action [ when acting according to policy 7. Similarly,
O]

we define 7 . We also introduce Wiy := min min minwy’(x) and
le[A] ze[X] meP

2

_ 1602y R [ Gm)2EE\ " _ 2

N = maxmaxmax{ _;l , 6002 QR, (1 6() @(l)}log (2w>a (17)
(@31) A0

Ie[A] m€P Wmin01,2,3

which is a sufficient number of samples for the statement of Thm. 3 to hold for any action and any

policy. Here @(l) is also model related parameter which is defined in Eq. 36. Then we can prove the
following result.

Theorem 4 (Regret Bound) Consider a POMDP M with X states, A actions, Y observations, R
rewards, characterized by a diameter D and with an observation matrix O € RY*X vwith smallest
non-zero singular value ox(0). We consider the policy space P, such that the worst smallest
non-zero value is 123 (resp. 71,3) and the worst smallest probability to reach a state is Win. If
SM-UCRL is run over N steps and the confidence intervals of Thm. 3 are used with 6 = &' /N° in
constructing the plausible POMDPs M, then under Asm. 1, 2, and 3 it suffers from a total regret

Regy < C T”%DX?’/ 2,/AY RN log(N/&) (18)

with probability 1 — &', where C is numerical constants, and X is the worst-case equivalent of
Eq. 13 defined as

A= O—min(O)T(IQninELE}EiI)),/QQ,?) : (19)

Remark 1 (comparison with MDPs). If UCRL could be run directly on the underlying MDP (i.e.,
as if the states where directly observable), then it would obtain a regret (Jaksch et al., 2010)

RegN S CMDPDMDPXV AN log N,
where

Dypp := max min E[r(2/|z; )],
r,r'eX ™

with high probability. We first notice that the regret is of order 6(\/ﬁ ) in both MDP and POMDP
bounds. This means that despite the complexity of POMDPs, SM-UCRL has the same dependency
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on the number of steps as in MDPs and it has a vanishing per-step regret. Furthermore, this de-
pendency is known to be minimax optimal. The diameter D in general is larger than its MDP
counterpart Dypp, since it takes into account the fact that a memoryless policy, that can only work
on observations, cannot be as efficient as a state-based policy in moving from one state to another.
Although no lower bound is available for learning in POMDPs, we believe that this dependency is
unavoidable since it is strictly related to the partial observable nature of POMDPs.

Remark 2 (dependency on POMDP parameters). The dependency on the number of actions is
the same in both MDPs and POMDPs. On the other hand, moving to POMDPs naturally brings
the dimensionality of the observation and reward models (Y,.X, and R respectively) into the bound.
The dependency on Y and R is directly inherited from the bounds in Thm. 3. The term X3/2 is
indeed the results of two terms; X and X 1/2 " The first term is the same as in MDPs, while the
second comes from the fact that the transition tensor is derived from Eq. 7. Finally, the term X
in Eq. 18 summarizes a series of terms which depend on both the policy space P and the POMDP
structure. These terms are directly inherited from the spectral decomposition method used at the
core of SM-UCRL and, as discussed in Sect. 3, they are due to the partial observability of the states
and the fact that all (unobservable) states need to be visited often enough to be able to compute
accurate estimate of the observation, reward, and transition models.

Remark 3 (computability of the confidence intervals). While it is a common assumption that the
dimensionality X of the hidden state space is known as well as the number of actions, observations,
and rewards, it is not often the case that the terms \( appearing in Thm. 3 are actually available.
While this does not pose any problem for a descriptive bound as in Thm. 3, in SM-UCRL we actu-
ally need to compute the bounds 3 (l), Bg), and Bg) to explicitly construct confidence intervals. This
situation is relatively common in many exploration—exploitation algorithms that require computing
confidence intervals containing the range of the random variables or the parameters of their distri-
butions in case of sub-Gaussian variables. In practice these values are often replaced by parameters
that are tuned by hand and set to much smaller values than their theoretical ones. As a result, we can
run SM-UCRL with the terms A\(!) replaced by a fixed parameter. Notice that any inaccurate choice
in setting A(). would mostly translate into bigger multiplicative constants in the final regret bound
or in similar bounds but with smaller probability.

In general, computing confidence bound is a hard problem, even for simpler cases such as Markov
chains ?. Therefore finding upper confidence bounds for POMDP is challenging if we do not know
its mixing properties. As it mentioned, another parameter is needed to compute upper confidence
bound is A 13. As it is described in, in practice, one can replace the coefficient D with some
constant which causes bigger multiplicative constant in final regret bound. Alternatively, one can
estimate A\(!) from data. In this case, we add a lower order term to the regret which decays as %

Remark 4 (relaxation on assumptions). Both Thm. 3 and 4 rely on the observation matrix O €
RY*X being full column rank (Asm. 2). As discussed in Sect. 2 may not be verified in some
POMDPs where the number of states is larger than the number of observations (X > Y). Nonethe-
less, it is possible to correctly estimate the POMDP parameters when O is not full column-rank by
exploiting the additional information coming from the reward and action taken at step ¢ + 1. In
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particular, we can use the triple (a;41,¥;,1,7+1) and redefine the third view V3(l) € RIX a5

Vilui = (o)) = eslas = i,z =1) = Vi ) .

y?

=P(ys = en, 13 = ep,a3 = klzg =1i,a0 = 1),

and replace Asm. 2 with the assumption that the view matrix Vg(l) is full column-rank, which ba-
sically requires having rewards that jointly with the observations are informative enough to recon-
struct the hidden state. While this change does not affect the way the observation and the reward
models are recovered in Lemma 2, (they only depend on the second view VQ(l)), for the reconstruc-

) a5

tion of the transition tensor, we need to write the third view V;

D)

!
[‘/3( ]s,i = [‘/3( )](n,m,k),i

X
Z]P)(y:g = €n, T3 = €y,a3 — k|.’E2 = ’i,ag = l,.’Eg ZJ)P(.Ig :j|.’E2 = i,ag = l)

.
I
-

I
E

P(rs = emlrs = j, a3 = k)P(ag = klys = e,)P(y3 = enlrs = j)P(23 = jlog = i,a0 = 1)

W.
<

= k\enz (emld, k) folenls) frili, 1),

where we factorized the three components in the definition of \/3(1) and used the graphical model of
the POMDP to consider their dependencies. We introduce an auxiliary matrix W € R4*X such that

Wlsj = Wlnmwj = fx(klen) fr(emls, k) fo(enl)),

which contain all known values, and for any state ¢ and action [ we can restate the definition of the
third view as
!
WT)ia = (Vs )i, (20)
which allows computing the transition model as [T;.; = WT[V?)(Z)];,Z-, where W1 is the pseudo-
inverse of W. While this change in the definition of the third view allows a significant relaxation of

the original assumption, it comes at the cost of potentially worsening the bound on J?T in Thm. 3.
In fact, it can be shown that

oy ‘ CrAYR |XAlog(1/6)
[
1 Cle8) = fr(li Dllp < Br:= max  —1g NIy 21

Beside the dependency on multiplication of Y, R, and R, which is due to the fact that now Vg(l)
is a larger matrix, the bound for the transitions triggered by an action [ scales with the number of
samples from the least visited action. This is due to the fact that now the matrix W involves not
only the action for which we are computing the transition model but all the other actions as well.
As a result, if any of these actions is poorly visited, W cannot be accurately estimated is some
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of its parts and this may negatively affect the quality of estimation of the transition model itself.
This directly propagates to the regret analysis, since now we require all the actions to be repeatedly
visited enough. The immediate effect is the introduction of a different notion of diameter. Let 7'1(‘2 .
the mean passage time between two steps where action [ is chosen according to policy m € P, we
define

maxjc AT ](\? -
Dratio = max 0 (22)

Mile A Tpy o

as the diameter ratio, which defines the ratio between maximum mean passing time between choos-
ing an action and choosing it again, over its minimum. As it mentioned above, in order to have an
accurate estimate of fr all actions need to be repeatedly explored. The D.,, is small when each
action is executed frequently enough and it is large when there is at least one action that is executed

not as many as others. Finally, we obtain

Regy < O (Tm;" VY RDrioN log NX*2A(D + 1)) .
While at first sight this bound is clearly worse than in the case of stronger assumptions, notice that
) now contains the smallest singular values of the newly defined views. In particular, as Vg(l) is
larger, also the covariance matrices K, ,/ are bigger and have larger singular values, which could
significantly alleviate the inverse dependency on 1 2 and 02 3. As a result, relaxing Asm. 2 may
not necessarily worsen the final bound since the bigger diameter may be compensated by better
dependencies on other terms. We leave a more complete comparison of the two configurations
(with or without Asm. 2) for future work.

5. Conclusion

We introduced a novel RL algorithm for POMDPs which relies on a spectral method to consis-
tently identify the parameters of the POMDP and an optimistic approach for the solution of the
exploration—exploitation problem. For the resulting algorithm we derive confidence intervals on the
parameters and a minimax optimal bound for the regret.

This work opens several interesting directions for future development. 1) SM-UCRL cannot
accumulate samples over episodes since Thm. 3 requires samples to be drawn from a fixed policy.
While this does not have a very negative impact on the regret bound, it is an open question how
to apply the spectral method to all samples together and still preserve its theoretical guarantees. 2)
While memoryless policies may perform well in some domains, it is important to extend the current
approach to bounded-memory policies. 3) The POMDP is a special case of the predictive state
representation (PSR) model Littman et al. (2001), which allows representing more sophisticated
dynamical systems. Given the spectral method developed in this paper, a natural extension is to
apply it to the more general PSR model and integrate it with an exploration—exploitation algorithm
to achieve bounded regret.
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6. Table of Notation

POMDP Notation (Sect. 2)

e indicator vector
M POMDP model
X, X, x,(i,7) state space, cardinality, element, indices
V.Y, yn observation space, cardinality, indicator element, index
A, A a, (L k) action space, cardinality, element, indices
R, R, 7,7, m, rmax reward space, cardinality, element, indicator element, index, largest value
fr(@'z,a), T transition density from state x to state =’ given action a and transition tensor
fo(ylx), O observation density of indicator y given state = and observation matrix
fr(r|z,a),T reward density of indicator = given pair of state-action and reward tensor
7, f=(aly), 1T policy, policy density of action a given observation indicator y and policy matrix
Tmin, P smallest element of policy matrix and set of stochastic memoryless policies
fr (2 |x) Markov chain transition density for policy = on a POMDP with transition density fr
Wiy wSJ ) stationary distribution over states given policy 7 and conditional on action [
n(m, M) expected average reward of policy 7 in POMDP M
nt best expected average reward over policies in P
POMDP Estimation Notation (Sect. 3)
vedl,2,3} index of the views
'vl(,l;, v vth view and view matrix at time ¢ given a; = !
K if,)j,, a,(/{)u, covariance matrix of views v, v’ and its smallest non-zero singular value given action [
MQ(I), 3(l) second and third order moments of the views given middle action [
Ag), /}f), /;l) estimates of observation, reward, and transition densities for action [
N, N(I) total number of samples and number of samples from action [
Co,CRr,Cr numerical constants
Bo, Br, Br upper confidence bound over error of estimated fo, fr, fr
SM-UCRL (Sect. 4)
Reg cumulative regret
D POMDP diameter
k index of the episode
fi(pk), /}k), fgc), M®) estimated parameters of the POMDP at episode k
MF) set of plausible POMDPs at episode &k
v (1) number of samples from action [ in episode &k
N® (1) maximum number of samples from action [ over all episodes before k
7k optimistic policy executed in episode k
N min. number of samples to meet the condition in Thm. 3 for any policy and any action
Ty worst smallest non-zero singular value of covariance K ,El)u, for any policy and action
Wmin smallest stationary probability over actions, states, and policies
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Appendix A. Organization of the Appendix

(recovery) (symmetrization)
Thm. 2 Thm. 1
(regret) (learning)
Lemma 2 Thm. 7 Thm. 6 Thm. 8
(views) (tensor decomp.) (tensor estimation) (conc. inequality)

Figure 2: Organization of the proofs.

We first report the proofs of the main results of the paper in sections B, C, D, E and we postpone
the technical tools used to derive them from Section I on right after preliminary empirical results in
Sect. F. In particular, the main lemmas and theorems of the paper are organized as in Fig. 2.

Furthermore, we summarize the additional notation used throughout the appendices in the fol-
lowing table.

AL Concentration matrix
771(1]) (yy°) mixing coefficient
p(i,1) translator of i'th element in sequence of samples given middle action [ to the
actual sequence number
Sl i'th quadruple consequence of states random variable given second action !

i'th quadruple consequence of states given second action [
Sfll sequence of all S for i’ € {i,...,j}

sill sequence of all s”I' for i’ € {4,...,j}
Bl i'th triple consequence of views random variable given second action [
bilt i'th triple consequence of observation given second action [

Bl sequence of all B! for i’ € {i,...,j}
bilt sequence of all bl for i’ € {i,...,j}

For the tensor A € R91*d2--xdp " and matrices {V; € R%™ : i € {1,...,p}}, the tensor multi-
linear operator is defined as follows
For the i1, 12, ...,7, — th element

[A(V1, Va, ..., Vp)]il,ig,...,ip Z Ajl7j27---7jp6{1727---7p} [Vl]jhil [V2]j2,i2 T [Vp]jpvip
jl,jg,...,jpe{l,Q,...,p}
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Appendix B. Proof of Lemma 2

The proof proceeds by construction. First notice that the elements of the second view can be written
as

! !
Valai = V3 )y
=Py, = eyn|re =i,a2 = 1)P(r2 = epy|2z2 = 0,02 = 1)
=P(yy = en|z2 = 1,00 = 1) fr(en|i,l),

where we used the independence between observations and rewards. As a result, summing up over
all the observations n’, we can recover the reward model as

Y
rem i) Z (23)

for any combination of states ¢ € [X]| and actions [ € [A]. In order to compute the observation
U]
as

model, we have to further elaborate the definition of V,,
l l
Ve Yo = Ve Yy
_ Plag = l|lzy = i,yy = e )P(yy = ep|zy =)
]P)(CLQ = l|.’E2 = Z)
fﬂ(”en’)fO(en’M)fR(em’|iu l)
]P(CLQ = l|.CC2 = ’L) '

']P)('T'Q =€y |T2 = i,a2 = l)

Since the policy fr is known, if we divide the previous term by f(l|e,) and sum over observations
and rewards, we obtain the denominator of the previous expression as

R Y 1
2:: Z:: z\en T Plag =l = 1)

Let p(i,1) = 1/P(ay = l|xo = i) as computed above, then the observation model is

& V2(l) (n m'),i
O (e i) Z ool (24)
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Repeating the procedure above for each n’ gives the full observation model f(()l). We are left with

the transition tensor, for which we need to resort to the third view Vg(l), that can be written as

VaDlgi = Vil s

I
] 5

]P’(y3 = en//’{lZ‘Q = i,a2 = l,x3 :j) ']P)({li‘g = j’{lZ‘Q = i,a2 = l)

[
Il
-

P(ys = epr|v3 = j)P(23 = jloe = i,a2 =)

I
.MN

<
I
—

I
]~

fo(enl) fr(jli,1), (25)

<.
I
—

where we used the graphical model of the POMDP to introduce the dependency on z3. Since the
policy fr is known and the observation model is obtained from the second view with Eq. 6, it is
possible to recover the transition model. We recall that the observation matrix O € RY *¥X is such
that [O],, ; = fo(ey|j), then we can restate Eq. 25 as

OT)i.; = [ViV).. (26)

where [T7); . ; is the second mode of the transition tensor 7' € RX*XXA Gince all the terms in O

are known, we finally obtain [T, .; = OT[%(“]:’” where O is the pseudo-inverse of O. Repeating
for all states and actions gives the full transition model fr.

Appendix C. Proof of Thm. 3

The proof builds upon previous results on HMM by Anandkumar et al. (2012), Song et al. (2013),
Thm. 10, Appendix I, . All the following statements hold under the assumption that the samples
are drawn from the stationary distribution induced by the policy m on the POMDP (i.e., fr ). In
proving Thm. 4, we will consider the additional error coming from the fact that samples are not
necessarily drawn from fr ..

We denote by o1(A) > o9(A) > ... the singular values of a matrix A and we recall that the

covariance matrices K", have rank X under Asm. 2 and we denote by oV, = ox(K ® ) its

v,/ v v
smallest non-zero singular value, where v,/ € {1,2,3}. Adapting the result by Song et al. (2013),
we have the following performance guarantee when the spectral method is applied to recover each

column of the third view.

Lemma5 Let ﬁg)z € Rgg’ and & (i) be the estimated third view and the conditional distribution
@

min

computed in state 1 € X using the spectral method in Sect. 3 using N (1) samples. Let w
O]

mingecy wr’ (x) and the number of samples N (1) is such that
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2
G7r)2\_/§+1
N> | 5 = o | 10060 )
“hin min {0—1211111(VV )} Y
ve{l1,2,3}
@(l):max 216)(;3 Mt 9 (l) 2\/§X (l) (28)
G} (wip)d  Clom, min {07, (V7))

where C is numerical constants and dy, ds are dimensions of first and second views. Then under
Thm. 16 for any § € (0,1) we have

H[V(l)] [V(l)];7 H < e

with probability 1 — § (w.r.t. the randomness in the transitions, observations, and policy), where®

4[ 242 log(2i&td2)y g
63(l) = G( ) 0) n 0 (l];/[ (29)
( mln) (1 0(”)) Whin
and
2(dq do+ds)
2v/2G(n )2\/_+§ 1og(7N1(; 3)) (64G( )2f(+D log(QM)
() = g Mys NG
2 mln VI/ 3
()t min {own (V)P min {od, (V7)) ()19

Notice that although not explicit in the notation, e3(1) depends on the policy 7 through the term
o

mln
Proof We now proceed with simplifying the expression of e3(1). Rewriting the condition on N (1)

in Eq. 27 we obtain

o) ; 2 7Oy 2
log(2(iti)y ([ “min 15y i (Vo) }
O omeg

7. More precisely, the statement should be phrased as “there exists a suitable permutation on the label of the states such
that”. This is due to the fact that the spectral method cannot recover the exact identity of the states but if we properly
relabel them, then the estimates are accurate. In here we do not make explicit the permutation in order to simplify the
notation and readability of the results.

8. Notice that e3(!) does not depend on the specific state (column) 3.
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Substituting this bound on a factor log(QW) /N (1) in the second term of Eq. 29, we obtain

lo (2(d1d2+d3))
a < YRR (016 255) log (2]
emit) =
(O ; (VO3 ; 2 (0 @ y1.5 N(l) ’
((wmm)2 Ver{ql’;l’:g}{o—mm( v )}) (Ver{ql’;l’:g}{o-mln( v )})(wmln)
which leads to the final statement after a few trivial bounds on the remaining terms. |

While the previous bound does hold for both the first and second views when computed inde-
pendently with a suitable symmetrization step, as discussed in Section 3, this leads to inconsistent
state indexes. As a result, we have to compute the other views by inverting Eq. 4. Before deriving
the bound on the accuracy of the corresponding estimates, we introduce two propositions which will
be useful later.

Proposition 6 Fix ¢ = (51,52, ,Sy2Rra)) @ point in (Y2)RA — 1 simplex.® Let & be a random
one-hot vector such that P(§ = e;) = g; foralli € {1,...,(Y)?RA} and let £,,&,,..., &N be N
N

i.i.d. copies of € and ¢ = % > &; be their empirical average, then
J

R log (1/6
¢ sl < (/220D

with probability 1 — 0.

Proof See Lemma F.1. in Anandkumar et al. (2012). |

Proposition 7 Let K ?El)l be an empirical estimate of K él% obtained using N (1) samples. Then if

log(1/6)

N(l) > 4—=—, (30)
(o5))?
then
log (1/6) .
. N 2 |log(3)
I(ES)T = (B < <= ,
, l log (1/6 @) N(l
:(3)1 - %v((zg ) 73,1 0

with probability 1 — 6.

Proof Since K 351)1 =E [v:(f) ® vgl)] and the views are one-hot vectors, we have that each entry of
the matrix is indeed a probability (i.e., a number between O and 1) and the sum of all the elements

9.SuchthatVi =1,...,d* ¢ >0and y_, = L.
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in the matrix sums up to 1. As a result, we can apply Proposition 6 to K él)l and obtain

log (1/9)

l (1

€1y

with probability 1 — §. Then the statement follows by applying Lemma E.4. in Anandkumar et al.
(2012). |

The previous proposition holds for K. él)l as well with 05{)1 replacing U:(sl,)r We are now ready to

state and prove the accuracy of the estimate of the second view (a similar bound holds for the first
view).

(1 . . . . . . .
Lemma8 Let V2( ) be the second view estimated inverting Eq. 4 using estimated covariance ma-

trices K and —[Vg(l)];,i, then if N (1) satisfies the conditions in Eq. 27 and Eq. 30 with probability
1-39

R 21
H[VQ(l)]:,z' - [V2(l)]:,iH2 = eo(l) = RO es(l)-
o
3,1

Proof For any state ¢ € X and action | € A, we obtain the second view by inverting Eq. 4, that is
by computing
! !
V3L = K () Vs L

HY s B

(@)

To derive a confidence bound on the empirical version of 1 ;, we proceed by first upper bounding
the error as

(1 ! l l
Va1 = Ve Lill, <IEST — RS2 I NVA Tl
l o~
+ IED 2l (ESDT = (B NVl
l <5 l
+ IS NS 2l P)i = VAl

The error HK& — I?éq |l2 can be bounded by a direct application of Proposition 6 (see also Eq. 31).
Then we can directly use Proposition 7 to bound the second term and Lemma 5 for the third term,
and obtain

3 [log(3) 18e; (1) 21e3(1)
Hz— (z N(1) Tt S0

0'71 0'71

V5] = Vi),

where we used H(Kél)l)THQ < 1/0:(3{)1, ||K§l)1”2 < 1and H[V3(l)];,i||2 < 1. Since each of the bounds
we used hold with probability 1 — 4, the final statement is valid with probability at least 1 — 36. W

We are now ready to derive the bounds in Thm. 3. L R
Proof [Proof of Thm. 3] We first recall that the estimates fr, fo, and fr are obtained by working
on the second and third views only, as illustrated in Sect. 3.
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Step 1 (bound on fr). Using the empirical version of Eq. 5, the reward model in state ¢ for action
l is computed as

Y
em|zl Z

n/=1

Then the ¢1-norm of the error can be bounded as

1Fr(16,0) = fr(li DIk

I
[]=
5'2\>

o
3
=
kh
=

o
3
=

NE

m/=1"'n'=1 n'=1

where we use ||v]|1 < VY R||v]|2 for any vector v € RY . Applying Lemma 8 we obtain

o _ Ch Y Rlog(2Y2£Y AR
frC5, D) — fr(|5, D] < Bg := \/ )
1fr(5, 1) = fR(|6, DI < Br 003 vy N()

where Cg is a numerical constant.
Step 2 (bound on p(i,l)). We proceed by bounding the error of the estimate the term p(i,l) =
1/P(ag = l|xe = i) which is computed as

and it is used to estimate the observation model. Similarly to the bound for fr we have

l < (0 sm’)i — [VQ(Z)](n’,m/),i’ < 1 0 (1)
| ( Z | Z Z (l|6 /) () H[VQ ]371' - [‘/2 ]:,iH1
m/=1n'=1 " Tmin
VYR ! VYR . .
< (l) H [VQ( )]171 [VQ HQ < 21 OINO) 63(1) =: Ep(za l)7 (32)
min 3,1 " min

()

where 71 = minycy fr(l|y) is the smallest non-zero probability of taking an action according to
policy 7.
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Step 3 (bound on fp). The observation model in state ¢ for action [ can be recovered by plugging
the estimates into Eq. 5 and obtain

(nmz
o (et 25: f et

where the dependency on [ is due do the fact that we use the view computed for action /. As a result,
the ¢1-norm of the estimation error is bounded as follows

(1 l
1 ([VQ( )](n/,m’),i [VQ( )](n/,m/),z’> ‘

7, Dp(i, 1)
1 (& &N s = Ve D iwramr] |pli 1) — Y
<o (X 3 P " (;Z%”m)

pli, l)p

(@) 1 VYR =) |p(i,l) — i, l)| R 0

= &(ﬁ(%l)“[‘é ] [V2 H2 p(i,1)p(i,1) <mle[V2 ](n’,m’),i))
©_L (VYR o, aliD

= ! (ﬁ(ivl)q(l) " ﬁ(i,l)p(i,l))

O]

min 3,1

< %(21@63@) +ep(i,l)>,

where in (a) we used the fact that we are only summing over R elements (instead of the whole

Y R dimensionality of the vector [VQ(l)];,i), in (b) we use Lemmas 5, 8, and in (c) the fact that
1/p(i,1) = Plag = ljxe = ] < 1 (similar for 1/p(4,1)). Recalling the definition of €,(¢,[) and
Lemma 5 and Lemma 8 we obtain

IFDC) ~ foll)lh < —p— VT Res(l)

o \/YRlog@%)
> min {03, (V")) N() ’

- ROPRO)
(ﬂ-min) 1 3( mln) ve{1,2,3}

where C is a numerical constant. As mentioned in Sect. 3, since we obtain one estimate per action,
in the end we define fp as the estimate with the smallest confidence interval, that is
)

fo:fg*), [* = arg min B ,
(75}
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whose corresponding error bound is

R Co Y Rlog(2Y°+YAR)
[fo(en i) — folenli)|| < Bo := min \/ -
' ' (Sl () )20y (wh)? min (o, (VD) N
’ ve{1,2,3}
The columns of estimated O!) matrices are up to different permutations over states, i.e. these
matrices have different columns ordering. Let’s assume that the number of samples for each action

is such a way that satisfies Bg) < dTO, V1 € [A]. Then, one can exactly match each matrix O() with

O"") and then propagate these orders to matrices VQ(Z) and Vg(l), Vi € [A]. The condition Bg) < dTO,
VI € [A] can be represented as follow

16C3Y R

N(l) > . VielA
0= gae Vel

Siep 4 (bound on fr). The derivation of the bound for fT is more complex since each distribu-
tion fr(-|x,a) is obtained as the solution of the linear system of equations in Eq. 26, that is for any
state ¢ and action [ we compute

-~

[T);.0 = OV, (33)

where O is obtained plugging in the estimate fo.lo We first recall the following general result for
the pseudo-inverse of a matrix and we instance it in our case. Let W and W be any pair of matrix
such that W = W + E for a suitable error matrix E, then we have Meng and Zheng (2010)

1+45
2

e (A 64
where || - ||2 is the spectral norm. Since Lemma 8 provides a bound on the error for each column of
VQ(Z) for each action and a bound on the error of p(i,[) is already developed in Step 2, we can bound
the ¢o norm of the estimation error for each column of O and O as

H5—Om$uﬁ—mws¢fpﬁ89. (35)
S

We now focus on the maximum in Eq. 34, for which we need to bound the spectral norm of the
pseudo-inverse of the estimated W. We have ||Of||; < (ana))*l where ox(0) is the X-th
singular value of matrix O whose perturbation is bounded by ||O — O||,. Since matrix O has rank
X from Asm. 2 then

S oGyt < L 10— Ol ! 10 = Ollr
10|z < (6x(0)) 1§UX(O)(1+ % (0) >§UX(0)<1+ 2 (0) )

10. We recall that fo corresponds to the estimate fg) with the tightest bound Bg).
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We are now ready to bound the estimation error of the transition tensor. From the definition of
Eq. 33 we have that for any state ¢ = 1, ..., X the error is bounded as

-~ -~ A [ (1 l s
1Tt = Tivallo < 1Ty = Tl < 1107 = Ol VA o + VY = Vi 10|07 o

In Lemma 5 we have a bound on the /9-norm of the error for each column of V3(l), thus we have
HXA/?)(Z) —V3(l) l|l2 < HXA/?)(Z) —V3(l) |7 < 18v/Xe3(1). Using the bound on Eq. 34 and denoting |]V3(l) lla =
Jmax(%(l)) we obtain

1T 0=Tscall2
1+\/5H5—OHF< H5—OHF> 0 1 ( H@—OHF>
< 1+ Omax (Vo) + 18V X es(1 1+ ===
=2 ox(0) ox(0) (V57) 3 )JX(O) ox(0)
2 10 - O|lp OVIA
<= (14 2= FEN(, - 18V Xes(1)).
< 57 (14 2= (e V10 - Ol + 18V Fes)
Finally, using the bound in Eq. 35 and bounding amaX(V:g(l)) < VXM
-~ 4 ()
Tt —Tills < ——— (X 18V Xes(1
H 0,0 z,.,lH2 > O'X(O) ( llél[lj‘l} BO + 8\/_63( ))
B Cr \/X2YRlog(8/5)
~ ox(O)(m) 2ot ® i {0t WOV N

thus leading to the final statement. Since we require all these bounds to hold simultaneously for all
actions, the probability of the final statement is 1 — 3AJ. Notice that for the sake of readability in
the final expression reported in the theorem we use the denominator of the error of the transition
model to bound all the errors and we report the statement with probability 1 — 24 A6 are change the
logarithmic term in the bounds accordingly.

|

Appendix D. Proof of Theorem 4

Proof [Proof of Theorem 4] While the proof is similar to UCRL Jaksch et al. (2010), each step has
to be carefully adapted to the specific case of POMDPs and the estimated models obtained from the
spectral method.

11. This is obtained by HV;Z) Iz < \/X||V3<l) |1 = VX, since the sum of each column of ng is one.
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Step 1 (regret decomposition). We first rewrite the regret making it explicit the regret accumulated
over episodes, where we remove the burn-in phase

t(k+1) _1

RegN < Z < Z ( - Tt(xta%k(yt))> + Tmax¢>
t=t(¥)
K t(k+1) _q
= Z (77+ - Tt(xta %k(yt))> + Tmawav
k=1 ¢=¢tk)

where r4(xy, i (y,)) is the random reward observed when taking the action prescribed by the op-
timistic policy 7, depending on the observation triggered by state x;. We introduce the time steps
T = {t: ¢t <t < tk+1>} TR ={teT® =1}, TW(@,1)={teT® 2, =
x,a; = 1} and the counters v(*¥) = |7k \ v®) (1) = \T(k ( ), v (2, 1) = [T®) (,1)],
recall that N (%) (1) denotes the number of samples of action [ available at the beginning of episodes
k used to compute the optimistic policy 7;. We first remove the randomness in the observed reward
by Hoeffding’s inequality as

#0401 ) Tog L
P Z Tt(xtv%k(yt)) < Zv(k)(xal)F(xal) — Tmax Tg

t=t(k) x,l

where the probability is taken w.r.t. the reward model fr(-|z,a) and observation model fo(-|x),
7(x,1) is the expected reward for the state-action pair x, [. Recalling the definition of the optimistic
POMDP M*) = arg max ;e v k) Maxyep n(m; M), we have that n* < 77(]\7(’“); 7k)) = 7k,
then applying the previous bound in the regret definition we obtain

Regy < ZZZv(k)(:c,l) (ﬁ( ) — (1 ) +rmaxV/ N 1og 1/6 + rmax K1),

k=1z=1 [=1

Ak)

with high probability, where the last term follows from Jensen’s inequality and the fact that ) vk =
N.

Step 2 (condition on N([)). As reported in Thm. 3, the confidence intervals are valid only if for
each action I = 1,..., A enough samples are available. As a result, we need to compute after how
many episodes the condition in Eq. 9 is satisfied (with high probability). We first roughly simplify
0

the condition by introducing @, = mingecp mingey w,(rl ) (z) and

¥ - s s { 4  16C3YR C3 @(l)} log(2Y2 + YAR)
T l ’ 2 (1 l ’
A e AV @2 min {0, (W)} g
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1
6" = max 216Xl3 e 2/2X 0 (36)
013 (wfn)m) 3 Cl wmln 1{1%1513}{0-111111( )}

We recall that at the beginning of each episode k, the POMDP is estimated using NV (’“)(l) which
is the largest number of samples collected for action [ in any episode prior to k, i.e., N (k)(l) =

maxg/ <k v(k’)(l ). Thus we first study how many samples are likely to be collected for any action

I in any episode of length v. Let T](V[) is the mean passage time between two steps where action [

is chosen according to policy m € P then we define 7'](\/[) = maXyep T](\}W = maxqep E[T(,1)],
where 7 (1,1) is random variable and represent the passing time between two steps where action [

is chosen according to policy m € P. By Markov inequality, the probability that it takes more than

9

, we have that within each interval we have a probability of 1/2 to observe
O]

a sample from action /, and thus on average we can have a total of v/47;; samples. Thus from
Chernoff-Hoeffding, we obtain that the number of samples of action [ is such that

27'1(\2) to take the same action [ is at most 1/2. If we divide the episode of length v into v/2

intervals of length o)

P{az €Al v() > — - ”log((lA)/é)} >1-4.
41,/ 27)s

At this point we can derive a lower bound on the length of the episode that guarantee that the desired
number of samples is collected. We solve

v Julog(4/d)

50

>N,
47'](\14) T

and we obtain the condition

Vo > \/QTM log(A/8) + \/2TM log(A/8) + 167y N,

which can be simplified to
v > 7= 247N log(A/5). (37)

Thus we need to find a suitable number of episodes K such that there exists an episode k' < K
such that v(*') satisfies the condition in Eq. 37. Since an episode is terminated when an action [
(v*)(1)) is selected twice the number of samples available at the beginning of the episode (N *) (1)),
we have that at episode k there was an episode in the past (k' < k) with at least 2¢ steps with
¢ = max{n € N: An < k}, where A is the number of actions (i.e., after Ac episodes there was
at least one episode in which an action reached 2¢ samples, which forced the episode to be at least
that long). From Cogdition in Eq. 37, we need 2¢ > ©, which in turn gives K > Alog,(7), which
finally implies that K’ < Alog,(7) 4+ 1 is a sufficient condition on the number of episodes needed to
guarantee that all the actions have been selected enough so that the condition of Thm. 3 is satisfied.

37



AZ1ZZADENESHELI LAZARIC ANANDKUMAR

We are just left with measuring the regret accumulated over the first K episodes, that is

K415+ 1 K+1 K+1 N
Z Z (77+ - Tt(xta 7Afk(:'/t))) < Pmax Z U(k) < Tmax Z A2k < 4"”maxlélQK < 4147qmax(5 + 1)7
k=1 ¢=¢(k) k=1 k=1

(38)

where in the first step we maximize the per-step regret by 7y, and then we use a rough upper bound
for the length of each episode (as if the length is doubled at each episode) and finally we use the
upper-bound on K.

Step 3 (failing confidence intervals). Even after the first K episodes, the confidence intervals used
to construct the set of POMDPs M ) may not be correct, which implies that the true POMDP M
is not contained in M*). We now bound the regret in the case of failing confidence intervals from
Thm. 3. We have

K ikt K N
Rfail _ Z ( Z (77+ — rt(xt,%k(yt))> ]].MQM(}C)> < Tmaxzv(k)]lMgM(k) < Tmaxzt]lMgM(t)v
k=1 t=t(k) k=1 t=1

where M) denotes the set of admissible POMDPs according to the samples available at time ¢.
We recall from Step 2 that the number of steps needed for the statement of Thm. 3 to be valid is
T = 4(v + 1). If N is large enough so that £ < N'/4 | then we bound the regret as

|_N1/4J N N
Rfml < Z ﬂlM%M(t) + Z t]lMQM(t) < \/N-F Z t1M¢M<t)~
t=1 t=|N1/4]4+1 t=|N1/4|4+1

We are left with bounding the last term. We first notice that if we redefine the confidence intervals
in Thm. 3 by substituting the term log(1/8) by log(t°/6), we obtain that at any time instants ¢, the
statement holds with probability 1 — 24 A5 /t%. Since

i 24A < 24A / 244 24A 24A 144 A 30A
L

6 — N6/4 N1/4] 16 di N6/4 + 5N5/4 = 5N5/4 — N5/47
t=|N/4]+1
then M is in the set of M¥) at any time step | N'/4| < ¢t < N with probability 1 — 3045 /N4,

As a result, the regret due to failing confidence bound is bounded by /N with probability 1 —
3046 /N5/4,

Step 4 (reward model). Now we focus on the per-episode regret A®) for k > K when M is
contained in M}, and we decompose it in two terms

S

A

X A
AF <3S 0 ®) (a,1) (ﬁ(k) — ) (g, l)) +3°% o (a1 (rn(k) (1) — 7(x, 5)),

z=11=1 a=1 =1
(a)

(b)
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where 7(¥) is the state-action expected reward used in the optimistic POMDP M®) . We start by
bounding the second term, which only depends on the size of the confidence intervals in estimating
the reward model of the POMDP. We have

gZka) x, l ‘A{ )(x',l)—f(x',l)‘
=1 z=1

(k)
v\(1) max |

Il
] =

(2, 1) — F(m,l)‘

~

1

o BEY,

IN
[\]
[]=

=1

where Bg’l) corresponds to the term B}, in Thm. 3 computed using the N (* )(l ) samples collected
during episode k() = arg max, <, v(* /)}L

Step 5 (transition and observation models). We now proceed with studying the first term (a),
which compares the (optimal) average reward in the optimistic model M) and the (optimistic)
rewards collected on the states traversed by policy 7*) in the true POMDP. We first recall the

Poisson equation. For any POMDP M and any policy m, the action value function Q a7 : X x A —
R satisfies

Qr (2, 0) = 7, a) nﬁsz '\, a) (Zfﬂ (1) Qr (', ) (39)
= 11 ZfT '|z,a (Zfﬂ 2) Qa1 (@', )) = Qrau( a),

where fr(a'|2") = >°, fo(y|z') f(a'|ly) and terms such as 7 and fr depend on the specific POMDP.
We define the function @, y/(z, 1) as

min Qr (1) — malx Qrm(z,1)

QW,M(x7l) = Qr(,1) — 9 )
which is a centered version of @ as(x,[). In order to characterize @, we introduce a notion of
diameter specific to POMDPs and the family of policies considered in the problem

D := max min E[T' (2, I'|M, 7, z,1)],
za'e[X], LI'e[A] m€P

where T'(«/,lI'| M, m, x,1) is the (random) time that takes to move from state x by first taking action [
and then following policy 7 before reaching state x’ and performing action I’. An important feature
of the diameter is that it can be used to upper bound the range of the function Q) 17 computed using
a policy derived from Eq 14 in an optimistic model. The proof of this fact is similar to the case of
the diameter for MDPs. We first recall the definition of the optimistic policy

7k = ;M 40
T arggleanggﬁk)n(m ), (40)
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while Mj, is the optimistic model. The joint choice of the policy and the model can be seen as if a
POMDP M ™ with augmented action space A’ is considered. Taking an action a’ € A’ in a state
2 corresponds to a basic action a € A and a choice of transition, reward, and observation model
from M*). We denote by PM™®) the corresponding augmented policy space using 7 and the
set of admissible POMDPs M%) As a result, for any augmented policy 7+ executed in M we
obtain transitions, rewards, and observations that are equivalent to executing a (standard) policy 7
in a specific POMDP M € M®) and viceversa. As a result, computing 7(%) and the corresponding
optimistic model M M®*) s equivalent to choosing the optimal policy in the POMDP M M. Since the
true POMDP of diameter D is in M) with high-probability, then the diameter of the augmented
POMDP M is at most D. Furthermore, we can show that the optimal policy has a Q-value with
range bounded by D. Let us assume that there exists state-action pairs (z,a), (2’,a’) such that
Q%W’M(,ﬁ) (z,a) — Q%W’M(,ﬁ) (2',a") > rmaxD. Then it is easy to construct a policy different from

7(¥) which achieves a better Q-value. We already know by definition of diameter that there exists a
policy moving from z to 2’ in D steps on average. If from z’ the optimal policy is followed, then
only rmax D reward could have been missed at most and thus the difference in action-value function
between x and z’ cannot be larger than 7. D + 1, thus contradicting the assumption. As a result,
we obtain

max Q%(k)vf/[(k)(ﬂc,a) - I£I7ian Q%(k)vf/[(k)(x, a) < rmaxD (41)

and thus

ra) D+1
Q%(k)yjf\\/['(k) (xﬂ CL) (xu l) < Tmax ( ) .

By replacing @) with @ in the Poisson equation for the optimistic POMDP characterized by the
transition model ka) and where the observation model is such that the policy 7 takes actions

according to the distribution f;lf,z) (+|z), we obtain
Z (2|, 1) (Z]ﬂm( /‘x/)@%(k)ﬂ(k) (x’,a’)) _@%(k),ﬁ(k) (z,1)
= Z o'z, 1) (Z]ﬁm (I'l2")Q (k)ﬂ(k)(ﬂﬁ/al/))
—ZfT |z, 1) (Zf~ (V2@ 700 (@ 1)
+ Z fr(@'|2,1) ( Z Froo (U12") Q) 700 (2 l’)) — Qzo0 5700 (2,1)
= ZZ (A2 @', 1) ﬁ(kxz’ra:') = fr(@ 2, ) faoo (U12) Q) 5700 (7' 1)

(c)
JFZfT ‘|, 1) (Zf~ (I'l2")Q ﬂk)ﬂ(k)(ﬂﬁ/al/)) —Qw)ﬂ(k)(%l)-

¢ (1)
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The term (c) can be further expanded as
Z Z ((FP@'Le,0) = fr(alle, 0) L 1) = fria/la, (TR W) = frw (121)) ) Qcer g7 (&', 1)

(Z%’“ o) = fr(@ln. D]+ 3 fr(a ra:zzm (12" = Froo @12 ) 1@zc0 7700 o

(d) (d)

where we used the fact that >, f.(ﬁ]f,z) (I'|=") = 1. For the first term we can directly apply the bound
from Thm. 3, Eq. 12 and obtain

(d) = |7 (e, 1) = fr(lz, D] < 2V XBED.

As for (d'), the error in estimating the observation model is such that

ZZi (') — folyla )| £5) ('ly) = Z| \(yl') — folyla')] < 285,

Plugging back these two bounds into (c¢) together with the bound on Q ®) 3T (x,1), we obtain

(D+1)

(0) < 2(VXBEY + B )rpas 5

The term (a) in the per-episode regret is thus bounded as

(D+1)

(@) < 2(VXBED 1+ BE) 1 +(®(,0).

Step 6 (Residual error). We now bound the cumulative sum of the terms ¢(¥)(z,1). At each
episode k we have

X A t(k+1)
SN oW @ ¢ @) = YN oo ) (Zf~<k> 12" Qw700 (2, )) Qz 770 (T 1),
z=1 =1 t=t(k) x’
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we introduce the term Q%(k) 0 (z¢4+1,l1+1) and we obtain two different terms

X A
DY oW, W (1)
z=1 [=1

t(k+1)

=) frl@aly) (Zf%(k) V2" Qz00 3700 (2", )) — Qzo0 10 (Te41, L1

t=t(k) =z’

+ Q%(k%ﬁ(k) (xt—l—lalt-i—l) Q~(k) M(k)(xtalt)
t(k+1)

Z ZfT |~’Ut,lt (Zf%(m l|$ 7(k) NIk (l”lal,)> _Q%(k)j/f(k)(xwrl,lﬁl)"‘TmaxD,

t=t(k) =z’

Y:

where we use the fact that the range of @%W 27 1s bounded by the diameter . We notice that

E[Yi|z1,a1,y1,. .., x¢,ae,9:) = 0 and |V < rpax D, thus Y; is a martingale difference sequence
and we can use Azuma’s inequality to bound its cumulative sum. In fact, we have

N
Y v < D\/2N log(N5/4/8)
t=1

with probability 1 — §/N 5/4 As a result we can now bound the total sum of the terms ¢(*)

X A N
Z U(k .’E l C(k .’E l Z + TmaxKD < TmaxD\/QN IOg N5/4/5) + TmaXKD
rz=1[=1 t=1

Step 7 (per-episode regret). We can now bound the per-episode regret as

A

D+1
b < Zv<’“>(1)2(6§§’” + (VEBED 1 B P >>.

Recalling the results from Thm. 3, we can bound the first term in the previous expression as

A k) 1
AF) < 3rmax(D + 1)v/d' log(N6/0) (CO +Cr+ CTX3/2) Z v)\(k(ll)) N&®)(1)
=1

Since the number of samples N (k)(l) collected in the previous episode is at most doubled in the
current episode k, we have that N(¥)(1) > v(¥)(1) /2, then we obtain

1

A®) < Oy (D + 1)/ log(N®/8) (Co + Cr + CrX%?) max | o

Step 8 (bringing all together). Now we have to recollect all the previous terms: the number of
episodes needed to use Thm. 3 (Step 2), regret in case of failing confidence intervals (Step 3), and
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the per-episode regret (Step 7). The result is

Regy
K
< rmax( V/N 1og(N6/6) + 4Armax (T+ 1) + VN + D\/QN log(N3/4/8) + rmaXKD) + Z AR,
Step 1 Step 2 Step 3 Step 6 k=K+1

The last term can be bounded as

K
> A< w\u\m’ log(N6/5)(Co + Cr + CrX3/?).

k=K+1

where A = miny, ; A& and it is defined as in the statement of the theorem. Since K is a random
number, we need to provide an upper-bound on it. We can use similar arguments as in Step 2. Given
the stopping criterion of each episode, at most every A steps, then length of an episode is doubled.
As aresult, after K episodes, we have these inequalities

K K/A
N =3 0® > 3 ok > 9k/4,
k=1 k=1

As a result, we obtain the upper bound K < K < Alog, N. Bringing all the bounds together we
obtain the final statement with probability 1 — 6 /(4N°/4).
|

Appendix E. Proof of Remark 2 in Section 4

We first prove the bound on the transition tensor, which requires re-deriving step 4 in the proof of
Thm. 3.
Proof

Step 4 (bound on f7). The derivation of the bound for fT is more complex since each distribution
fr(-|z,a) is obtained as the solution of the linear system of equations like Eq. 7, that is for any state
1 and action [ we compute

[T]i,:,l = WT[‘/g(l)]:,ia

and derive transition tensor as follows

T);.0 = WV, (42)

where T is obtained plugging in the estimates of fo and fR and the policy fr. We first recall
the following general result for the pseudo-inverse of a matrix and we instance it in our case. Let
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W and W be any pair of matrix such that W = W + E for a suitable error matrix E, then we
have Meng and Zheng (2010)

_ 14++/5 =
W= 7 < 2 e (v 157 11 @)

where || - ||2 is the spectral norm. From the definition of W and V2(l) we have

[W]s,j = [W](nmk fﬂ(k|en) (embv ) (enU)
Vi lsi = Vi lowrmiyi = iy ) fr(Uenr) folen|i) fr(€m iy 1)

Then it is clear that any column j of W is the result of stacking the matrices VQ(Z) over actions
properly re-weighted by p(i, 1), that is

1 l A
v 1T V" 1T Vy ﬁfjr

p(,1) e p(j,A)

Wl.; = [

The same relationship holds for W and ‘72(1). Since Lemmas 8 and Eq. 32 provide a bound on the
error for each column of V2( ) for each action and a bound on the error of p(i,1) is already developed

in Step 2, we can bound the ¢5 norm of the estimation error for each column of W and W as

A RY ’\l

)i [V(l)] n/,m’),i 2
H[ ]:,z_ Z”2_Z Z ( B Qp(fi,l) : ) '

I m'n

Following similar steps as in Step 3, each summand can be bounded as

S>> l
[VQ( )](n’,m/),i [VQ( )](n’,m
7i,1) o(ir0)

Then the ¢5-norm of the error is bounded as

W 0 (! LV S 0
Wi = Wil < v Vy L — Ve s e
7= 0Vl < | S0~ 02"l + ;(pw o) PR

IN
(]
[SA
[\S
l\?:
/
(]
7~
==
|
-
~_
Do

=1 =1 pli pli
A 63([)2 A
<201 ) o T > el
=1 931 =1
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Now we can bound the spectral norm of the error in estimating W as

W = Wls < |[W = Wl < 40VX YRZﬂ. (44)

=1 J3 lﬂmzn

We now focus on the maximum in Eq. 34, for which we need to bound the spectral norm of the
pseudo-inverse of the estimated V. We have HWTHQ < (UX(W)) where UX(W) is the X-th
singular value of matrix W whose perturbation is bounded by HW — W||2. Since matrix W is a
rank X matrix on Asm. 2 then

i eyt ] W — W], W — Wi
W2 < (ox (W) SUX(W)<1+ (V) >§UX(W)<1+ o (V) >

We are now ready to bound the estimation error of the transition tensor. From the definition of
Eq. 33 we have that for any state ¢ = 1, ..., X the error is bounded as

7 = T ! > (l I
1T = Toctllz < I Ts = Toalle < W= W[V o + [T = VO o[ W

(l), thus we have
||173(l) —Vg(l) ll2 < ||173(l) —Vg(l) |7 < 18v/Xe3(1). Using the bound on Eq. 34 and denoting ||V3(l) ll2 =
amaX(VS(l)) we obtain

In Lemma 5 we have a bound on the ¢5-norm of the error for each column of V.

N

. 1+VB|W =W W-—Ww 1 W —
1 T0 — Tiall2 < V5] I (1 + u>am(v3<“) + 18V X e (1) <1 + |

2 ox (W) ox (W) ox (W)

) [W — Wiir

< e (1 o ) (o T =Wl 15X 0)

Using the bound in Eq. 44 and JmaX(V3 ) < /X we obtain

1750 = Tiall < (0vX2VR Z +18VXes())
X ( ) =1 03 17Tmzn
log(8/d
< OrVAX?Y R max L [los(8/0)
'=1,...,A pY. Nl’
thus leading to the final statement for the bound over confidence of transition tensor. |

We now move to analyzing how the new estimator for the transition tensor affects the regret of
the algorithm. The proof is exactly the same as in Thm. 4 except for step 8.
Proof
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per-episode regret: The per-episode regret is bounded as

A
D+1
1 <230 (B4 + (69 + B 22
=1

All the terms can be treated as before except for the cumulative regret due to the transition model
estimation error. We define Ay = ZkK=f<+1 St (1) (Brf,fc’l))rmax(D + 1), which gives

A (k)
CWVX2YR [log(NS/6)
_ (k) /~ T g
AT = g Tma;t(-D + ].) ZZI v (l) X l’g?i{,A )\(k)(l/) ’U(k) (l/) .

Let T](Vl[) . the mean passage time between two steps where action [ is chosen according to policy

m € P and restate a w-diameter ration D[

O]
- - maXjc 4 TM,TI’

ratio — R 0
mMiNje A Ty o

and Do

Diatio = max D7 .
TI'EP ratio

We need the following lemma which directly follows from Chernoff-Heoffding inequality.

Lemma 9 By Markovian inequality, the probability that during 271(\2) - the action 1 is not visited is

less than % Then during episode k

(k)
]p{v(k)(l) < 10w log(l)} <4
29,0 1)
M,
On the other hand we have
(k) 1
]P’{v(k)(l) >0 o) log(—)} <4
9+ 1
M,

o) . V(k?)(l/)
Let Cr = max 7 Tmax(Vs )

th
leAkE{K! [ty <N} NQIA) en

1
Ar < X2VY Rrpany/log S(D+1)
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From Lemma 9 we have that

L)()-i- v(k) log(%)
@) o®)(1) _ 2%%7Mﬂ
a pry
iK1y — w(k)
un v () %7@) —/v®) log(})
2max Ty,
leA
i [log($) log (5) log (3)
<2Dratlo+8Dratlonla M7r ? v(k)é +16 a‘XT]\/[ )2 U(k)a ’

with probability 1 — 2. The first term dominates all the other terms and thus
( ) < 2D;:mo < 2Dratio

with probability at least 1 — §. Thus we finally obtain

2
Z Z ®) (1) (BE) o (D + 1) < X VY Rrypaz [ log 5(D + 1)\/2Dmﬁ(,%\/14]\7
k=K+1 =1 B

with probability at least 1 — 2K yd. Then with probability at least 1 — §(8A + 5K ) the regret is
bounded by the final statement. |

Appendix F. Experiments

Here, we illustrate the performance of our method on a simple synthetic environment which follows
a POMDP structure with X = 2, Y =4, A = 2, R = 4, and ry,,, = 4. We find that spectral
learning method converges quickly to the true model parameters, as seen in Fig. [F]. Estimation
of the transition tensor 7" takes longer compared to estimation of observation matrix O and reward
Tensor R. This is because the observation and reward matrices are first estimated through tensor de-
composition, and the transition tensor is estimated subsequently through additional manipulations.
Moreover, the transition tensor has more parameters since it is a tensor (involving observed, hidden
and action states) while the observation and reward matrices involve fewer parameters.

For planning, given the POMDP model parameters, we find the memoryless policy using a sim-
ple alternating minimization heuristic, which alternates between updates of the policy and the sta-
tionary distribution. We find that in practice this converge to a good solution. The regret bounds are
shown in Fig. [F]. We compare against the following policies: (1) baseline random policies which
simply selects random actions without looking at the observed data, (2) UCRL-MDP Auer et al.
(2009) which attempts to fit a MDP model to the observed data and runs the UCRL policy, and
(3) Q-Learning Watkins and Dayan (1992) which is a model-free method that updates policy based
on the Q-function. We find that our method converges much faster than the competing methods.
Moreover, it converges to a much better policy. Note that the MDP-based policies UCRL-MDP and
Q-Learning perform very poorly, and are even worse than the baseline are too far from SM-UCRL
policy. This is because the MDP policies try to fit data in high dimensional observed space, and
therefore, have poor convergence rates. On the other hand, our spectral method efficiently finds
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Figure 3: (a)Accuracy of estimated model parameter through tensor decomposition.
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Random Policy.

the correct low dimensional hidden space quickly and therefore, is able to converge to an efficient

policy.
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Appendix G. Concentration Bound

Concentration of functions of a HMM We now provide concentration bounds for any matrix
valued function ¢(-) over samples drawn from a HMM. This extends the result on scalar functions
by Kontorovich et al. (2014).

For any ergodic Markov chain, lets consider w as its stationary distribution and f1_,;(z¢|1) as
a distribution over states at time ¢ given initial state z1. Lets define inverse mixing time py,;, (t) as
follows

Pmiz(t) = sup || fise(-|z1) — wllpy
Tl

Kontorovich et al. (2014) show that this measure can be bounded by
pmiz(t) < GO,

where 1 < G < oo is geometric ergodicity and 0 < 6 < 1 is contraction coefficient of Markov
chain.

As before, let y™ := [yq,...,y,] € V" denote the sequence of observations from HMM and
let 2" := [x1,..., 2] € X" denote the sequence of hidden states. We now consider matrix valued
function ® : Y™ — R%*42 Tt s said to be c-Lipschitz with respect to spectral norm when

O(v™) — P m
sup I (yn) ”(ly )
yryieyr YT =y lu

s _,

where || - || 7 is norm with respect to Hamming metric, and y”, y’" are any two sequences of sample
observations.

Theorem 10 (HMM Concentration Bound) Consider Hidden Markov Model with finite sequence
of n samples y,; as observations from finite observation sety" and arbitrary initial state distribution.
For any c-Lipschitz matrix valued function ®(-), we have

1+ —1
J8(7) ~ B, < G— V2L fsctn log( (L))

with probability at least 1 — 6, where G is geometric ergodicity constant of corresponding Markov
chain, and the E[®(y™)] is expectation over samples of HMM when the initial distribution corre-
sponds to the stationary distribution.

Proof In the Appendix. H |

Theorem 11 (POMDP Concentration Bound) Consider Partially Observable Markov Decision
Process with finite sequence of n(l) samples ygl) foralli e {1,2,...,n(l)} VI € [A] as observa-
tions from finite observation sets y™ ) and arbitrary initial state distribution. For any c-Lipschitz
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matrix valued function ®'(-) function, we have

H(I)l(yn(l)) N E[@l(yn(l))]HQ < G%\/S@nlog(w)

with probability at least 1 — 6, where G is geometric ergodicity constant of corresponding Markov
chain, and the E[®(y" )] is expectation over samples of POMDP with middle action | when the
initial distribution corresponds to the stationary distribution.

Proof Inthe Appendix. H |

Appendix H. Proof of Thms. 10 and 11

The proof is based on the results in Tropp (2012), Kontorovich et al. (2008), and Kontorovich et al.
(2014) with minor modifications and applying the following inequality

1 1

G log(M) 20 JZend \/ (di + do)
) 5 < 2cn2 2 1

1—0\/80 n n(l—@)_G 1-0 8cnlog( ) )

here we just bring the sketch of the proof. In Thm. 12, we give the upper confidence bound over
|® — E[®]]|, where the expectation is with same initial distribution as it used for ®. The next step
is finding upper bound for difference between E[®] with arbitrary initial distribution and Et4¢[®]
with initial distribution equal to stationary distribution. It is clear through Kontorovich et al. (2014)

that this quantity is upper bounded by 3, G6~(~1 which is upper bounded by QT(;e)'

Appendix I. Concentration Bound

Theorem 12 (Matrix Azuma) Consider Hidden Markov Model with finite sequence of n samples
S; as observations given arbitrary initial states distribution and ¢ — Lipschitz matrix valued func-
tion @ : ST — R4 X4 iy dimension dy by do, then

1 di +d
I~ Bfo]l, < oy setntog( D2

with probability at least 1 — 6. The E[®] is given same initial distribution of samples.

Proof The Thm. 7.1 Tropp (2012) presents the upper confidence bound over the summation
of matrix random variables. Consider a finite sequence of d by d’ matrix ¥;, then for variance
parameter o2 which is upper bound for Y, [U; — E;_1[¥;]], Vi

!
< \/80210g(d§d )

2

Z (W — ;1 [V5]]

%

with probability at least 1 — 4.
For the function @, lets define the martingale difference of function ® as the input random variable
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with arbitrary initial distribution over states.
MD;(®; 81) = E[®|S]] — E[®]S7 ]

where Sg is sub set of samples from i'th position in sequence to j'th one. then the summation over
these set of random variable gives E[®|ST] — E[®] which is ®(ST) — E[®] and E[®] is expectation
with same initial state distribution . The remaining part is finding ¢ which is upper bound for
> MD;(®; Si)H2 for all possible sequence. Lets define M D;(®) = maxg: M D;(®; S%) and
through Kontorovich et al. (2008) it is easy to show that || A/ D;(®)||, is ¢ — Lipchitz function and
it is upper bounded by cH; ,,. In Kontorovich et al. (2014) it is shown that H; ,, is upper bounded
by GO(n — ). [ |

For the case when @ is symmetric matrix, d; + ds can be reduced to just d and constant 8 can be
reduced to 2.

The result in Thm. 12 can be extended to the situation when distribution of next state depends on
current state and current observation and even more complicated models like memory-less policy
POMDP.

Theorem 13 (Concentration Bound) Consider finite sequence of multiple views are drawn from
memory less policy POMDP with common middle action and their corresponding covariance ma-
trix vq ® U(l,)t for v, € {1,2,3} and v # V. For simplicity, lets just consider one set
of v,V/, one speczﬁc middle action, and n samples are drawn. Define random variable ®; =
ﬁ {E [Zt 'v,(jl% ® 'v(yl,)t ] - {Zt vt ® 'vy/)t Si- 1“ with dimensions d,, x d,» where d,, and

dy for v,V € {1,2,3} are the dimension along the v and V' views.

[0 - o ] - gttt
% 2 t

with probability at least 1-46.

< G(r) 8log 7(d”§d”’)
, —1-0(n) N(I)

For tensor case, N(l [ [Zt v} ® v()t ® v(l,)/ t

Si} B [Zt oo, @0,

Sle where

[v, V', V"] can be any permutation of set {1,2, 3}.

(dvd,1+d, i)
1 U @ @ (1) (1) G(m) lgi
’ " - / " <
(Z)E [ b @V, U, t} E v t®vyt®vy f ST 8 0

t

l

with probability at least 1 — 0.

2

Proof

For simplicity lets just proof the first claim in Thm. 13 and the proof for the second claim would
be followed by same procedure. To proof the Thm. 13 it is needed to bring together the results from
Tropp (2012), Kontorovich et al. (2008), Thms. 10, and 12 and then modify them. The Thm. 7.1
in Tropp (2012) presents following upper confidence bounds

1
WZ[%@@”VW]— Z”ut®”ft
t

d, + d,
S \/8(0—;217‘8)2 log (%;)
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with probability at least 1 — §. And

Triples

1 W o o O 0)
'N(Z)E [ POV, @V }— E v ®'v~t]2
G(m)? i3’ )2_

¢
with probability at least 1 — §. It is needed to show that (5%”5)2 < waimyz and (JT”ples

G(m)?
n(1-0(m))2"
.( (m))

For the function ¢ : ST — R%1xd2 where ST is a collection of all possible {51, S2, ..., 5.}
with length n. Its martingale difference is defined as follows

MD;(®; 81) = E[@]S]] — E[®|S] ]
and then M D;(®) = maxg: M D;(®; S5).

/
~
The upper bound over o5, . is as follows

~u v/
Pazrs

Where U, is a fixed sequence of matrices which follows M D; < U, for all possible M D, and V.
This bound over Triple tensor can be derived after matricizing the martingale difference. Next step
is to upper bound the || 3", U2 H2

Lets define new set of variables; given each action (middle action) a; = [ there are the following set
of variables; Bl is collection of

Yp(ih)—15 Cp(i,)) =15 Tp(s,1) =15 Yp(i 1) Tp(i,l)» Yp(i,l)+1>

where Bl is i'th triple with middle action equal to [ and p(i,1) is its corresponding position

in the original sequence. Lets define variable S, which is consequence of four hidden states

Tp(i,0)—1s Tp(i,l)s Tp(il)+1> Tp(i,))+2- Lhe variables Bf‘l and Sf‘l, for ¢ < j, are corresponding to set
of consecutive ¢ — j triple views and quadruple hidden states. Note that this is the time to define
mixing coefficients.

10,0, = [P OB = 5,00 - VOB = )|

where T'V is total variation distance between distributions and

l 1)1
7= sup (07 0, 0)
it o0

where P(Bi‘l = b’flll, 0,1) and P(Bi‘l bZ 1”, .l) are nonzero for all possible input variables.
Then for Ay )
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1 ifi=j
(An@)ig =19 A ifi<j
0 otherwise.

and H,, () ; —1+77@(2+1+ +?7§l7)1

Martingale Difference . To upper bound for ¢ Pm/rs, it is enough to upper bound HZt 1 U? H2
directly upper bound H S M D? H2 for all possible sequence of samples. The result in Kontorovich et al.

(2008) shows that this is upper bounded by """ || M D;(®))||? and each || MD;(®))|l, < cH,
when the || ®||, is ¢ — Lipschitz.

In addition, it is obvious that for the class of moment functions with elements in [0, 1] the ¢ is
upper bounded by N( ) for the purpose of this paper. The remaining shows the upper bound over

H,, ; and then Zi:l

Lemma 14 The function H,, ; is upper bounded by 1= (9()) andthen Y ", (cHy ;)* < nc? (1(_;;% <
G?(m)
n(1—0(m))?

@

Proof As it mentioned, H,); =1+ 771( Z) 41t -+ 17;,,and itis needed to find the upper bound

over 1 + 175 z)+1 +...+ n(l)

771(1) (biiluu o, Q/)

b]

For the first part

p(B;V(l)Il \l‘Bz\l bz lll,g,l)
= Z p(Bj NI _ bj.v(”“,s’” 3“75] Ol _ |B’” b’ 1”,9,5)
Sill NI
1 %5
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Lets assume, for simplicity, that the hidden states on s'l* do not have overlap with states on gt

and s+,
P(B]gv(Z)\l _ bj\f(l)ll‘Bz‘\l W=
) (VO _bN(l)|l B 2 i sl — i ! (l)\lzsjy(l)\l)

J ].7 7
i”,s;.v(””
il il QNI N 1
P(S) =51, 5; =5 )P(Bi\l b i o.l)
ST R O O SO = = )
Si\l7SN(l)\l
! 1 SN N 1
IP’(S” Szll 75]- o _ s} 0] ) T —
P(By =b; ", 0,0)
with this representation
e 1 o o) Z Y PBJN(Z)M:ij(wu‘sjzva)u:Sév(n,lu)[p(szu s’l'l,SJN()”:s.
N(l)\l sill NI
S J

il z i il _ il P(o,1]S = sl P(o, 1S = st
]P’(B1| ' ”S‘ | ( a1 - a1, )|
]P)(Bl :bl 7Q7l) ]P)(Bl :bl 7Q7l)

1) g0—1J1 1 N()|l N ()|t N ()|l N()|l 1|l il oIN()|! N()|l
a0 0.d) < L3S BBYON = O g0 - NONp(t = 1 GNON _ O

J
silt il
1
P(Q l|Sz‘\l — 8i|l) P(g’,”Si'l — 8i|l)

' B (P<Bi”—b§1”,g,1) P(Bi“—bi“,g',w)

i— 1 z z ) — ] i— i— 7
UGV Y= S DI CrEe) S i) J0- A N A

(@=L il
S1

where

N _Plllst=v) _ B(Us" =)
q(v,1) == TS - a1,
P(Bl - bl 7Q7l) ]P)(Bl - bl , 0 7l)
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then
1 , A A
ORI S DR DI (Gt s LG
2p()—11L gill
1 , . A
< 5 Z | Z P(xP(J)—”l’xp(%l)‘f'?V) Z h(slll’l)‘
2P =11 gp(i.D+1]L 2P+ gp(iD11 Zp(E)—1]1
1 , . o
< 5 Z | Z P(2P @)~ gPED+20yp (P GO+ 7y

2P -1l gp(D)+2[1

where

1) = > sy = s ey = b 1S = s1g(w,0)

i—1|1
S1
R(xPBO+AL Ty = > (st 1)
2P(DH1L Zp(DIL gp(ih)—1]1
as a consequence
1) 7i—1|1 T pi,
Uz(j)(b1 |7Q7Q) H h PZ]
1

where P5J = P(xP0) =1 |P(s l)+2|l) Through Lemma A.2 in Kontorovich et al. (2008) and Kontorovich et al.
i—1|1 )

(2014), when Y h(z, l) =0and } HhH1 < 1, it is clear that n(l)(b ,Q,_g’), and also 7]/ can be
bounded by 3 |21, G(m)0(x )PUD=PED=4 To verify >, h = 0 and 3 Al <1

Z h xp(zl +2|l l) _ Z Z z|l Z h z|l
2p(i,0)+2]1 2P (60D +2[1 p(3,0)+1[1 xp(i l)\l,xp(i,l)fl\l st

zl zl z 1 i—1|1 |l il 4
_Z]P; i _ | ( W _ = b 1 l‘Sl| :81‘ )q(s‘l,l)

z\l

Z Z i i ; ; P l il — il P(o.1 il — il
- ZP = ll P(B lll =0 l‘l’”Slll - 81'1)( (ffl = z‘—1\l8 ) N 561’\l|5 i—l\f 2
Z\l ]P)(Bl - bl y 0, l) P(Bl = b1 Y 7l)

For the first part of parenthesis

gill _ il =1l _ -l g gilt _ i P(o,1|S = 5l
ZP = l JP(B ‘= | l|5| 1)< i 1|l =1
P(By" =b 0,1)

z\l y» &
S1

and same for the second one. This shows the conditions for the Lemma A.2 in Kontorovich et al.
(2008), >, h(z,1) = 0 and 3 ||h||, < 1, are met.

The presented proof is for the case of non-overlapped with states of S*!, for the other cases, the
overlapped situation, the proof is pretty much similar to the non-overlapped case. Now, it is the
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time to upper bound HAN(l) Hoo

N(1) n(l) n(l)
Hm—l—i—z% <1+maXZ7yw <G(m ZH G(m) Y O(n)
j=i j>i i=0
1—6(x)"® G(m)
<
T S 16

Define Eg,; as the expectation with initial distribution equals to stationary distribution. Generally,
in tensor decomposition, we are interested in

H N ® ”(ul'),z} Estat| Z vut ® 'Uy/ it
2
0] (l) (l) (l) 0
N(l) ; [ QU v, } _WEStathm@v i @V )
instead of
1 ® o0
' g 2 [P el >v 2
L D) @ o® g o® 0 o 0
HW)Z b s vl ] - vl e v o)

which are derived through Thm. 13. To come up with the upper confidence bound over the above
mentioned interesting deviation, it is needed to derive the upper bound for deviation over expectation
with arbitrary initial state distribution and expectation with stationary distribution over initial states,
for simplicity, lets just derive the bound for second order moment.

L PRGN o0
H N(l) En[; Uy & 'UV/J-] N(Z)Estat [; v, X vu’,i]

As the bound ¢; over deviation from stationary distribution of Markov chain follows € = G(m)0 () ~".
It results in

H—E va®v(l)- - —Estat ZUU@U

2

2

which is negligible compared to 6(%)
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Corollary 15 These result hold for pure HMM model. For tensor case, where [v,V' V"] is any
permutation of set {1,2,3}.

l

with probability at least 1 — § and

G log (dvtdy) ;d”’)

<
,1-6 N()

1 1
NN v, 17 - —=E v 1
N(Z)E{’U 715®’U ,t} N [;U 7t®U 7,5]

(dvd,1+d, 1)
< G \/810g R
—1-6 N
t 2

G
N(1-6)

1 1
H N Z |:'Uy,t LUyt ® Uy//7ti| — NE[Z Uyt QU+ & Ul/”,t]
t

with probability at least 1 — J. The deviation bound is as follows

<2

1 1
NE[E :Uu,i ® Vyr] — NEstat[ E Uy @ V4
[ [ 2

Proof Through Kontorovich et al. (2008) and Kontorovich et al. (2014) it is shown that for the

HMM models, the value of H, ; is bounded by TGe and then it means that the corresponding mar-

2

ch. In the consequence, the O'%{ Mo 18 bounded by n(lGj)g. |

tingale difference is bounded by 1=

Appendix J. Whitening and Symmetrization Bound

Theorem 16 (Whitening, Symmetrization and De-Whitening Bound) Pick any . Then for HUM
model with k hidden state and its multi-view representation with factor matrices Ay, Aa, As, and
finite observation set with dimension dy, d2, d3 corresponds to multi-view representation, when the
number of samples with arbitrary initial state distribution satisfies

2
Gzl (duds + ds) 163 2v/2k
n > : 2 10g(27) max —,4, 2 : 2
Wnin mlni{ak(Ai)} 1 C%cﬁ C?%wpin mlni{ak(Ai)}

min

for some constant C'. After tensor symmetrizing and whitening, with low order polynomial computa-
tion complexity, the robust power method in Anandkumar et al. (2012) yield to whitened component
of the views 11, . . ., ik , such that with probability at least 1 — §, we have

115 = (1)) ll2 < 18enr
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forj e {1,... k} up to permutation and

3
1 2(d1+d2)
2GR | [lE ) (402{??\/ — ’)

em < (2 ming{op(4;))}3 T iy (o (A) )P,

min

Therefore

|40Gd) = Ay, <

forie{1,2,3}, j € {1,...,k} up to permutation and

Wita  [log@FE)  sey

e3:=G .
(wmin)§(1 — 9) n Wmin

Proof Appendix K. n

Appendix K. Whitening and Symmetrization Bound Proof

Proof of Thm. 16

In Appendix I, the upper confidence bounds for deviation between empirical pairs matrices and ten-
sor from their original ones are derived. As it is shown in Song et al. (2013) and Anandkumar et al.
(2014) for multi-view models with factors A; € RU1*k A, € R¥%2xk A5 ¢ RB*F (three view
model with k hidden states), to derive the factor matrices, applying tensor decomposition method is
one of the most efficient way. They show that for tensor decomposition method, it is needed to first;
symmetrize the initial raw empirical tensor and then whiten it to get orthogonal symmetric tensor.
It is well known that orthogonal symmetric tensors have unique eigenvalues and eigenvectors and
can be obtained thorough power method Anandkumar et al. (2014).

Without loss of generality, lets assume we are interested in As, the derivation can be done for other
view by just permuting them. Assume tensor M3 = E[v; ® vy ® v3] is triple raw cross correlation
between views, and matrix Ro and R3 are rotation matrices for rotating second and third view to
first view. It means that it results in symmetric tensor Ms(R1, Ro, I). Through Anandkumar et al.
(2014) these rotation matrices are as follow

R, = E[’Ug X 'UQ]E['Ul ® ’02]_1
Ry = E[’Ug X 'Ul]E[’UQ ® ’01]71

Define second order moment as My = E[v; ® vs] and its symmetrized version as My (R, Ro).
Lets W € R%*F be a linear transformation such that

My(RyW, RoW) = W My(Ry, Ro)W = I

58



REINFORCEMENT LEARNING OF POMDPS USING SPECTRAL METHODS

where I is k X k identity matrix. Then the matrix W = U A2 where My(Ry, Ry) = UAV T is sin-
gular value decomposition of My(R1, R2). It is well known result that tensor Ms(W1q, Wy, W3) =
M5 (R, W, RyW, W) is symmetric orthogonal tensor and ready for power iteration to compute the
unique (Ag); Vi € [1...k].

To come up with upper confidence bound over H (As); — (As3);

(columns of factor matrices),
2

it is needed to aggregate the different source of error. This deviation is due to empirical average
error which derived in I, symmetrizing error, and whitening error.

To obtain the upper bound over the ag\gregated error, lets apply the following proof technique.
It is clear that for matrix MQ, we have VVTR1 MQRQW = 1. lets assume, matrices B, D, B as
a smgular value decomposmon of WTRTMQRQW = BDB'. Then it is easy to show that for
W, =W,BD 2B, Wy = W,yBD 3B, and Wy = WBD 3B then

Wy MoWy = I

and then the €,

€M = HMS(WhWQ,WS) — Mz(Wq, Wy, Ws) )
< H(l\??, — M3)(/W71, W\2,W3)H2 + HM3(W1 — W17W2 - W%W?, — Wg)HQ
It means

en < [t =30 | [ ], [, [+ [l = 2, = 0, 0=

Lets assume U; oA 2 VJQ = M, is singular value decomposition of matrix Ms. From WTRlTMQRQW =

I and the fact that W1 U 1,21\% = WQVLQA% which are the square root of matrix M5 and to be able

to learn all factor matrices we can show that | W ||, < 1 — < 1 fori €
min; o (A; Diag(w)?2) w

{1,2,3}. Now, it is clear to say, when H]/W\Q - J\42H2 < 0.50% (Mp) then H/Wl

min; o (A;)

< #
=7
min

in

2 w2, min; o (A;)

fori € {1,2,3} and
/2[5, - ]

(wmm mini (o)) (AZ))S

Joss =32, [ |72] |7, <

To bound the second term in €

fIHDmg 2A (W; — W)

HM3 (W — Wi, Wy — W2,W3—W3 H <

2

then

—~  —~

HDmg(w)%Ai( - W, = HDmg(w)%AIWZ-(BD%BT - 1)”2 < Hmag(w)l

z' oot =0l

59



AZ1ZZADENESHELI LAZARIC ANANDKUMAR

L= 1. Now we control H(D% — I)H2. Let £ := My — F, where

We have that HDiag(w) %AZTWi
F = Z\?g, and F}, is its restriction to top-k singular values. Then, we have HEHQ < Hﬁg — M2H2 +

op+1(F) <2 H]/W\Q - M2H2. We now have
el (L Rl (U

H(D% —I)(D? + 1)
(45)

4[[3n
; 2 (46)

= [ Em, <[, ], 2% -], <
2 2 2 2 (wriin mini O'k(AZ))Q

|0t =0, <

As a conclusion it is shown that

4[| Mo — Mo,
2 min; oy (4;))? (47)

€M < 2 —|— -
\/(&min

> 1
(Wi, min; ox(4;))3

when HM2 - MQH < 0.50%(Ms).
2

Through Appendix I, the followings hold
(d1+d2)

_— log (2d1td2)
e —
2 1-6 n

1
1+ \/810g(2(d1d62+d3))

T
HMg—M3H < G—VBn?
2 1-6 n

with probability at least 1 — 4. It is followed by
log(2 (d1+do) )
9y/341 , [ log(2adatds)) 4G22 :
21/2G \1/:45 - N -0 n
(min; o (A7) s,

€M < T
(Wi min; ox(4;))3

with probability at least 1 — d. To this result holds, it is required HMQ — M2H2 < 0.50% (M) and

from Anandkumar et al. (2012) that ey < % Then for the first requirement

2
G2\/§+1
1-60 10g(2(d1 js_dQ))

n >

1
0.5(w 2, min; og(A4;))?
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and for the second requirement €;; < % to be hold it is enough that each term in Eq 47 is upper

bounded by % for some constant C'.
9/t 1 log(M_))
2V2G 22 —

1
(wriin min’i Ok (AZ ) ) 3

>

sl

then
2
2./2G 2/2+1
. lf vt klog(2(d1d§+d3))
C(w?, min; ox(A;))3

min

and for the second part

3
ovat1, | log(2l91t2))
<4G 1-0 n 2

C
—_— >
VE = (min; op(A4;))5wl)
1
ks GR2HL dy +d
n > 1-¢ 3.5 lg(2( s 2))
1, 22 1)
C'3 (min; oy, (4;))%w >
It means it is enough that
G2V2+1 2
n> 1-0
Winin Min; o (A;)
1
d d 16k3 dids +d 24/ 2k
max log(QM)max - 13 ,4 5,1 (2( ek 3)) 5 \/_ 5
0 C3wi ) C?wmin min; 07 (A;)
which can be reduced to
Gzl (dvds + ds) 16k3 2/2k
n > - 5 log(2—————) max —, 4, 5 - 5
Wnin Min; o (A;) 1) C%.3. C?win min; 0} (A;)

In Anandkumar et al. (2014) it is shown that when €y, = HMg(Wl, Wo, W3) — M\g(Wl, Wg, /W\g) H

then the robust power method in Anandkumar et al. (2012) decomposes the tensor and comes up

with set XZ and orthogonal jz; where

k
HMS(Wh Wa, W) = > Aifif?

’ < 95eym

2
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—1/2 NP —-1/2
w; / i — At || < Bepw; /

2

and

w2 Xi‘ < 8y 2 48)

It can be verified that
|1 — Hill2 < 18eps.
1/2

Proof In order to simplify the notation, in the following we use 1 = p;, w = w;, and ¢ = w; ",
similar terms for the estimated quantities. From above mentioned bound, we have

¢ = Cally = 11¢te = R) — (€ = Qfll, < 8Ces(D).

We take the square of the left hand side and we obtain

d
16— 1) = €= Q) = Cllu— 7l3 + € — OIIAl3 - 2¢(¢ = O) S [als([uls — [als)

s=1

d
> = Al — 261~ 3| 1A (s — [7ls)
s=1

> (Pllp = Al = 2¢1¢ = Cllalzlle — Al

where in the last step we used the Cauchy-Schwarz inequality. Thus we obtain the second-order
equation

Clli = All3 = 2(¢ = Ollallzle = Ailla < 64¢es (D).

Solving for ||u — fi||2 we obtain

. ¢ = ClI1AElle + /(€ = O)2|17ll3 + 64¢2€2
= fill2 < : \/ C 2 M

Now we can use the bound in Eq. 48 and the fact that ||iz]]2 < ||iz]]s < 1 since /i is a probability
distribution and obtain

Bear + /2563, + 64¢263,

; - ETM(5+ V25 + 64C%) < ETM(10+8g).

Plugging the original notation into the previous expression, we obtain the final statement. Finally,
since ¢ = w (1)~/2 and w!" is a probability, we have 1/¢ < 1 and thus

I = pll2 <

|1 — fill2 < 18ens-

which all results are up to permutation. |
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Lemma 17 (De-Whitening) The upper bound over the de-whitened (i; is as follow

1 2(d1+d2)
<a 42+ 2 og(2-—5—2 )+8€M

27 (wmin)2 (1 — ) n Whnin

s = ||(As): — (As);

(49)

Proof As itis shown in Anandkumar et al. (2012), to reconstruct the columns of views Ay, Ao, A3,
de-whitening process is needed. It is shown that the columns can be recovered by (A;); = WIJr AL
(Ag); = VVQJr Aipti, and (Asz); = Wg Aip;. For simplicity, let just investigate the third view, the

process for other two views is same as third view.

~

H(A?))i — (43); Aifbi — Aifli

8- 7 e+ |71,

2

~

Aibti — il

8
S €M T, ‘
2 (wmin) 2

W|| < 1. and [Inigull, < 22

Wmin

it is clear that ‘

|3 =], = opoi T -], <2 s - 32]

where the last inequality is inspired by Eq 45. Then

— — 8¢
H(AS)Z' = (A3)i]| < My — M2H +—M i
2 Wmin 2 (wmin) 2
Therefore
— 4242 log glditds) 8¢
€5 1= H(Ag)i (@)l <a - Q5 | Sem
2 (wmin) 2 (1 — (9) n Wmin
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