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Splitting schemes and unfitted mesh methods for the coupling of an
incompressible fluid with a thin-walled structure
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Two unfitted mesh methods for a linear incompressible fluid/thin-walled structure interaction problem
are introduced and analyzed. The spatial discretization is based on different variants of Nitsche’s method
with cut elements. The degree of fluid-solid splitting (semi-implicit or explicit) is given by the order in
which the space and time discretizations are performed. The a priori stability and error analysis shows
that strong coupling is avoided without compromising stability and accuracy. Numerical experiments in
a benchmark illustrate the accuracy of the different methods proposed.

Keywords: Fluid—structure interaction; incompressible fluid; thin-walled solid; unfitted meshes; fictitious
domain method; Nitsche method; splitting schemes.

1. Introduction

This paper is devoted to the unfitted mesh approximation of a linear fluid-structure interaction system
coupling the Stokes equations, in fixed configuration, with a linear membrane or shell model. This
system retains one of the main numerical issues that have to be faced in the simulation of complex
incompressible fluid-structure systems, the so-called added-mass effect (see, e.g., Le Tallec & Mouro
(2001); Causin et al. (2005); Forster et al. (2007); van Brummelen (2009)). This phenomenon is known
to severely harm the stability and accuracy of standard explicit coupling schemes (i.e., which only invoke
the fluid and solid solvers once per time-step) making them unusable in practice. This issue has been
traditionally overcome by considering strongly coupled schemes (i.e., in which the interface conditions
are treated in a fully implicit fashion) at the expense of solving a computationally demanding system at
each time-step.

Over the last decade, significant progress has been achieved in the development and the analysis
of time splitting schemes which avoid strong coupling without compromising stability and accuracy.
All these studies (see, e.g., Fernandez et al. (2007); Quaini & Quarteroni (2007); Badia er al. (2008);
Astorino & Grandmont (2010); Fernandez (2013); Bukac et al. (2013); Bukac & Muha (2016)) consider
body fitted fluid meshes. It is well known however that, for many applications, such a mesh compatibility
assumption can be troublesome in practice (see, e.g., Peskin (2002); Gerstenberger & Wall (2008);
Sawada & Tezuka (2011); Boffi et al. (2011); Burman & Ferndndez (2014); Kadapa et al. (2018); Kim
& Lee (2018)).

Within the unfitted mesh framework splitting schemes which avoid strong coupling are reported in
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Boffi ef al. (2011); Kim & Lee (2018) using immersed boundary methods, and in Burman & Fernandez
(2014); Kadapa et al. (2018) using Nitsche based unfitted methods with cut elements. The fundamental
drawback of these explicit coupling schemes is that their stability/accuracy enforces severe time-step
restrictions (see Boffi ef al. (2011); Burman & Fernidndez (2014)) or is limited by the amount of added-
mass effect in the system (see Kadapa et al. (2018); Kim & Lee (2018)).

In this paper, we introduce two splitting methods which overcome the above stability and accuracy
issues. These schemes generalize the Robin-Neumann splitting methods of Ferndndez (2013) to the un-
fitted mesh framework. A key feature of the methods proposed is that the order in which the spatial and
time discretizations are performed dictates their semi-implicit or explicit nature. Robust a priori energy
and error estimates are derived for all the semi-implicit schemes and for the simplest explicit scheme.
The analysis shows, in particular, that the semi-implicit scheme with first-order extrapolation delivers
unconditional stability and optimal (first-order) accuracy in the energy-norm. Previous studies devoted
to the numerical analysis of linear incompressible fluid-structure interaction problems can be found,
e.g., in Le Tallec & Mani (2000); Du et al. (2004); Astorino & Grandmont (2010); Ferndndez (2013);
Burman & Fernandez (2014); Fernandez & Mullaert (2016); Bukac & Muha (2016); Boffi & Gastaldi
(2017). To the best of our knowledge, this is the first time that the convergence analysis addresses the
case of unfitted meshes without strong coupling. The theoretical findings and the performance of the
methods proposed are illustrated through numerical experiments in an academic benchmark. Some pre-
liminary results of the present work have been announced, without proof, in Ferndndez & Landajuela
(2015).

The paper is organized as follows. In Section 2 we present the continuous setting. Section 3 is
devoted to the case in which the space discretization is performed first. The resulting semi-implicit
schemes are introduced in Section 3.2, and their stability and convergence analysis is reported in Sec-
tion 3.3. The alternative approach which consists in first performing the discretization in time is consid-
ered in Section 4. The resulting explicit schemes are presented in Section 4.2 and their simplest variant
is analyzed in Section 4.3. The numerical experiments are reported and discussed in Section 5. Finally,
a summary of the conclusions is given in Section 6.

2. Problem setting

Let Q be a polyhedral bounded domain in R? (d = 2, 3) with boundary partitioned as 9Q =I"UX. The
outward unit normal to d€ is denoted by n. We consider a linear fluid-structure interaction problem in
which the fluid is described by the Stokes equations in £ and the structure by a linear thin membrane or
shell with mid-surface given by X. The coupled linear problem reads as follows: find the fluid velocity
u:Q xR — RY, the fluid pressure p : Q x RT — R, the solid displacement d : £ x R* — R¢ and the

solid velocity d : £ x Rt — R such that

plou—dive(u,p) =0 in QxR*,
divu=0 in Q xR*, 2.1)
u=0 on I xRT,

pedd+Ld=T in XxRT,
d=dd in IxR', (2.2)
d=0 on 9JXxRT,
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u=d on X xR,
) (2.3)

T=-o(up)n in xR

complemented with the initial conditions u(0) = ug, d(0) = do and d 0)= dy. Here, p' and p* denote
the fluid and solid densities and € the solid thickness. The strain rate and Cauchy-stress tensors are
defined by

1
ew) ™ 5 (Vu+vul), o(up) & pI+2ue(u),

where i denotes the fluid dynamic viscosity and I is the identity matrix in R?*¢. The abstract differ-
ential surface operator L describes the solid elastic effects. The relations (2.3) enforce the so-called
kinematic and dynamic coupling conditions.

In the following, we consider the usual Sobolev spaces H"(®) (m > 0), with norm || - ||,;.» and
semi-norm | - |, . The closed subspace consisting of functions in H (@) with zero trace on Y C dw is
denoted by H; (®). The L*-scalar product on @ is denoted by (-,-)¢ and its associated norm by | - [|o.c-

We consider V = [HL(Q)]4 and Q = L*(Q) as the fluid velocity and pressure functional spaces,
respectively. The standard Stokes bi-linear forms are given by

def def . def
a(u,v) = 2u(e(u),€(v) g, b(g:v) = —(g,divw)a, a'((u,p),(v,9)) = a(u,v)+b(p,v) —b(g,u)
We assume that L : D C [L*(X)]¢ — [L*(X)]? self-adjoint second order differential operator. Associated
to this operator, we define the elastic bilinear form

a (d7 W) déf (Lda W)Z

foralld € D and w € W, where W C [H} (X)) is the space of admissible displacements. We further

S def 1 . . . .
assume that a® and || - |s = a®(-,-)2 are, respectively, an inner-product and a norm into W. The following

continuity estimate is also assumed,
lwlls < B*|wl 5 (2.4)

for all w € W, with B* > 0.

Theoretical results on the well-posedness of (2.1)—(2.3) can be found in Le Tallec & Mani (2000)
(see also Du et al. (2003)). In the succeeding text, the symbol < indicates an inequality up to a mul-
tiplicative constant (independent of the physical and discretization parameters and of the intersection
between the fluid and solid meshes).

3. First discretize in space and then in time: semi-implicit schemes

The first class of methods is derived by applying the time splitting of Fernandez (2013) to the unfitted
mesh spatial approximation of (2.1)—(2.3) introduced in Burman & Fernidndez (2014). In this section,
we present the method and address its stability and convergence analysis.

3.1 Unfitted mesh spatial semi-discretization

In the following .7}, denotes a quasi-uniform triangulation with mesh parameter & def maxge 7, hg, where
hg is the diameter of a simplex K € .7},. Standard finite element approximations of (2.1)—(2.3) are often
constructed with fitted fluid and solid meshes (see Figure 1(a)). In this work, we assume that they are
not necessarily fitted (see Figure 1(b)). To this purpose, we consider two families of fluid and solid
triangulations {zf}o<h<1 and {.7,’ }o<n<1, respectively, such that:
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o X =Ugegy forevery T
o QC Uge 7 for every 71, but for every simplex K € 7,1 it holds KN Q # @;

e Every ,Zlf is fitted to I" but, in general, not to X.

REMARK 3.1 Note that, in order to simplify the presentation, the fluid and solid meshes are assumed to
have the same level of refinement /. In the general case, in which /' and /° respectively denote the fluid
and solid mesh parameters, the stability results presented below remain valid. This also holds for the
error estimates, under the assumption /* < Cgsh', with C¢ > 0 a dimensionless constant (see Remark A. 1
in the appendix for further details).

(a) Fitted meshes. (b) Unfitted meshes.

FIG. 1. Examples of fluid and solid meshes.

We denote by €, the domain covered by Zlf (i.e., the fluid computational domain), by ¥, the set of
elements in Zlf that are intersected by X and by .%, the set of edges or faces of elements in ¢, that do
not belong to d €2, that is,

def

def . def
Q= int(Uge 71 K), 9=

{kegi/knr#a}, 74, {FciK/Ke%, FNaQ,+F}.

The standard spaces of continuous piecewise affine functions associated to .7, and Zlf are given, re-
spectively, by

X = Lo e @) [ e PiK) VK E T} XS {wy € COZ) fwi €PI(K) VK € T}

3.1
For the approximation of the fluid and solid unknowns, we consider the following spaces
def def

{Vh S [X;t;]d/vhh" :0}, On = X;{, W, = {Wh € [X/ﬂd/whbz :0}.

In a standard conforming discretization of problem (2.1)—(2.3) based on fitted meshes (see Fig-
ure 1(a)), the kinematic condition (2.3); is strongly enforced. In the unfitted mesh setting described
above, the strong imposition of (2.3); is no longer possible. In this section, we adopt the robust and op-
timal semi-discrete unfitted mesh method proposed in Burman & Ferndndez (2014), where the interface
fluid-solid coupling is treated in a consistent fashion via Nitsche’s method. Thus, problem (2.1)—(2.3)
is approximated in space as follows: for ¢ > 0, find (uh (1), pn (t),t'ih(t),dh(t)) eEVixQpxW,xWy,

such that t.ih = d;dj and

def
vV, =

P (G, vn) o, +ah ((wn, pr), (V. ) +p*e(ddy, wy) s +a(dy,wp) 32

— (o (up, pp)n,vj — Wh)z — (up— dy, o (v, —Qh)")g + % (up— dy, vy, — Wh)z =0
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for all (v, gp, wy) € V), x O X Wy, Here, v > 0 denotes the Nitsche’s penalty parameter and the discrete
bilinear form az is given by

aﬂ("mm% (Vln‘Ih)) dzefaf((uh,Ph)v (V/uq/l)) +Sh((uhaph)7 (quh)),

where the definition of the stabilization operator S}, is detailed in Section 3.1.1 below.

REMARK 3.2 Note that the fluid’s bulk terms in (3.2) are integrated only over the physical domain 2.
This guarantees consistency but, from the implementation standpoint, it requires non-standard quadra-
ture techniques for the evaluation of the integrals over the cut elements (see, e.g., Massing et al. (2013)).

3.1.1 Fluid stabilization operator. The operator S}, is defined as

Su((wnspn) Vi, an)) défsh(l?m%) + gn(n, ). (3.3)

The term sy, : Qj, X O, — R in (3.3) represents a pressure stabilization operator. It is introduced to cure
the instabilities related to the inf-sup incompatible choice of the velocity and pressure discrete spaces.
We assume that the following lower and upper bounds hold

Ciu Wt o, < su(gnqn) < Cop™ "W |guli o, (3.4)

with C1,C, > 0, for all ¢, € Qy,. Note that in (3.4) the H' —seminorm is taken over the whole compu-
tation domain £;,. As an example of such an operator, we may consider the classical Brezzi-Pitkdranta
stabilization (see Brezzi & Pitkdranta (1984)):

of Yph?
su(pmran) & YPT(VPh»V‘]h)Qha (3.5)

with 3, > 0.

The term g, : V), x V;, — R in (3.3) represents the so-called ghost-penalty stabilization (see Burman
& Hansbo (2012)). This operator is assumed to bring additional control over the velocity ghost values
so that the following strengthened stability holds

Cy (N||£(Vh)||%,gh +gh(Vh,Vh)) < ullen)llo.o +&n(vi,va), (3.6)

with ¢&; > 0, for all v, € V},. It guarantees the robustness of the methods irrespectively of the way X
intersects the fluid mesh (see Section 3.3 below). As an example of such an operator, we have (see
Burman & Hansbo (2012)):

en(up,vi) & Yetth Y ([Vunlr, [VVilr) s (3.7

F Eggh

where the symbol [-]» denotes the jump of a given quantity across the edge or face F.
Finally, associated to the overall stabilization operator S;, we define the semi-norm

def 1
|, pn)|s = Sn((un, pn), (Vi an)) 2.
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REMARK 3.3 The assumption that all the elements of the computational domain £2;, intersect the phys-
ical domain £ can be relaxed in practice (see Section 5). It suffices, for instance, to extend the ghost-
penalty operator (3.7) to all the internal edges or faces of .7/, i.e.,

def
gn(un,vi) = veuh Y ([Vur]r, [Vvilr) ., (3.8)
Fegih
with %, o {Fedk/Ke Jf, FnNod,+F}. This guarantees the invertibility of the stiffness ma-

trix associated to the discrete bilinear form ai(', -). Moreover, since the relation (3.6) holds true with

éh def int( u kel KnQo K) instead of €y, the stability and convergence results of Sections 3.3 and 4.3
below remain valid.

3.2 Fully discrete formulation: semi-implicit coupling scheme with unfitted meshes

. ) def def
In the following, T > 0 denotes the time-step length, #, = nt for n € N, and d;x" = L —xm 1)

. 1
stands for the first-order backward difference.  The symbols x»* and x"~2"* denote the r-th order
. . I .
explicit extrapolations to x” and x"*~ 2, respectively:

0 if r=0, 0 if r=0,
o ) et it r=1, xirdt) s it r=1, (3.9)
22— i r=2, 273 3 i =2,

As mentioned above, the traditional approach to guarantee stability of the approximations of problem
(2.1)-(2.3) is to resort to a fully implicit time discretization. For problem (3.2), this approach leads to
Algorithm 1. As a matter of fact, this method is unconditionally stable and delivers optimal first-order
accuracy in the energy norm (see Remark 3.7 and Corollary 3.1 below). This is however achieved at the
price of solving system (3.10) at each time-step, which can be computationally demanding.

Algorithm 1 Implicit coupling scheme.
Forn > 1, find (, pi,d}},d}}) € Vi, x Oy x W), x W, such that dj, = d:d}} and

pf(a‘cu27vh)g +a£ ((u’h17p2)7 (Vh’Qh)) _'_pss(araz’ wh)z +as(d27wh)

— (o, pi)m.vi = w) ;. — (u — 5, 0 (v, —qi)m) , + 3%

. (3.10)
() — djy, v _Wh)z =

for all (v, qn,wp) € Vi X O X Wy

In a fitted mesh framework (see Figure 1(a)), an alternative to avoid implicit coupling without com-
promising stability an optimal accuracy is given by the Robin-Neumann coupling schemes introduced
in Ferndndez (2013). These schemes are based on a specific fractional-step time-marching of the solid
subproblem. Applied to (3.2), this approach leads to the following incremental displacement-correction
scheme, forn >0ifr=0,1orforn > 1ifr=2:
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on—1L
1. Fluid with solid inertia substep: find (uz, pz,dz 2) €V, x O x Wy, such that

S

€ un—3 n— S[ g
pT (dh f—d, l’wh)z+a (dh7 W)

pf(afu27vh)g +a£((u;1lap2)a (Vh,CIh)) +

. 71 oy 1
— (o), plymvi—wy) y — (W —d) 2,6 (v —qu)n) +”7“(uz—dz S vh—wy)y =0
(.11)
for all (vi,qn,wn) € Vi X Op x Wi
2. Solid substep: ﬁnd( hd}y) € Wy x Wy, such that d} = 0.d]! and
E n—1 n 7,
pT () —d) 2w +a(d] —d* ) =0 (3.12)

for all w, € W,,.

Steps (3.11)-(3.12) give a partlally segregated solution of problem (3.2). Note that in (3.11), the
intermediate solid velocity d E is implicitly coupled to the fluid through the solid inertial term. The
remaining solid elastic contrlbutlons are treated explicitly (or ignored) in (3.11) via extrapolation. This
level of fluid-solid coupling is enough to guarantee (added-mass free) stability (see Section 3.3.1 below),
while enabling a significant degree of fluid-solid splitting (i.e., with respect to the strong coupling of

Algorithm 1). The end-of-step solid velocity dj, is retrieved by solving the solid correction step (3.12).

en_l

REMARK 3.4 It should be noted that the intermediate solid-velocity dZ 2 cannot be eliminated in (3.11)
and, hence, the coupling scheme is not explicit. This is a major difference with respect to the case of
fitted meshes and conformal discretizations considered in Ferndndez (2013).

In practice, it is convenient to reformulate the solid correction step (3.12) as a traction problem, by
en—1
eliminating the quantities dZ 2 and dZ’* in (3.12). To this purpose, we observe that testing (3.11) with
v, =0 and ¢, = 0 yields

€ un—3 S/ gnx noon en—1
pT (dh F—d, I’Wh)z“l (d," wh) = — (0 (uj, pl)n, wy,) +Y7“( h—dy, 7 wn)y

for all w;, € W,. Hence, by adding this expression to (3.12) we get the standard solid problem
. en_l
psg(a‘t Z7Wh)2 +as(dZaWh) = —(O’(uZ,pZ)n,wh)E + ’%u (u;ll - dZ : awh)z
for all w, € W;,. On the other hand, for n > r, it follows that

, n, TH n—y
a’(dy”,wy) = —pe(ded,™ wy) 5 — ()™, pp" ) wy) 5 + 7( d 2" wp) y
for all w, € W;,. This relation gives an (intrinsic) expression of the elastic extrapolations in (3.11),
exclusively in terms of interface fluid quantities and solid velocities. Owing to these observations, the

numerical method (3.11)—(3.12) is reformulated as given in Algorithm 2.

REMARK 3.5 It should be noted that for r = 1,2 additional data is needed to start the time-marching in
Algorithm 2. In practice this data can be obtained by performing one step of the scheme with r=0,

this yields (uh,ph,d,f ,dh) and then one step of the scheme with r = 1, which gives (uh,ph,dﬁ ,dz)
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Algorithm 2 Semi-implicit coupling schemes.
Forn > r:

el
1. Fluid with solid inertia substep: find (u}, p},d, ) € Vj, x Q4 x W), such that

S .

€, on 1
pf(g’ruZavh)Q +a2((u27p’}11)7 (Vh>CIh)) + p? (dh . 7Wh)2

ep 1 ep L

—(G(MZ,PZ)’!,Vh—Wh)Z—(uz—dh z,o(vh,—qh)n)z—i—%(uZ—dh Z,V;,—wh)z (3.13)
S . . L —

=Py )+ (0w ) T ),

for all (v, qpn,wy) €V, X Op X W,
2. Solid substep: find (d},d}}) € W), x W), such that d} = 9;d, and
Se . . o1
PE (0cd,wi) .+ wi) = — (o phmwi)y + 22 =2 i)

for all w, € Wy,

The semi-implicit coupling scheme provided by Algorithm 2 has a reduced computational complex-
ity with respect to Algorithm 1. Indeed, the solid contribution to (3.13) reduces to a simple interface
mass-matrix, which does not degrade the conditioning of the system matrix.

In the following sections, we show that Algorithm 2 preserves the stability and accuracy properties
of the explicit coupling schemes introduced in Fernandez (2013) with fitted meshes.

REMARK 3.6 The reader is referred to (Alauzet ef al., 2016, Algorithm 6) for an extension of Algo-
rithm 2 to the fully non-linear case (i.e., Navier-Stokes flow with moving interfaces) and immersed
thin-walled solids.

3.2.1 Kinematic perturbation of implicit coupling.. 'We conclude this section by pointing out a fun-
damental property of Algorithm 2. To this purpose, we will make use of the discrete reconstruction
L, : W — W, of the elastic solid operator, defined by the relation

(Lyw,wp)y = a*(w,wy) (3.14)
for all (w,wy,) € W x W;,. Owing to (3.14) and (3.12), we get that

. T
h+psg

for n > r. On the other hand, adding (3.11) and (3.12) yields

D=

d,”

Ly(d} —d") (3.15)

pf(aruZavh)_Q +a£((u27p2)7 (Vth)) +pss(a‘5&27wh)£ +as(d27wh)

o1 en 1
- (G(“Z»PZ)MVh _wh)z - (u;lz _dZ 2,0‘(1’}“ _Qh)n)z + %(“2 _d;: 27vh _wh)z =0

(3.16)
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for all (v, qp,wp) € Vi, x Qp x W), and n > r. Thus, Algorithm 2 can be regarded as a kinematic pertur-
bation of the fully implicit time discretization given by Algorithm 1. As a matter of fact, Algorithm 1
formally enforces (through Nitsche’s method) the interface condition uj ~ dj, whereas (3.15)-(3.16)
imposes

uj, = dh+p Ly(d; —d;").

Note that the size of the perturbation depends on the extrapolation order r. The basic idea in the forth-
coming analysis is to investigate how the kinematic perturbation (3.15) affects the stability and conver-
gence of the underlying implicit coupling scheme (Algorithm 1).

3.3 Stability and convergence analysis

We consider the following mesh-dependent semi-norms for functions f defined on the interface X,

2 — 2 2 2
AR = X 2 Mo W12 s, e = X AlAIG S
2,51, D
KE%;,

K<,

where Xg denotes the part of the interface intersecting the simplex K, i.e, Xx def Y NK. The following
estimates involving the solid elastic operator will be used,

|Lydllo.x <||Ldllo.x, (3.17)

a2 <2 . 619

| Lnwnl|s <ﬁ;7§2||wh||s7 (3.19)
1

BV, (.20

for all d € D and wy, € W), and with C1 > 0 the constant of a discrete inverse inequality. Estimates
(3.17)-(3.20) follow readily from application of the Cauchy-Schwarz inequality, the definition (3.14)
and the continuity estimate (2.4) (see (Fernandez, 2013, Appendix A) for the details). We will also
make use of the discrete Gronwall lemma (see, e.g., Heywood & Rannacher (1990)), which we collect
here without a proof.

LEMMA 3.1 Let 7, B and a,, by, ¢, N (for integers m > 1) be nonnegative numbers such that

an—i—’L'Zb ‘L'anam—i—TZcm—i—B

m=1 m=1

for n > 1. Suppose that 77, < 1 for all m > 1. Then, there holds

an+rmZ]bm exP< an:ll—Tnm>< Z )

forn>1.
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For the purpose of the analysis, we will assume that X is well resolved by Zlf (see, e.g., Burman
& Hansbo (2012)), so that the following trace inequality holds for functions in H'(K), for all K € ﬂhf:
there exists a constant Ct > 0, depending only on X, such that

IVIG.50k < Cr (™ IVIIG.x + 21 VY54 ) (3.21)

forallve H 1(K) The proof for this result follows from (Hansbo & Hansbo, 2002, Lemma 3). In
particular, by combining (3.21) with a discrete inverse inequality, it follows

_ Cr
lewi)nlgs < Y, €5z <Cr Y, (h'lewn)llox +hIVEW)G4) < o Y llewn)llox
Ke% Keéfh Ke?!«’h
for all v, € V.. Hence,
hHs(Vh)nHoz Cri|€( Vh)HOQh (3.22)

for all v, € V;,.

Note that (3.22) holds irrespectively of the interface position because the norm on the right-hand
side is taken over the whole computational domain €2;,. However, this control on the interfacial viscous
flux can not be bounded by the natural viscous dissipation of the fluid, which is only available in the
physical domain 2 C £;,. The strengthened stability (3.6) provided by the ghost-penalty operator,
allows to extend to €2 the coercivity of the spatial discrete Stokes-Nitsche operator. This is stated in the
following result from (Burman & Fernidndez, 2014, Lemma 3.1).

LEMMA 3.2 For y > 8Cry/ Cy, there exists a constant c¢g > 0 such that

¢ (BIVWIR g, + vlvi —wnl1} | m,an)R) <
ai((vhth)v(vhth)) - (O'(Vh,%)",vh —Wh)z
—(Vh_Win (v, Qh)) %(Vh—wh,vh—wh)Z

for all (vh,qh) eV,xQpandw, e W,

3.3.1 Stability analysis. At time-step t,, we define the total discrete energy by
def
Ep Sp'|lujl5.0+p ‘el dpl5.s + 1712, (3.23)
and the dissipation as
dfP 2 pe, - n—112 1 —1y2
D4 2 iy R+ PN - B s+ Ny
Vu' 2 n__ "i”*% 2 n .n\2
+cg | ulIVuylo,0, + vullu; —d, H%.h; + [ (uy, )5 ) -
The following result states the energy stability of the semi-implicit schemes reported in Algorithm 2.
I .
THEOREM 3.1 Let {(u}, PZvdZ 2. d},d}) } o>y be the sequence given by Algorithm 2, with the initial-

ization procedure of Remark 3.5 for r = 1,2. Assume that ¥ > 0 is given by Lemma 3.2. Then, we have
the following a priori energy estimates:



SPLITTING SCHEMES AND UNFITTED MESH FORMULATIONS FOR FSI 11 of 42
e For r=0,1 and n > r, there holds
n
Ei+t Y DpSE), (3.24)
m=r+1
irrespectively of the discretization parameters.

e For r =2 and n > 2, there holds

n tC
E! D' < " E? 3.25
h+T X Nexp(l—fg) ho ( )

m=

provided the following conditions hold

<ChS, tl<1, >0, (3.26)
with 0 & /B (pe).

Proof. We first test (3.16) with

en—1
(Vhy%,wh) = T(“ZJ’;lde 2)

for n > r. This yields the following discrete energy equation,

f
P 0o
O (0ul R o+ N — 1 ) + 27 € ) I o+ I, ) B

o el en_1 4 et en_1
+pet(Oudy,dy *), + 7 (dfdy*) — 20 (0w, O)m iy — )+ yucul —d; ), =0

for n > r. Hence, from Lemma 3.2, we have that

f

(SIS}

_ el
(<0ul o+ Lt ) + s (I B, i 1R+ 6 )

o1
n—s

o el
+pien(ady,d) ?), +ra’(d),d) %) <O0.

Hence, using the perturbed kinematic relation (3.15), we get the following fundamental energy inequal-
ity

f

1
2 —12 2 n=32 2
(20cluh 5.0 + [l — w5 I5.0) + o™ <H||Vu2||o,9h +yulluy —dy It |(uZ,PZ)|s>

N

pe an qn n— 1 n n n—
+ 55 (0l o + Ny — i 13 5 ) + 5 (v0cl\dhll2 + s — )12
2
n n n.x T n n nx
Ty (ardh,Lh(d,,fdh' )>2+pT£ (Lud}, Ly(d} —d")), SO (3.27)

Ti T

for n > r. The terms 71 and 75, introduced by (3.15), can be controlled as in (Ferndndez, 2013, Theo-
rem 1) for each extrapolation order » = 0, 1, 2. For the sake of completeness, the different estimates are
briefly recalled below.
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Algorithm 2 with r = 0. In this case, using Young’s inequality, we have

2
h+1h=>—- ||dn d" 1||oz+ ||Lhd Hoz (3.28)

for n > 0. Hence, the estimate (3.24) follows by inserting this expression into (3.27) and summing over
m=1,...,n.
Algorithm 2 with r = 1. In this case we have

T |2 on qn—11|2
1y = 5 (wac| a2 + a7 — ;' |?) (3.29)
and
Tz n||2 n n—14 (|12
Bo=5 s (Lo + 12— i )5 ) (3.30)
for n > 1. Hence, by inserting this expression into (3.27) and summing over m = 2,...,n we get the
estimate

2
lo.s-

The last two terms, related to the 1n1t1ahzat10n of the scheme (see Remark 3.5), can be bounded using
(3.24) with r =0, n = 1 and the additional control given by (3.28). This yields the estimate (3.24) in the
caser = 1.

Algorithm 2 with r = 2. In this case, the term 77 in (3.27) reduces simply to

= (d-di Ly —2dy 1 di ) = - (3.31)

The term T3, which reads as
3

T . e n—1
= (LhdZ,Lh( o ))E, (3.32)
is treated as in (Fernandez, 2013, Page 38) using (3.18) and (3.19), which yields

( ) 2 PYE w12 333
T>—1° Idills — 7 ldh—d; llox- (3.33)

We now proceed by inserting (3.31) and (3.33) into (3.27) and summing over m = 3,...,n. The last
term of (3.33) is controlled by the numerical dissipation provided by (3.27), while the first is handled
via Lemma 3.1 under condition (3.26). This yields the bound

n
Ep+ Y Dy <exp<1 an)Eh

m=3

The estimate (3.25) for r = 2 then follows by using the energy estimate (3.24) with r = 1 and n = 2, the
additional control provided by (3.29) and (3.30), and the stability condition (3.26).
0
The above result shows that Algorithm 2 overcomes the severe stability restrictions observed in
Boffi et al. (2007, 2011) for the traditional time-marching schemes of the immersed boundary method.
It is worth noting that these stability conditions have been recently overcome in Boffi et al. (2015) by
resorting to a full implicit treatment of the kinematic-dynamic coupling (in the spirit of Algorithm 1)
with Lagrange multipliers, which yields a solution procedure much more computationally demanding
than Algorithm 2.
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REMARK 3.7 Note that testing (3.10) with (vy,,gp, wy,) = T(uz,pz,z'lZ) for n > 0, equation (3.27) holds
n—i e . . .
withd, * =dj and T} = T, = 0. Thus, for Algorithm 1, the following energy estimate holds,

n
Ej+tY D' SE)

m=1

for n > 0 and y > 0 given by Lemma 3.2, irrespectively of the discretization parameters.

3.3.2 Convergence analysis. In the following, we use the notation f" def f(t,) for a given time de-

pendent function f. We may then consider d; f” and f™*, involving the quantities f*, f*~! and f*~2. In
the following, a slight abuse of notation will be committed by using d; f"* to denote (9, f)".

For the the convergence analysis we assume that the interface X is flat. We also assume that the
elements of .7,° can be grouped into disjoint (d — 1)-dimensional macropatches P, with meas(P;) =
¢(h?~"). Each macropatch is assumed to contain at least one interior node and its union is assumed to
cover X, i.e., U;P, = X.

Interpolation operators. Basically, the discrete interpolation operators are those used in (Burman &
Fernandez, 2014, Section 3.3) for the error analysis of the space semi-discrete formulation (3.2). For
the solid displacement, we consider the elastic Ritz-projection operator &} : W — W, defined by the
relation

a*(w—miw,wy,) =0

for all wy, € W;,, and for which there holds
lw—mwllo.x + 1|V (W —mw)lox < AWl (3.34)
for all w € [H*(X)]? "W. Note also that owing to definition (3.14), we have
(Lymiw,wy)x = a*(miw,wy) = a*(w,wy,) = (Lyw,wy,) 5,

and thus
Lh”;, =Ly (3.35)

For the solid velocity, we consider the operator I, : W — W, which is defined as a correction of the

operator 7; by the relation

def
ILw= ﬂ'ZW"‘rZOQ(Pi,
i

with a; € R. The @; are functions with support in the macropatches F;, such that

d—1
0<o, <1, [[@lopSh?

and take the value 1, component-wise, in the interior nodes of the associated patch P;. The scalars o; are
chosen so that the following condition holds:

/(W—Ihw)-n:O. (3.36)
])l_
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This orthogonality condition is used in the error analysis to control the interface terms coupling the fluid
pressure and the solid velocity (see (A.20) in the appendix). We refer to Burman & Ferndndez (2014);
Becker et al. (2009) for the detailed construction of such an operator. It can be shown (see (Burman &
Fernandez, 2014, Lemma 3.3)) that

lw—Iywllos +hl|V(w—Liw)lloz S h[wl.s (3.37)

forallw € [H*(X)]NW.

Since the fluid physical solution is defined in £ and the discrete one in £, with Q C £, we
consider two linear continuous lifting operators E; : H>(Q) — H*(R?) and E; : H' () — H'(RY),
satisfying the bounds [|E1v[|z1 ey S [Vllg1() and [|E2vllpz ey S [Vm2(q) (see, e.g, Evans (2010)).
To interpolate the resulting extended fluid solution we consider the Scott-Zhang operator i, (see, e.g.,
Ern & Guermond (2004)). Then it holds (see (Burman & Fernandez, 2014, Lemma 3.3)),

[v— iszEav||0.0 +h||V(v— is:E2v) [l S h2|v|2,97
g — iszErgllo,@ +h[|V(g —izE19)[l0.0 < hlgli.a: (3.38)
l6(v—isErv.g— isErg)nl_y s <0 (V20 + gl .0)

forall v € [H?*(Q)]¢ and g € H'(Q).

On the other hand, we assume that the stabilization operator (3.3) satisfies the following weak con-
sistency relation

. . 1 _1
((iuEav.isaErq) [ Sh (2 V0+ 1 Hdl) (3.39)

for all v € [H*(Q)]¢ and g € H'(Q). The pressure estimate follows readily from (3.4), the H'-stability
of the Scott-Zhang interpolant and the stability of the extension operator (see Burman & Fernidndez
(2014)). For the estimate regarding the ghost-penalty operator (3.7) we refer to Burman & Hansbo
(2012).

Finally, owing to (3.21),(3.38); and (3.37), the following result involving both the fluid and solid
velocity projections holds

. 3
llv— lszE2V||%7h’x < h”VHZ,.Qa HW_IhWH%Jl; Sh? HW||2,E (3.40)

for all v € [H?(Q)]¢ and w € [H?(Z)]Y "W (see (Burman & Fernandez, 2014, Lemma 3.3)).

A priori error estimate. 'We assume that the exact solution of problem (2.1)-(2.3) has the following
regularity, for a given final time 7 > t:
we [H'(0,T:HX(Q))], uls € [H'(0,T;H*(E))]",
duu € [L2(0,T;12(R))]Y,  euls € [L*(0,T:1%(X))], (3.41)
pE CO([O, T];Hl(.Q))
and

0 .72 d 5 .=
Lde {[C ([0,7};L (2))3{ f 0, 342)

[H"(0,T;L%(X))]"  if r=1,2.
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We define the energy-norm of the error at time step ¢, as

1
n 2
def, 1 , 1. .
2= ()2 |w" —uyllo.o + (p%€)? [1d" — dyllo.x + " — s+ ( Y Cgfl(u%pZ’)?)
m=r+1
1 1
n 2 n el 2
+ ( Y cotu|V(u" —uy) |I3,g> + ( Y cetyulluy—dy T, 2>
m=r+1 m=r+1 2
for n > r. We can then state the following a priori error estimate, whose proof is given in the appendix
for the sake of readability of the paper.

THEOREM 3.2 Let (u,p,d, d) be the solution of the coupled problem (2.1)-(2.3) and { (u}, p}, dz_% , dZ,dZ)}
be the approximation given by Algorithm 2 with initial data (ug,dg,t.lg) = (iSZEzuo, ﬂ:f,do,l ht.lo). The
initialization procedure of Remark 3.5 is considered for the schemes with » = 1,2. Suppose that the ex-

act solution has the regularity (3.41)-(3.42). Assume that ¥ > 0 is given by Lemma 3.2. For the scheme
with » = 2 we assume, in addition, that the stability condition (3.26) holds. Then, we have the following
error estimates, forn > rand nt < 7T

n>r

%In Scith+cet+ C3‘L'2r7l .
Here, the symbols {ci}?zl denote positive constants independent of # and 7, but which depend on the
physical parameters and on the regularity of (u, p,d,d).

Proof. See Appendix A. O

We then observe that the scheme displays optimal accuracy for the extrapolated variants (r = 1,2)
whereas a suboptimal convergence rate is obtained without extrapolation (r = 0). Thus, we retrieve
the same convergence behavior as in the fitted case for the original Robin-Neumann schemes (see
(Fernandez, 2013, Corollary 1)). This is a major progress with respect to the stabilized explicit scheme
of Burman & Fernandez (2014), whose splitting error is known to be non-uniform in A.

REMARK 3.8 The error estimate of Theorem 3.2 is also valid for the extension of Algorithm 2 to the
case of immersed thin-walled solids proposed in (Alauzet et al., 2016, Algorithm 3), provided that the
fluid regularity assumptions (3.41) hold on each side of the interface. Note that the fundamental idea
consists in applying Algorithm 2 to each side of the interface by using an XFEM discretization in the
fluid, so that the pressure and velocity gradient discontinuities across the interface are included in the
spatial discretization.

From the proof of Theorem 3.2 in Appendix A, we can readily derive the following optimal error
estimate for Algorithm 1.

COROLLARY 3.1 Let (u, p,d,d) be the solution of the coupled problem (2.1)-(2.3) and {(u}, p},dy, d!)} s,
be the approximation given by Algorithm 1 with initial data (ug,do,;ig) = (iSZEzuO, n‘ZdO,I haO)_ Sup-
pose that the exact solution has the regularity (3.41)-(3.42). Then, we have the following error estimate,
forn>0andnt <T:

ff;ln S cith+cpt,
with ¢; and ¢ positive constants independent of / and 7, but depending on the physical parameters and
on the regularity of (u, p,d,t.i).

Proof. See Appendix B. (]
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4. First discretize in time and then in space: explicit schemes

Step (3.13) of Algorithm 2 is more computationally demanding than a single fluid problem due to the
1

presence of the additional unknown d:fj. In this section, a new explicit coupling scheme is presented
which overcomes this issue. The main idea consists in performing first the time discretization and then
the spatial one.

4.1 Robin-Neumann explicit coupling schemes

The starting point of the methods is the time semi-discrete explicit coupling schemes introduced in
Fernandez (2013). Note that these schemes may be derived by applying first the fractional-step splitting
of Section 3.2 to the continuous problem (2.1)-(2.3) and then eliminating, contrarily to Algorithm 2, the

intermediate solid velocity 1.1”7% (see Remark 3.4). Applied to the continuous problem (2.1)-(2.3), these
schemes read: forn > r

1. Fluid substep: find u" : Q x R* — R? and p" : Q x R* — R such that
plo.u" —dive(u",p") =0 in Q
divu® =0 in Q,

4.1
W'=0 on I @1

o', pin+xu' =xd"'+g"* on X,

with the notations: S
Se
K_d;f PT ’ gn,* défpseardn,* + G(u”’*,p”’*)n.
2. Solid substep: find d” : £ x R* — R¢ and d” : £ x R* — R such that d”" = d;d" and

p'edd" +L°d" = —ou',p")n on X, 42)

d"=0 on 0JZX.

4.2 Fully discrete formulation: explicit coupling scheme with unfitted meshes

The fundamental idea consists in performing directly an unfitted interface treatment (a la Nitsche) of
the time splitting (4.1)-(4.2). This is achieved by extending the arguments introduced in Burman &
Fernandez (2014) and Juntunen & Stenberg (2009) to the present Robin-Neumann framework, in such
a way that robustness with respect to the Robin coefficient x is guaranteed. The proposed numerical
methods build on the following consistency result.

LEMMA 4.1 (Consistency) Let {(u",p"7t.l",d")}n>r be given by (4.1)-(4.2). Then, there holds

Pl (9" vy) o, +at (W', "), (i, qn)) + p e (Oed” W) ;. +a(d", wp)
YKU n__ n—1 _ _ YU nox _
'}/[J.—f—K'I’l (u d »Vh wh)z '}/[J.—f—K'h (g »Vh Wh)z
Kh o . 43)
- ’)/H+Kh (G(u P )navh_wh)z"’_(u —d lvo(vhv_qh)n>£
(O O —gn) 5+ (g O =) =0
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for all (v, gn,wn) € Vi x Qp x Wy and y > 0.

Proof. Multiplying (4.1); and (4.1); by v, and g, respectively, integrating by parts over 2 and adding
both equations we get

pf(afunvvh)g +af((un7pn)v(vthh)) - (G(unap”)navh)z =0. (44)

On the other hand, multiplying (4.2); by w;, and integrating over X we get
p58(81¢.i”7wh)2 +a*(d",wy) + (a(u", p")n,wy) . = 0. 4.5)
Adding (4.4) and (4.5), we obtain

pf(a‘cun7 vh)_Q +af((unapn)7 (Wn%)) +psg(afanvwh)2 +as(dnvwh) - (o-(unvpn)nv Vi _Wh)z =0.

(4.6)
Multiplying the interface condition (4.1)4 by y/j:l: < (vh — wh) and integrating over X, we get
YKU n__ gn—1 Yu non Yu nx
—d — o — — ' - =0.
}/u+Kh(u Y Wh)£+y#+’<h( (u",p")n,v, Wh)z }//.H-Kh(g Vi Wh)z
4.7)
Multiplying the interface condition (4.1)4 by — T+ K o (v, —qp)n and integrating over X, we get
Kh n . —1 h
- - dn o T - c n’ ! O T
Vi + Kh ('4 , 6 (v Qh)n)z YU+ Kh ( (u",p")n, 6 (v, Qh)");
" o (v, — =0. (4.8
+y,u+r<h<g ,6(Vh,—qn)n) 4.8)
Finally, by adding (4.6)-(4.8) we recover (4.3), which completes the proof. (I

The key feature of (4.3) is the fact that for K — o (i.e., whenever T — 0) we formally retrieve the
unfitted formulation (3.2). Alternatively, if # — 0 we formally retrieve the the weak formulation of the
Robin-Neumann splitting (4.1)-(4.2).

Taking successively w, = 0 and (v;,,q;) = (0,0) in (4.3) we obtain the following partitioned formu-
lation of (4.3):

e Fluid:
P (D", vy) , +a" (", p"), (Vi qn)) + y:iuxh (W' —d""vy),
- w’th (8" vh) s = i (S P O (V=)
— )/,u’f:lk‘h (o@",p")n,v;) .+ (4" — d"' o(v, —qn)n)
+ T (8", 6(vh,—qn)n)y =0

for all (vy,qp) € Vi, X Op.
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e Solid:
s an S/ qn Kh non
p*e(0:d",wy) . +a*(d ’W]’):iyu—i—ich (o, p")n,w) 5
YKU n_ n— YH n,x
("~ lvwh>2_ i+ Kh (8" 7Wh)2

YU+ xh

for all w, € W,

This motivates the fully discrete method reported in Algorithm 3. Note that the resulting coupling
scheme is explicit.

Algorithm 3 Explicit coupling schemes.
Forn > r:

1. Fluid substep: find (], pf}) € V), x Qp, such that

n no.n YKU n_ qn—
pf(a‘tuhvvh)g +a£((uh7ph)?(vhaqh))+ '}/IJ‘FKh (uh_dh lavh)z
Yo h noon
- ) —— (0 T Ph 70- y
Vi & V)~ e (04 pim, O (i, —qun) 5 )
xh non n__ gn—1 .
o YU+ Kh [(G(uh’ph)”7vh)2+ (uh_dh 76(Vh7_Qh)n)2}
h nx B
+ YU Kh (gh , 6 (v, Clh)n)g =0
for all (vh,qh) eV, xQ0p.
2. Solid substep: find (dZ,dZ) € W), x W,, such that d} = ;d and
PSS(&T .Z’W’?>2 +a*(dy,wy) = _ K (O'(uZ,pZ)n,wh)E
i+ Kh (4.10)
YKU n__ gn—1 _ TH nx '
’}/[,L-I-Kh(uh dh 7wh)2 'ﬂJ-‘rKh(gh 7wh)2

for all w, € W,

4.3  Stability and convergence analysis for r =0

We present in this section an energy-based stability and a priori error analysis for Algorithm 3 with r =0.

The stability and convergence properties of Algorithm 3 with r = 1,2 are investigated in Section 5 via
numerical experiments.
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4.3.1 Stability analysis. We consider the discrete energy E; given by (3.23) at time-step #,. The
dissipation is given in this case by

ldefp 12 2 YKU Cni2 5
Dl y Vu}? T |t — n on
Tl —u " oo +ceul uh|\07gh+w+m|\uh TZ s+ )3
p € Kh n n—1 n n—1 2 h a2
d d d,—d, - )
T }’IJ-HCh” H02+ ” s+ 70 +Kh||17h||02

The following result establishes the unconditional energy stability of Algorithm 3 with r = 0.

THEOREM 4.1 Let {(uz,pz,tolz,dZ)}@l be given by Algorithm 3 with r = 0. For y > 12Cry/¢,, we
have

Ep+tY Dy SEp. (4.11)

m=1

Proof.  We first note that in the case r = 0 we have g,’* = 0. Thus, by taking (vj,q;) = t(u}, p}) in

(4.9) and wy, = ’cdz in (4.10), adding the resulting equations and applying (3.6), we get the following
discrete energy inequality

p' 2 - 5 2

5 (Tar||“7,||o,g + [|uy — uj, ] ||(2)Q) 1T (NH“«'(“Z)HO,_Qh +8h(“2a“2)) + Tsn(Ph» Ph)
l

2

n n n— Kh non n__ gn n__ an— n n
(el + 17— 12) - WKhr[(o(uh,mn,uh—dh)z+(uh—dh Lo, —pj)m)
T
qn -1 n YKu nl u’ an h non n n
+TK(dh_dh ’dh>2 m( d h—dh)z—mf(c(u}“ph)n,o-(u}”_ph)n)zgo'
T, I3

(4.12)

Note that the solid inertia term is included in term 7. We now proceed by estimating separately the
terms 77, 7> and T3. For the first, we have

Kh n n ‘o Kh n n m—1
l:—y“_’_K_hZT(O'(uh,O)n,uh_dh)z_mr(a(uh’o)nvdh_dh )x
Ty, Ti»
Kh n ‘i n—1
+y‘u+K_hT(G(0aph)n’dh_dh )2

Ti3

By combining the Cauchy-Schwarz and Young inequalities with the robust trace inequality (3.22), we
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obtain the following estimates:

Tin >~ Aoz 4]~ 8o

o tsuCheleu) 0, ~ L g
hip2— yu+1<h2uTH£(uh)”02”d &271\\0,2

e auCnele)l o, - 2%@ e
Tia >~ el dy - & o

Tt [ TR L/ 8

On the other hand, by adding and subtracting suitable terms, for the second term we have

o gn—1 n KUT n n— nm
b =tx(d}, —d, ladh) + =R (uj, —d, lvuh_dh)):

* yu+xh
an =1 n YKut rz n__ gn—1 .n__ 4n
=tk(d}—d, ',d}), + w+1<h( ~dy+dy—d - d})
an_ gn—1 gn YKHT n__ gn—1 .n _ gn YKUT n n||2
=tk(d; - d} ladh)z+yu+,(h(dh_dh lv“h_dh)z+},“+,<h’|"h_ illox-

Hence, using the Cauchy-Schwarz inequality, we infer the following fundamental lower bound

p 1 «%ht 1 ykut
270 —|—1<h”d ”02+2Y h

2>

n__ 2
[y —dlo.x-

Finally, for the last term, using once more the Cauchy-Schwarz, (3.22) and Young inequalities, we get

ht
YU+ xh

L 4uCrrel|eu)|3 o, + AL

u
YU+ Kh
By collecting the above bounds for 7, T; and 73 and inserting them into (4.12), we obtain

f

(SIS

2 —1y2 -
(voz i llo.o + 1w, — " l6,.0) + Catan(uh, uh) + Tsu(Ph, Ph) + Ta A

40 ( 262) Tt g

1 ~1 ~
5 (el + N —di ) + o |- Vet iz

% i+ Kh
I ryku n 1 Kh g gn—12
2yu+ Kh T(1—&) |y — ||0£"’2 Tt Kh T(1—(a2+8&))lld,—d; los

h 1
1-— <0.
b (17 35 ) I8l
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The estimate (4.11) then follows by choosing

8_2 8_1 8_5 >12CT1
1= 3’ 2 = 4’ 3 = g’ Y 5g )
using Korn’s inequality and summing over m = 1,...,n. This completes the proof. (]

Note that the above results guarantees the added-mass free stability of the explicit coupling scheme
given by Algorithm 3 for r = 0. This overcomes the stability limitations of the methods proposed in
Kadapa et al. (2018); Kim & Lee (2018).

4.3.2 Convergence analysis. In the sequel we assume that the interface X is flat and that the exact
solution of problem (2.1)-(2.3) has the regularity given by (3.41) and (3.42) for a given final time T > 7.
We define the energy-norm of the error and dissipation error, at time step #,, as

~on def 1 1, - .
20 = (p")? W' —ujlo.q+ (p%€)?||d" — djl|o.z + |d" —dj|s

1 1

m=1

n 2 n 2 n
m m m _m YKU m_ gm
+| Y cenullV@" —uy)lloe | +{ Y cetl(uy, ph 5| + Y cet———|luj —dj, ||(2),2
m=1 m=1 Yu+ Kh

for n > 0. We can then state the following a priori error estimate.

THEOREM 4.2 Let (u,p,d, d) be the solution of the coupled problem (2.1)-(2.3) and {(u}., p}}, d},, t'JZ)},D,
be the approximation given by Algorithm 3 with initial data (u),dy,d})) = (is,E2u’, x}d",1,d°) and
r = 0. We assume that the exact solution has the regularity (3.41)-(3.42). Assume that y > 0 is given by
Theorem 4.1. Then, we have the following error estimates, for n > r and nt < T':

~ 1
%l"f,clh+c21+cyc?.

Here, the symbols {ci}?zl denote positive constants independent of 4 and 7, but which depend on the
physical parameters and on the regularity of (u, p,d,d).

Proof. See Appendix C. (|

The error estimate provided by Theorem 4.2 predicts a suboptimal & (T%) accuracy in time and an
optimal &'(h) error contribution in space for Algorithm 3 with r = 0. It is worth noting that a similar
error estimate has been derived in Theorem 4.2 for Algorithm 2 with r = 0. This indicates that, at
least for the case r = 0, the semi-implicit or explicit nature of the splitting does not affect the overall
accuracy of the methods. Numerical evidence showing that this also holds for » = 1,2 is provided in the
next section.

5. Numerical experiments

In order to illustrate the stability and the accuracy of the proposed schemes, we consider linear problem
(2.1)~(2.3) as model in a well-known academic fluid-structure interaction benchmark, describing the
propagation of a pressure-wave within a straight 2D elastic tube (see, e.g., Ferndndez (2013); Bukac &
Muha (2016)). The solid is is described by a 1D string model, hence in (2.2) we have

_(0 _ 0 @t Ee @t Ee
d<"1>’ Ld<—)»19xx71+;1077>’ Al*Z(l—i—v)’ AO7R2(1—v2)'

1
2
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In the sequel, all the units are given in the CGS (Centimetre-Gram-Second) system. The fluid domain is
given by the rectangle Q = (0,L) x (0,R) and the interface by the segment X = [0,L] x {R} with L =16
and R = 0.5. At x = 0 we impose a sinusoidal normal traction of maximal amplitude 2 x 10* during
5 x 1073 seconds, corresponding to half a period. Zero traction is enforced at x = 6 and a symmetry
condition is applied on the lower wall y = 0. The fluid physical parameters are given by pf = 1.0,
i = 0.035. For the solid we have p* = 1.1 and & = 0.1, with Young’s modulus £ = 0.75 x 10° and
Poisson’s ratio v = 0.5.

; - A7

z ) !HHIHHVWHHJHHAHHHIHHHHHHJHHAHHHHHHHKHHHHHHHHHHHHHHAHHAHHHIHH
Vi Vi ViV V7V VYV V7 V7V Va7 Vi V7V VA VAV Y VWV 2 7k 7 2 Vi VW V2 V7 VYV V7 Vi Vi Vi ViV Vi Vi V|
HH!HHHEHI!H!!ﬂ!I!H!!ﬂ!I!H!!ﬂ!ljhH!!ﬂ!H!HHHHHHHHHHI!HHHHHI!H!!
V2 7V 7k V7 Vi V7V V7 VW V7V V7V V7V Vi V7V V7 VWV V7 V. .V V7V V7V Vi VWV V7 VW VW W YV Y V7 Vi V2 VPV Vi Vi Vi Vi
WAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
(a) Unfitted meshes. (b) Fitted meshes.

FIG. 2. Example of unfitted and fitted mesh configurations.

A A
v B

(c) Algorithm 2 with r =1 (d) Algorithm 3 with r =1

FIG. 3. Snapshots of the fluid pressure and (exaggerated) solid displacement at time instants ¢ = 0.005, 0.01, 0.015. The dis-
cretization parameters are given by T =2-10"* and /1 = 0.01

We compare the results obtained with the unfitted mesh methods given by Algorithms 1-3 and a first-
order fully implicit scheme with fitted meshes. An example of the fitted and unfitted mesh configurations
considered in this study is given in Figure 2. In the unfitted case, we have £, = (0,L) x (0,R+0.3)
so that we are in the framework of Remark 3.3. In Algorithms 1-3, the Nitsche’s parameter is set to
y = 10° and the pressure and ghost-penalty stabilization terms in (3.3) are given by (3.5) and (3.8) with
Hh= 1073 and Y. = 1, respectively. All the computations have been performed with FreeFem++ Hecht
(2012).
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FIG. 4. Time convergence history of the solid displacement in the relative elastic energy norm with 7 = &'(h).
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FIG. 5. Algorithm 2. Comparison of the solid displacements at ¢ = 0.015 for different levels of (7, )-refinement (5.1).

Figure 3 presents the snapshots of the pressure field and the solid displacement (amplified by a factor
5) at the time instants £ = 0.005, 0.01 and 0.015, obtained with 7 =2- 10%and h=0.1 using the fitted-
mesh implicit method (Figure 3(a)), Algorithm 1 (Figure 3(b)), Algorithm 2 with » = 1 (Figure 3(c))
and Algorithm 3 with r = 1 (Figure 3(d)). The schemes reproduce a stable pressure-wave propagation.
Note that this stable behavior was predicted for Algorithms 2 and 1 by Theorem 3.1 and Remark 3.7,
respectively.

In order to assess the overall convergence rate of Algorithms 1-3, we have uniformly refined in time
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FIG. 6. Algorithm 3. Comparison of the solid displacements at # = 0.015 for different levels of (7,4)-refinement (5.1).
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FIG. 7. Time convergence history of the solid displacement in the relative elastic energy norm using Algorithm 2 (r = 1), Algo-
rithm 3 (r = 1) and the stabilized explicit scheme of Burman & Ferndndez (2014) with 7 = O'(h).

and in space according to
(t,h) ={2-107*/21 1071 /2134 . (5.1

Note that T = & (h). Figure 4 reports the relative elastic energy-norm error of the solid displacement,
at time ¢ = 0.015, obtained with all the different variants of Algorithm 2 (Alg. 2 in Figure 4(a)) and
Algorithm 3 (Alg. 3 in Figure 4(b)). For comparison purposes, the results obtained with both the fitted-
mesh and the unfitted-mesh implicit schemes (Algorithm 1) are also included in Figures 4(a) and 4(b).
The reference solution has been computed using the fitted-mesh implicit method, with a high space-time
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resolution: 7 =3.125-1072 and 7 = 107°.
The results of Figure 4(a) show an overall £(7) optimal accuracy for Algorithm 2 with r = 1,2,

while a sub-optimal & (T%) is obtained with r = 0. This is in agreement with the error estimates stated
in Theorem 3.2. Very similar results are observed for Algorithm 3 in Figure 4(b): an optimal &'(T)

convergence is obtained with » = 1,2 and a sub-optimal & (T%) convergence is retrieved with r = 0. We
recall that the sub-optimality in Algorithm 3 with » = 0 was predicted by Theorem 4.2. The first-order
convergence rate '(7) predicted by Corollary 3.1 for Algorithm 1 is also clearly visible.

Further numerical evidence of the above observations is given in Figures 5-6, where we have dis-
played the displacements at + = 0.015 obtained with Algorithms 2 and 3, respectively, for different
levels of space-time refinement. For illustration purposes, the displacements obtained with the implicit
schemes, both in the fitted and unfitted frameworks, are also shown in both figures.

Finally, Figure 7 compares the results obtained with the first-order extrapolated variants of Algo-
rithms 2 and 3 (r = 1) and with the stabilized explicit scheme of Burman & Ferndndez (2014) (without
correction iterations). These results demonstrate that Algorithms 2 and 3 with » = 1 overcome the
O (t/h) non-uniformity in space of the splitting error induced by the stabilized explicit scheme (which
clearly prevents convergence under T = &'(h)).

6. Conclusion

In this paper, we have introduced and analyzed two time-splitting methods for a linear incompressible
fluid/thin-walled structure interaction problem using unfitted meshes. Their semi-implicit or explicit
nature depends on the order in which the space and time discretizations are performed: discretizing first
in space yields the semi-implicit schemes reported in Algorithm 2, while the explicit schemes reported
in Algorithm 3 are obtained if we first discretize in time.

For all the semi-implicit schemes, r = 0, 1,2, a complete numerical analysis has been performed in
Section 3.3. Added-mass free stability is obtained for all the variants (Theorem 3.1). The error analysis
(Theorem 3.2) retrieves the &' (1 +h+ ’czH) convergence rate reported in Ferndandez (2013) for the
fitted mesh case. These theoretical findings have been confirmed by the numerical evidence of Section 5
which shows, in particular, that the semi-implicit scheme with r = 1: (i) delivers superior stability
and/or accuracy with respect to the explicit methods reported in Boffi er al. (2007, 2011); Burman
& Fernandez (2014); Kadapa et al. (2018); Kim & Lee (2018) and (ii) avoids the strong coupling of
alternative methods (see, e.g., Newren et al. (2007); Burman & Fernandez (2014); Boffi et al. (2015);
Boffi & Gastaldi (2017)), without compromising stability and accuracy.

For the explicit scheme with r = 0, similar stability and convergence results are derived in Sec-
tion 4.3 with a more intricate analysis. We retrieve, in particular, the same added-mass free stability
(Theorem 4.1) and &'(h+ T%) sub-optimal convergence rate (Theorem 4.2). The numerical evidence of
Section 5 indicates that, in spite of their different computational complexity, Algorithms 2 and 3 deliver
practically the same stability and accurate behavior.

Further extensions of this work can explore several directions. The analysis of Algorithm 3 with
r = 1,2 remains open. Another interesting problem, not addressed in the present work, is the a priori
error analysis with curved and dynamic interfaces.
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A. Proof of Theorem 3.2

The proof combines some of the arguments reported in Burman & Ferndndez (2014); Fernandez (2013),
with the following additional difficulties:

e Only the spatial semi-discrete case is considered in Burman & Ferndndez (2014);

en_1
e The intermediate solid velocity dZ * cannot be eliminated in terms of u}, as in Ferndndez (2013),
which requires the control of an extrapolation dependent term 75 ..

For the derivation of the error estimate, let us write the approximation errors for the fluid as,

Eou" —uy =Eou" — i, Eou" + i, Eou" —uj,  in £,

def def
:9;1-5 :e”

h
E n__ n_E n__; E n . E n__ N s Q (Al)
1P —pp=Ep —igk1p +iglip” —p, 1n L.

def . 1 def . .n
=Jn =Y

Similarly, for the solid we have
d'—d,=d"-md"+m,d"—d;, in X
A N
wg vy
d'-dl=d"-I,d"+1,d"—d] in X.
A/_/ \—v—/
def én def éz
e def

Finally, the error in the intermediate solid velocity is split as

(A.2)

. o1 . . . op_1
d'-d, > =d"-I,d"+1,d"—d, > in I
—_— _ (A3)
def g1 def a1
*57[ _xh

In the sequel, the following equation, relating éz and d;&}, will be used

En= 9.+ Id" — m,0.d" . (A4)
—_———
def zz

Similarly, the discrete error counterpart of (3.15) reads as

y “n—% y y T * gn T n nk T n %
X = ' = = 1 L ) = £ T - ) T )
(A.5)
for n > r, where we have used (3.35).
We first provide the following a priori estimate for the discrete errors (67,7, En €, X0
(o@: 5C1h+€2T+C3T2"_17 (A.6)
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where the energy-norm of the discrete error at time step #,,, as

1
n 2
n def £n n
& L (p")2 | 84ll0.0 + (p%€)? ||€h||o,£+||€h||s+< Y. cTu| Ve, ||og>
m=r+1
1 1

2 . 2
Z Cgf‘ hayh + Z CgT’}/.uHeZ_xZ”zl_hz
m=r+1 m=r+1 27

for n > r, and the symbols {c; } >_, denote positive constants independent of 4 and 7, but which depend

on the physical parameters and on the regularity of (u, p,d, d ).

The spatial semi-discrete formulation (3.2) is weakly consistent with the coupled problem (2.1)-
(2.3). In fact, if we multiply (2.1); by v, € V;,, (2.1)2 by g5, € Oy, and (2.2); by wy, € W, integrate by
parts and add the resulting equations, we get

pf(atuavh)g +af((u7p)7 (vthh)) +psg(&tavwh)2 +as(dawh)

- (6(u7p)nﬂvh - wh)z - (u 7&76(‘)}!7 7qh)n)2 + Yﬂ(u *&7‘)]1 7Wh)2 =0 (A7)
h

for all vy, gp, wy, € V), x O, x W,. Taking the difference between the continuous problem (A.7) at time
t =t, and the expression (3.16), we obtain, after adding and subtracting d;u" and d;d", the following
modified Galerkin orthogonality:

Pl (c(u" —uj),vi) g +a' (W' =, p" = P), (Viy i)
+pie(d:(d" —dp),wy) . +a* (d" —dj,wy) — (o — ), p" — pp)n,v,—wy,) 5
(W )~ (@ =), 0 —qm) o+ ()~ (@ v )
= —p'((9 — )", v1) o — P (( — D) A", W) .+ Su (U], Ph), (Visai))  (A8)
for all (v, qn,wy) €V, ><.Q;, x W ;. Hence, from (A.1)-(A.3), we infer the following equation for the

discrete errors 07, y/, &5, &), and x}:

PF(3:05,v1) o+ ((B],30). (Vi) + i (83 37), (v an)) + e (3 wi)
(& wn) — (68, v — W)y — (8] — X} 6 (v —qi)n)
T (81— Zhovi— W)y = —p" (3~ 00)u" i)  — ' (3:0%, v
—p%e((9, — dr)ad" W)y —P°e(0: émwh)x a* (&%, wn)
+ S ((is.Exu” iz Er p"), (Vi) ) —7(9;— th—Wh)z

af((e;znyr;(), (vhth)) + (G(O?rvy;lr)n7vh - Wh)z =+ (677; - é:lra O'(Vh, 7qh)n)z (A9)

+

for all (v, qn,wy) € Vi X @, x W), and n > r. Note that a® (é';c, wh) = 0 due to the definition of the solid
projection operator 7). Taking (v4,qp, wp) = ©(0},,y7, X7) in (A.9), using Lemma 3.2, (A.4) and (A.5),
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yields the following energy inequality for the discrete errors:

p p°e £n gn
B (011163113 0 + 7 10:0513 o) + 25 (cacl EpR 2 + 210813 )
o7 (WIVOLIR o, + 1|6 2413, o + 16707 )

(181\\5 I3 +719:85115) < —p'e((9 — 3 )", 0}) 5, — p'7(3:67%.07)

T
—p%et((d— dn)d" X)) 5 — PeT(3:E0,x})) 5 —Ta* (&1, 2))
T 13
. no. n YN 9" £n pon n
+TSh((lszE2u JiszErp"), ( h»)’h)) ( ﬂ_énaeh_xh)z
(A.10)
T4 Ts
+T(O’(8” n 0" — y")_ — f 0" ! no.n en
7:7))7:)”7 h Xh)g Ta (( nvyn)v( hvyh))'i'r( énv ( yh))
Ts T;
&n n n% Tz n n nx
7 (€0 L(E - E1)) oo (LEhL(EE— &1

13
2 £n n % 7 n n nx
7 (9L —d") 4o (L L ™))y

Ty Tio

for n > r. The terms 71 — T stem from the time-stepping and stabilization methods. The terms 75 — 77
come from Nitsche’s method. Finally, terms 7g — 719 are due to the kinematic perturbation and depend
on the extrapolation order. We proceed by treating each term separately.

Term 77 can be bounded using a Taylor expansion, (3.38) and the Poincaré inequality with constant
Cp. This yields

71 < p' (||0u" — dcu™ o0 + [|9:0%]l0.2) 07]0.0

<p't (7«'7 Gwll 2, air2y +7 2 ||3t97r||L2(¢,,,1,tn;LZ(Q))) 16710,

(P'Ce)* ( > 2 2 ny2
S S 2ei (T ||alt“HL2(r,,,l,zn;L2(Q))+HatoﬂHL2(1,1,.,1,1;L2(Q))) +etu| Vel .q, (A.11)
< (P'G) (p'Cp)?

2 2
S T L RS e eyt L YRR

2
+&tul|VOL[[5.q,,

with € > 0. Note that, by choosing € small enough, the last term of (A.11) can be absorbed by the
left-hand side of (A.10).
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For term 75, using again a Taylor expansion we have

T < p*et(]|(0 — 3:)d" oz + 10:E% l0.2) 1 2] N0,
<plet (r”2||anu||y(tn,l,,nm)) - r'ﬂnatén\\Lz(,n,l,t,,iz(x») ||XZ||02

p%eT [ , 5 5 ) (A.12)
N 26, (’L’ HaﬂuHLz(t,,,.,t,l;Lz():)) +h Ha’uHLz(r,,,l,tn;Hz( ))) +82’L' ||XhHOE .
%,_/
T2.r
For the last term, using (A.5) and a triangular inequality, and since 7 < T, we have
7 2
T2,r\£2f ||‘§h||02+52p |1La (& — )Hox +32p |Lp(d" —d"7)|5,5
(A.13)
<erl’ ||§h||o,s+ez IILh(éh 3 G (d" —d"")|[5.s-

The first term will be treated via Lemma 3.1 in (A.10). The remaining two terms will, respectively,
be controlled below via the numerical dissipation provided by the fluid-solid splitting and a Taylor
expansion. Since the bound depends on the extrapolation order, we postpone the analysis of 73 , to treat
it together with the extrapolation-dependent terms 7g — T1g.

For term 73 using (3.35), (2.4), a triangular inequality, a Taylor expansion and approximation, we

have ] )
T3 =—1a* (&), 1d" — 0:d") < t||&}||s|1nd" — 0:d" s

. . . T n

< (" = &2+ 1" = 2cd|) + o | €72 (A.14)
T

ST o+ PBTIuE, s+ 5 EHIE

where the last term can be controlled via Lemma 3.1 in (A.10).
For term T4, using the weak consistency of the stabilization operator (3.39), we observe that

1
I < TE‘(iSZEZuanzElpn”g"_T%K s S o el (w30 +u"" P17 0) + 824\( s
(A.15)
where the third term in the right hand side is absorbed in the left-hand side of (A.10), for &4 > O suffi-
ciently small.
The boundary penalty term 75 is handled using Cauchy-Schwarz inequality followed by (3.40),

w
||2 STk’ (

1 n & n
Tséfgﬂl“e 5”1,1 +T§Y.U||9h hr~T

(A.16)
Note that the second term can be absorbed in the left-hand side of (A.10), for €5 > 0 small enough.
Similarly, for the consistency term T, using (3.38)3, we have

Ts <7

1 n €
e Ol s+ T8 - 2l
o7 (A.17)

1 £
<th?_—_ n||2 n|2 <6 0" _y'12
ST STiL (le"13.0 +1P"I7.0) TS yu| 6y th%’h’Z

1+ A" 3 )+ 75 v 87~ 2,
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Note that the first term has the right convergence order and the second term can be absorbed in the left
hand side of (A.10), for & > 0 small enough.

To estimate 75, we split it into two parts as in Burman & Ferndndez (2014). The velocity-velocity
coupling part can be easily handled by using approximation and the robust trace inequality (3.22), as
follows:

- Ta(e;;:? 02) + T(G( Z,O)n, 6; - é;lt)z

n n n 1 n .n
—a(07,6}) + Tuer|[E(6))n|” ), +Tu 0% — &3l s (A.18)

< Th? u" h2
S e B+

The last term can be, once again, absorbed in the left hand side of (A.10), for & > 0 sufficiently small.
For the velocity-pressure coupling part we write, using integration by parts in the continuity equation,

7|3 z) +21&7uCri|| VO] |15 L

Th(ys, 0}) + (¥}, 0%) + T(6(0,—y})n, 0% — &)
= T(y%.div8}) o — T(y},dive’:) o +T(6(0,—y})n, 8% — Er)
= T(yh.divO}) o +T(Vy), 0%)0 —T(yin,Er)
17,1 17> T3

For the terms 77 1 and 77 », using the Cauchy-Schwarz inequality, (3.38) and (3.39), we have

&7, €712

T7,1 5 h | O yh)‘Sa (A]9)

1
2811 N||V9 HO.Q» T2 S Thze ||“"||2Q+T

where the last terms of these inequalities can be absorbed in (A.10), for €71, €72 > 0 small enough. For
the third term 77 3, denoting by y € R the average of yj over the interface patch P, , using the property
(3.36) of the operator I, and the standard orthogonal projection inequality

1Yk =i llo.e: S Al VY3llo.es

together with the trace inequality (3.21) and (3.4), we get

T73= —TZ ()’Z —yzr'laé;lz '”)P S
l

€13

<rh3 . S G PR

(A.20)
u n
<Th3 IId ||2>:+T 5 \(0 W3

the last terms of these inequality can be absorbed in (A.lO), for €73 > 0 small enough. The above
estimations of 77 1, T7 » and 77 3 provide bounds which involve either terms with the right convergence
order or contributions that can be absorbed by the left-hand side of (A.10).

REMARK A.1 If we were to follow the distinction between fluid and solid mesh sizes, as advocated in
Remark 3.1, the estimate (A.20) will read as follows:

(h) 873
At

373

T73<‘L'(hs)3 ,LL Hdn 2

1(0,55)]3-

T(h® 3 B d"|? 1C
h”OQh S t(h) 28773” 2z +
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Note that the constant in front of the last term depends on the ratio between the fluid and solid mesh
sizes.

We now proceed with the extrapolation-dependent terms 73 — 719 and the term 73, from (A.12).
We consider each case of extrapolation separately. Basically, the terms Ty — T are controlled as in
(Fernandez, 2013, Theorem 2). We include these estimates here for the sake of completeness.
Algorithm 2 with r = 0. We have the bound

2

pse

Ig< —

1 -1
(1- 3 ) Mol + 2018 - &'
with & > 0. On the other hand, we have

89[) €

e e
To=7(5h—&n Lud")x <7ll& =& llox/Lad"[lo.x < 1€ — &M 15,0+ IL°a" |3 =,

28 9PSE
with & > 0, where we have used the s-uniform bound (3.17). For the last term, we have

2 2

’ 810’6
(thhaLhdl)z S 20 Hthh”OZ_"

Tip = ILea" 5 z,
pie z

2e10p%e

with €19 > 0. On the other hand, owing to (A.13), we have that for » = 0 it holds

T < et |\§h||oz+82 ||Lh§h|\o,sJrezfllLed”H2
Thus, we get
7? I &
T3 +To+Tio+Tro < 82T ||fh\|oz (1288282) ||Lh§ZH(2),£
7:2

1. 1 ‘e o e
zpe( +1+82> I3+ P E e+ e0)lIE) — &1 By (A2D)

Taking €g = %, 0= % and & < %, we have

and the second term on the right-hand side of (A.21) is negative. The last term of (A.21) can be absorbed
into the left-hand side of (A.10), for & > 0 small enough. In summary, the estimate (A.6) follows by

inserting the above estimates into (A.10), summing over m = 1,...,n, and applying Lemma 3.1 with
f S
p 2 p €, my2 1 my2 1
am =S 1105 llo.o + = 1&n llo.x +FISKIIS:  1hn = 7

Note that, owing to the selection of the initial data, we have

0)=0, EV=¢%—o. (A.22)
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Algorithm 2 with r = 1. For the term T3, using (3.35), we have

7 gn £n— gn  gn— gn n— n n
— 5 (IERIE = W& 12+ 17— &3 12) +22 (& — &3 Lu(1hd” — 0cd")

1

2
-1 -1
~ ve (ILaEilEs ~ N e + 1Ea(85 ~ €7)lB )

Similarly to (A.14), we get

= P (€ £ - o) < TG - &R s+ Bl e
and, thus, 2
ns- 2 (1R - 18 R) - Sig - & e
~3ove (ILAERIEs — LG I+ 1La(E] ~ €57 1R 5) (A23)

2 2 2 3RS 2
2B 35+ 7B Ol -

For Ty, using (3.17) and a Taylor expansion, we get
Ty :T(éz - Zileh(dn _dn_l))z < T||§Z -
p’E . tn—1 T

<ei (1013 =+ 185" 15) +

@ —d" "o

( _dnil)H%,E (A.24)

P°E (122 En—1)2 T
<o (IR 2 + 1851 x) +

The first term of (A.24) is controlled by (A.10) via Lemma 3.1. Similarly, for term 77y, we obtain

2
d”Lz(tnfl 7tn§L2(E)) ’

) B 73 T -
To= e (L L' —d" 1))z<zr g il + 5 g L@ —d" g s
e o (A.25)
2Tp gHLhéhHOZJF 58||Leatd|‘1%2(,n,l,t,,;L2():))'

The first term in the right-hand side of (A.25) is controlled by (A.23) and Lemma 3.1. On the other
hand, from (A.13), we have

2
—1y12 T —1y2
T < <eb ||éh||oz+z IILh(<§h f )Ho,z+627psgllLe(d"*d" Mo,z

d|z

3
—1\12 T
<82T ||5h||02+82 ||Lh(‘§h n Moz+e pve (a1 ,tn:L2(E))"

In summary, the estimate (A.6) follows by inserting the above estimates into (A.10), summing over
m=2,...,n, and applying Lemma 3.1 with

1
am = - HO ||09+ ||‘§h||02+ ||5 2+ 2p£||Lh€hH027 M = -
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The right-hand side contributions obtained at time #;, can be controlled (due to the initialization proce-
dure) by using (A.6) withr =0, T =7and n = 1.

Algorithm 2 with r = 2. Let us first consider the term 79. Using (3.17) followed by a Taylor expansion,
we have

En_ gn— n__ qn— K3 n_ gn—
T = ()~ &y Ly(0:d" —d ‘>>E<fc” (Jed” —d" )3 x

. n—1 °T
(NER =+ 1€ 13 2) +
2 i
<P (1€ s+ 18" 1Bs) +

42, a2y

(A.26)
The first term in the bound (A. 26) is controlled via Lemma 3.1 and (A.10). For the term T7¢, using the
inverse estimate (3.20) and the -CFL condition (3.26), we have

3 3 3
T " 1 T =142
Tio =g (ER Lo~ &) < S LR s+ 5 Lo — )||o,):
3 “T
T (a) a)?
ZTP6||Lh§h||02+ Ha”l’edHth L) S Y IEAIS + ||8”LedHL2(t ~1tmiL*(Z))
<TG+ 5 L AN, ey
(A.27)
The first term in the bound (A.27) is controlled via Lemma 3.1 and (A.10). Note that
e _gnl gl p(mydt ! —Ld' ).
Hence, for the term T3, we get
n—1 n 1 3 n 1
Ty=—12 (& - & " Ly (&} )y — ( L&} Ly (& - )
+7? (é’;féZ*‘,Lh(lh(ii"f&"”)fafdud"—l))z
1g,
3 ; . _— _—
+E(Lh§h,l,h(1h(dtd" )= ded"+d""))
13>
Under the %-CFL condition (3.26), we proceed similarly to (3.31) and (3.33), and we have
. . ps . .
—2&h =& T G = &0 s+ 2GR + T + Ty (A28)

We consider the terms T3 1 and 73 > separetely. Adding and subtracting d" in Tg,1 yields

Tyi =t (& — & Iy(@" —a" ") — (@ —d" ") + 7 (& - & Ly(d" — 9:d")) .
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Owing to (2.4) and the approximation properties, we have

2
T2 Sn— _
T&lS;H&Z— p P M AR e [

s (A.29)
w22 (1ER s+ 16 Bs) + S
For the term 73 » we have
13 S n n n—1 n n—1 3 n n
T&Z = pSSa (thhvlh(d —d )—(d —d )) (LhéhaLh( —0d )) (A.30)

The second term in the right-hand side of (A.30) is treated similarly to (A.27). The estimate for the first
term follow by the inverse estimates (3.19), (3.20) and the -CFL condition (3.26). We have

5
T w2, TT 0 o ety ogn gne1y2 2,
Tg <W||Lhéh||s+7”1h(dn—dn )—(d"—d" )||s+ alls + \|8,,Led||th 1w LA(Z))
w8l satel
’ 3T 2, 12p 1
S( 2T + 2T >||§Z||s+h ﬁSTTHun u'" ||22+ ||8ttLedHL2 (ta—1,tn:L2(X))"
(A31)
Substitution of (A.29) and (A.31) into (A.28), yields
7? gn £n—12 PS gn 2
~S & - &R+ g - & ||0>:+T <||§h||o>:+||§ s)
atei
5 2,
”(O‘ T or )”511” 4|2, ni12(x)

+h2BS(T +o)tfu —u 5y (A32)

The first term on the right hand side is absorbed into the left-hand side of (A.10) and, the following two
are treated via Lemma 3.1.
On the other hand, regarding the term 73 > from (A.13), we get

4
T n—
Ty <e27" ||§h||oz+82p ILn (&) — Z’*)II%,Z+827p58\|l~e(8rd"7d" D5

5
N T 2
<&t ||éh||oz+ez I = 8B e L 0ud ey

o1
Moreover, we have

4
n—1 —1y712 ﬁ n—1)2 —1(2
Tzzl\ez IILh(ih no )T Ln(z =2z, llox <2¢ 2iipe (Er =& 12+ Nz — 25~ "12)

1 Sn—1 _
<2€2(?’T)3T (Er =& 12+ Nz — 25 "112).
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The first term can be controlled with the numerical dissipation of (A.32) and the second term can be es-
timated as in the previous estimations. The estimate (A.6) then follows by inserting the above estimates
into (A.10), summing over m = 3,...,n, using (A.22) and applying Lemma 3.1 with

f Se . 1 1 a3 13 +adts
an =2 107G+ EENEN R o+ SRR, v = max{T,zfo, ;} ~
The right-hand side contributions obtained at time #,, can be controlled (due to the initialization proce-
dure) by using (A.6) withr=1,T =27 and n = 2.
Finally, the result of Theorem 3.2 follows directly as a consequence of a triangle inequality, the
discrete error estimate (A.6) and the optimal approximation properties of the interpolation operators.
Hence, the proof is complete.

B. Proof of Corollary 3.1

Taking (vi,qn, wn) = 7(07,y},&}) in (A.9), the energy inequality (A.10) holds with x7 = &}, and Ty =
Ty = Tio = 0. The terms 75 and Tg are treated similarly to (A.16) and (A.17). Note that the Nitsche’s
dissipation on the interface is given in this case by

CgT’}/‘LL H 92 - 52”2%,;,72‘
Similarly to (A.12), for the term T, we have

s
<p€T
~ 282

p°E,
T (9wl F2(,,_, ga2(y) HN108E2¢, giareizyy) + 87 1855 -

The last term may be controlled by Lemma 3.1. The remaining terms 71,73,74 and 77 are treated
exactly as above. We obtain thus an optimal a priori estimate for the discrete errors. We conclude as in
Theorem 3.2.

C. Proof of Theorem 4.2

For the derivation of the error estimate, we build also on the decomposition of the error given by (A.1)-
(A.2). Let us first prove the following estimate ofr the discrete errors (87,y},&, &7):

<ceth+ert+eyte, (C.1)

~

g;ln
with the energy-norm of the discrete error being defined, at time step #,, as

1

n 2

Spdef, f1ian L lien . )

& =(p")21105l0.2 + (0%€)2 [ ERllo.x + €7l + (Z cg1u||Veh||(2),Q>
m=1

2 ! :
n n on n /YK-“ n .l’l 2 n h 2
+ c.T|(0 , Y 3 + 7/l @% — + — 1|y
(n;] IC h)|S> (nlz] YU+ Kh 105 €h0,2> (nlz] i+ K V5 110.5

for n > 0 and where the symbols {c,-}?:l denote positive constants independent of 4 and 7, but which
depend on the physical parameters and on the regularity of (u, p,d,d).
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Similarly to Lemma 4.1, we can show that at time f, the exact solution (u, p,d ,d) of the coupled
problem (2.1)-(2.3) satisfies

p" (A" vy) o, +a" (", p"), (Vi,qn)) +I)S€(<9zt'1",wh)2 +a*(d",wy)
YR (u"—t'i"*l,vh—wh)z+ T (Ld"+pse(8t—87);1",v;,—wh)2

YU+ Kh YU+ Kh
Kh e
- ')/‘LL—FK'h (G(unapn)nvvh_wh)z"_ (un_d lvo(vhv_qh)n)x
n s an h no.n
~ i (Ld"+p°e(d, — d:)d ,O'(Vh,—CIh)”)E—W(O'(M ,P")n, 6 (v, —qp)n) . =0

(C.2)

for all vy, qp,w;, € Vj;, x Qp x Wy, Subtracting (4.9) and (4.10) to the continuous problem (C.2) we
obtain, after adding and subtracting d;u" and d.d", the following modified Galerkin orthogonality:

Pl (O (u" — 1), vi) g +a (W' —ul,p" — p), (Visan)) + p°e(9:(d" —dp), i)y +a* (d" — i}, wy,)

Kh n non n n n n— n—
- ,yu+Kh (o-(u —up,p —ph)n,Vh—Wh)Z+((u _uh)_(d l_dh 1)7G(vh7_qh)n)z
YKU n n n— n— h n non n
y,u—i—Kh((u —uy)—(d I*dh 1)»V11*Wh)2*7y‘u+,€h(°'(“ —Uupp *Ph)nvo'(vh,*%)”)z

= " (9 — )" va) o — € (3 — Ae)d" . w) . + 8 (4. P1). (Vi 1))
(Ld” + psg(8, — ar)[i”, O'(Vha _qh)n)z
(C3)

YU n s an
— w—Hch(Ld +p°e(d — dr)d" v —wy) 5 +

YU+ Kh

for all (vy,qp,wp) € Vi, x Op x Wy, Hence, from (A.1)-(A.2), we infer the following equation for the

discrete errors 07, y}, &, and &):

pf(a‘EOZ7Vh)Q +af((025y2)7 (Vh;CIh)) +Sh((oz7y2)7 (Vh7qh)) +ps€(a‘5527wh)z _|_aS (é;;awh)

Kh no.n n gn—
- YU+ Kh (6(0/17yh)navh*wh)£+(ehféh lao-(v}n*Qh)n)z
YKH n_ gn—l h non
yu + Kh (eh —Sn sVh _wh)z - YU+ «h (O'( h’yh)nvo-(vha _qh)n>2

= *Pf((at - 8r)unavh)_(2 *Pf(aror;mvh)g *Pse((az - ar)‘.invwh)g *Psg(aré;awh)z

—a*(Er,wn) + Si((is. Exut" i E1 P"), (Viyqn) ) — af((Oﬁ,yg), (Viqn))

Kh n o 0 ine
+ Yﬂ+Kh (G(On,yn)n,Vh*Wh)Z+(en.— T ],O-(Vh,*q;,)n)z
YKu n  gn—1 non
B YU+ xh (9”— T ’Vh_wh)2+ YU+ Kh (O'(en,y,[)n,()'(vh,—qh)n)z
el n S n h n 5 an
- o 1 xh (Ld +P58(3t - a‘r)d ,Vn _Wh)z =+ m (Ld —i—PSE(a, — 8T)d ,O'(Vh, —qh)n)Z

(C.4)
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for all (vy,, gp, wp) € Vi, x Q) x Wy, and n > r. Note that a® (é';r, wh) = 0 due to the definition of the solid

projection operator 7} . Taking (v, g, wi) = T( h7yh7§ ) in (C.4), using the stability estimate reported
in Theorem 4.1 and (A.4), yields the following energy inequality for the discrete errors:

of

20183130+ 7*19:6313 0) + &t (1IV O3 0, +1(87,))

1 yxu n_ gn
(DLl + 212EHIE) + 5 =L cl65 - £33

2
+

_h L Kh 25803,
YU+ Kh 8 yu + xh R 110,

< —p"T((3 — I, 0}) , —p'T(0:0%,00) o —p°eT((d — Iz)d" &) — pPet(0:ER,ED))

pse
il + 5 T3r||’§h||02+
2

(
1
2
1
5

Tl T2
—1a* (&5 ) + 75 (i Bou(0), 1 B p(1)), (84, 31)) —1— (0 — E1,07 — &)
- YU+ Kh 4 x
T3 T4 T
Kh 0" ! 9" gn f(e" " no.n Kh 0" gn n n
Jrf’}’,u—‘rl(h (G( myn:)nv h*éh)zf”’-a (( myrc)7( h’yh))JrT'ﬂi‘i‘Kh( n:*émo-( h,*}’},)”):
Té T7
h n o.n n n YKU n en—1 gn  gn
+T7’N+Kh (o-(envyn)n7°-(6hv_yh)n)z_ YN+Kh (671:_671: 76h_§h)2
T8 T9
Kh n gn—1 YU . *n
_ " _ Ld" Se(o p) dn n
+7 'ﬂ.l-‘rK'h< T ,O'( yh) ) }/‘LL—I—K']’!( d +p 8( (A ) éh)z
TIO T11
+1 (Ld"+pe(d, — 9:)d", 66, —y})n)

Yu+xh

Tin
(C.5)
with 5g > 0. The terms 77 — T4 stem from the time-stepping and the stabilization methods. The terms
T5 — Tg come from the generalized Nitsche’s method. Finally, terms Ty — T, are due to the kinematic
perturbation and, hence, are inherent to the fluid-solid time-splitting scheme.
Note that terms 77, 73 and T4 can be bounded exactly as in (A.11), (A.14) and (A.15). For term 7>
we can proceed in a similar manner to (A.12) to get

T<P58T 2019 ull? 2lo.dl? PE in2 C6
23 g (Clonulag, gz H 19N, g ey) + &7 165 1G5 (C6)

The last term will be treated using Lemma 3.1.
The boundary penalty term 75 can be handled in a similar manner to (A.16) yielding

ZYH n n 85 YKu n_
Sth (||“ H29+h||d ||22) ey erKhHe

wll0.zs
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where we have used that "
K

YU+ Kh

Note that the second term can be absorbed in the left-hand side of (C.5), for &5 > 0 small enough.
Similarly, for the consistency term 75, we have, using (3.38)

0< < 1.

1 & YKH :
T <Th2 u" 2 +Ip" 2 472 Q" _ En 2 )
6 ~ PR (|| Hz,g lp Hl,Q) ) yu+1<h|| h 511”0,2
Note that the first term has the right convergence order and the second term can be absorbed in the left
hand side of (C.5), for & > 0 sufficiently small.
As in the proof of Theorem 3.2, we split 77 into two parts. The velocity-velocity coupling contribu-
tion can be easily handled as in (A.18), viz.,

n Kh n &
_Ta(o;lrvoh)+1yu+’(h (G( ’/flmo)naen_g;lr)x
<t F w2, vt 25 1W"|3.0+ 14" |35 ) +278uCr||[ VO3 o -
~ 2.0 TTU 2,Q 2.5 THCTI nll0,9,
&Cry &

The last term can be, once again, absorbed in the left hand side of (C.5), for &; > 0 sufficiently small.
For the velocity-pressure coupling part we write, using integration by parts in the continuity equation,

Kh
YU +Kh

(G(Oa _yZ)na 9; - éri;:)z

K n .n ’},u n n
m ()’hnﬂin)g _T}’IJ T xh ()’h'h 97:)2 .

T, T T3 Tr4

—Th(yg, 0) +Tb(y}, 0%) + 7

= 1(yy,dive})o +71(Vy),0%)0—T

Terms 771 and 77> can be bounded as in (A.19). The control for 773 follows as in (A.20). For 774,
using (3.40), we have

6774 h
2 yu+xh

1 ny2 n2
T4 < TEVHHOn”%,h’;"’T 31102

YH 2 €4 h 2
<= =
N 874”“ 2.0+ ) ’}//.L—I—KthhHO’Z’

)

the last term can be absorbed in the left hand side of (C.5), for €74 > 0 small enough. The above esti-
mations of 73,1, T », T7 3 and 17 4 provide bounds which involve either terms with the right convergence
order or contributions that can be absorbed by the left-hand side of (C.5).

For the term 73 we have

h h
Ts=1 o(0.y2)n,0(07,0 T o(0" ! /s
8 '}/[.L+Kh( ( m)’n)"a ( h )n)2+ ')/,u—‘rK'h( ( 7t7y7t)n>yhn)2
1 u & h
<T— o(0" V" 2 27¢€ (0" 2 © a2
188 7”+Kh|| ( 77:7)’71:)””_%.}112"_ T 8’}/'U,+K'h‘uH ( h)nH_%’h)Z—i—Tz '}/,U,+K'h||yh||072’
1 1 €3 h
<th? —— (w3 o +1P"1% o) + 278 —uCri|| VO[3 0 +T— ———[|V212 5,
~ Tl (|| ||2,Q P Hl,!)) 8},# | hHO,Qh B },‘quK.h”thO,E
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and the last two terms can be absorbed by the left-hand side of (C.5), for &g > 0 small enough.
The boundary penalty term 79 can be controlled using a Taylor expansion

1 yku & YKU 5
9N T2 yu+1<h“ w0l + T 2 },“JrKh” n—Snllos
1 yku & YKU
<72 2 & 0 )
" 2 y;H—KhH&té”HLZ(tnfl,rn;LZ(z)) 5 y‘u_|_K.h”6h Sllo,x
Lo 2 & YKL | on 5
S7:27-:9}1pg”a’u”Lz(tH,tn;Hz( p T ?Y +Kh|| h*‘ghno,z-

Note that the second term can be absorbed in the left-hand side of (C.5), for & > 0 small enough.
Similarly, the boundary penalty term 7j¢ is bounded by

Kh . tn—1 Kh 2, tn—1
TIOZTY#+K}Z( ’71r_ rJ;,' 70-( Z?O) )2+T’}/‘u—|—1€h( J?L'_ rJ;,' 7yzn)2
St iPpseldd)? T 2ee10uCn VO3 g, + T R
~ 20 L2 (1 aiH2(2) 107 02 T T Yy wn N0

Note that the second term can be absorbed in the left-hand side of (C.5), for €;¢9 > 0 small enough.
Similarly, the boundary penalty term 77; is bounded by

1 1
e o\? 1 YKkp \?
s (e ) b os (v ) 165 o

] 1
Yu 2 1 s _ ~n YKU 2 n En
*( Vu+xh> K2 lpe(d = 9e)d o.x (Twm) 167~ &llox

1 1 YK
< S 2 2
NTZEHP £t ||3nuHL2(tn,l,z,,;L2( ) 28 poe ||0£+T£“yu+ichue 5 ||0£~

The last term can be absorbed in the left-hand side of (C.5), for £ > 0 sufficiently small.
For the term, 772, we have

h ) .
T — Ldn n _ n S a 78 dn n _ n .
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Thus, the boundary penalty term 77, is bounded by

1 T 4
Tio S T —p*e® |1 utllia, a2y +7 HLed"H(z),z+T£12;,CTI#||V9'Z||(2),Q,1+T€12 A

1 h
12 €12 p°€ YU+ Kh
The last term can be absorbed in the left-hand side of (C.5), for €5 > 0 small enough.
The estimate (C.1) follows by inserting the above estimates into (C.5), summing over m = 1,...,n,

and applying Lemma 3.1 with

f S
p p € e 1 1
an =187 5.0+ 167 52 + S ISR, mm =

Note in particular that, owing to the selection of the initial data, we have
0 £0 0
6 - 0, é h = (g h = 0

Finally, the result of Theorem 4.2 follows directly as a consequence of a triangle inequality, estimate
(C.1) and the optimal approximation properties of the interpolation operators. This completes the proof.
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