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Abstract: This paper presents two new numerical methods for incompressible fluid/thin-
walled structure interaction problems using unfitted meshes. The spatial discretization is based
on different variants of Nitsche’s method with cut elements. The degree of fluid-solid splitting
(semi-implicit or explicit) is given by the order in which the space and time discretizations are
performed. For the semi-implicit schemes, energy-based stability and a priori error estimates
are derived and which guarantee the unconditional stability and optimal accuracy in the energy-
norm of one the methods. Stability and a priori error estimates are also derived for one of the
explicit schemes. Numerical experiments in a benchmark illustrate the performance of the different
methods proposed.
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Méthodes de maillages non compatibles et schémas de
couplage pour l'interaction d’un fluide incompressible avec
une structure mince

Résumé :  Cet article présente deux nouvelles méthodes numériques avec des maillages non
compatibles pour la simulation de 'interaction d’un fluide incompressible avec une structure
mince. La discrétisation spatiale est basée sur des variantes de la méthode de Nitsche avec des
éléments coupés. Le caractere semi-implicite ou explicite du couplage en temps est donnée par
lordre dans lequel les discrétisations spatiale et temporelle sont effectuées. Pour les schémas
semi-implicites, nous établissons des estimations d’énergie et d’erreur a priori qui garantissent la
stabilité inconditionnelle et la précision optimale d’une des méthodes. Des estimations d’énergie
et d’erreur a priori sont galement établies pour 'un des schémas explicites. Le comportement
des différentes méthodes proposées est illustré par des expériences numériques.

Mots-clés : interaction fluide-structure, fluide incompressible, structure mince, maillages non
compatibles, méthode de domaines fictifs, méthode de Nitsche, schéma de couplage.
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1 Introduction

The numerical simulation of multi-physic systems involving the interaction of an incompressible
fluid with a deformable thin-walled solid is of great importance in many engineering fields: from
aeroelasticity to bio-mechanics (see, e.g., [46, 65, 24] (0] 52] B8]). A major difficulty that has to
be faced when solving this kind of coupled problems is the stiffness of the kinematic-dynamic
interface coupling, which is known to lead to severe numerical issues (see, e.g., [44] 18] [33] 506]).
For instance, the stability of naive fluid-solid splitting schemes is driven by the amount of added—
mass in the system, rather than by the discretization parameters. A natural way of bypassing
these difficulties is to consider strong coupling (i.e., a fully implicit treatment of the interface
coupling). This guarantees stability and accuracy, but at the price of solving a computationally
demanding heterogeneous system at each time-step.

Over the last decade, significant advances have been achieved on the development and the
analysis of splitting schemes that avoid strong coupling without compromising stability and
accuracy. In most of these studies, the discretization in space is based on fitted fluid and solid
meshes (see, e.g., [29, 53] [ 3], B35 111, [47] 28, [32], 5, 27], B1, 42]). Such a fitted mesh framework is
very appealing in practice because it enables a simple and accurate prescription of the interface
conditions. However, it rapidly becomes cumbersome or unfeasible in the presence of large
interface deflections and of topological changes (e.g., due to contacting or fracturing solids). The
alternative in this case is to consider an unfitted mesh formulation, in which the fluid-structure
interface is independent of the background fluid mesh (see, e.g., [51l, 45 57, 34, 54 20} 2] 7, 14
A1) §)).

Within the unfitted mesh framework, splitting schemes which avoid strong coupling are rare
in the literature. In fact, we are only aware of the schemes reported and analyzed in [7], using the
finite element immersed boundary method, and in [14], for an unfitted Nitsche method with cut
elements. The fundamental drawback of these two approaches is that either stability or accuracy
demands severe time-step restrictions (e.g., parabolic-CFL) and/or correction iterations.

In this paper, we introduce and analyze two new classes of numerical methods which simul-
taneously overcome strong coupling and the above mentioned stability /accuracy issues. To this
purpose, a representative linearized model problem (static interface) is considered. The meth-
ods proposed generalize, for the first time, the Robin-Neumann splitting paradigm introduced
in [28] B2] to the case of unfitted meshes. For the spatial discretization we consider the robust
Nitsche’s method reported in [I4] and a new variant which builds on arguments from [I7, 40]. A
salient difference with respect to the fitted mesh framework is that the semi-implicit or explicit
nature of the splitting is driven by the order in which the spatial and time discretizations are
performed. In [28 32], both approaches commute and lead to the same explicit scheme.

Robust a priori energy and error estimates are derived for all the semi-implicit schemes
and for the simplest explicit scheme (without extrapolation). The analysis shows, in particular,
that the semi-implicit scheme with first-order extrapolation delivers unconditional stability and
optimal (first-order) accuracy in the energy-norm. Previous studies devoted to the numerical
analysis of linear incompressible fluid-structure interaction problems can be found in [43] 22
3, 28], [32] 14, 26] [9]. To the best of our knowledge, this is the first time that the convergence
analysis addresses the case of unfitted meshes without strong coupling.

The theoretical findings and the performance of the methods proposed are illustrated through
numerical experiments in a well-known benchmark. Some preliminary results of the present work
have been announced, without proof, in [30].

The rest of the paper is organized as follows. In Section [2| we present the linear continuous
setting. Section[3|is devoted to the case in which the space discretization is performed in the first
place. The resulting semi-implicit schemes are introduced in Section [3.2] and their stability and
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4 M.A. Ferndndez € M. Landajuela

convergence analysis is reported in Section [3:3] The alternative approach which consists in first
performing the discretization in time is addressed in Section [, The resulting explicit schemes
are presented in Section [4.2] The simplest variant is analyzed in Section [4.3] The numerical
experiments are reported and discussed in Section [l Finally, a summary of the conclusions is
given in Section [6]

2 Linear model problem

Let  be a polyhedral bounded domain in R? (d = 2, 3) with boundary partitioned as 99 = TUX.
The outward unit normal to 9f) is denoted by nm. We consider a fluid-structure interaction
problem in which the fluid is described by the Stokes equations in €2 and the structure by a
linear thin membrane or shell with mid-surface given by 3. The coupled linear problem reads:
find the fluid velocity u : @ x RT — R?, the fluid pressure p : @ x RT — R, the solid displacement
d: ¥ x RT = R? and the solid velocity d : ¥ x RT — R¢ such that

plou — dive(u,p) =0 in QxRT,
divu =0 in QxRT, (1)

u=0 on I'xRT,

u=d on X xRT,

pedyd+ Ld = —o(u,p)n in X x RY,
d=0d,d in ¥ xR*,
d=0 on 0¥ xRT,

(2)

complemented with the initial conditions u(0) = ug, d(0) = do and d(0) = dy. Here, pf and p°
denote the fluid and solid densities and € the solid thickness. The strain rate and Cauchy-stress
tensors are defined by

def

e(u) = (Vu + VuT) , o(u,p) def —pI + 2ue(u),

N =

where u denotes the fluid dynamic viscosity and I is the identity matrix in R4*¢. The abstract
differential surface operator L describes the solid elastic effects. Equations 1,2 enforce the
so-called kinematic and dynamic coupling conditions. Note that, due to the thin-walled nature
of the structure, the latter also represents the momentum equilibrium in the solid.

In the following, we consider the usual Sobolev spaces H™(w) (m > 0), with norm || - ||m,w
and semi-norm | - |, . The closed subspace consisting of functions in H'(w) with zero trace on
¥ C Qw is denoted by HJ(w). The L*-scalar product on w is denoted by (-,-)., and its associated
norm by || - [|o,w-

We consider V' = [HE(Q)]? and Q = L?*(Q) as the fluid velocity and pressure functional
spaces, respectively. The standard Stokes bi-linear forms are given by

a(u,v) & 2p(e(u),e(®)) g, blg,v) L —(g,divo)a, af ((w,p), (v,9)) 2 a(u,v)+b(p,v)—b(g, w).

We assume that the unbounded linear operator surface operator L : D C [L*(X)]? — [L*(X)]% is
densely defined and self-adjoint. Associated to this operator, we define the elastic bilinear form

a*(d, w) < (Ld,w)s

Inria
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for all d € D and w € W, where W C [H}s(2)]? is the space of admissible displacements. We

def 1 . . .
further assume that ¢® and || - ||s = a®(-,-)2 are, respectively, an inner-product and a norm into

W. The following continuity estimate is also assumed,
[wl? < B°wlli 5 (3)

for all w € W, with 8% > 0.

Theoretical results on the well-posedness of (I)-(2) can be found in [43] (see also [21]).
Sections below are devoted to the numerical approximation of 7, using unfitted meshes
in space and splitting schemes in time.

3 First discretize in space and then in time: semi-implicit
schemes

The first class of methods is derived by applying the time splitting of [28, B2] to the unfitted

mesh spatial approximation of f introduced in [I4]. In this section, we present the method

and address its stability and convergence analysis. In particular, optimal first-order accuracy is
shown for some of the variants considered.

3.1 Unfitted mesh spatial semi-discretization

Standard finite element approximations of 7 are often constructed with fitted fluid and
solid meshes (see Figure . In this work, we assume that they are not necessarily fitted
(see Figure . To this purpose, we consider two families of quasi-uniform fluid and solid
triangulations {7,!}o<n<1 and {7 }o<n<1, respectively, such that:

e Y= UKeThS, for every T7;
e QC UKeT,f’ for every T,f, but for every simplex K € 7!, it holds K N Q) # &;

e Every 7',1f is fitted to I' but, in general, not to X.

The subscript h € (0, 1] in the above triangulations refers to the level of refinement, which is

defined, for a generic fluid or solid triangulation 73, by h 4f hax xeT;, hic, with hg the diameter
of a simplex K € Tj,.

R

(a) Fitted meshes. (b) Unfitted meshes.

Figure 1: Examples of fluid and solid meshes.

We denote by 2, the domain covered by 77lf (i.e., the fluid computational domain), by G, the
set of elements in 7,f that are intersected by X and by JFg the set of edges or faces of elements
in Gy, that do not belong to 02}, that is,

def def

Q Dint (UgerK), G C{KeT /KNS 0}, Fo @ {Feok /K eG, Fnow, +F}.

RR n°® 8908



6 M.A. Ferndndez € M. Landajuela

For a simplex K € Gy, we denote by X i the part of the interface intersecting K, i.e, Xk LYK,

The standard spaces of continuous piecewise affine functions associated to 7,7 and 7;5 are given
by
def = s def
X}fb = {Uh S CO(Qh)/Uh|K S Pl(K) VK € T,;f}, Xh = {wh S CO(E)/’wMK € Pl(K) VK € 7715}
(4)

For the approximation of the fluid and solid unknowns, we consider the following spaces

v, {vh € [X}]?/valr =0}, Q4 o

In a standard conforming discretization of problem (1)-(2) (see Figure [L(a)]), the kinematic

condition 1 is strongly enforced. In the unfitted mesh setting described above the strong

imposition of 1 is no longer possible. In this section, we adopt the unfitted mesh method

proposed in [I4], where the interface fluid-solid coupling is treated in a consistent fashion via

Nitsche’s method. Thus, problem 7 is approximated in space as follows: for ¢ > 0, find
(’uh(t),ph(t),C‘lh(t),dh(t)) eV x Qh x Wy x Wy, such that (Elh = 0ydj, and

X5, Wy fwy, € X))/ wilon = 0}

p' (Ovun,vn), + af, (wn.pn), (Vh,qn)) + poe(Bydy,, wp)y, + a(dn, wp)

(5)

— (o (wn, pr)m, v, — wy) g, — (un — dp, o (vp, —qn)n)y, + L wy, — dp, vy — wp)y, =0

7
for all (vp, qn, wp) € Vi x Qn x W, Here, v > 0 denotes the Nitsche’s penalty parameter and
the discrete bilinear form ag is given by
def
af, ((wn,pn), (Wn,an)) = o ((wn,pn), (Vn, an)) + Sn((wn, pr), (Vn, an)),

where the definition of the stabilization operator S is detailed in Section below. The
unfitted space semi-discrete formulation is stable and delivers optimal first-order accuracy in
the energy-norm (see [14]).

Remark 3.1. Note that the fluid’s bulk terms in are integrated only over the physical domain
Q. This guarantees consistency but, from the implementation standpoint, it requires non-standard
quadrature techniques for the evaluation of the integrals over the cut elements (see, e.g., [48,[1]).

3.1.1 The stabilization operator S

Two sources of stabilization are included in the operator S}, which is defined as

Sh((uhaph)a (v, Qh)) o sh(Phs qn) + gn(wn, vp). (6)

The term sy, : Qp X Qp — R in @ represents a pressure stabilization operator. It is introduced
to cure the instabilities related to the inf-sup incompatible choice of the velocity and pressure
discrete spaces. We assume that the following lower and upper bounds hold

Cip™ 'R lanli o, < snlgn an) < Cop™ 'B2|anl g, "

with C1,Cy > 0, for all ¢, € Qp. Note that in the H'—seminorm is taken over the whole
computation domain €;,. As an example of such an operator, we may consider the classical
Brezzi-Pitkaranta stabilisation (see [10]):

def Yph?
Sh(phth) = rYI;JL (Vp}qu}L)Q;ﬂ (8)

Inria



Unfitted mesh formulations and splitting schemes for FSI 7

with v, > 0.

The term g, : Vi x V) = Rin @ represents the so-called ghost-penalty stabilization (see
[12]). This operator is assumed to bring additional control over the velocity ghost values so that
the following strengthened stability holds

& (lle(n)l§ o, + gn(vn,va)) < ulle(wn)lg.o + gn(vn, va), 9)

with ¢z > 0, for all vj, € V;,. It guarantees the robustness of the methods irrespectively of the
way X intersects the fluid mesh (See Section below). As an example of such an operator (see
[12]), we have

gn(un,vn) =veph > ([Vun]r, [Vorlr) (10)
FeFg

where the symbol [-]r denotes the jump of a given quantity across the edge or face F'.
Finally, associated to the overall stabilization operator S; we define the semi-norm

[N

[(uns pi)ls % Sn((wns pn), (vn, an))

3.2 Fully discrete formulation: semi-implicit coupling scheme with un-
fitted meshes
def

In the following, 7 > 0 denotes the time-step length, ¢, e r for n € N, and 0,2" =

%(m" — z”fl) stands for the first-order backward difference. The superscript ™* denotes the r-th

order explicit extrapolations to z™, namely,

0 if =0,
gnox Y gn-t it or=1, (11)

2" L — "2 if =2,

As mentioned above, a natural approach to guarantee stability in the simulation of the stiff
problem 7 is to resort to a fully implicit time discretization. For problem , this approach
leads to Algorithm As a matter of fact, this method is unconditionally stable and delivers
optimal first-order accuracy in the energy norm (see Remark and Corollary below).
This is however achieved at the price of solving system at each time-step, which can be
computationally demanding. Besides, general thin-walled solid models are known to yield ill-
conditioned stiffness matrices, requiring specific solvers.

Algorithm 1 Implicit coupling scheme.
For n > 1, find (u}l,p},dy, d}) € Vi, x Qu x W), x W, such that dj, = 8,dj; and

pf (87'“27 'Uh)Q + CLZ((UZ,pZ), ('U;“ q}t)) + pse(aT&Za wh)z + as(dZ7 wh)
— (o (uf, pi)n, vy — wp) g, — (uj — d}, o (v, —qn)n)y, + %(u’,} —d}, vy, — wp)y, =0
(12)

for all (vh,qh,wh) eVy x Qh x W,

In a fitted mesh framework (see Figure[l(a)]), an alternative to avoid implicit coupling without
compromising stability an optimal accuracy is given by the Robin-Neumann coupling schemes

RR n°® 8908



8 M.A. Ferndndez € M. Landajuela

introduced in [28],32]. These schemes are based on a specific fractional-step time-marching of the
solid subproblem. Applied to , this approach leads to the following incremental displacement-
correction scheme, for n > 0 if r =0,1 or for n > 1 if r = 2:

1. Fluid with solid inertia substep: find (wuf',p},di ?) € Vi, x Q x W, such that

S€ om—1 .
P (0ruii, vn)g + ai, ((ufi, ph), (vns an)) + pT(dZ P dy T wn) o+ a®(dy w)

em—1 n tm—l
- (a(uZ,pZ)n,vh - wh)z - (UZ —d, ?,0(vp, *Qh)”)g + %(Uh —-d, *,vp— 'wh)z =0
(13)
for all (vh,qh,wh) EVy XQpx Wy
2. Solid substep: find (Z, dy) € Wy, x W), such that d) = 8.d} and
pse m n—1 s/ qn n,%
7(dh_dh Z,wh)z‘f'a,(dh_dh’ ,wh):() (14)

for all w;,, € W,
Steps — give a partially segregated solution of problem . Note that in , the
1

intermediate solid velocity dzfi is implicitly coupled to the fluid through the solid inertial
term. The remaining solid elastic contributions are treated explicitly (or ignored) in via
extrapolation. This level of fluid-solid coupling is enough to guarantee (added-mass free) stability
(see Section below), while enabling a significant degree of fluid-solid splitting (i.e., with
respect to the strong coupling of Algorithm . The end-of-step solid velocity Z is retrieved by
solving the solid correction step .

en—1

Remark 3.2. [t should be noted that the intermediate solid-velocity dZ > cannot be eliminated

mn and, hence, the coupling scheme is not explicit. This is a major difference with respect

to the case of fitted meshes and conformal discretizations considered in [28,[32]. In that case, we
i

can take dz 2 = ullly and wy, = vily in , which yields a standard fluid problem with an

explicit Robin condition on the interface X.

In practice, it is convenient to reformulate the solid correction step (14]) as a traction problem,
el

by eliminating the quantities dz 2 and dZ’* in (14). To this purpose, we observe that testing
(13) with vy, = 0 and ¢, = 0 yields

S

T(C'iT;T% —dp "t wy) g + 6 (dy wn) = — (o (up, pRn,wn) %(UZL - &Z’%,wh)z

for all w;, € W,. Hence, by adding this expression to we get the standard solid problem

S ’ S( g n o, n TH o n n—3%
P e(aTdZﬂwh)Z +a (dZ7wh) = 7(U(uhaph)n7wh)z + F(Uh - dh 25wh)2
for all wjy, € Wy,. On the other hand, for n > r, it follows that
QS(dn,* w ): . Se(a C'ln,* w ) . (U'(U,n’* n,*)n w ) T ﬂ(un,* _ (‘inf%,* w )
n o Wh P Tdy ,Wh)s h DPp » Wh ) 5, A h h ) Wh ) 5,

for all wy, € W,. This relation gives an (intrinsic) expression of the elastic extrapolations in ,
exclusively in terms of interface fluid quantities and solid velocities. Owing to these observations,
the numerical method 7 is reformulated as given in Algorithm

Inria



Unfitted mesh formulations and splitting schemes for FSI 9

Algorithm 2 Semi-implicit coupling schemes.
For n > r:

1
n—z

1. Fluid with solid inertia substep: find (uﬁ,p}f,&h ) € V5 x Qp x Wy, such that

S

' (Oru, vn), + ap (i, i), (Vn,qn)) + g(dz_

%7"”}1)2

— (o(uf, pp)n, v — wh)y, — (uf — c’f;*%’a(vh, —qn)n)y, + %(uz — c‘lgﬁvh —wh)y,
Po€ om1 % Nk N,k TYH o ox n—3 %
= —(dh +70-d;’ ’wh)z + (O'(uh’ Dy )n,'wh)Z — —(uh’ -d, ’wh)z

T

h
(15)
for all (v;“qh,wh) eVy x Qh x Wy,

2. Solid substep: find (dy,dj) € W), x W), such that d}} = 9,dj; and

(37&;:, wh)z +a*(dj, wp) = —(o-(uZ,pZ)n,wh)E + ﬂ(uz — &Zﬁé,wh)z

pe
T h

for all w,, € W,

Remark 3.3. It should be noted that for r = 1,2 additional data is needed to start the time-
marching in Algorithm[4 In practice, this data can be obtained by performing one step of the
scheme with r = 0, this yields (u}b,p}b,[i,ll), and then one step of the scheme with r = 1, which
gives (u3,pz, d%)

The semi-implicit coupling scheme provided by Algorithm [2| has a reduced computational
complexity with respect to Algorithm Indeed, the solid contribution to reduces to a
simple interface mass-matrix, which does not degrade the conditioning of the system matrix.
This reduction in the coupling complexity is particularly important when considering general
shell models (see, e.g., [19]), whose elastic contributions incorporate additional unknowns (e.g.,
rotations).

In the following sections, we show that Algorithm [2| preserves the stability and accuracy
properties of the explicit coupling schemes introduced in [28, [32] with fitted meshes. In particular,
it overcomes the severe stability restrictions observed in [7] for the traditional time-marching
schemes of the immersed boundary method. It is worth noting that these stability conditions
have been recently overcome in [§] by resorting to a full implicit treatment of the kinematic-
dynamic coupling (in the spirit of Algorithm , which yields a solution procedure much more
computationally demanding than Algorithm On the other hand, Algorithm [2[ with r = 1
delivers optimal first-order accuracy. This is also significant progress with respect to the stabilized
explicit scheme of [I4], whose accuracy is non-uniform in h.

Remark 3.4. Algorithm @ has been extended in [1] to address the case in which the solid is
immersed within the fluid. In this framework, fluid (weak and strong) discontinuities across the
interface are captured using a XFEM local enrichment. The following analysis can be straight-
forwardly adapted to this further involved situation.

RR n° 8908



10 M.A. Ferndndez € M. Landajuela

3.2.1 Kinematic perturbation of implicit coupling.

We conclude this section by pointing out a fundamental property of Algorithm [2] To this
purpose, we will make use of the discrete reconstruction Ly : W — W of the elastic solid
operator, defined by the relation

(Lpw,wp)s = a®*(w, wp) (16)
for all (w,w;) € W x W,. Owing to and (14)), we get that
e (17)
for n > r. On the other hand, adding (13)) and yields

o (Oru, vn), + ab (up, p1), (Vn, an)) + poe(0-djt, wh) g, + a°(djy, wp,)

— (o (uy, pi)n, vy — wp) g, — (uj — c'izfé,a(vh, —qn)n)y + M(uﬁ - dzfé,vh —wp)y, =0

h
(18)
for all (vp,qn,wr) € Vi x Qn X Wj, and n > r. Thus, Algorithm [2[ can be regarded as a
kinematic perturbation of the fully implicit time discretization given by Algorithm As a
matter of fact, Algorithm formally enforces (through Nitsche’s method) the interface condition

up ~ dﬁ, whereas — imposes
. T
pie
Note that the size of the perturbation depends on the extrapolation order r. The basic idea in the

forthcoming analysis is to investigate how the kinematic perturbation (L7]) affects the stability
and convergence of the underlying implicit coupling scheme (Algorithm [1f).

3.3 Stability and convergence analysis

We consider the following mesh-dependent semi-norms for functions f defined on the interface

2,
13 s = D0 bt s 1F12 100 =D AxlfllEs,-

Kegy, Kegp

The following estimates involving the solid elastic operator will be used,

| Lrdlo,s <||Ld|o.s, (19)
2 <2 3. (20)
1wl <2 o, 21)
Znwnlos < T2y, (22)

for all d € D and wy, € W, and with C; > 0 the constant of a discrete inverse inequality. Esti-
mates — follow readily from application of the Cauchy-Schwarz inequality, the definition
and the continuity estimate (3)) (see [28, Appendix A] for the details). We will also make
use of the discrete Gronwall lemma (see, e.g., [39]), which we collect here without a proof.

Inria



Unfitted mesh formulations and splitting schemes for FSI 11

Lemma 3.1. Let 7, B and am, b, Cm, Nm (for integers m > 1) be nonnegative numbers such

that . . .
an+Tme§Tanam+TZcm+B
m=1 m=1

m=1

form > 1. Suppose that 70, <1 for all m > 1. Then, there holds

an+7§:bm<exp<7§:nm> (Ticm—i—B)
m=1

m=1 m=1 1- TTm
forn > 1.

For the purpose of the analysis, we will assume that X is well resolved by '7'hf (see, e.g., [16]),
so that the following trace inequality holds for functions in H!(K), for all K € ’Ef: there exists
a constant Ct > 0, depending only on X, such that

_1 1
lwllo.sni < Cr (b lvllo.xe + iV v]lo.x) (23)

for all v € HY(K). The proof for this result follows from [36, Lemma 3]. In particular, using
with a discrete inverse inequality, it follows

hlle(wn)n|§ s < Crille(va)lls.q, (24)

for all v;, € V;,. Note that holds irrespectively of the interface position because the norm
on the right-hand side is taken over the whole computational domain ;. However, this control
on the interfacial viscous flux can not be bounded by the natural viscous dissipation of the fluid,
which is only available in the physical domain € C . The strengthened stability (E[) provided
by the ghost penalty operator, allows to extend to §2;, the coercivity of the spatial discrete Stokes-
Nitsche operator. This is stated in the following lemma from [I4], whose proof is presented here
for completeness.

Lemma 3.2. For v > 0 sufficiently large, there exists a constant cg > 0 such that

¢o (ulVonld g, +vulon = wal} 5 + lwn, @)} <

afz(("”u‘]h)a (’Um%)) - (U(Um%)n,vh - wh)E

- (Uh —wp, o (v, _Qh)n)z + M('Uh — Wh, Vp — wh)E

h
for all (vp,qrn) € Vi X Qp and wy, € W,

Proof. First, we have

ap, (Vh,qn), (Vn, qn)) — (o(Vn, qn)m, v — wh)
e
h
= 2plle(vn)l5 o — 2(a (vn, O)n, vn — wi) g +yulvn —wald ;5 + [(vn, @)

— (vn — wn, o (Vh, —qn)n)  + == (v — Wh, v, — wh) g, + [(Vh, qn)|5

Combining the Cauchy-Schwarz inequality with , we have

[N

hu. 1
(ZU(vh,,O)n,vh - 'wh)E < 2(#) 2|le(vp)n lvp, — whllox

T
oo ()

8CT1 !
<= ulen)llsg, +5vulon —walll ), 5

RR n°® 8908



12 M.A. Ferndndez € M. Landajuela

We conclude by using (9), taking
- 8Ct1

~ (25)
g
and using Korn’s inequality. O
3.3.1 Stability analysis
At time-step t,, we define the total discrete energy by
def ¢ .
By =pluplls.o + pelldy g s + 1y 112, (26)

and the dissipation as
defpf 12 pie, - n—112 1 12
n— m mn— n n—
Dy =—=|lup —uwp o+ —ldy —d;, " |l5s+ =lldy —d;, I3
T T T
vu? 2 n _ ('l"_% 2 n ,ny2
+ cg (1l Vuillo,a, +vullun h ||%7h72+ [(upspp)ls ) -
The following result states the energy stability of the semi-implicit schemes reported in Algo-
rithm In the succeeding text, the symbol < indicates an inequality up to a multiplicative

constant (independent of the physical and discretization parameters and of the fluid-interface
intersection).

oem_ 1 .
Theorem 3.1. Let {(u},p},d, 2,d},d}})} >, be the sequence given by Algorithm@ with the
initialization procedure of Remark[3.3 for r = 1,2. Assume that v > 0 is given by Lemma[3.3
Then, we have the following a priori energy estimates:

e Forr=20,1 and n > r, there holds
n
Ep+7 Y Dp'SEp, (27)
m=r—+1
irrespectively of the discretization parameters.

e Forr =2 and n > 2, there holds

n t,
EZLL—FTZDngeXp(lg_C)E,?, (28)

m=3
provided the following conditions hold
T(@)P < ChE, T(<1, (>0, (29)

with w® Civ/ 8%/ (p%e).

Proof. The proof follows by combining arguments from [14] 28]. We first test with

_1
(vhy dh, wh) = T(“Z7PZ7 dZ 2)
for n > r. This yields the following discrete energy equation,
f
p
2 (0.
. on— 1 e m— L1 e m— L1 D
—|—pser(37d;f,d2 2)E+Tas( vdy 2)+2T(a(u’g,0)n,u2—d2 Z)E—i-'y,uTHuZ—dZ 2||2§,h,2 =0

8.0+ llug —uph T3 o) + 207 lle(wi)5 o + TI(uh, h)IE

Inria



Unfitted mesh formulations and splitting schemes for FSI 13

for n > r. Hence, from Lemma [3.2] we have that

f
p _ en_1
Yy (TarHUZHg,Q + [lup — uy 1||%,Q)+Cg7- 1A, uﬁ”%,ﬂh +ypllup — dZ : ||21 A T |(U27PZ)|%
2 5.h,

n—}

o el .
—|—pse7'(8TdZ,dh 2)2 +71a*(dy,d, *)<0.

Hence, using the perturbed kinematic relation , we get the following fundamental energy
inequality

f
p e en—1
R R e T P Rl (T P [ A PR (CH AT
pse on on Sr— 1 n n n—
+ 55 (rorlldn s + I — M s ) + 5 (ORI + 1 — i 2)

2
‘m n n T n n 0
+ 7 (87'dh’Lh(dh - dh’*))z + e (Lndy, Lu(dy, — d™)) S0 (30)

Tl T2

for n > r. The terms T} and T3, introduced by , can be controlled as in [28, Theorem 1]
for each extrapolation order r = 0,1, 2. For the sake of completeness, the different estimates are
briefly recalled below.

Algorithm[g with r = 0. In this case, using Young’s inequality, we have

Se . . 7_2
T Ty 2 = - s+ I (31)

for n > 0. Hence, the estimate follows by inserting this expression into and summing
overm=1,...,n.
Algorithm[4 with r = 1. In this case we have

2 . . .
1= T (o a2+ g — ) )
and
T2 n||2 n n—14]|2
=y (TaT||1;hd,l||QZ + || L(dy — dp )||0’2) (33)
for n > 1. Hence, by inserting this expression into and summing over m = 2,...,n we get

the estimate
r

2 L2

L;d .
> I
The last two terms, related to the initialization of the scheme (see Remark , can be bounded
using with » = 0, n = 1 and the additional control given by . This yields the estimate

in the case r = 1.
Algorithm[3 with r = 2. In this case, the term T} in reduces simply to

n 2 .
Ep+7Y Dy S EL+ %||d;||j+

~

Ty =1 (d;; —dy 7l Lo(dy — 2d) T + dZ‘z))Z = 72|y —dp || (34)

The term 75, which reads as

3
T m m m—1
T L L _ 35
2 — PS€ ( hdh7 h(dh dh ))E’ ( )

RR n°® 8908



14 M.A. Ferndndez € M. Landajuela

is treated as in [28, Page 38| using and (21, which yields

(wS)G n ps€ m m—
Ty > =0 lldp12 = ol — a1 s (36)
We now proceed by inserting and into and summing over m = 3,...,n. The last
term of is controlled by the numerical dissipation provided by , while the first is handled
via Lemma under condition . This yields the bound

n

n m tnC

Ly +mZ::3Dh < exp <1 _"TC>E,2L.

The estimate for » = 2 then follows by using the energy estimate withr =1and n =2,
the additional control provided by and , and the stability condition .

O

Remark 3.5. Note that testing with (Vp, qn, wp) = T(uﬁ,pﬁ,[iZ) for n >0, equation

holds with ('iz_% = dZ and Ty =Ty, = 0. Thus, for Algorithm the following energy estimate
holds,

n
Ep+7Y_ Dp' S Ej
m=1

forn >0 and v > 0 given by Lemma irrespectively of the discretization parameters.

3.3.2 Convergence analysis

In the following, we use the notation f" def f(tn) for a given time dependent function f. We

may then consider 9, f* and f™*, involving the quantities ™, f*"~! and f*~2. In the following,
a slight abuse of notation will be committed by using 9, f™ to denote (9, f)™.

For the the convergence analysis we assume that the interface ¥ is flat. We also assume
that the elements of 77 can be grouped into disjoint (d — 1)-dimensional macropatches P;, with
meas(P;) = O(h%~1). Each macropatch is assumed to contain at least one interior node and its
union is assumed to cover 3, i.e., U; P; = X..

Interpolation operators. Basically, the discrete interpolation operators are those used in [14]
Section 3.3] for the error analysis of the space semi-discrete formulation . For the solid
displacement, we consider the elastic Ritz-projection operator = : W — W, defined by the
relation

a*(w — mwhyw,wp) =0

for all wj;, € Wy, and for which there holds
lw — mhwllos + AV (w — mhw)llos S h2|wlas (37)
for all w € [H?()]" N W. Note also that owing to definition (16]), we have
(Lpmjw, wp)y = o’ (mhw, wy) = o*(w,wp) = (Lpw, wy) s,

and thus
Lhﬂ'z = L}L. (38)
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For the solid velocity, we consider the operator Z), : W — W, defined by the relation
def
Thw = 5w+ Z ip;,
i

with a; € R. The ¢, are functions with support in the macropatches P;, such that
d-1
0<¢; <1, leillop Sh>

and take the value 1, component-wise, in the interior nodes of the associated patch P;. The
scalars «; are chosen so that the following orthogonality condition holds

/ (w—Zhw) -n=0. (39)
Py

We refer to [I4], [6] for the detailed construction of such an operator. It can be shown (see [14]
Lemma 3.3]) that
lw = Zhwllos + b V(w = Zrw)o,s < h?lwlzs (40)

for all w € [H3(X)]? N W.

Since the fluid physical solution is defined in €2 and the discrete one in y, with Q C Q,
we consider two linear continuous lifting operators Eo : H2(Q) — H?*(R?) and E; : HY(Q) —
H'(R?), satisfying the bounds [|[Eyv|| g1y < vllgi) and [|[Eavl|g2rey S lJollm2(o) (see, e.g,
[25]). To interpolate the resulting extended fluid solution we consider the Scott-Zhang operator
isz (see, e.g., [23]). Then it holds (see [I4, Lemma 3.3]),

v — i Eavllo.0 + bV (v — iw Bav)|l0.0 < h*|v]2.0,
lg = isaErgllo,e + 1V (g — is,E1q)[0,0 < Rlali,e (41)
”0'('0 — iss B, q — iszElQ)an%,h,E Sh (Hv |2,Q + ||Q||1,Q)

for all v € [H?(Q)]? and ¢ € H'().
On the other hand, we assume that the stabilization operator @ satisfies the following weak
consistency relation

| (iSZEZva iSZElq) |S Sh (/“‘L% |v|2,Q + ,u’ié |q|1,Q) (42)

for all v € [H?(Q)]? and ¢ € H*(2). The pressure estimate follows readily from (7)), the H'-
stability of the Scott-Zhang interpolant and the stability of the extension operator (see [14]). For
the estimate regarding the ghost penalty operator we refer to [15].

Finally, owing to ,1 and , the following result involving both the fluid and solid
velocity projections holds

. 3
[v =i Eov|[1 2 S Al [[w=Thwly )5 S 2 [wllss (43)

for all v € [H%(Q)]? and w € [H2(X)]Y N W (see [14, Lemma 3.3]).

A priori error estimates. 'We assume that the exact solution of problem — has the following
regularity, for a given final time 7" > 7:
we [H(0,T; HX(Q)]Y, uls € [H'(0,T; H*(%))],
duu € [L2(0,T;12(Q))]%,  duuls € [L2(0,T; L(R))]%, (44)

p e C°([0,T); H(Q))
RR n° 8908



16 M.A. Ferndndez € M. Landajuela

and
{[CO(OT LX) it r=o,
L°d e (45)
[H7(0,T; L2(%)]" i r=1,2

For the derivation of the error estimate, let us write the approximation errors for the fluid as,

Eyu™ —up = Esu”™ — i Eou” +ig, Fou™ —uy  in Oy,

def Hn def
= 0 = "
A (16)
Erp"™ —ppy = Exp" —is, EAp" +is, Eap”™ —p, in Q.
déf y;l déf yZ
Similarly, for the solid we have
d'—dy =d" —n}d"+n}d" —d; in X,
def n def n
= é‘n’ = é
o . o (47)
d'—dy =d"-Ipd"+Zpd" —d; in X.
def én det gz
Finally, the error in the intermediate solid velocity is split as
. cn—l . — .
d"—d, *=d"— Ind"+I,d" — d H in X.
déf En dif Xh
In the sequel, the following equation, relating £Z and 0,&}, will be used
= 0,&0 + Ipd" — 75 0,.d" . (49)
—_— ——
d;f ZZ
Similarly, the discrete error counterpart of reads as
X =Thd" —d = Tpd” — Ay — L Ly(d) —d) = &7+ ——Lp(€) — €7) — ——Ly(d" — d™)
h h e e h e
(50)

for n > r, where we have used .
We first provide an a priori estimate for the discrete errors (6, vy}, &r,&n, x). We define
the energy-norm of the discrete error at time step ¢, as

n 3
n def
&= (N2 07 loq + (P07 |En ||o,z+||€2|s+( > CgTMIIVOZIIS,sz)

m=r-+1

1 1
n 2 n 2
+< > el Zw';’f)l%) +< > CgTWIIBZ—XZIIQ;,hz)

m=r—+1 m=r-+1

for n > r.

Inria



Unfitted mesh formulations and splitting schemes for FSI 17

. 1 .
Theorem 3.2. Let (u, p,d,d) be the solution of the coupled problem ([I)-@2) and {(uy,p}. d, 2, dp, dp)}nsr

be the approximation given by Algorithmith matial data (u%, d%, d%) = (iSZEQUO, TI'ZdO, Ihélo).
The initialization procedure of Remark is considered for the schemes with r = 1,2. Suppose
that the exact solution has the regularity —. Assume that v > 0 is given by Lemma .
For the scheme with r = 2 we assume, in addition, that the stability condition holds. Then,
we have the following error estimates, forn >r and nt < T':

-1

S erh+ cor 4 esm? . (51)

~

En

Here, the symbols {c;}3_, denote positive constants independent of h and T, but which depend on
the physical parameters and on the regularity of (u,p,d,d).

Proof. The proof combines some of the arguments reported in [I4}, 28], with following additional
difficulties:

e Only the spatial semi-discrete case is considered in [14];

el

e The intermediate solid velocity d, 2 cannot be eliminated in terms of u}, as in [28], which
requires the control of an extrapolation dependent term 75 ;.

The spatial semi-discrete formulation is weakly consistent with the coupled problem —.
In fact, if we multiply 1 by v, € Vi, 2 by qn € Qp and 1 by wy € Wy, integrate by
parts and add the resulting equations, we get

o (Opu,vn) g, + a' ((w,p), (Vn, an)) + p°e(0ed, w) . + a*(d, wp)
e
h
for all vy, qn, wp € Vi, X Qp X W,. Taking the difference between the continuous problem

at time ¢ = t,, and the expression , we obtain, after adding and subtracting d,u™ and 9,d",
the following modified Galerkin orthogonality:

- (a(u,p)n,’vh - wh)E - (u —d, o (v, —qh)n)E + (u —d,v, — wh)E =0 (52)

P (Or(u" —up),vn)g +a ((w" — uly,p" — i), (vn, 1))
+ pse(aT(c'i” —d)), wh)y, +a*(d" —dy,wp) — (o(u” —ujy,p" — pp)n, v, —ws)y

(" =) = (@ = & H), o (on —an)n), + 2 ("~ up) — (@ = dy ) o — ),
= _pf((at - a'r)una Uh)Q - pSG((at - a‘r)('inv wh)z + Sh((u;zlva)v (Uha qh)) (53)

for all (v, g, wp) € Vi, X Qp x W,. Hence, from —, we infer the following equation for
the discrete errors 0y, yi, &, &) and x7:

P (0:03,v1) o+ a (67, 91, (s an)) + Su (O, i), (vn, an)) + p°e(0-&7, wa)
+ as(§Z7wh) - (0(027%7;)"7"% - wh)g - (92 = Xh» 0 (Vn, _Qh)n)z
+ %(92 — Xj,Uh — W)y, = —p' (0, — 0-)u"™, Vh) o — p" (0,07, v1)q
— pse((at — 8T)dn,wh)2 — pse((?TéZ, wh)z — aS(EZ,'wh)
+ Sh ((iss Bau™ i, E1p™), (O, qn)) — %(GZ — & vy, — wh) s
(82,5, (vnan)) + (02 g2y von —wn) g + (87 — &2 o, —an)n)y  (54)

RR n° 8908



18 M.A. Ferndndez € M. Landajuela

for all (vp, gn, wp) € Vi, X Qp x Wy, and n > r. Note that a® (€], wy,) = 0 due to the definition of
the solid projection operator =5,. Taking (v, qn, wr) = 7(0,y5, X7) in , using Lemma
and , yields the following energy inequality for the discrete errors:

f S
P n n pe en e
5 (787'||9h||(2),§2 + 7'2H879h||(2),9) + - (TarHEhH(Z),z + TQHGTShH(Q),Z)

+ g (MO 0, + 087 = X313 s + 107, i) I3)

1 n n n pn n an
+ 5 (T0-1I€R1E + 7110-£3113) < —0'7((0 — 0-)u™, 8) o, — p'7 (8,07, 67),
T
—per (O — 0. )d", x7)) 5, — P er (0:€0. X7)) 5, —Ta (€7, 27)
T2 T3
+7—Sh((iszE2una Z‘szEllpn)v ( 27 yg)) 77—%(9: - é-ﬁ? 02 - X;LL)E
(55)
T, T
+T(U(02v y:)nv GZ - XZ)E _Ta‘f((GZa y:)7 ( Z7 yZ)) + 7'(02 - é27 CT( Z? —yZ)'I’l)E
T6 T7
2 en n % 2 n n .,k
7 (0 En(er — €0)) - o (DR D€l - €1)),
Ty

2
e n m,* T n n m,*
477 (O En(d" = ™)) 4 (g D — d™))s

Ty Tio

for n > r. The terms T} — T4 stem from the time-stepping and stabilization methods. The terms
T5—T7 come from Nitsche’s method. Finally, terms Tg—T7 are due to the kinematic perturbation
and depend on the extrapolation order. We proceed by treating each term separately.

Term T} can be bounded using a Taylor expansion, and the Poincaré inequality with
constant Cp. This yields

Ty < p'7 ([0ru” = 0-u”[lo.0 + [10-07[lo.0) [041lo.0

1 _1
<p'r (72 [0nwl L2,y tasz2(0)) + 72 Hat@ﬂ||L2<tnfl,tn;L2(Q))) 6% l0.2

(p'Cp)? n

S 7251# (7-2||8ttUH%2(tn_l7,5";[12(9)) + ||at9ﬂ—||%2(tn_1_’tn;ll2(9))) + 517—M”V0h”g,ﬂh (56)
(PfCP)2 2 2 (ﬂfCP)2 2 2

S e | HattullLQ(tn,l,t“;LQ(Q))+Wh 0wl Tags, , tnim2())
+earul| VoL 3 a,

with €1 > 0. Note that, by choosing £; small enough, the last term of can be absorbed by
the left-hand side of (55).

Inria



Unfitted mesh formulations and splitting schemes for FSI 19

For term 75, using again a Taylor expansion we have

Ty < per (0 — 0:)d"[lo,z + 10-€xllo.5) X7 o2

< pler (71/2HattuHLQ(tnq,tn;L2(2)) + T71/2|‘at€7r||L2(tn—1,tn§[/2(z))) HXZHO-E

_ 5T [ (57)
S o (P00l a0, iy + o7 I s
_,_/
T2,r
For the last term, using and a triangular inequality, and since 7 < T', we have
Ty < 527 ||§h||o s e o ||Lh(€h lIF HLh( —d")|3 s
(58)
< €2T ||§h||02+52 ||Lh(§h )Hoz-i-f:‘z HLh( _dn’*)”az-

The first term will be treated via Lemma in . The remaining two terms will, respectively,
be controlled bellow via the numerical dissipation provided by the fluid-solid splitting and a
Taylor expansion. Since the bound depends on the extrapolation order, we postpone the analysis
of Ty, to treat it together with the extrapolation-dependent terms Ty — T1p.

For term T3 using , , a triangular inequality, a Taylor expansion and approximation,

we have . .
T3 =—1a*(&, Ipd" — 0.d") < 7||&1 || Znd" — O-d™||s

m m m n T n
<o T (|Tpd — |2 + 14" — 0,d"2) + 5= 1712 (59)
S n S T n
ST BT |[u" |35 + 28T 0sullT2r,, 4 b1 sy + ﬁ\\ﬁh”gv

where the last term can be controlled via Lemma in .
For term T}, using the weak consistency of the stabilization operator , we observe that

e
AGAAIE
(60)
where the third term in the right hand side is absorbed in the left-hand side of 7 fores >0
sufficiently small.
The boundary penalty term T5 is handled using Cauchy-Schwarz inequality followed by ,

1 . . €
Ty < 71— |(igg Bau™, i,y p™) |27
264 2

1 _
I( Zayh)‘%‘SThQ@(MHun”g,QWLN Hp"lIE o)+

1 n n T n mn €5 n n
Ts <TT%UH0 5 ||21 hz+T y,uHG Xh||1 thTh2 (HU ||39+h||d ||§,2)+T§7N||9h—XhHé,h,g-

(61)
Note that the second term can be absorbed in the left-hand side of 7 for 5 > 0 small enough.
Similarly, for the consistency term T§, using (41))3, we have

1 2 €6 2
T §T2€ 1 ||0'(92a yg)n”_;h,z + T?’YUHBZ - XZ”%JMZ

(62)

1 .56
< h2 =6 0" — " 2 .
ST o7l (H ) 2 Y1l|0y Xh”;mz

Note that the first term has the right convergence order and the second term can be absorbed
in the left hand side of (55)), for £6 > 0 small enough.
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To estimate T7, we split it into two parts as in [I4]. The velocity-velocity coupling part can
be easily handled by using approximation and the robust trace inequality , as follows:

- TCL(BZ, 02) + T(O’( Z? 0)’!’1,7 0: - £Z)§]

S—T@(GZ,B")+T,u57||s(0”)n\|21hz—i-Tu o7~ &2113 (63)

M n n mn n
S 3 + b (o + |35 + 2rernCn [ VORI 0,
e7Crr €7

The last term can be, once again, absorbed in the left hand side of , for e7 > 0 sufficiently
small. For the velocity-pressure coupling part we write, using integration by parts in the conti-
nuity equation,

- Tb(y:a 02) + Tb(y;:a 0:) + T(U(O7 _yg)na OZ - é:)z
= 7(y2, divOy)q — T(y), divel)o + (o (0, —y})n, 07 — é:)z
= T(y;rrl7 leGZ)Q +T(Vy}7:a 0:)9 77_(?/2“’7 é:)z

— —
T7 1 Tro 173

For the terms 77 ; and 77 2, using the Cauchy-Schwarz inequality, and , we have

T72<7'h2 Hun||2Q+T

1
Ty < 7h? 0
ST o 5 210,403, (64)

where the last terms of these inequalities can be absorbed in , for e7,1,€7,2 > 0 small enough.
For the third term 7% 3, denoting by y;* € R the average of 3}’ over the interface patch P; , using
the property of the operator Z; and the standard orthogonal projection inequality

lyh — vi'llo.p, S hIVY,

IR

together with the trace inequality and , we get

T773=—7'Z(y — . &2 -m) ([P
i

(65)

< h3 M dn h2
ST St s +

3 M €73
Sth FdeHHQ,E + 7’7|(0, uin%

the last terms of these inequality can be absorbed in , for €73 > 0 small enough. The
above estimations of 77 1, T7 2 and 1% 3 provide bounds which involve either terms with the right
convergence order or contributions that can be absorbed by the left-hand side of .

We now proceed with the extrapolation-dependent terms T3 —77¢ and the term 75 ;. from .
We consider each case of extrapolation separately. Basically, the terms Tg — 17 are controlled
as in [28, Theorem 2]. We include these estimates here for the sake of completeness.
Algorithm[4 with r = 0. We have the bound

2
T 1 -1
Ts -2 (1= 50 ) IagiIR s + e 5 16 — &7 R s

Inria
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with g > 0. On the other hand, we have

€9p €

Ty = 7(&r—& " Lud"), < 7€ &3 ozl Lad" s < 1Zed™ |3

||€h 3 2+2 opoe

with g9 > 0, where we have used the h-uniform bound . For the last term, we have

T —T—Z(LgnLd") 5107 ||L£|| +72
10 = o (Lnbps Ln 5 < nenllo o e

IL°d"™ 35
with €19 > 0. On the other hand, owing to , we have that for » = 0 it holds
Ta < eprlt H$h||oz:+€2 Hthh||02+52*||Ledn||oz

Thus, we get

T8+T9+T10+T20<€27'

T2 1 €10 n
; <1 - g T 52> I Ln€y 3,2

1 1
( toot 52) a3+ 2F

72

e (s +20) €5 — &35 (66)

Taking eg = % €10 = % and g9 < %, we have

and the second term on the right-hand side of is negative. The last term of can be
absorbed into the left-hand side of , for €9 > 0 small enough. In summary, the estimate (51)

follows by inserting the above estimates into , summing over m = 1,...,n, and applying
Lemma [3.1] with

1
m = *H@ml\on + *Hﬁ}”lloz + *H&’”II ;T =
Note that, owing to the selection of the initial data, we have
0, =0, & =¢€=0 (67)

Algorithm[4 with r = 1. For the term Ty, using (38)), we have

2 en en— en en— en en— m n
To=— 5 (IERI2 — 1012+ 167 — &0712) 42 — &7 La(@nd — 0,d"),
151

2

2 Se

Similarly to , we get

(LR RIS 5 — I1En€R ™ 15,5 + 1L (&5 — €57 DR 5) -

2
. o« o T o o«
Tsy =r*a*(€h—& " Znd"=0,d") S €5 =& [E+P* B [u [Es 478100l T e, s )
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and, thus,
2
T n— T °n o —
7 - T (16812 - 18 12) - T — &)
7 n n— N gn— 68
~ 5o (A0 — L& 3.0 + (&7 — €I 0) (@)

+ 2B w5 s + TP B0l Tyt Err ()

For Ty, using and a Taylor expansion, we get

7y =T(éz SN L - A ), < T - (@ —d)

2 T e/ qn n—1\)12
<l (Vs + 18 1B ) + 2 IEe (@ = )R s (69)

0,2

7T
<r P (1R + 16 ) +

dH%Z(t,,Lfl,tn;L"’(E))'

The first term of is controlled by via Lemma Similarly, for term T7g, we obtain

2 3

T 7 n— 7T _
T = 7 (D Ln(d" — ")), sﬂ,s a3 3 + 5o 1B = ")l

(70)

_2T S ||Lh§h||02Jr 20c ”Leatd”Lz(tn Lt L2(2)

The first term in the right-hand side of is controlled by and Lemma On the other
hand, from (58], we have

2
n— T e mn mn—
Tz <eorlS ||£h||0 b +€2 ||Lh(5h h 1)||(2),z: + EQEHL (d"—d 1)||g,z
n—1y2 7-3 e 2
<€27’ ||£h||0 s+ 52 HLh(Eh n los + 52EHL OdllT2(t,  tnir2(x))-

In summary, the estimate follows by inserting the above estimates into ([55]), summing over
m =2,...,n, and applying Lemma [3.1] with

f S 2
14 m PEom 1 m T m 1
am = 5H0h Hg,ﬂ + 7”5;1 ||(2),2 + §||£h 12 + ﬁ”‘[’hgh ||(2),2a m = T
The right-hand side contributions obtained at time ¢1, can be controlled (due to the initialization
procedure) by using (51) with r =0, T =7 and n = 1.
Algorithm[4 with r = 2. Let us first consider the term Ty. Using followed by a Taylor
expansion, we have

To=72(& — &) Ly,(0,d" — d" "))

3
2 7T n m—1y2
o < (16815 + 1613 5) + o100 ) s

Cn 7T
1ER13 5 + 1€ 13 ) +

Al ety 02202
(71)
The first term in the bound is controlled via Lemma[3.1] and (55). For the term T, using

_4T(
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the inverse estimate and the g—CFL condition , we have

3

T n n m— 3T n n—
Ty ZPT(LhEh,Lh(ard —d"h) IZn&R 16 + 5 e IL(0-d" —d" )3 s

T ( Cr)?
- 2Th?

<
E—QTs

4
e T e
ILA&RIIG = + ||8ttL Al 22, 2 < I€R1IZ + psﬁHattL APz, 2

<
_2T Se

TO{ 7' e
———l&nlz + 2ps€||3ttL A7z 1 tnir2 )

(72)
The first term in the bound is controlled via Lemma, and . Note that
& = nly Té’Z’_l + (w5 d" = Zpd™ Y.
Hence, for the term Ty, we get
TS = - 7—2 (éz _é Lh(gh n 1))2 p (thhv L}L(gh n 1))2
(& - & L (Th(@ - @) "+ d))
Tg 1
il (L &, Ly (Tn(d — d" ") — 0.d" + &”—1))
e n&ps Ln(Lhn - 5
T2
Under the g—CFL condition , we proceed similarly to and , and we have
. S . .
Ty < —72||&r — &3 + %IIEZ =& G + TP NERIE + Ton + Ti o (73)
We consider the terms Tg ; and T 2 separetely. Adding and subtracting d” in Tg,1 yields
T&l :T2as(éZ _ éz—171h(dn _ dn—l) _ (dn _ dn—l)) + 7_2 (éh SZ 1 Lh( a dn))
Owing to (3) and the approximation properties, we have
7—2 e en—1)2 208, 2 n n—11(2
Ty S,?Héh =&, s BT lu" — w5 s
(74)

p e T n— 7T
AT (||£h||8,2 + 1€ 1||3,2) +

For the term T3 5 we have

2
(tn—1,tn;L2(2))"

7-3 5 n 70 n— m n— 7—3 n “m n
TS,QZEGS(thh,Ih(d —d"H—(d"-d 1))+E(Lh§h7Lh(d —0.d"),.  (75)

The second term in the right-hand side of 1.} ie treated bimﬂarly to The estimate for the

first term follow by the inverse estimates (21] and the =-CFL condltlon . We have
5
T m—1 m m—1 2 ’7'0[ T 2 e
Ts,2 2T(p 6)QIILhﬁ nl +*||Ih( —d") = (d" —d" )i+ I1€R1IS + 2pe ||5ttL dl iz, s i)
a% % Ta§7'§ 7‘4T
2 2 ns n n—112 e 7112
S ( 57 T o7 > 1ER1IZ + P*B°TT |lu™ — w35 + Tpseuatt[’ dllzz (1, t0i02(2))

(76)
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Substitution of and into (73)), yields

T2 n en— ps &n
Ty -7l - 1”3+z“€h‘ ||oz+ O (113 + 17135
5 O[%T% 2 4 e
A 2T er? + ||L Outdl|Tar, ,0,i02(2))

+RB(T +7)7u” —u" 3. (77)

The first term on the right hand side is absorbed into the left-hand side of and, the following
two are treated via Lemma 311
On the other hand, regarding the term 75 » from , we get

HLe(a dr — C°ln—1) 2

Tpp < szrfllﬁ (S +62 IILh( =&

< 527 ||€h||oz+52 HLh(Eh &y *)||02+52 HLeattd”m(tn Lt L2(2))

T21

Moreover, we have

4 4 S
Tz21 <527”Lh(€h En )+ Ly(zn — 23 e s < Doy s HE e (||€h £ 12+ [lzh — 212

S2€2(W)3T (I€h — &2 + Nz — 237 12).

The first term can be controlled with the numerical dissipation of and the second term can
be estimated as in the previous estimations. The estimate (51]) then follows by inserting the
67

above estimates into (55]), summing over m = 3,...,n, using (67) and applying Lemma[3.1] with
1 « 3 T3 + asré
= 07 B+ LG B s + SIERIE 7 = ma {T 2, T} '

The right-hand side contributions obtained at time ¢5, can be controlled (due to the initialization
procedure) by using with r =1, T'= 27 and n = 2. Hence, the proof is complete. O

We define the energy-norm of the error at time step t,, as

Nl=

n
def 1 1, . .
Zh S ()2 [lu" —upllog + (0°€) 2 [|d" — dyllos + A" — djls + < > CgT(U?val)lk%)
m=r+1

1 1
n 2
+< Z chu|V(umuzl)|(2),Q> ( Z cgTyp|lup' — h ||2;h2>

m=r+1 m=r+1
for n > r. As a corollary of Theorem [3.2] we have the following a priori estimate.

Corollary 3.1. Under the assumptions of Theorem we have the following error estimate,
forn>r andnr <T:

r—1

< c1h + co7 + 372

~

zZy
Here, the symbols {c;}3_, denote positive constants independent of h and T, but which depend on
the physical parameters and on the regularity of (u,p,d,d).
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Proof. The proof follows directly as a consequence of a triangle inequality, Theorem [3.2] and the
optimal approximation properties of the interpolation operators. O

We then observe that the scheme displays optimal accuracy for the extrapolated variants
(r = 1,2) whereas a suboptimal convergence rate is obtained without extrapolation (r = 0).
Thus, we retrieve the same convergence behavior as in the fitted case for the original Robin-
Neumann schemes (see [28, Corollary 1]). From the proofs of Theorem [3.2|and Corollary we
can readily obtain the following optimal error estimate for Algorithm

Corollary 3.2. Let (u, p,d,d) be the solution, of the coupled problem D-@) and {(u},p}, dy, ) sy
be the approximation given by Algorithm with initial data u%, d%, d(,)L) = (iSZEQuO, ﬁZdO,Ith).
Suppose that the exact solution has the reqularity —. Then, we have the following error
estimates, forn >0 and nt <T':

Z;Ll 5 Clh + CoT

with ¢1 and co positive constants independent of h and T, but depending on the physical parameters
and on the regularity of (u,p,d,d).

Proof. Taking (v, gn, wp) = 7(0},, Y, 52) in , the energy inequality (55) holds with x} = EZ
and Tg = Ty = T1o = 0. The terms T5 and Tg are treated similarly to (61) and . Note that
the Nitsche’s dissipation on the interface is given in this case by

CgTVM”BZ - 52“2%7}%2-
Similarly to , for the term 75, we have

S
<peT

T:
2~ 262

S
2 2 2 2 P € any2
(T0uwll T, eire2esy + R2NO T2, o ar2m)y) +ea (1€ 5.5
The last term may be controlled by Lemma The remaining terms T3,T3,Ty and T, are
treated exactly as above. We obtain thus an optimal a priori estimate for the discrete errors.
We conclude as in Corollary O

4 First discretize in time and then in space: explicit schemes

Step (|15) of Algorithm [2|is more computationally demanding than a single fluid problem due to
1

the presence of the additional unknown dZ . In this section, a new explicit coupling scheme

is presented which overcomes this issue without compromising stability and accuracy. The main

idea consists in performing the space and time discretization reversely.

4.1 Robin-Neumann explicit coupling schemes

The starting point of the methods is the time semi-discrete explicit coupling schemes introduced
in |28, 32]. Note that these schemes may be derived by applying first the fractional-step splitting
of Section to the continuous problem — and then eliminating, contrarily to Algorithm
the intermediate solid velocity d" s (see Remark . Applied to the continuous problem -
(2), these schemes read: for n > r
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1. Fluid substep: find u” : Q x RT — R? and p” : Q x RT — R such that
plo.u" —dive(u™,p") =0 in €,
divu™ =0 in €,
w"=0 on If

o(u”,p")n+ ku" = rd™ !+ g"* on X,

(78)

with the notations:

g E, g def p2edd™* + a(u™*, p™)n.
T
2. Solid substep: find d” : £ x Rt — R? and d" : ¥ x RT — R? such that d" = 9,d" and

(79)
d"=0 on 0.

{pseard” +L°d" = —0o(u™,p")n on X,
4.2 Fully discrete formulation: explicit coupling scheme with unfitted
meshes

The fundamental idea consists in performing directly an unfitted interface treatment (a la
Nitsche) of the time splitting —. This is achieved by extending the arguments introduced
in [14] and [I7, 40] to the present Robin-Neumann framework, in such a way that robustness
with respect to the Robin coefficient k is guaranteed. The proposed numerical methods build on
the following consistency result.

Lemma 4.1 (Consistency). Let {(u™,p",d", d")}n>, be given by (78)-(79). Then, there holds

P (Oru™ vn) o, + af (w™,p"), (Vn, qn)) + p°e(Drd”, wh) 5, + a*(d", w)
i)y (g ),

_ ﬁ (o (", p")n,on = wp) g + (u" = d" o (v, —gn)n) "

_ whm("(un,p")naa(vh, —qn)n)y + w%(gn’*v“(”’“ ~an)n)y =0

for all (vp, qn, wr) € Vi, X Qp x W,

Proof. Multiplying 1 and 2 by v;, and gp respectively, integrating by parts over 2 and
adding both equations we get
pf (aTunﬂ vh)Q + af((un,pn), (vhv qh)) - (o-(unapn)nv vh)z =0. (81)
On the other hand, multiplying 1 by wj, and integrating over ¥ we get
pse(&fi", wh)E +a®(d", wp) + (a’(u",p”)n,wh)E =0. (82)
Adding and , we obtain

pf (8Tun7 vh)Q+af ((unap”)7 (v]u Qh))+PS€(3rdna wh)2+as(dna wh)_ (U(unupn)n7 ’Uh—’UJh>E =

Inria
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TH

Multiplying the interface condition (|78])4 by ﬁ(vh - wh) and integrating over X, we get
ST
YR m—1 TH Y *
A i n_d o = n ,n o P o, . —0.
i+ Kh (u Ui wh)2+vu e CACRURIL OB i+ Kh (g™ vn—wn)y,
(84)
Multiplying the interface condition (784 by fﬁa(vh, —qp)n and integrating over X, we
Y+ K
get
Kkh T h
- n dn _ - n 3 _
S+ rh (u ;o (v, Qh)n)z NI+ K (O’(U ,p")n, o (v, Qh)n)g
h
—(g™" — =0. (85
+ ’Y/,L—’-:‘ih (g ,O'(Uh, Qh)n)z ( )
Finally, by adding (83)-(8F)) we recover (80), which completes the proof. O

The key feature of is the fact that for k — oo (i.e., whenever 7 — 0) we formally
retrieve the unfitted formulation . Alternatively, if h — 0 we formally retrieve the the weak
formulation of the Robin-Neumann splitting —.

Taking successively w;, = 0 and (v, ) = (0,0) in we obtain the following partitioned

formulation of :

o Fluid:
mn n n PY’%M n n—
Pf(é)fu ,vh)Q+af((u P ),(vm(Jh))—&-m(u —d 1’Uh)z
als n, h n o n
_ m(g *”Uh)E_ m(a(u , D )’I’L,O’(’U}“—qh)’n,)E
kh n on 0 e
BETEY) (@, p")n,vn)g, + (u" —d" " o(vn, —an)n),
h mn, %
+m(g * o (v, —qu)n)y, =0
for all (vn,qn) € Vi, X Q.
e Solid:
Sé(a l;ln w ) +as(dn w )—7H7h(o.(un n)n w )
P T y Wh ) s Wh) — ’Y,U/—f—:‘ﬁih , P y Wh )
b ) - =2 (g ),

v+ kh % yp+ kh
for all w,, € W,

This motivates the fully discrete method reported in Algorithm Note that the resulting
coupling scheme is explicit.
4.3 Stability and convergence analysis for r =0

We present in this section an energy-based stability and a priori error analysis for Algorithm
with 7 = 0. The stability and convergence properties of Algorithm[3|with r = 1,2 are investigated
in Section [p] via numerical experiments.
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Algorithm 3 Explicit coupling schemes.
For n > r:

1. Fluid substep: find (uﬁ,pﬁ) € V, X @, such that

rpf(a"'uz7vh)ﬂ + al;L((uZ7p2)7 (vha qh)) + ﬂ(uz — C.lz_17'l)h)2

v+ kh
YH nx h n o
—— (g, v — ——(o(u}, pi)n, o(vy, —qn)n
v,u—&—nh(gh h)E 7M+Iih( (up. py) (Vh, —qn) )z )
kh n o, n n “n—
_ 47/1 Tk {(U(uhvph)n, 'Uh)E + (uh — dh 17 U'(Uha —qh)n)z}
h %
+ m(gh , 0 (v, _Qh)n)z =0
for all ('vh,qh) eV xXQp.
2. Solid substep: find (d}t,d}}) € Wy, x W, such that djf = 0,dj and
pse(aTc.iZ,wh) +a*(dy, wy) = —Hih(a(uz,pZ)n,wh)
= Y+ kh z (87)
YR n m—1 Y n,%
- r _ d _ N
’Vﬂ+f$h(u}b h ?wh)z ’yu_'_ﬁh(gh ?wh)z

for all wy, € Wy,

4.3.1 Stability analysis

We consider the discrete energy Ej given by at time-step t,,. The dissipation is given in
this case by

f
~p, def P _ YR .

D = = upy —up g o + canll Vuilg o, + it b o lluh — 5w + |(ur, )%
pSE kh m n—112 1 n n—12 n| 2
+——|d, — d + —||dy, —d + — .

- ’yu—&—nh“ h h ||0,2 TH h h ||s vu—i—/ithhHO’Z

The following result establishes the unconditional energy stability of Algorithm [3] with » = 0.

Theorem 4.1. Let {(u},p}, dy, d})}n>1 be given by Algorithm@ with = 0. For~y > 12Crt1/¢,,
we have

Ep+7Y Dy < Ej. (88)

m=1

Proof. We first note that in the case r = 0 we have g,* = 0. Thus, by taking (vp, gn) = 7(u}, p})
in and w;, = 7dj in (87), adding the resulting equations and applying (9), we get the
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following discrete energy inequality

P _ ~
5 (O luplisg + llu = wp ™ 5.0) + G (nlle(h)[5.q, + 9n(uh, up)

no,n 1 m m n—
+7sn(ph i) + 5 (7OlIdRIIZ + i — d7"2)

fﬁf (o (uah, ph )y — i) + (wip = i~ o (uf, —ph)m)
Ty
+ri(dy —dytdy) . + %T(uz —dptup —dy)
T,
h
T el B o (g, —pn) o 0. (89)

T3

Note that the solid inertia term is included in term T>. We now proceed by estimating separately
the terms T4, T and T3. For the first, we have

Kkh . kh . S
T=——"" n 0Vn,ul — dl) —— " 0Vn, dl — 47
1 T (o (up,0)n, up —dy), ,yu_’_ﬁhT(O'(Uha )n,dy —dp )
T T
rkh . .
_ 0, p} dP —d Y.
+’ﬂ£+l€h7—(a( 7ph>na h h )2

T3

By combining the Cauchy-Schwarz and Young inequalities with the robust trace inequality ,
we obtain the following estimates:

kh .
Ti1>—— Aurlle(u? uy —dj
1,1 2 ~(i + R 1% || ( h)||0,2|| h h||0,2
1 Kkh €1 YRKUT .
- 16uCriT|e(u)|2 o — — ————[Jul — d}? 5,
= T 261 (7 + D) pCiT|e( h)”o,Qh, B Wu—i-/@h” h h|O,E
wh . S
T; -2 s d} —d}
1>~ oure () o |45 — & o
1 m 9 gy K2hT - 112
>~ " 40 " -2 2 ay - dy
= T eg v+ rh 2 TITHE(uh)HO,Qh 9 7u+mh” h h ||o,2a
RR n° 8908 wh . -
1,3 =2 77/1-#-/% P |0,Z‘ h h ||0,E
1 h 9 es K2hT - 1112
e n - DA dn_dn .
= o, 7u+/<;hT||ph||0’Z 9 ,WJrnhH h h ||07z
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On the other hand, by adding and subtracting suitable terms, for the second term we have

Ty =ri(dy = di ™ dp) + o (g — ).

v+ kh
. -1 ° YRUT . . cn—1 .
=, — ) T (gl )
. o 1 . ’Y[{‘LLT . . _1 . ’}/[{‘LLT 2
=l = ) (A = ) R - G

Hence, using the Cauchy-Schwarz inequality, we infer the following fundamental lower bound

Se . 1 K',2h7— . n—
o> Coron|dil s + 5 i — ;"

2 1 YRHT || n ('171
2vp+ kh

0,5 277u+mh up — ap

2
0,2"

Finally, for the last term, using once more the Cauchy-Schwarz and Young inequalities, we get

_hr
Y+ xh

T5 > 4uCrrr|le(up)§ o, + 12513 5

_k
Y+ xh

By collecting the above bounds for T7, T5 and T3 and inserting them into , we obtain

' 2 12 pe 2

5 (T llublls.q + lupy — ui™ o.0) + éamon(ui, uh) + 7sn(pis ph) + 5 70r di o 5

2
1 2
4CTI (1 + 252) TH + afih 2

le(uh)]

1 n n n— -
T3 (ro-\\dp112 + |ldiy — dy'12) + i | &g —

¥ vu+ Kk 0.
LRy — @ e (1 (e o)) | — s
2vu+ kh ’ 2 yu+rh ’

h 1
_ 11— — 12 < (.
+ WLJH{hT( 263) Ipkllos <

The estimate then follows by choosing

2 1 5 o 12CTy
€1 =3, €2 = —, €3 =3, ~ 9
1Ty 2T BTy TG
using Korn’s inequality and summing over m = 1,...,n. This completes the proof. O

4.3.2 Convergence analysis

In the sequel we assume that the interface X is flat and that the exact solution of problem —
has the regularity given by and for a given final time T' > 7. For the derivation of the
error estimate, we also build on the decomposition of the error given by —. Let us first
estimate the discrete errors (6}, y7, &), &)). An a priori bound is stated in Theorem below,
with the energy-norm of the discrete error being defined, at time step t,, as

n 2
on def 1 n s \Len n n
& =02 105 lloe + (0°0)2 1€ llo.s + [1€ls + (Z CgWIV@hII%,sz)

m=1

1 1 1
n 2 n 2 n 2
ny |2 TR & 2 h n|2
+ ( E :CgT(OZayh)s> + <m=1 Stk thTHOZ - Zo,z) + < E Stk Iih7_|yh||0’2>

m=1 m=1

for n > 0.
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Theorem 4.2. Let (u,p,d, d) be the solution of the coupled problem — and {(u}, py, dy, dg)},m
be the approzimation given by Algom'thm@ with initial data (u%, d(,)L, d%) = (iszEguO, ﬂZdO7Ihc'iO)

and r = 0. We assume that the exact solution has the reqularity -. Assume that v > 0

is given by Theorem[[.dl Then, we have the following error estimates, for n > r and nt < T':

g‘g < Clh+CQT+C3T%. (90)

Here, the symbols {c;};_, denote positive constants independent of h and T, but which depend on
the physical parameters and on the regularity of (u,p,d,d).

Proof. At time t,, the exact solution (u,p,d,d) of the coupled problem (1)-(2) satisfies

plou™ — dive(u™,p") =0 in Q

divu” =0 in

u"=0 on I

o(u",p")n + ru" = kd" "' - Ld" - p°e(d; — 9;)d" on %,
u"=d" on X,

predhd" + L°d" = —o(u",p")n on X

d"=0,d" on %

d"=0 on O0X.

Then, similarly to Lemma we can show that the exact solution, at time ¢,, of the coupled
problem — satisfies

(D" vn) g + at ((u™, "), (vn,an)) + pe(Bpd™ wh) g, + a*(d", wy,)

K n— n )
I = & oy — )+ (0, 00 0 — ),
rkh .
TR (o(u™,p")n, vy — wp)y, + (u" —d" Lo(v, —qn)n),
S ° h n o ,.n
- m(Ld” + p°€(0; — 0;)d", o (v, —qn)n)y, — m(a(u P )n, o (vh, —qn)n)y, =0

(91)

for all vy, qp,wp € Vi x Qp x W, Subtracting and to the continuous problem
we obtain, after adding and subtracting d,u"™ and 9,d", the following modified Galerkin
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orthogonality:

P (O (u" —up),vn)gta’ (W' —ujl, p"—p}), (vn, qn)) +p°€(0-(d" —d}), wh) +a* (d" —djy, wh)

Kkh . .
o n_,mn . n__ ,n o no__,mn\ dn—l 7dn—1 .
v+ kh (U(u Up,p ph)n,’vh ’wh)z + ((u uh) ( h ),O‘(’Uh, qh)n)E
TEH n n n—1_ n-—1 h n . "
PP (wr—u)—(d" ' —d _ o _ B B
+7M+Kh((u up)—( W), Vh—wh)y, ’W—s—mh(d(u up, p"—pp)n, o (vh, —qn)n)

= —p" (8, — 0 )u",vn) , — pe((Or — O-)d™ ,wh)y, + Sn((wh, P}, Vi, an))

e (Ld" +p%e(0r — 87)(.1", vy — wh)

7’7M+I€h +

(Ldn +p%e(0r — 8T)dna o (vn, 7qh)n)2
(92)

X yp+ kh

for all (v, gn, wp) € Vi, x Qp x Wp,. Hence, from —, we infer the following equation for
the discrete errors 0y, yj, &5, and & :

pf (87'02, vh)Q + a‘f((OZa yZ)’ (vha qh)) + Sh((OZa y}:,l)a (vha qh)) + pse<a‘ré}7§a wh)z + a’® (52) wh)

Kkh n m o ine
b {(a(ah’yh)n’vh —wn)y + (0 =& o (vn, —qh)n)z}
TEH n n—1 h n on
* m(eh — & v —wa)y - m(f’(@hvyh)n,a(vh, —aqn)n)y

= - pf((at - 3T)u",vh)Q — (0-07,vp) — pse((at — (’%)('l",wh)E — pse(&-éz, wh)z

—a’ (527 wh) + Sh((iszEZ'unv iSZElpn)v ('Uhv Qh)) - af((e;l'a y:)a (vha qh))

h .
+ ,an |:(U(0:ay;l)n7’vh — wh)E + (02 — 6:—1’0'('1)}1, —qh)n)z}
TRH n en—1 h n
- _ M e -
YH + /4/]7,( 4 éﬂ ' Uh wh)z + Vit + xh (U( WVyﬂ)nao-(vh, qh)n)z
T — . h .
_W(Ld +p E(at_a‘r)dn,vh_wh)2+m(Ldn+p E(at_an,—)d ,o‘('vh,—qh)n)z

(93)

for all (vp,, gn, wp) € Vi xQpx Wy, and n > r. Note that o® (5:, 'wh) = 0 due to the definition of
the solid projection operator 5. Taking (v, qn, wr) = 7(07, Yy}, £ in (93), using the stability
estimate reported in Theorem [.1]and ([49)), yields the following energy inequality for the discrete
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€ITors:

2 0) + & (WIVO} 2, + 167, 5)12)

2
1 n n 1 YR n en
t3 (TO-1€R112 + 721100 112) + EWTHG}‘ - &l
1 pe 1 kh “n
il + 5 (ORI s + 510 &
< _pr((at - 87)'“‘ 70h)Q - pr (87'02’ OZ)Q
Ty
—pSET((at - aT)dn7£Z))g - pSET(aTé:er 62))2 —TGS(Sza ZZL)
—— ——
T2 TS
+ 75 (s Brua(t) i Erp(t)). (07, 43)) —7— (02 — &7, 0 — £
) ) ) ’y,u—i—/ih T T »
Ty T,
+7‘A( (0” y ) Onién)
’YM-FI'ih s Yr )T, U, h)»
Ts (94)
! (02, 2). (O7.y1)) +7— (62 — &2, (07, —yiIm)
T mw/)? b ’)/u + /Qh T T b 2
17
h n o.n n n YR - n— e
T wh (0(8%. ym)n. o (65, ~yi)m)y; —7 i+ Kh (€ —&7.01 — &)y
T3 Ty
(et o0y, )
Y + kh Ry —Yn)T) s
Tio
YU n mgn en
————(Ld oy —0,)d",0; —
’Y,U+I€h( +p€( t ) h gh)g
T
h n s mn n n
Jri’y,u T oh (Ld + p%e(0y — 0;)d", o (0}, 7yh)'n,)z

Tl 2

with ég > 0. The terms 77 — Ty stem from the time-stepping and the stabilization methods. The
terms T5 — Ty come from the generalized Nitsche’s method. Finally, terms Ty — T1o are due to
the kinematic perturbation and, hence, are inherent to the fluid-solid time-splitting scheme.

Note that terms T7, T5 and Ty can be bounded exactly as in , and . For term
T5 we can proceed in a similar manner to to get

pel’
N 2%, (r 2Hattul|L2(tn Litn:L2(2)) +h? ”atd”LZ(tn 11‘7,,H2(Z))) +527 H€h||oz (95)

T S

The last term will be treated using Lemma
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The boundary penalty term Ty can be handled in a similar manner to yielding

T 2 m2 €5  TRQ n en
Ts < rh2 2 (un hl|d 5N _ygn
S 2 B+ B ) + 72 o 1)

2
0,2
where we have used that

kh <
v + kh

Note that the second term can be absorbed in the left-hand side of , for e5 > 0 small enough.
Similarly, for the consistency term Ty, we have, using

0< 1.

g6 VKM

1 .
To STh—— (w30 + 1" 30) + 7o ——— |0} — €23 .
6~ P~ (|| Hz,sz llp ||1,sz) B wH-/ih” h 571'”0,2
Note that the first term has the right convergence order and the second term can be absorbed
in the left hand side of , for e > 0 sufficiently small.
As in the proof of Theorem we split T~ into two parts. The velocity-velocity coupling

contribution can be easily handled as in , viz.,

Kkh .
- 0" o" n o o" _ ¢n
Ta( T h)+7—’yu+l€h(d( h> )nv T EW)E
I n 2 n m n
R L P Y (P A RS O
e70TI Er

The last term can be, once again, absorbed in the left hand side of , for e7 > 0 sufficiently
small. For the velocity-pressure coupling part we write, using integration by parts in the conti-
nuity equation,

Kkh .
— Tb(y2, 07) + Th(yp, 0%) + T—— (/(0, —y)m, 07 — &
T (y7r7 h)+7— (yh7 ﬂ-)—’_T'YM"'Hh(O-( ’ yh)”? T 571')2
. Kkh ; Y
— n d a’n. V n 071 - n n - n 70’!7, .
T(yﬂ7 v h)Q +T( yh7 W)Q T’yu—i—/ﬁh(yhn’éﬂ')z TV,U—Flih (yhn 71')2
T71 T72 T7 3 T7 4

Terms 77 1 and T7 5 can be bounded as in . The control for 7% 3 follows as in . For T7 4,
using , we have

€7.4 h

T < 077, 2 ni||2
nd = T257,4’Y'uH “H%’h’E—FT 2 7M+f<athh”O’E
h
< 2P a2 €74 n||2
ST p w30+ T 9 ,W_FHthhHO,E»

the last term can be absorbed in the left hand side of , for €74 > 0 small enough. The above
estimations of 77 1, 17 2, T7 3 and T7 4 provide bounds which involve either terms with the right
convergence order or contributions that can be absorbed by the left-hand side of .

For the term Ts we have

h

"yt wh
< TL#HU(O” y"nl? . + 27¢
~ esyp+kh Ty hk ®
£g h

T?v,u + Kkh

h

Ty = _
s Y + kh

(o(07,y7)n,0(6,00m), + 7 (o(07, y)m, ypm),

en 2
e @nI s

+

”y}r” g,Ea
€8 h Inria

1 1
ST —— (w30 + IP"1} o) + 2res—uCril| VO, 3 o, + 7o —— 1155
~ JE— (|| ||2,Q Hp ||1,Q) 87” TI|| h”O,Qh 9 v,u—&—mh”yhno’z
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and the last two terms can be absorbed by the left-hand side of (94)), for eg > 0 small enough.
The boundary penalty term Ty can be controlled using a Taylor expansion

YR <2 g9 YR n ini2
Ty <75————|[70: 2 e —
9 = 7'259 W’M“"ih”T &llos+7 5 wﬁ—nh” h—&nllos
1 ykp . co YRL
2 2
S TP L R Ry ﬁn ~&I3

€9 KU

L.y 2
S Tgh pelloull o, vy T

Note that the second term can be absorbed in the left-hand side of 7 for £g > 0 small enough.
Similarly, the boundary penalty term Tjq is bounded by

K;h n— n Hh n— n
To =7 (6 = &7 003, 0m) + 7 =mn (8 - €07 wiin)
S v h2pe] 0yl + 2re10uCr | VO3 3 P TT
ST e PO L2 (b a2 () T ATEIORETIIV S T St Rk Yh

Note that the second term can be absorbed in the left-hand side of , for e19 > 0 small enough.
Similarly, the boundary penalty term 777 is bounded by
1 T 2 EL TR H n

[L°d™ |55 + T h *gh”an

1 s 2 2
T S Tap e l|0uul|zar, y tir2my + TEE ; 2 ypu+ kh

The last term can be absorbed in the left-hand side of , for 17 > 0 sufficiently small.
Similarly, the boundary penalty term 775 is bounded by

1 . 1 7 h
Tio < 7—per?||O Led" Cr1| V07 ||2 — Y2 5,
12 S 7'512/’ €T || tt“”L2 tn_1,tn;L2(2)) + 7'5 || ||0 s + 1e12Crip|| HO,Qh + TE12 P Kthh”O,Z
The last term can be absorbed in the left-hand side of , for €15 > 0 small enough.
The estimate follows by inserting the above estimates into , summing over m =

1,...,n, and applying Lemma [3.1] with

m 1
PEIERIR 5 + SI€TIE, = 7

Am = He

Note in particular that, owing to the selection of the initial data, we have

We define the energy-norm of the error and dissipation error, at time step t,, as

def 1 1. .
23 ()2 u" —uploq + (o2 (ld" — diflos + d" — dj s,

n B n B n 2
(Z iV (™ um||o,n> + (Z ch|<u27,pm|§> + (Z ] L )
m=1

m=1 m=1

for n > 0. We have the following a priori estimate as a crllr of Theorem [£.2]
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Corollary 4.1. Under the assumptions of Theorem[].2, we have the following error estimates,
forn>r andnr <T: B .
Z;LZ < Clh-I-CQT-I-CgTE.

~

Here, the symbols {c;}3_; denote positive constants independent of h and T, but which depend on
the physical parameters and on the regularity of (u,p,d,d).

Proof. The proof follows directly as a consequence of a triangle inequality, Theorem and the
optimal approximation properties of the interpolation operators. O

The error estimate provided by Corollary predicts a suboptimal O(T%) accuracy in time
and an optimal O(h) error contribution in space for Algorithm |3| with = 0. It is worth noting
that a similar error estimate has been derived in Corollary for Algorithm [2] with r = 0. This
indicates that, at least for the case r = 0, the semi-implicit or explicit nature of the splitting
does not affect the overall accuracy of the methods. Numerical evidence that this also holds for
r = 1,2 is given in the next section.

5 Numerical experiments

In order to illustrate the stability and the accuracy of the proposed schemes, we consider the
problem of a pressure-wave propagation within a straight elastic tube (see, e.g., [28]). The solid
is modeled as a 1D string model, hence in we have

0 0 det  Fe def Ee
d= Ld= ME o XS
<n> ’ <—/\18m77 + /\on) M T 9y 0T R -2

In the sequel, all the units are given in the CGS system. The fluid domain is given by the
rectangle 2 = [0, L] x [0, R] and the interface by the segment ¥ = [0, L] x {R} with L = 6 and
R =0.5. At z = 0 we impose a sinusoidal pressure of maximal amplitude 2 x 10* during 5 x 1073
seconds, corresponding to half a period. Zero pressure is enforced at x = 6 and a symmetry
condition is applied on the lower wall = 0. The fluid physical parameters are given by pf = 1.0,
1 = 0.035. For the solid we have p* = 1.1 and € = 0.1 with Young’s modulus E = 0.75 x 10% and
Poisson’s ratio v = 0.5.

(a) Unfitted meshes. (b) Fitted meshes.

Figure 2: Example of unfitted and fitted mesh configurations.

We compare the results obtained with the unfitted mesh methods given by Algorithms
and a first-order fully implicit scheme with fitted meshes. An example of the fitted and unfitted
mesh configurations considered in this study is given in Figure[2] In Algorithms([T}f3] the Nitsche’s
parameter is set to ¥ = 10% and the pressure and ghost penalty stabilization terms in @ are
given by and , respectively, with v, = 103 and Ye = 1. The computations have been
performed with FreeFem-++ [37].

Figure [3| presents the snapshots of the pressure field and the solid displacement (amplified by
a factor 5) at the time instants ¢ = 0.005, 0.01 and 0.015, obtained with 7 = 2-10~% and h = 0.01
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AAPATAYA P4
CAVAVAYadl
At
777

VAVAVAAVAYa.

Fitted-mesh implicit algorithm

(c) Algorithm with r =1

(d) Algorithm With r=1

Figure 3: Snapshots of the fluid pressure and (exaggerated) solid displacement at time instants
t = 0.005, 0.01, 0.015. The discretization parameters are given by 7 = 2-10"% and h = 0.01

solid displacement elastic energy error
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(a) Algorithm

solid displacement elastic energy error

°
T

ST e slope 0.5

="~ implicit scheme fitted
R

0.00001

time-step size

(b) Algorithm [3]

Figure 4: Time convergence history of the solid displacement in the relative elastic energy norm
using Algorithm [2| (left) and Algorithm 3| (right) with 7 = O(h).

using the fitted-mesh implicit algorithm (Figure , Algorithm (1| (Figure , Algorithm
with r = 1 (Figure and Algorithm 3| with » = 1 (Figure [3(d)). The schemes reproduce a
stable pressure-wave propagation. Note that this stable behavior was predicted for Algorithms [2]
and [I] by Theorem [3.I] and Remark [3.5] respectively.
In order to assess the overall convergence rate of Algorithms we have uniformly refined
in time and in space according to
(t,h) = {2-107%/2:, 1071 /2132 (96)

Note that 7 = O(h). Figure reports the relative elastic energy-norm error of the solid
displacement, at time ¢ = 0.015, obtained with all the different variants of Algorithm [2| (Alg. 2
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-7 —0 Alg. 2 (r=1)
—O— Alg. 3 (r=1)

stabilized explicit
-=-- slope 1

solid displacement elastic energy error

°
T

L
0.00001 0.0001
time-step size

Figure 5: Time convergence history of the solid displacement in the relative elastic energy norm
using Algorithm 2 (r = 1), Algorithm 3| (r = 1) and the stabilized explicit scheme of [14] with
T = O(h).

~~~~~~~~~~~~ reference fitted
implicit scheme fitted

~~~~~~~~~~~~ reference fitted
implicit scheme fitted

Alg. 2 (=0) Alg. 2 (r=0)
Alg. 2 (=1) Alg. 2 (1=1)

£ oo Alg. 2 (r=2) £ oe Alg. 2 (r=2)

£ £

& g

2 2

8 8

I3 I3

£ E] 0.01

w ©

S S

£ £

5 5

g g

001 [~ -0.01 |-
L L L L L L L L L L
0 1 2 3 4 5 6 0 1 2 3 4 5 6
x-coordinate x-coordinate
(a) i =0. (b)i=1.
003 - reference fitted 003l -+ reference fitted
implicit scheme fitted implicit scheme fitted
Alg. 1 Alg. 1
Alg. 2 (r=0) Alg. 2 (r=0)
Alg. 2 (r=1) Alg. 2 (r=1)
g ooz Alg. 2 (r=2) g ok Alg. 2 (r=2)
£ £
8 8
S S
S o
I3 I3
2 oot 2 oot
= ®
2 S
£ £
S 5]
S <
4 4
-0.01 001 |-
1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 o 1 2 3 4 5 6
x-coordinate x-coordinate
(c) i=2. (d)i=3.

Figure 6: Algorithm [28 Comparison of the solid displacements at t = 0.015 for different levels of

(7, h)-refinement (96).

in Figure [4(a)) and Algorithm [3| (Alg. 3 in Figure [4(b)). For comparison purposes, the results
obtained with both the fitted-mesh and unfitted-mesh implicit schemes are also reported in

Figures and The reference solution has been computed with the fitted-mesh implicit
algorithm with a high space-time resolution: h = 3.125- 1072 and 7 = 1075,

The results of Figure show an overall O(7) optimal accuracy for Algorithm [2] with
r = 1,2, while a sub-optimal O(T%) is obtained with » = 0. This is in agreement with the
error estimates provided in Corollary 31} Very similar results are observed for Algorithm [3] in
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Figure 7: Algorithm [3] Comparison of the solid displacements at ¢ = 0.015 for different levels of

(7, h)-refinement (96).

Figure an optimal O(7) convergence is obtained with » = 1,2 and a sub-optimal (9(7'%)
convergence is retrieved with r = 0. We recall that the sub-optimality in Algorithm [3] with
r = 0 was predicted by Corollary Finally, the first-order convergence rate O(7) predicted
by Corollary [3.2]is observed for Algorithm [I]

For comparison purposes, we show in Figure [5] the results obtained with the first-order ex-
trapolated variants (r = 1) of Algorithms [2|and [3|and with the stabilized explicit scheme of [14]
(without correction iterations). Figure [f|demonstrates that Algorithms[2|and [3|with r = 1 over-
come the non-uniformity in A behavior of the stabilized explicit scheme (which clearly prevents
convergence for 7 = O(h)).

Further numerical evidence of the above observations is provided in Figures [fH7] where we
have displayed the displacements at ¢ = 0.015 obtained with Algorithms[2]and [3] respectively, for
different levels of space-time refinement. For illustration purposes, the displacements obtained
with the implicit schemes, both in the fitted and unfitted frameworks, are also reported in both
figures.

6 Conclusion
In this paper, we have introduced two new numerical methods for incompressible fluid/thin-

walled structure interaction using unfitted meshes. Their semi-implicit or explicit nature depends
on the order in which the space and time discretizations are performed:

e discretizing first in space using the unfitted formulation (5)) and then in time via (L3)-(14)
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led to the semi-implicit schemes reported in Algorithm [2}

e discretizing first in time using - and then in space using a variant of Nitsche’s
method for Robin boundary conditions led to the explicit schemes reported in Algorithm [3]

For all the semi-implicit schemes (r = 0, 1,2), a complete numerical analysis has been per-
formed in Section The analysis retrieves the O(7 + h + T2T71) convergence rate obtained
in [28] for fitted mesh case. These theoretical findings have been confirmed by the numerical
evidence of Sectionwhich shows, in particular, that the semi-implicit scheme with r = 1: (i) de-
livers superior stability and/or accuracy with respect to explicit methods reported in [7, 4] and
(ii) avoids the strong coupling of alternative methods (see, e.g., [49, [§]), without compromising
stability and accuracy.

For the explicit scheme with » = 0, the stability and convergence results (Section are
similar to those obtained for the same variant of the semi-implicit scheme. We retrieve, in
particular, the same O(h + T%) sub-optimal convergence rate. The analysis of the explicit
schemes with r = 1,2 is open. Yet, the numerical evidence of Section [5| suggests that, in spite of
their different semi-implicit and explicit nature, Algorithms [2| and [3| deliver practically the same
behavior.
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