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System with Frequent Random Jumps
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SINRIA Sophia Antipolis, 2004 Route des Lucioles, 06902 and LINCS, 23 avenue
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Abstract

We study a non-zero sum game considered on the solutions of a hybrid dynamical
system that evolves in continuous time and that is subjected to abrupt changes of pa-
rameters. The changes of the parameters are synchronized with (and determined by) the
changes of the states/actions of two Markov decision processes, each of which is controlled
by a player that aims at minimizing his or her objective function. The lengths of the time
intervals between the “jumps” of the parameters are assumed to be small. We show that
an asymptotic Nash equilibrium of such hybrid game can be constructed on the basis of
a Nash equilibrium of a deterministic averaged dynamic game.

1 Introduction

In this paper, we study a non-zero sum game considered on the solutions of a hybrid
dynamical system that evolves in continuous time and that is subjected to abrupt changes
of parameters. The changes of the parameters are synchronized with (and determined by)
the changes of the states/actions of two Markov decision processes (MDPs), each of which
is controlled by a player that aims at minimizing his or her objective function. The lengths
of the time intervals between the “jumps” of the parameters are assumed to be equal to €
(a small positive parameter). That is, the parameters are assumed to change their values
frequently (the smaller is the parameter €, the higher is the frequency).

Hybrid systems of this type arise in modelling admission control into telecommunication
networks (see [16]). The states of the continuous time system may be taken to be the amounts
of workload (i.e., the transmission time required by packets awaiting transmission) in the dif-
ferent nodes. The dynamics of these states is determined by the number, the routes and the
types of packets that are present in the network. These can be described by a Markov chain
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with a finite number of states (parameters). The transition between the states (parameters)
occur at the beginning or end of a packet transmission. The actions controlling these tran-
sitions are to accept or reject a new coming call and (if it is not rejected) to impose certain
requirements for its routing, bandwidth and duration.

The fact that the parameters change their values on much faster scale than the continu-
ously changing state variables allows one to employ an averaging method to show that the
state trajectory of the hybrid system are approximated by solutions of a certain deterministic
control system. In fact, the main result of this paper establishes that an asymptotic Nash
equilibrium of the game considered on the solutions of the hybrid system (see Definition 2 in
Section 2 below) can be constructed on the basis of a Nash equilibrium of the game considered
on the solutions of the deterministic averaged system.

Note that problems of optimal control and zero-sum games considered on the solutions
of the hybrid system similar to one we are dealing with have been studied in [2], [3], [4],
[13], [16] (see also related results in [1], [5], [8] and [15]). The present paper continues this
line of research by developing a technique allowing one to deal with non-zero sum games.
An important feature of our result is that the information structures of the hybrid and the
averaged games are different (this is in contrast to a result obtained for a zero-sum game
with full information; see [13]). In fact, we show that an asymptotic Nash equilibrium of
the hybrid game, in which each of the players chooses his/her actions on the basis of the full
information of his or her states/actions histories can be constructed on the basis of an open
loop Nash equilibrium controls of the averaged game.

From a broader perspective, although problems of optimal control and zero-sum games
posed on solutions of dynamical systems evolving in different time scales (singularly perturbed
systems) received a great deal of attention in the literature (see, e.g., [6], [11], [12] and
references therein), to the best of our knowledge, no results on non-zero sum games for such
systems have been obtained. Results presented in this paper indicate the way how to approach
non-zero sum games for other classes of systems characterized by the presence of slow/fast
dynamics separation.

The paper is organized as follows. In Sections 2 and 3, the hybrid and, respectively,
averaged deterministic games are introduced. In section 4, the main results are stated (see
Propositions 1 and 2), and in Section 5, these are proved.

2 Hybrid Game

Let the dynamics of the state vector Z(t) € RY be described by the equation
Z(t) = fHZ@), Y () + f2(Z(1), Y2(t), Z(0)=z, te]0,1], (1)

where fi(-,-) : RY x RYi — RN § = 1,2, are continuous functions satisfying Lipschitz
conditions in z (see Assumption 2 below). The functions Y#(¢) € RYi, i = 1,2, are “controls”
defined by two players. These controls are not chosen directly by the players. They are
obtained as the result of the players controlling the transition probabilities of two associated
stochastic discrete event systems described as follows.

The system i (i = 1,2) has a finite state space X* and it changes its states at discrete
moments of time t; = je, j = 0,1,..., |71, where € > 0 is a small parameter representing
the time unit and |b] stands for the greatest integer which is smaller than or equal to b. Player
i has a finite action space A%, and if he/she chooses an action a € A?, then, provided that



the current state of the system is € X?, its next state will be y € X? with the probability
Préay > 0 (Zng P:Iz:ay : 1) ] )

A policy u' = {uf,ul,... UGy ,uZLG_lj} of the player i is a sequence of probability
measures on A’ chosen as functions of the present state of the player and of his or her
states/actions history. That is, u} = uj(z}) and u; = u; +1(hé’i,:c§. +1), Where hg’i is the
states/actions history of the it system/player,

hgi = (CC;',(Z;, [=0, “'7j)7 J=1. LeilJ’ i=12 (2)

Let U; stand for the set of all such policies and let F° be the discrete o—algebra of all
subsets of the set H; of all possible states and actions histories that can be observed until the

moment [e~!],
[e1].i
H,; = U{ho }
Each initial distribution 8 of the initial states (z,#3) and a pair of policies (u!,u?) €
1,2
U; x Us uniquely defines a probability measure P(ﬁu ") over the space of samples H := Hy x Hy

(ut,u?)

equipped with the discrete o—algebra F := F!' ® F2. Denote by Eﬁ the corresponding
expectation operator. When the distribution of the initial states is concentrated on a single
states pair ¢ = (¢!,¢?), we shall denote the corresponding probability measure and the

mathematical expectation operator as Péul’u2) and Eéul’ug) .

Let ¢ : X* x A* — RY: be a given vector function and let X; and Aé-, j=0,1,..., e},
be the state-action processes of the system/player i. Then Y*(¢) in (1) are defined by the
equations

Note that the dynamics of the state vector Z(t) is fully determined by the states/actions
realizations {X;7 A;}, i = 1,2. For convenience, Z(t) will be referred to as a “macro state”
vector of the system and {X;} will be referred to as “micro states” of the players ¢ = 1, 2.

Along with the class of policies U := U; x Uy described above, we will be dealing with
two other classes of policies Ups := Ups, X Upg, and Us := Ug, X Ug,, where Uy, and Usg,
(i = 1,2) are defined as follows:

e Uyy, is the set of policies of the player 7 such that, at every moment ¢; = je of decision
making, the probability measure u on A; is chosen as a function of two arguments, one
being the current moment of time and the other being the current micro state of the
player :.

e Ug, is the set of stationary policies of the player 7. That is, it is the set of policies such
that at any moment ¢; = je, the probability measure u; on A; is chosen as a function
of the current micro state of the player .

Note that, as follows from the definitions above, Ug C Uy C U.

Assumption 1. Under any stationary policy, the state space of the stochastic processes
{X}, A;} (i =1,2) forms an aperiodic Markov chain such that all states communicate (reqular
Markov chain).

As mentioned above, we make the following assumption about the functions f' and f2.



Assumption 2. The functions f;(-,), i = 1,2 are continuous and satisfy Lipschitz conditions
in the first argument. That is, there exist positive constants C1, Cy such that

£ (2,9") = FLZ ) < Cillz — 2], i=1,2 (4)
for arbitrary z and Z from a sufficiently large subset of RN .

Remark 1. According to their definitions, the processes Y (t) and Y?(t) take values in some
finite subsets D1 and Do of RN and RN2, that is, Yi(t) € D;, i = 1,2 . It implies that
Z(t) € D Vt € [0,1], where D is a compact subset of RN (remind that the initial condition in
(1) is fized). Note that, since fi(-,-), ¢ = 1,2 are continuous, there exist positive constants
M;, i =1,2, such that

1f (2 9")| < M;, V(z,9')€DxD;, i=1,2. (5)

Assume that the player i wishes to minimize his/her cost that depends only on the final
value of the macro state. More specifically, assume that the player 1 aims at minimizing

the payoff function Eéul w

the payoff function Eéul’uZ)[GQ(Z(l))] over u? € Uy, where G'(-) : RV = R (i = 1,2) (it is
assumed that the initial micro states ¢ = ((1,(2) are fixed and are known to the players).
This game will be referred to as hybrid game.

DEFINITION 1. A pair of policies uf = (ul*,u?*) € U is a Nash Equilibrium (NE) of
the hybrid game if

)[Gl(Z(l))] over u! € U; and the player 2 aims at minimizing

BTG 2(1))] < ECLIGH 2} il e,
B {G%()H<E“““H?((»} Yu? € Us.

Note that the hybrid game can be shown to be equivalent to a game with finitely many
states. The number of such states will, however, be very large if € is small (this number
tending to infinity with e approaching zero). This makes finding an equilibrium extremely
difficult, and we do not follow this path in the paper. Instead, we introduce the following
asymptotic version of the equilibrium.

DEFINITION 2. A pair of policies uf = (ul*,u?*) € U is an Asymptotic Nash Equilib-
rium (ANE) of the hybrid game if

o~

{MMWL%WWM<MMJWH@Hm}wkM’ ©)

lime o EX G (Z(1)) < lim,_EX "{G2(Z(1)) Va2 € Us,
where limits in the left-hand-sides are assumed to exist.

The fact that the changes of the micro states/actions occur frequently (every moment
t; = je) means that the processes Y;(t), i = 1,2, change their values on a much faster scale
than does the macro state Z(t). This allows one to approximate the solutions of the hybrid
system (1) with the solutions of the deterministic averaged control system introduced in the
next section. The main result of the paper is the construction of ANE of the stochastic
hybrid game on the basis of the Nash equilibrium of the deterministic game considered on
the trajectories of the averaged system (see Sections 3-5 below).

To simplify the presentation, we assume that the functions G;(-) i = 1,2, defining the
payoff functions satisfy Lipschitz conditions on D (although the continuity of these functions
would suffice our purposes). Thus, we make the following assumption.



Assumption 3. There exist positive constants Cé, 1 =1,2, such that

|Gi(2) = GY(2)| < CLllz— 2| Vz2€eD, i=12. (7)

3 Averaged Dynamic Game

Let w;(s%;x,a) be the vector of steady state probabilities of the micro state-action pair
(z,a) of the player i when he/she uses a stationary policy s' € Ug,. That is,
w'(s'sx,a) = jlggoﬂ”éi(X} =z,A; =a), W'(s) ={w'(s"s2,0)} (8)
(due to the ergodicity Assumption 1, the limit value wi(s’;z,a) is independent of the initial
conditions). Define the sets W; by the equations

Wi= [J {w'(s)}, i=1,2 (9)
stelsg,

Note that the sets WW; are polyhedrons (see, e.g., [9], pp. 93-95).
Consider a deterministic system, in which the dynamics of the state vector z(t) is described
by the equation

A1) = f12(0),0' (1) + FP((0),0%(1),  2(0) =z te[o1], (10)
where
filz,w') = Zfi(z,gi(z:,a))wi(w,a) VwieW;, i=1,2. (11)

The functions w’(-), i = 1,2, are controls chosen by the players. These are assumed to be
measurable functions of ¢ that satisfy the inclusions w'(t) € W; Vt € [0,1], i = 1, 2.
As one can readily see, from Assumption 2 it follows that

If(z,w') = fi(Z,w)| < Cillz— 2, Vz,2€D, Yo' e W, (12)
and from Remark 1 it follows that
7 (z, )| < Mi, V(z,w') € D x W. (13)

Note that from (12) it follows that the solution of (10) exists and is unique with any choice
of controls w;(+), i =1,2.

Assume that the player ¢ wishes to minimize the terminal cost function G;(z(1)), where
G;(+) is the same as in the previous section (i = 1,2). Given a pair of controls (w!(t),w?(t)),
let J;(w',w?) stand for the cost function of the payer i obtained with the players adopting
these controls. That is,

Ji(w!, w?) = GY(2(1)), (14)
where z(t) is the solution of (10) obtained applying (w(t),w?(t)).

DEFINITION 3. A pair of controls (w'*(-),w?*(:)) is a Nash equilibrium of the

averaged game if
{ Jl(wl*,oﬂ*) < Jl(wl,oﬂ*),

Jg(wl*,wz*) S Jg(wl*,wz), (15)

for any w'(-) (resp. w*(+)).
Note that the Nash equilibrium of the averaged game is defined in the open loop setting.



Remark 2. Due to linearity of the functions fi(z,wi) inw', i=1,2, and due to convexity
and compactness of the sets W;, i = 1,2, a Nash equilibrium of the averaged game exists (see
Theorem 1.1 in [14]).

In the next section, we will show how ANE policies of the hybrid game can be constructed
on the basis of a Nash equilibrium pair of the averaged game.

4 Construction of ANE Policies - Main Results

Let wi(-) be a control of the player i in the averaged game. Partition the time interval
[0, 1] by the points

m=1A%e), 1=0,1,2,...,0(c), Lle):=|A(e)7, Toe)+1 = 1, (16)
where A(e) > 0 is a function of € such that
A
lim A(e) =0, lim () = 00. (17)
€—00 e—0 €
On each interval [7, 741] (1 =0,1,...,[A(e)"!] — 1), define the time averages wr,
. 1 T4l b ew
- iyt e Wy, i=1,2, 18
ol R O (18)

(the validity of the last inclusions follows from the convexity of W;, i = 1,2). Note that, from
the fact that w; € W, it follows that there exists a stationary policy s € Ug, of the player ¢
such that ‘ o

wi = wj(s})
(see (8) and (9)). Let us define a policy of the player ¢ in the hybrid game that consists of:

1. Applying, at each j = |7/e|, [n/e] + 1,...,[m41/€] — 1, the policy s}, for any | =
0,1,2,...,0(e) — 1;

2. Applying an arbitrary stationary policy for |1y /€], [Toe) /€] +1,..., lem1].

Let us denote this policy as u(w®). Note that, by construction, uf(w®) € Uy, i = 1,2. The
main results of the paper are Propositions 1 and 2 stated below.

Proposition 1. Let w(t) = (w'(t),w?(t)) be a pair of controls and let z(t) be the corresponding
solution of (10). Let also uc(w) = (ul(wh), u?(w?)) be the pair of policies defined above and

€ ) e

let Z(t) be the random trajectory of system (1) obtained with the players using these policies.
Then

E““)Z(t) - 2(t) < 19
max B¢ 1Z(t) — 2(8)] < ~(e), (19)

where lim._,oy(e) = 0. Also,
GILmOEze(”)Gi(Z(l)) = Jiw',w?), i=1,2. (20)

Proposition 2. Let w*(t) := (w'*(t),w?*(t)) be a Nash equilibrium of the averaged game. Let
also uf(w*) = (ul* (W), u2*(w?*)) be defined as above (with the use of w*(t) instead of w(t)).
Then uf(w*) is an asymptotic Nash equilibrium of the hybrid game.

The proofs of Propositions 1 and 2 are given in the next section.



5 Proofs of Propositions 1 and 2

Let us first recall some results from the MDP theory that are needed for the proofs of

the main results. Let h’ stand for the full micro states-actions history of the player i (that
. =1 .

is, h* = h(L)E M; see (2)) and let hE" be a part of this history corresponding to the interval

[tma tm+K]a )

Ki._ i i i i
hoy' =, Qs - Ty e O )

Denote by qb,l,g’i(hi;x, a) the frequency of appearance of the micro state-action pair (x,a) €
X% x A? on the interval [ty,, tmix],

m+K—1
X 1 X X’
wi(hhza) =2 Y Lpiigaiay, O (R) = {65 (0, z,0)}, (21)

j=m

where 1y, —q) 1s the indicator function. If H ¢ is a random realization of k', we denote:

-
=x,al,

' (2,0) = ¢ (H' 2 a), ¢ = {on" (2, )} (22)

Lemma 1. The following relationships are valid:

lim sup sup EZZHd)éﬂ —wi(sH|| =0, (23)
K—oo ¢ Sieusi
and also o
lim sup sup Y ¢&t = 0, (24)
K—oo ¢ wiel,; ¢ 0
where ‘ ‘ . ‘
A= dist(f W) = inf [|of — W)
wreW;
Proof. The proof is similar to that of Theorem 4.1 in [4]. O

Proof of Proposition 1. Let w(t) = (w!(t),w?(t)) be as in the statement of Proposition 1
and let z(t) be the corresponding solution of (10). The proof proceeds as follows. Firstly,
we approximate z(t) by the solution of the difference equation (25) (see below). We then
evaluate the mathematical expectation of the norm of the difference between the latter and
the solution of the stochastic difference equation (28) (see the estimate (38)). Finally, we
show that the solution of the stochastic difference equation (28) approximates the solution of
(1) (see the estimate (43)). We will now discuss these steps in more detail.

Define the sequence of vectors &, [ =0, ..., ¢(¢), as the solution of the following difference
equation

1 =&+ 0@ [ .ol + Pemed], =z (25)

By definition

Ti+1

A

() = 2(n) + [ P )W @)+ [ PR (26)

Tl Tl



Hence,

2 Ti+1 . . A .
o) =l < et) ~ &+ 80 3 | 5 G [ Feo.w o e
1 T]

1

As one can see,

la [ Few o - Fem.e)|

Tl

1

<t/ " et o) - Fem o)+ 55 [ P01 Fem.e)

1
S MZA(e)a
where M; is a constant. The validity of the last inequality follows from the Lipschitz continuity

of the function fi(z,w’) in z and from its linearity in w?, the latter implies (see (18))

1

1 s £ 7
g ) Feme o= w5

Tl

) / T atdt) = Fiam), ).
Consequently,
lo(rien) — &l < l2(m) — &l + A(e)NT, 3T = NT* 4 NP2,
and, for any [ = 1,...,0(e),
l2(m) — &l < €A < A(e)AT. 1)

Let Z;, 1 =0,1...,£(¢), be the sequence of random vectors defined by the equation

Ti+1

ZH-l =27 +/ fl(ZhYl(t))dt - /Tl+1 fQ(Zl7Y2(t))dt> [=0,1,... 76(6) -1 (28)

I

By subtracting the latter from (25) and taking the expectation over the probability measure

corresponding to the policies u(w) = (ul(w!), u?(w?)), we obtain

Mérsr = Zill <ELlg - 2]+ Ae) ZE”*“’

’ 1

Tl

<EXClg - 21| + Ale ZE“G © {

1

tHlag [ FE@ O - Fem.e) H}

1

(29)
Using the Lipschitz continuity of f/(z,w?) in z and the estimate (27), one can obtain that

la [ rayiene -5 [ rem o] < g5 [ clz - s

< Ci(llZi = &ll + & — @)l < Ci(lZ = &l + MA(e)).
(30)

55 ) Py O Fletn.u)

TZH FUZLY () dt — At) /:’“ fi(z(n),yi(t))dtH



By substituting the latter inequality in (29), one obtains

2
Bl = Zinll < BEl6 — Zill+ (Cr + Co)MA(e)? + AEL™) {Z Gillzi - &l
=1

* H Ate) /Tn+1 Fiz(n), YV(t))dt — fi(z(n),w;'))H} .

1

(31)

Let K(€) = min;_q 1

sdyeeny

1(0—1(T1+1/€] — [mi/€]). Note that (see [16])

Ae)

€

<1

— ?

2> |rfe] — [mfe] — K@), \K<e> -

the latter, as can be readily verified, implies

< Ai)? (=em)- (32)

Using the estimates above, one can show that there exist positive constants Li,L} such that,
fori=1,2,and [ =1,...,{(e),

1 Ti+1 |m/e]+K(e)—1
/ i Yi(t)>dt_i Z fi(Z(Tl) gi(Xi AZ)) <[ € (33)
A(G) - f(Z(Tl)7 A(E) —~ ) ny An < 1A(6)7
n=|7/€
c [n/el+K (-1 - 1 ln/e]+K()-1 - .
- i iryi ATy - i i i “ i
A(E) _Z f (Z(Tl);g (Xn7An)) K(E) _Z f (2(71)79 (XTHAn) < L2A(€)
n=[7/€] ——
(34)

In fact, (33) follows from the fact that

fi(z(n), Y'(t)dt

1 /Tl+1 ). Y () 1 /(LTZ/6J+K(€))6
"(z(m),Y'(t))dt —
A(e) : A(6> |71 /€le

U

(- |71/€]e€ (1141 — (|11/€e] + K(e))e e
= Mz( Al T Ale) ) < AR5

and also from the fact that

Lmi/e]+K(e)—1

iZT,Yit dt = € iZTvini,AiL.
e FEm), Y (O)t = n:%;/q F(=(n), ' (X3, AL))

1 /(sz/fJJrK(G))e
Afe) Jy

That is, (33) is valid with L = 4M;, where M;, i = 1,2, are as in (5). To verify (34), it is
sufficient to note that the right-hand-side in (34) is majorized by the following expression

——| < Mie.

Thus, (34) is valid with L, = M;, i = 1,2.



Let (as above) ¢hv' = {5 (x,a)} stand for the state-action frequencies of the controller
i that corresponds to a random realization of the history H* (see (22)). Then

[71/e]+K(e)—1

Fim), g (X, A = Y. oL H @ a)f (2(n), g (x,0)).

n=|7 /€| (z,0)EXTX At

1
K(e)

Note that from (23) (see Lemma 1) it follows that there exists a function p; : N — R, with
limg o0 pti(K) = 0 (implying lim_,o p; (K (€)) = 0 ) such that

]E;;qu {I(gaéﬂ L/ q( ,a) —wf(a:,a)|} < wi(K(€)). (35)
Since

2 ue(w) 1 faaap® i i i
;EC { Ae) /-, f(z(n), Y'()dt — f (2(77);001))‘ }

g ) ||_L i ¢ l/eliKEO-1 o
S { A) / fam), Y (Ot = 55 n:%:/d Fi(2(m), ' (XE, A1)

[n/e]+K(e)-1 - , e +REO-1 -
i ECa R 0] n:%;/q fi(a(n), g (XL, AL))

ol ) fi (), 6, @) — F(a(m), )

}

and since, by definition, fi(z(n),wli) =D a wi(z,a) fi(2(7), g"(x,a)), one can obtain, using
(35), (33), (34),

2 Tl+1 . N . - - €

DR { (2(m), Yi(£)dt — Fi(2(m), w]) } < (L + L)z

i=1

2

+ ;Ezéw {Z ]¢{i§§g,i<ﬂi;x,a> - wi(w,a)] ufi(z(n),gf(m,a»n}
2

< (Lt L) 5y + D2 MY “’){ZM;(;J a) - w%(w)]} (36)
=1
2

g(i1+i2)$+ZMiE { : Z‘Ln/q Hi:z,a) - w;’(a;,a)‘}
=1

2
<(Li+ £2)$ + ZMz‘Mi(K €
=1

where L; = L} + L}, (Lé, j = 1,2, being the constants from (33) and (34)) and M;, i = 1,2,
are the constants from (5). The substitution of the latter into (31) leads to

B 6 — Zual) <EEW G — 2]+ MAESY (& — Zi]]] + Ale)a(e),  (37)

10



where lim,_,o k(e) = 0 and M is an appropriately chosen constant. This implies (see Propo-
sition 5.1 in [10]) that

Bl -zl < vle), 1=1,....4e), (38)
with lim._,o v(e) = 0.
By definition,
Ti+1 Ti+1
Z(ris1) = Z(m)+ / P20, Y ()dt + / P20, Y2 0)dt 1=1,... 6e)—1. (39)

By subtracting (28) from (39), one obtains

Ti4+1
EZE(M)HZ(TZ—I—I) o Zl-i-lH < Eze(w) |:||Z(Tl) _ Zl” + (Cl + CQ)/ ||Z(t) — ZlHdt . (40)

U

Note that, due to (5),
12(t) = Z(n)l| < (M1 + Ma)A(e) Yt € [1,7144]. (41)
Hence,

B Z(ra) = Zinll S EE [1Z2(m) = Zill + CAON1Z(n) - Zil] + C(M + Ma)A(e).
(42)
Due to Proposition 5.1 from [10], the latter implies that there exists an appropriately chosen
positive constant M such that

EC“)Z(n) — 2]l < MA(e), 1=0,1,....4(). (43)
By combining (27), (38), (43), we may conclude that

B o(m) - Zm)ll < BECla(n) - &l + & — Zill + 12— Z(m)]}

- (44)
<v(e)+A(e)M, 1=0,1,...,£(e).

This and the fact that ||z(t) — z(n)|| < MA(e) Vt € [1, 741] imply the validity of (19) with
some 7y(¢€) such that lim._,~y(e) = 0. The validity of (20) follows from (19) since (see (7))

B (2(1)) - G(z(1)] < CEEC™2(1) — 2(1)]| < Ch(e).
Thus, the proof of the proposition is completed. O

-1
Proof of Proposition 2. Let h' = h(L)6 b _ (z}, ap, .. "xie_lj’aie_lj) be a realization of a
state-action trajectory of player 1 and let

y (D) = gt (@ alye)- (45)

Define the projection of the vector of the state action frequencies cbf;(;)g’f(hl) (see (21)) onto
W1 by the equation:

w}(h') ;= arg min gbf;(;i’f(hl) —wl

wleWwy

; (46)
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where K (€) is as in Proposition 1. Define the function

wh(t,ht) := {wi(h) for t € [, m41], 1=1,...,£(e)},
and denote by z(¢,h!) the solution of the differential equation

At hY) = fi(z(t, b, wh(t, BY)) + fa(z(t, hY),w®(1)). (47)
Define the piecewise constant function

Q¥ (t) = {wi* for t € [m, my1], 0l =1,...,0(e)},

where w?* = A(e) fﬂ“ *(t)dt. Let Z(t,h') be the solution of the following differential
equation

(8, hY) = fiEE R Wl (8 RY) + 230t R, 6% (1)), (48)
By subtracting (47) from (48) (and having in mind linearity of f2(z,w?) in w?)), one obtains
1Z(ri41, B = 2(risa, BY| < (12(r, hY) = 2(7, Y| + MA|Z(8, hY) = 2(t, Y[ + MA*(e),

where M is an appropriate positive constant. Due to Proposition 5.1 in [10], the latter implies
that

12(, hY) — 2(m, BY)|| < MA(e)  VI=1... (), (49)
which, in turn, implies that
e 126, h1) = =(6, 1) < FTA(), (50)
and, by (7),
IGH(2(1, 1Y) = GM(2(1, k)| < CGlIE(L R = 2(1, k)| < CEMA(e). (51)
Due to the definition of the Nash equilibrium (see (15)),
G'(z(1,hY)) > g™, (52)
Consequently,
GY(Z(1,hY)) > G — CLMA(e). (53)

Let H'! be a random realization of h'. Using the fact that fi(z,w’) (i = 1,2) are Lipschitz
continuous in z and linear in w', one can obtain

Y = 2B+ [ PG e e+ [ P @5 0)d
— 2 HY) + A G, HY,wl (HY) + Al f(E(m, HY),) + O(A(0)).
(54)
By subtracting (54) from (39), one obtains
1Z(r141) — Zmr, HY| < 12(m) — 2(m, HY)|
Y S 1 B HY). Wl (H
#8050 [ 120 0= 1) 01| )

+Ae) +O(A(e)?).

1 T+ , . 1 N
‘A(@/ F2(0), YA (0)dt — (3, HY), W)

I
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H 1<t>>dt_fl(zm,Hl),wﬂHl»\
+ H Tm 7, HY), Y1) = f1(2(n, HY),wf (H')) i
e YOl ), |
+01 HZn — Z(n, HY)[| + O(A()?).
Analogously,
A / P20 Y0 - P HY, W)
+ H Tlﬂ (2(m, HY), Y2(t))dt — f2(2(n, H'),w?*) o
”“ 2(m, HY, Y2(t)) — f2(3(n, HY), w")

+CgA HZn—anlH+O A(e)?).

For brevity, let us re-denote u*(w™) as u®* (i = 1,2). From (55), (56) and (57) it follows
that, for any u! € Uy,

ul u2* - ul u2* -
ES 1 Z(m41) = 2(mgn, HY| S EE {1 Z(n) = 2(n, HYII(1+ (C1+ C2)Ae) }

1 2 1 Ti+1
+ A()E. { A(e)/ FHE(n, Y, Y (®)dt — f1(2(n, HY), w] (H')) ‘ (58)
7'l-~-1 l .
Hlag [ PemE. Y0 - 2| b oaen.
Similarly to (36), one can obtain
il [ e v - P e ||
<Ly A(e) +M2EZLE* {Z qbf;(;)em(HQ;x, a) — wH(x, a))‘}
(59)
< Loy + ME {Eifﬁ/ P ARCEEDEE G @)
<L, Aze) + Mapa (K (€)),
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where Ly and M, are the same constants as in (36). In an analogous way,

uh {H RaIE <n,H1>,Y1<t>>dt—fl(zm,Hl),w}(Hl))H}
(60)
< L A( + ME; {Z’qﬁ(j“ ;xya)—wzl(x,a;Hl)‘},

where M is the constant from (5). From the definition of w} (H') = {w] (z,a; H')} as argmin
n (46) and from (24) (see Lemma 1) it follows that there exists a function fi; : N — R, with
limpg 00 fi1(K) = 0 (implying lim¢_o /11 (K (€)) = 0) such that

{Z\qsfif;“ a) - wll(x,a;Hl))\} < in(K(€). (61)
Hence, by (60),
w5t [ P G Ot - P )| < D g b ()
(62)
By substituting (59) and (62) into (58), one obtains
B2 m0) = 2, HY) < (1 CA@ES™ {12(m) = 2 NI o

+ A(e)r(e),

with lim._,o 7(¢) = 0. By virtue of Proposition 5.1 in [10], the latter implies that there exists
a function n(e), with n(e) — 0, such that VI =1,...,£(e),

u u?* ~
EC N Z(n) = 2(n, HY)|| < n(e). (64)
Thus,
u2* ul u2=~< ~
EL{GN(Z(1)}) — BEHG EL HY))Y < Chn(e) vl € W, (65)
y (53),
B {GNELHY)) 2 G+ 0(A©),
and from (65) it follows that
hmE“““ G zZ(1)} = G vul ey,
e—0
A similar procedure can be applied to show that
hm]E e {GQ( (1)} > G**.
e—0
Since, by Proposition (1),
,u%*’uQ* i c
Gi =lmEy " {G'(2(1)}, i=12,

the proposition is proved.
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