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On Design of Sampled-Data Interval Observers

Efimov D., Fridman E., Polyakov A., Perruquetti W., Richard J.-P.

Abstract—New design of interval observers for continuous-
time systems with discrete-time measurements is proposed.
Positivity and stability conditions are obtained using the time-
delay approach. Next, control is synthesized based on interval
estimates. Efficiency of the obtained solution is demonstrated
on examples.

I. INTRODUCTION

State estimation in nonlinear systems is a rather com-
plicated and practically important problem [1], [2]. Sparse
discrete measurement of the output for a continuous-time
plant makes solutions of this problem even more intricate
[3]1, [4], [5], [6], [7]. Especially the observer synthesis is
problematical for the cases when the model of a nonlinear
system is uncertain, and it contains parametric and/or signal
uncertainties. An observer solution for these more complex
situations is highly demanded in applications. Interval or
set-membership estimation is a promising framework for
observation in uncertain systems [8], [9], [10], [11], [12],
[13], when all uncertainty is included in the corresponding
intervals or polytopes, and as a result the set of admissible
values (a Cartesian product of intervals) for the state is
provided at each instant of time. The size of that set is related
with the level of uncertainty of the plant model.

In this work an interval observer for continuous-discrete
systems is proposed. A peculiarity of an interval observer is
that in addition to stability conditions, some restrictions on
positivity of estimation error dynamics have to be imposed (in
order to envelop the system solutions). There exist solutions
in the field [14], [15], and in the present work we are going
to use the time-delay framework for modeling sampled-data
systems [16], [17], [18], [19]. The first objective of this
work is to recall the delay-dependent positivity conditions,
which are based on the theory of non-oscillatory solutions
for functional differential equations [20], [21], and to apply
them to continuous-discrete systems. Next, designs of interval
observers are given for continuous-time linear systems with
discrete measurements (with time-varying sampling). Finally
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a control algorithm is proposed based on interval estimates
following the ideas of [22].

The paper is organized as follows. Some preliminaries are
given in Section 2. The delay-dependent positivity conditions
for continuous-discrete systems are presented in Section 3.
The interval observer design is performed for a class of linear
systems (or a class of nonlinear systems in the output canon-
ical form) with sampled measurements in Section 4. The
output control design is carried out in Section 5. Examples
of numerical simulation are presented in Section 6.

II. NOTATION AND PRELIMINARIES

In the rest of the paper, the following notation will be used:

o R is the Euclidean space Ry = {r € R: 7 > 0});

e |z| denotes the absolute value of z € R, ||z|| is the
Euclidean norm of a vector x € R";

o for a measurable and locally essentially bounded input
u : Ry — RP (ie. for almost all ¢ > 0) the
symbol ||ul[f, ¢, denotes its Lo, norm |[ully, 1] =
esssup{||u(t)||,t € [to,t1]}, or simply ||u|| if top = 0
and t; = 400, the set of all such inputs u € RP with
the property ||u|| < oo will be denoted as LZ_;

o for a matrix A € R™*" the vector of its eigenvalues is
denoted as A\(A);

e I, and 0, x«,, denote the identity and zero matrices of
dimensions n X n and n X m respectively;

e aRb corresponds to an elementwise relation R (a and
b are vectors or matrices): for example a < b (vectors)
means Vi : a; < b;;

o for a symmetric matrix Y, the relation T < 0 (T < 0)
means that the matrix is negative (semi) definite.

A. Interval bounds

Given a matrix A € R™*" define AT = max{0, A} (the
operation is performed elementwise), A~ = AT — A and
|A| = AT+ A~. Let & € R™ be a vector variable, z < x < T
for some z, T € R", and A € R™*"™ be a constant matrix,
then [23]:

ATz —A T < Ar < AT — A gz. @))

B. General definition of positivity for time-delay systems

Consider a linear non-autonomous functional differential
equation

m

#(t) =D Ar(O)zlhi(D] +b(t), t > 10 >0, ()
k=1

1‘(t) = ¢(t) for t < tg, {E(to) = X,



where z(t) € R™ is the state vector and zo € R7”; all
elements of Ay are from Lo forall 1 < k < m, m > 0;
the signals hy, : [to, +00) — R are Lebesgue measurable and
represent the delays (hi(t) < t and lim;_, 4o hi(t) = 400
forall 1 < k <m); b€ L2 is the input; ¢ : (—o0,ty) — R
is a Borel measurable bounded function of initial conditions.

Definition 1. For each s > 0, the solution T(¢,s) € R™"*"
of the problem

oY (t, s m
&)—;mmﬂmm¢

Y(t,s) =0fort <s, Y(s,8) =1,

is called the fundamental (or the Cauchy) matrix of (2).

Lemma 1. [20] (Lemma 9.1) For each xo € R™ and ¢ :
(—o0,tg) = R™ there exists a unique solution of (2), and it
can be presented in the form
t

Y(t,s)b(s)ds

to

.’E(t) = T(t,to)xo +
m t

+ >0 [ Xt 5) Ax(s)Blhn(s)]ds,
k=1"to

where ¢lhi(s)] = 0 if hi(s) > to.
Now we are in position to give the definition of positivity,

denote 2 a subset of Borel measurable bounded functions
¢ (—o0,tg) — R™

Definition 2. The system (2) for o € R’} and b(t) € R
is called Q-positive, if x(t) > 0 for all ¢ > tq provided that
¢ €.

A direct consequence of this definition and Lemma 1 is
that for Q = {0} the system is {0}-positive iff Y(¢,s) €
R7}<™ for all t > s.

C. Delay-dependent positivity
Consider a scalar time-varying linear system with time-
varying delays [20]:
(t) = ao(t)x(t) — ar (t)z[h(t)] + b(t),
z(0) =0for 6 <0, z(0) € R,

3)
4
where ag € Loo, a1 € Lo, b€ Lo, h—t € Lop and h(t) < ¢t

for all ¢ > 0. For the system (3) the initial condition in (4)
is, in general, not a continuous function (if (0) # 0).

Lemma 2. [20] (Corollary 15.9) Let 0 < %ao(t) < ay(t) for
all t > 0 with

K 1 1
swp [ (€)= gan(©)ld < -
ter Jh(r) e e

where e = exp(1). If x(0) > 0 and b(t) > 0 for all t > 0,
then the corresponding solution of (3), (4) x(t) > 0 for all
t>0.

III. POSITIVITY OF SAMPLED SYSTEMS

Consider a time-invariant version of (3) with sampled
measurements, i.e.

®)
(6)

ao(t) = ag, a1(t) = a1,
h(t) =t Vte [tk,tk+1),
thyr =t + 1%, k>0, to =0,

where 0 < T}, < T is a time-varying sampling rate. Then
Lemma 2 admits the following corollary.

Corollary 1. For (5), (6) let 0 < ag < ea; < ag —|—T_1. If
2(0) > 0 and b(t) > 0 for all t > 0, then the corresponding
solution of (3), (4) x(t) > 0 for all t > 0.

This result can also be extended to the n-dimensional
system

&(t) = Agz(t) — Arz[h(t)] + b(t), £ >0, )

where z(t) € R™ is the state; h(¢) is defined in (6); b € L7 is
the input; the constant matrices Ay and A; have appropriate
dimensions. The matrix Ag is called Metzler if all its off-
diagonal elements are nonnegative.

Proposition 1. Let in (7) —Ay be Metzler, Ay > 0, and
1
(A0)ii < (A1)iie < (Ao)iy +T

foralli=1,...,n. If x(0) > 0 and b(t) > 0 for all t > 0,
then the corresponding solution of (7) x(t) > 0 for all t > 0.

Proof. The result is a consequence of Lemma 2 and Corol-
lary 1. O

Let us show how these conditions can be used for design
of interval observers.

IV. INTERVAL OBSERVER DESIGN UNDER SAMPLED
MEASUREMENTS

In this section a statement of the problem is given. Next, an
interval observer design is presented. And, finally, a control
algorithm is synthesized based on interval estimates.

A. Problem statement

Consider a linear system with sampled measurements:
(t) = Ax(t)+ Bu(t)+d(t),
y(t) = Calh(®)] + v[h(t)],

where z(t) € R™, h(t) is defined in (6); y(t) € RP is the
system output available for sampled measurements with the
noise v € LZ_; u € R™ is the control, u € L}; d € L7 is
the system disturbing input; the constant matrices A, B and
C have appropriate dimensions. It is assumed that for given
u and d the system has a unique solution defined at least
locally.

®)

Assumption 1. For given inputs uw € L7, d € LY and
initial condition x(0) € R", the corresponding solution of



(8) x(t) is bounded. In addition, there exist known vectors
g, ZTo € R™ such that x, < x(0) < Z.

Boundedness of the state x(t) is a usual assumption in the
estimation theory [1], [2]. The assumption about a known
set [z, To] for the initial conditions x(0) is standard for the
interval or set-membership estimation theory [24], [8], [9],
[10], [11]. We will assume that the values of matrices A,
B and C are known, for the sampling h(t) the bound T is
given:

0<t—h() <T,

the instant values of the signals d(t) and v(t) are unavailable.
In the last subsection this assumption will be relaxed and a
control will be designed ensuring boundedness of the state.

Assumption 2. There exist known signals d,d € L% and
0,0 € LB such that d(t) < d(t) < d(t) and v(t) < v(t) <
o(t) for all t > 0.

Therefore, the uncertain inputs d(t) and v(t) in (8) belong
to known intervals [d(t),d(t)] and [v(t),T(t)], respectively,

for all ¢ > 0.
It is required to design an interval observer,

£(t) = FIE(), d(t),d(t), v(t), B(t), y(t)], £(0) € R?,

(t) = GI£(?), d(t), d(t), v(t), (1), y(1)],

(t) = G[E(1), d(1), d(t), v(t), v(t), y(1)],

where F' : RsT2n+3p _, Rs @G . RsT27H3P 5 R™ and
G : R*T2n4+3P 5 R™ are nonlinear maps ensuring existence
of solutions, s > 0, such that z(t) < z(t) < Z(t) for all
t>0and 2,7 € LZ,. A similar problem has been studied in

[14], [15] applying the continuous-discrete framework. In the
present work, the time-delay theory is used for this purpose.

Z
x

B. Motivating example

Consider a motivating example introduced in [14], where
the above problem has been posed for a scalar system

#(t) = o(t) + ult), ©)
y(t) = [h(t)]
with h(t) given in (6). This system is unstable for u(t) = 0.

It has been proven in [14] that this system has no interval
observer of the form

() = —3(t) +ult) + 2y(1),
£(t) = —z(t) + u(t) + 2y(t)
(more precisely, the case u(t) = 0 has been studied in [14]).

Applying the result of Proposition 1, the following interval
observer can be proposed for (9) of a form similar to (10).

(10)

Claim 1. For the system (9) with any initial condition z(0) €
[, To), the system

i(t) = z(t) + u(t) + a{y(t) — z[h(t)]},

T(t) = 7(t) +ult) + a{y(t) - T(h(1)]},
z(0) = o, T(0) = To

is an interval observer, i.e. z(t) < z(t) <

Z(t) for all t > 0,
provided that 1 < ea < 1+ 7!

All proofs are excluded due to space limitations.

For any value of a there exists a sufficiently small T
such that the conditions of Claim 1 are satisfied. Restricting
value of the maximal sampling T it is possible to ensure
boundedness and asymptotic convergence of errors e and e
[17], [18]. The results of simulation for this observer are
given in Section 6.

Let us extend this idea of interval observer design to a
more generic system (8).

C. Interval estimation with sampled measurements

The equation (8) can be rewritten as follows:

(1) = Az(t)+ Bu(t) — LOz[h(t)] + Ly(t) +d(t) — Lo[h(1)],

where L € R"*P is an observer gain to be designed.

Any square matrix () can be presented as Q = QF + Q,
where QT is a diagonal matrix composed by all elements
on the main diagonals of @Q, and Q! is formed by the rest
elements of @ out of the main diagonal.

Assumption 3. There exists an invertible matrix S € R"*"
such that

~SLCS™ = Q= { @ Oin ]
On—ixi  On—ixn—i
SA571 —_ _ QO,I QO,2 :|
Qo { Qosz Qoa |’

Qo1 €RX Qoo € R Q3 € RMTIXE
“Ixn—l & _ A=, #
Qoa ER"LQ =Q1 +Qy, Qoa=Qf 4+ Qb

where @I
k=1,...

= diagl—q11,...,—q1,1) with ¢, > 0 for all
,l,@zlzo, and 0 <l <n.

This assumption is rather technical and not restrictive, the
matrices S and L can be found as a solution of Sylvester
equation [13]. In the new coordinates z = Sz = [z 21T
21 € RY, 2z € R the system (8) takes the form:

’

a(t) = Quz(t) + Qyz1[h(t)]
+Equ(t) + Ary(t) 4 61(t),
2(t) = Qoszzi(t) + Qoaza(t) (11)
+30u(t) + Aay(t) + d2(t),
where @0 = [Qo’l Q072], SB = [ZI Eg]T and SL =

[AT AT are the matrices of appropriate dimensions; and
the input §(t) = [07(¢) 03 (¢)]" = S{d(t) — Lo[h(t)]} with
the initial condition z(0) = [21(0)T 22(0)T]T = Sz(0) have
interval bounds

—~
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where

=Stz, — ST, Zo = STT — Sz,
8(t) = STd(t) — S7d(t) — (SL)*o[h(t)] + (SL) ~u[h(1)],
0(t) = S*td(t) — S~d(t) — (SL)*u[h(t)] + (SL)~o[h(t)].

Then the following interval observer can be proposed for the
representation (1 1)'

L) = Qozt)— QyE(t) + Quz[h()]
+21u(t) + Aay(t) + 9, (1),
L) = Qi) -Qy Z( )+ Q1z1[h(t)]

+31u(t) + Ay(t) + 61 (b),

() = Qo,:s&l(t) — Qo 3Z1(t) + Q8,4§2(t)
Qo) 20 — (@) ) (12)
+Eau(t) + A2y(t) + 05(t),
Z(t) = Qf{szl (t) — Qo321 (t) + Q(T) 172(t)
+(Q§),4)+Z2() (Qo 1) 2a()
+32u(t) + Asy(t) + d2(t),
with initial conditions Z(O) zZ(0) = %o for the
variables z(t) = [z1(t) z3(1)], () = [F (@) ZO"

respectively. Finally interval estimates for the variable x(t)
can be obtained using

z(t) = (S7HTz(t) - (S7H7=(), (13)
T(t) = (STHTE() - (S 2t
For all £k =1,...,[ denote

—+
qo.k = (Qo )k k-
Theorem 1. Let assumptions 1, 2 and 3 be satisfied and
=1
qo.x <eqir < dqox+T

forall k =1,... 1. Then the interval observer (12), (13) for
the system (8), (6) admits the relations

z(t) < z(t) <T(t) V>0 (14)

If in addition there exist symmetric matrices P € R?7*%n
and W € R?"*2" sych that the LMIs

T Zpy, (g + &)W
Torp  _w Talw | <0 (5
W((I)o + (pl) %W@l W
P>0,W>0,
U = P(®g + @) + (D + ©1)'P
are satisfied for
Qi —Qn 02 —Qo>
@0 — _Q()l QOl i _QOZZ QZOQ
Q(T,3 Qo3 Qpqt+ (Q(),zl)Jr _(Q0,4)7 ’
—Qos  Qds  —(Q4)”  Qba+(Qba)"
Q, Oux: Otxn—t O1xn—t
Dy = 011 Q Orxn—1 Orxn—i
On—ixt On—ixi On—ixn—t On—ixn—t |’
On—ixt On—ixt On—ixn—t On—ixn—t

then x,T € L.

In order to prove boundedness of x,Z a Lyapunov func-
tional candidate

V() = CT(OPC(H) + T / N (s)WE(s)ds
2t '

T ), [66) = cnwices) -

[C(s) — C(t)]ds

for t, <t < tyx41 from [18] has been considered, where
(=[2 = 2 7 ]

V. OUTPUT STABILIZING CONTROL BASED ON INTERVAL
ESTIMATES

Up to now we supposed that the state z(¢) and the control
u(t) are already given and they are bounded. However, the in-
terval estimates x(t), T(t) can be effectively used to stabilize
the uncertain system (8) [22]. Indeed, the interval observer
(12), (13) guarantees interval inclusion (14) for any input
u(t). If a control u(t) is designed such that both variables
xz(t), Z(t) are bounded and converge to zero, due to (14), z(t)
will possess the same properties. Therefore, it is possible to
substitute the problem of output stabilizing control design
of uncertain system (8) by the problem of state stabilizing
feedback design for completely known observer (12). In this
case the observer gain L has to ensure positivity of the
estimation errors €, e only, and boundedness of all variables
can be provided by a proper control design. Therefore, the
gain L has to ensure validity of Assumption 3 (solution of a
Sylvester equation), while stability LMIs (15) are provided
by control selection.

Let us restrict our attention to the case of sampled control,
i.e. u(t) = u[h(t)] where h(t) is defined in (6). According to
(13), stabilization of z(t), Z(t) follows stabilization of z(¢),
Z(t), then the following feedback is appropriate due to the
structure of (12):

u=Kz+ Kz, (16)
where K € R™*", K € Rm*n are theﬁcontﬁrol gains to be
designed. For K = [K; K,] and K = [K; K3, where K},
K,, K; and K> have appropriate dimensions, (12) can be
rewritten as follows:

() =

DoC(t) + PoC[h(t)] + Ay(t) +6(),  (17)

T ST T ST

T
where ( = [ zf 2z 2] z1 | and @ are as before,

Dy = &y + I[K, K1 K, K.
Note that for stabilization of x(t), Z(t) (or {(t)) the signal

y(t) is a kind of functional perturbation, which is globally
Lipschitz with respect to ((t). Indeed, from the relation



z(t) < z(t) < T(t) we have
[zt < max{|z;(t)] [z:(0)[} V1<i<mn,
zi(0)]* < a0 + 7)) VI<i<n,
le@)ll < VIz@I? +[[z@)]?
S VIEOIEEEOIE
< ullcl],
where y1 = /2[[[(SH) T2 + [[(S71)~[[?]. then |ly(1)|| <
ICulISTR @I

Theorem 2. Let assumptions 2 and 3 be satisfied, x, <
x(0) < g for some known vectors x,,To € R", and

——1
qo.r <eqir < qox+T

forall k =1,... 1. Then the interval observer (]2) (13) for
the system ( 8) ( 6) admits the relations ( ]4) If in addition
there exist symmetric matrices P € R2"*?" gnd U €
R27%27%  and matrices X, X1, Py, P3, R,Y1,Y, € R2nx2n
such that the LMIs

T 'p4 2 X1 — X o
* x|
| PQTA 02n><2n
2 | PZ'Z-A 02n><2n
! | 02n><2n 02n><2n
| 02n><2n 1271 < 0, 1= 0, ].7
; | 7721271 02n><2n
* | * _[2n
P>0,U3%*>0,
Q11 — thT Q12 +TX4;XJ Qi3+ X - Xy
Yo = * Qoo +TU Qos —T(X — X1) | >
* * Q33 — 11
Qll - X+2XT 912 Ql3 + X - X1 T}/lT
W = £ 0 0 TV
* * Q33 —II TRT
* * * -TU

Qi1 = PGP + Py®o — Y1 — YT,
Q2 =P — Py + @ Ps — Ya,
Qs =Y{ + Pj®: - R,

Qoz = —P3 — P, Qo3 = Y3 + P3 o,
X+ X" —2(X; + X))
2

are satisfied for v < m, then x,x,T € L.

QgszR-‘rRT7 II =

The main advantage of Theorem 2 with respect to Theorem
1 is that its conditions are decoupled: the observer gain L
ensures positivity of the estimation error dynamics, while the
control gains K, K guarantee stability.

Let us demonstrate efficiency of the developed approach
for interval control and output stabilization on examples.

VI. EXAMPLES
A. Observer and control for the motivating example

The system (9) is an example of (8) for n =1
@(t) = z(t) + u(t) + d(t), y(t) = z[h(t)] + v[h(t)],

= = =
= < i
\
| (
| |
)
|
|
i
i
! |
i
|
i
j
.
=

L L
0 5 10 ' 0 5 10 r

Figure 1. The results of simulation for the motivating example

where d(t) € [-0.1,0.1] (for simulation d(¢) = 0.1 cos(3t)),
v(t) € [-0.1,0.1] (for simulation v(t) = 0.1sin(5¢)) and
Ty = Z(1 +sin(0.5)) with T = 0.35. Note that e~ (1 +
T ') = 1.419, then select:

L=14 K=-3 K=-3

and assume that ||xg|| < 5. The interval observer (12) takes
a form similar to one given in Claim 1. The results of
simulation are shown in Fig. 1. The red solid curve represents
a trajectory of the system, the blue and green dash-dot lines
correspond to the interval estimates z(¢) and T(t) generated
by the observer.

B. A pendulum example

Consider an example of (8) for n = 2 from [15]

A= [ 2 é]’3=[?]7d<t>=5[$§g§>]
C=[1 0], w(t)=Vsin(st), T=01,

where 6 > 0 and V' > 0 are the upper bounds of d and v
available for designer. Thus, Assumption 2 is satisfied for:

51 =
a=-| 3] a0 =-ae
o(t) = —u(t) = V.
Take ||z10|| < 10, ||z20|| < 10. For L = [4 4] and

[ 1]

the conditions of Assumption 3 are verified. The LMIs
of Theorem 1 are satisfied for the given value of 7', the

conditions of Theorem 2 are also satisfied for
1 — 1

K=—-[11], K=—-—[11].
8 16

The results of simulation are shown in Fig. 2 for
§=0.5, V=0.1, T, = T[0.5 + 0.4sin(0.5¢;)],

they confirm efficiency of interval estimation and validity of
used delay-dependent positivity conditions.



Figure 2. The results of simulation for the sampled pendulum

VII. CONCLUSION

In the paper, new positivity conditions for linear sampled
systems have been proposed. These conditions are related
with non-oscillatory behavior of solutions of the correspond-
ing time-delay representation [20]. These new conditions
have been employed to design interval observer for the
systems with sampled measurements extending the theory of
[14], [15]. The results have been applied for the benchmark
system from [14]. An output stabilizing control has been
proposed based on interval state estimates. The efficacy of
observers has been illustrated by numerical experiments.
The problem of optimal selection of the observer gains and
handling parametric uncertainty of the model are directions
of future work.
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