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Abstract: In this work, we study the exponential stability of the stationary distribution for a McKean-
Vlasov equation recently derived in [N. Fournier and E. Locherbach. Ann. Inst. H. Poincaré Probab.
Statist., accepted]. We complete the convergence result proved in their paper. Our proof relies on two
principal arguments. First, the linearized semigroup is positive which allows to precisely pinpoint the
spectrum of the infinitesimal generator ; this is a remarkable property. Second, we use a time rescaling
argument to transform the original quasilinear equation into another problem more easy to study and which
enable to characterise the first one. Interestingly, this convergence result can be interpreted as the existence
of a locally exponentially attracting center manifold.
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Stabilité exponentielle de distributions stationnaires pour une équation de
transport non-locale: application a la dynamique de neurones

Résumé : Dans ce travail, nous montrons la stabilité exponentielle de la distribution stationnaire pour une équation
de McKean-Vlasov récemment introduite dans [N. Fournier and E. Locherbach. Ann. Inst. H. Poincaré Probab.
Statist., accepted] . On complete la convergence prouvée dans leur papier. Notre preuve repose sur deux arguments
principaux. Premiérement, le semi-groupe linéarisé est positif ce qui permet de déterminer précisément le spectre
du générateur infinitésimal; ceci est une propriété remarquable. Deuxiemement, nous utilisons un changement de
variable en temps pour transformer 1’équation quasi-linéaire originale en un probléme plus facile a étudier et qui
permet de caractériser le premier. Fait intéressant, cette convergence peut &tre interprétée comme 1’existence d’une
variété centrale exponentiellement attractive.

Mots-clés : équation de McKean—Vlasov, distribution stationnaire, stabilité non linéaire, variété centrale
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4 Drogoul, Veltz

Notations
* a(¢) = [ f(@)d(x) + Awg(x)da
< Io) =[5 o
X = Ll(R+)
« Xy = {6 € L'(Ry), o € L'(Ry)}
X={oecx| [Zo=0}

L{(Ry) ={¢ € L'(Ry), ¢ > Oae. }

e H: Heaviside function

* Ccu={2z€C|Rz<a},Rcy, ={z€R| Rz <a}

1 Introduction

In [FL14], the authors derived mean field equations for a network of excitatory spiking neurons in the limit of a large
number of neurons (see also [RT14]). It is based on a recently published model of simple neuron [DMGLP15] in which
the spiking dynamics is modelled with a jump process rather than threshold crossing [GKNP14] or blow up [1zh07].
The distribution g of the limiting process solves:

%g =[\z —a(g)] deg + [N — f(2)] g
_ flg)
0= utg)

9(07 ) € L1+(R+)

where f(x) > 0, is the rate function, on R~ (. Following [FL14], we make the following assumption concerning the
rate function f:

Hypothesis 1 fis convex increasing, f(0) = 0, f(z) > 0forall x > 0, lims f = oo and f € C*(Ry). Further
@) (=)
+

assume that f is convex and that ilg ) (o) < o0.

Remark 1 Grant Hypothesis I we have:
(i) Thereis ¢ > 0 such that f(x) > cx forall z > 1.
(ii) Forall A > 0, there exists C4 > 0 such that for allx > 0, f(x + A) < Ca(1+ f(x)).
(iii) There is C > 0 such that f(x) < Cexp(Cx) for all x > 0.

In addition to the derivation of the mean field equations, the authors of [FL.14] computed an analytical formula for the
stationary distributions of the mean field equations. In the case A = 0, they were able to prove that

l9(t) = goollpr — 0

Inria



Exponential stability of stationary distributions in some nonlocal transport equations: application to neural dynamics5

where g, is the unique stationary distribution of the equations (note that it has a density) for some initial conditions.
In the case where f(z) > cz® for all x € [0,1] where ¢ > 0, > 1, they show that the above convergence is
O(1+ t)’l/f).

The type of equations considered here is well known in the population dynamics literature [GM74, Pru83, WebS85,
BAO06, Per(07] but a complete analogy with (1) would require to introduce infinite birth / death rates of the species which
is very little studied for modeling reasons. Another noticeable difference lies in the fact the equations are considered
on a non compact domain here.

The main result of this paper deals with the case A\ = 0, we will restrict to this case latter. This has the advantage
of removing the pre-factor Az which allows us to use a time rescaling to change the type of equation from a quasilinear
one to a semilinear one [Paz83]. It also removes the boundary condition. The equation reads in this case

{ atg(tvx) = 70‘(9)8."59(1579:) - f(:l))g(t,fﬂ) 1)
g(t,0) = 1.

In this work, we revisit the convergence to the stationary distribution from a dynamical system point of view in
order to prove that the convergence is exponential. There is a 1d family of stationary solutions and there is a unique
stationary distribution (of integral one). The family is given by:

ga($)=€ﬂfp(—;/o f)/o f9a =a > 0. (2)

The existence of this family implies that zero is in the spectrum of the linearized equation: the principle of linearized
stability does not apply. There are several strategies to prove the nonlinear stability of g, in this case apart from entropy
methods [Per07].

The first relies on the existence of a center manifold because zero is in the spectrum. The analysis of the spectrum
(see proposition 2.2) shows that the center manifold should be one dimensional. Hence, the center manifold would
be in fact the family (g,),. To sum up, to prove the nonlinear stability, one would need to prove the existence
of the center manifold, identify it with with the family (g, ). and prove that this family is exponentially attracting
[HG11]. Unfortunately, it is difficult to achieve such program as it relies heavily on the fact that the linear flow must
be regularizing, which in the case of transport equations, requires to use very regular initial conditions.

The second idea, which we shall rely on, starts with the observation that the flow of (1) conserves the mass. Hence,
. . . . oo . .
the nonlinear flow is foliated by the mapping g — fo g. The dynamics on each hyperplane possesses a unique
equilibrium which does not contain zero in its spectrum anymore. Hence, one can hope proving nonlinear stability by
simpler means in this case.

Using the second idea, we prove the existence of an exponentially attracting center manifold which is transverse
to the hyperplanes associated to the linear form g — fooo g. This is remarkable as such general result is not known
for transport equations in general and for quasilinear equations. It is for example well known for delay differential
equations [Hall4, DVLVGW95, vGJKV12, VF13] which are a kind of transport equation with nonlinear boundary
condition.

The plan of the paper is as follows. We first study the linearized equation around a stationary point g, in the space
LY(R, ). Then, we transform the nonlinear equation and reduce the state space to ) so the the equation is of semilinear
type for which nonlinear stability results are well-known.

RR n° 8899



6 Drogoul, Veltz

2 Linear analysis

Let us consider the unique [FL14] stationary point goc of the family (ga) such that [ goo = 1. If we write g(t, ) =
Joo () + @(t, x), we find:

{ 200601 anul) +£1600,7) = ~a(0) () ()0l )
(t,0) = 0.

Let us define X = L!(R, ) and the following unbounded linear operator on X’:
Aop = —axd' — fo, D(Ag) ={p € X, ¢ € X, fp € X, 6(0) =0}

We prove the following result concerning the well-posedness of the linear equation. It is based on fairly standard tools
in semigroup theory,

Proposition 2.1 Let us define a semigroup (To(t))i>0 by the formula

1 xT
Towote) —exp (~ [ 1) ol - at) (o - 0t @
Qoo T—Qoot
Then we have the following properties:
1. (To(t)),~ is a positive contraction Cy-semigroup on X,

2. Its infinitesimal generator is given by (Ao, D(Ay)),
3. ¥(Ao) = 0 and the growth bound of (To(t)),> is wo = —oc,

4 AY Ao+ B where B¢ def —a(p)g’,, generates a positive strongly continuous semigroup on X and D(A) =
D(Ao). Moreover, (T(t)), is eventually norm continuous on X.

Proof.

1. The semigroup/positivity properties are clear. Let us show that T(¢) leaves X invariant. By definition

o0 1 xX
Lol = [ e (-2 [ 1) lote - amolas

[e§] 1 Ttacct
[T (<2 [ 1) @i <ol
0 oo Jx

This shows that T, is a contraction. Let us now show the strong continuity (with a., = 1 for simplicity):

ool < [ low (= [ 1) o)~ ote +lar+ [ otwias

The two integrals tends to zeros when ¢ — 0 by dominated convergence. This allows to finish the proof of item
1.

2. As T\ is a contraction semigroup, we know that the resolvent of the infinitesimal generator satisfies R(u, Ag) =
[T e " To(t)dt for Ry > 0 and that R(p, Ag)X = D(Ay). We find that

¥ = R(u, Ao)¢(x)

_ goo(I) /I eht/acs ; dt
Coenr/as Jo geo(t) T ase

Inria



Exponential stability of stationary distributions in some nonlocal transport equations: application to neural dynamics7

It follows that ¢» € WL (R4), 1(0) = 0. Finally, we find using Fubini theorem that for all ;1 € Cx:

e bl < [ dodyi(y < o)) 20 et om o)

y *° — xTr— Ao Jj
/ d |¢ | |:/ f goo y ey d :|
g/ dylo(y) U e ng w]ﬁamll¢|x~

For the last equality, we used fyoo flx z‘”gzgda: = [ Qoo €XP (—— f f)] < Goo. This means

a(R(p, Ao)p) < |9l x -
It follows that f € X. Also:
oot (z) + f(2)Y(2) = ¢(x) — pip(z) € X )
Hence, we have shown that 1)’ € X using (5). Finally, (5) shows that Ag¢ = —a.¢’ — f¢. It follows that
D(Ag)Cc{peX, fopeXx, ¢ €X, $(0) =0}.

Reciprocally, if we consider ¢ € {¢p € X, fo € X, ¢' € X, ¢(0) = 0} and take ¢ = axo®)’ () + f(z)¥(x) +
u(x), we find that ¢ € X and 1» = R(u, Ag)¢. This concludes item 2.

3. From the definition of the growth bound wy = inf{w € R : IM > 0 such that | T(¢)|| < Me“! vVt > 0}, itis
well known that wg > sup{Ru, p € X(Ag)} = s(Ayp). From

o] 1 T+aoot
Lol = [ exo (=2 [ 1) lotaa
1 TH+aoot 1 oot
T ey =50 exp (~o [ 1) | = (<o [ ).

It gives wy = lim 4 log [Ty (#)|] = —oc.

we get that

4. We first note that D(A() C D(B). We compute for all 4 € C>g

see 2.
IBR(1, Ao)dllx = llghollx - la (R(1, Ao)d) | < llglollx 0]l 2 ©)
which shows that
IBollx < llghollx [I( — Ao)llx » Vo € D(Ag).
Similarly, one can show that |A¢B¢||, = O (||(x — Ao)¢|| ). Hence, B is continuous on the Sobolev space

X0 ie. B € L(X), defined as the space (D(Ag), ||(1 — Ao)-|| ). It is then well known that A generates

a Cp-semigroup on XlAO as a bounded perturbation of an infinitesimal generator . By extrapolation, this is also
d

true on X(;AO = X.

The semigroup T is positive and B is positive, hence [Are86] shows that T is positive on X{*, hence on X by

extrapolation.

As B is compact and T is norm continuous (see point 3.), we can conclude that T is eventually norm continuous
on X{* by using [ENOO][IIL.1.14]. By extrapolation, it is norm continuous on X’.
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Remark 2 Using more advanced perturbation results of Desch-Schappacher, we can prove that A generates a positive
strongly continuous semigroup on X. From [Md08], it follows that the semigroup is immediately norm continuous.

The previous results show that we can give a meaning to the linearized equation on &X’. To investigate the stability of
the equilibrium g, we need to understand the properties of £(A). This is achieved in the following proposition.

Proposition 2.2 We have the following spectral properties for the semigroup ('T(t));>0 on X and its generator:

the spectral mapping holds for the semigroup, namely
S(T(1) \ {0} = ™)

the spectrum of (A, D(A)) is composed of isolated eigenvalues solutions of
A1 / fo / fly)e™ =y = o,

0 is a simple eigenvalue of A and s(A) = 0 € 3(A), hence £(A) C C<o.
S(A) N8R = {0}

Proof.

(T(t))¢>0 is eventually norm continuous (prop 2.2) which gives the spectral mapping.

We know that A, is invertible, hence solving (u — A)¢p = 1 for v € X is equivalent to solving ¢ —
R(p, Ag)B¢ = R(u, Ag)w. Tt follows that ¢ exists if and only if 14+a (R(p, Ag)gl,) # 0 which gives Z(A) =
{1, 1+a (R(1, Ao)ghe) = 0}. When i ¢ £(A), the solution is ¢ = R, Ag)t)— it~ R(11, Ag) gl
Finally, the spectrum is composed of eigenvalues and the eigenvectors are given by R(u, Ag)gl,. It is easy to

check that A(p) =1+ a (R(p, Ao)gl,)-

The semigroup T being positive, we know that the spectral bound s(A) belongs to the spectrum of A: s(A) €
Y(A) NR. Hence, we are looking for s(A) as the maximal real eigenvalue. It is then easy to check that A is
strictly increasing on R and that A(0) = 0. Indeed:

A(O)=1—a;/9’(3/)/0%“”231—a;/gfdéfO

Finally A’(0) # 0 hence 0 is a simple eigenvalue.

Since 0 is a pole of the resolvent and T is eventually continuous, we conclude the item with [Are86][C-III,
Corollary 2.13]

The fact that 0 € X(A) is easily seen from the existence of the family of equilibria (2) parametrized by «. The
flow associated to (1), stemming from the distribution of a stochastic process, conserves the integral of g. In fact, it is
straightforward to show that this property also holds for the semigroup T(¢). Hence, it is convenient to define

22:{¢>e)(| /Oooqs:o}.

Inria



Exponential stability of stationary distributions in some nonlocal transport equations: application to neural dynamics9

Lemma 2.1 The set X C X is invariant by (T(t));>o. The generator of its restriction T is the restriction of A to X.
Hence, D(A|) = D(A)N X and the range of A is in X. Finally, the spectrum is given by
S(A)) = {p e C, I(R(u, Ao)gs,) = 0}.
Proof. As X is closed in X , the first statement follows easily. Then we show that

Ve C,  a(R(p,Ao)p) = pI(R(p, Ao)®) + 1(o). (M
The resolvent R, A)ip = ¢ solves p+a(¢)R(u, Ag)gl, = R(p, Ao)t and it gives I(R(p, Ag))a(¢) = I(R(p, Ao)).
If I(R(u,Ao)gl,) # 0, then we have a candidate solution
I(R(p, Ao))

R (Y V57

We now check it works:

(1= 400 = (1~ BR(u A0 |1 - 2O
oy [ IR AY) I(R(u Aoy ,
““[ TR, Agygy) A0 = FrRt A o) (R<“’A°”]g
Dy + [— II((RR(LHQ(;Z,M) + I (R(p, Ao)y) — II((RR(L 3)1/})) (I (R(p, Ao)gh,) + 1 (géo))} Joo
B (R Aol) _ R A) (),
‘“[ TR Ao)g)  T(R(w An)gly) ”] goo = -

This shows that X(A|) = {u € C, I(R(u, Ao)gl,) = 0}.

Corollary 2.1 (T(t))s>0 is exponentially stable.

Proof. We first check that 0 ¢ X(A|) because of the sign of g/ . Using the identity 1 + a(R(x, Ao)gl,) =
pd (R(p, Ao)gl,) proved in the previous lemma, we conclude that ¥(A) \ {0} = ¥X(A,). From proposition 2.2, we
find that X(A|) N iR = (). The zeros of y — I(R(y, Ag)gl,) = 0 being isolated, we conclude that sup R¥X(A ) < 0.
The spectral mapping theorem provides the conclusion to the proof.

3 Nonlinear stability

This section establishes the local exponential convergence of the solution g (1) to g, (2), for all initial conditions
Jo = goo + ¢ With ¢ in a neighborhood of zero and of integral zero. This result improves on some points those shown
n [FL14]: authors have shown that [|g(t) — geo |zt — 0as O ((1 +¢)"¥/¢) if f(z) > 2¢ for all z € [0, 1] where
¢ > 0,¢ > 1, and for some initial condition gy of integral one.

3.1 Difficulties and notations

Let us rewrite (3) as

L6(1) = Ad(1) + Ro(o (1) ®
o(t,0) =0
with Ro(¢) = —a(¢)¢’. As said previously, the main disadvantage of this formulation is the lost of regularity of the

nonlinearity Rg which is only continuous from D(A) into X'. Let us note that this nonlinearity stems from the state
dependent speed a(¢) of the transport term. To overcome this problem, inspired by [GH90] we perform a change of
time variable in time in (1). Roughly speaking we set h(7,(t),x) = g(t,z) with 7, = fo s)ds. This change of
variable is possible only if 7,(¢) is invertible or equivalently if a(g)(¢) is strictly positive.

RR n° 8899
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Figure 1: Rightmost part of the spectrum of A (green) and A, (red) for f(z) = 22, Computed using collocation
methods provided by the Julia package ApproxFun.jl.

3.2 Time rescaling

In order to do a time rescaling, we introduce the following cut-off type velocity, strictly positive and locally identical
to a(g) if this latter is close enough to an:

plx) =x if 2] < aco — 27
d(g) = Qoo + p(a(g - goo)); with p(m) > —0Oo0 + n VreR (9)
p € C%(R) non decreasing  and bounded in norm C?(R)

where 7 is a constant such that 0 < 7 < %= (see Figure 2). By replacing a(g) by a(g) in (1) and by formally
performing the time rescaling [GH90]:

h(ty(t),x) = g(t,z) with Tg(t):/o a(g(s,.))ds,

the function h(7, z) solves

O-h(7, ) + Oph(r,z) = — &fh
{ h(r,0) = 1. B (10)
By setting h = goo + ¢, we obtain
Lo(r) = L (Ao(r) + R(9()
(e av
with
R(6) = 2 (6 4 pa()ate] - Ilal) - a(0)] g
=h(¢)f¢+ Ri(e)

rop. 2.1
with [h(¢)[ = [p(a(#))/a(¢)| < C|¢llxa and [|R1(d)]| xa S Cllél%a-
Let us remark that @)
a

ot a(g) O+ 0, for [9] < aso —2n

R(¢) =

Inria



Exponential stability of stationary distributions in some nonlocal transport equations: application to neural dynamics11

p(x)

A e

—lx T 1

Figure 2: The cut-off function

3.3 Analysis of the rescaled equation

From [FL14] we can define the non linear semigroup S,(t) associated to (1)[Theorem 5] which is defined from a
neighbourhood of g.. in X*. Hence, S,(t)go is the orbit of (1) starting at go. Let us write S, (7) the nonlinear
semigroup associated to (10) and defined by Sy () = Sy (¢4 (7)) with ¢4 (1) = [; (a(h)(s)) ™ ds. We will show that:

s forall 7 > 0, S, (7) is C* on a X{* neighborhood of g., with values in X,

T(r)

Qoo

>

o forall 7 > 0, dSi(7)(goo) =
* goo is locally exponentially stable under the dynamic described by Sj,(7) and S(t) on a subset of X,

By using the method of characteristics and assuming for a while that 7 — a(7) is known, the solution of (10) reads:

hrz) = exp (— /:_x de) lo<r + golz — T)exp (— /OT W@) 1o, (12)

where we recall that a(s) = ax + p(a(s) — ax ). By integrating against f, we obtain a closed formula defining a(7):

a(T) :/OTf(T—z)exp (—/;f(;(;)z)ds> dz
+ /000 f(z+7)exp [— /OT f(;(:)mdu] go(z)dz. (13)

Lemma 3.1 There exists § > 0 and a C* mapping

BXf(gOO76) — CO([OvT]v]R-‘r)

An o — (- a(r)

(14)
such that Ap(goo) = Goo-

RR n° 8899



12 Drogoul, Veltz

Proof. We write the right hand side of (13) F'(a, go) and F' = a—F. The mapping F belongs to C1(C°([0,T1), X))
and F (oo, goo) = 0. From Lemma A.1 and Lemma A.2 we show that d; F'(ao, goo) is invertible and a positive op-

1
erator. By the implicit functions theorem we deduce that there exists § > 0 and A, : Bx, (goo, ) < C°([0,T],R,)
such that F'(Ax(g0),90) = 0.

Proposition 3.1 There exists § > 0 such that the nonlinear semigroup Sy, (7) given by (12) belongs to C* (B x4 (900, ), XA

and the Frechet-differential of Sy, (T) at goo is the semigroup TO) yestricted to XA

Qoo

Proof. We easily deduce the local regularity of Sj,(7) by composition and by using Lemma 3.1 and the explicit
formula (12) defining Sy, () as function of a = A, (go) and go.
We now find the differential of Sy (7). Let us write d a constant such that Sy,(7) is differentiable on Bya (goo, ).

Let¢p € CH{RT)N B x(0,8) we have from (10) (variation of constant formula)

o0 (S (T)(goo + @) = Sn(7)gec) = T(7)d + /T T(7 — 5)R(Sh(5)(goo + @) — goo)ds (15)
—— 0

From Lemma 3.1, we can find a small constant still denoted 6 > 0 such that AthlA (9o0,0) € Beo(po,17) (oo Qoo —
2n). Hence from the definition of the cut-off function if ¢ € Bya (0,4) we obtain the simpler formula for R:

a(Sn(5)(¢ + goo) = goo)
a(Sn(s)(¢ + go))

Now, we bound this term in norm X7*. By using the following inequalities

|a(Sh(5)(¢ + goo))| = |a(Sk(8)(d + 9o0))| = 21
Frechet dif f.
Sn(5)(goo + @) = goo)llxa < C(s) [ollxa

prop. 2.1
a()l " < clluflea, Yue X

R(Su(5)(¢ + goo) = goo) = (a(Sh(s)(¢ + goo) — 900)9(/)0 + f(Sh(8)(goo + @) — goo)) -

gt llca < o0

and the fact that if supp(¢) C [0, M] then supp (Sp(s)(goo + @) — goo) C [0, M + s] we get

C(s)16]| xa
(S)!nl)(l (CC(S)II¢II;«9||9’DOIIX{A + f(M + s)C(s)||¢||XlA)

<(s)ll¢llza  (16)

[R(Sh(s)(¢+ goo) — goo)llxa <

with 7(s) = G2 (cC(s)|| g%l xa + F(M + 5)C(s)). Coming back to (15) we get

We deduce that the Frechet differential of Sp,(7) at go is y for directional given by C''—functions with compact
support in R*. We conclude by uniqueness of the Frechet differential and density of such functions in the space X{*.

/O "(r = $)R(Sh(5)6)ds

< sup | T(s)cap) sup (s)0]3n
xpy  s€o,7] s€[0,7]

Remark 3 Another method for finding the differential of Sy, (7) is to differentiate the expression of the nonlinear semi-
group given by the method of characteristics.

Inria



Exponential stability of stationary distributions in some nonlocal transport equations: application to neural dynamics13

3.4 Conclusion

In this section we conclude with the main result concerning the nonlinear stability of (1).

The difficulty stems from the fact that an open invariant set is required to apply [DS86]. Given the results in
[FL14][prop 9], we restrict ourselves to the second order Sobolev space X#* which is defined as D(A?2) with the graph
norm.

Theorem 3.1 Assume that there is an open set C C X§* which is Sy, invariant where X4 is the Sobolev space of order
2 associated to A. Then, the stationnary distribution g is locally exponentially stable under the dynamic described
by Sy (1) (12) on a neighbourhood of goo in C N (goo + X).

Proof. We check the applicability of [DS86][theorem 2.1] which states the nonlinear stability result.

s Ay, is differentiable from a neighborhood of g, in X§* into C°([0,T]). By adapting proposition 3.1 (X
contains the condition to ensure that the derivative of the orbit at x = 7 is continuous), we deduce that S, (7) is
differentiable on a neighborhood of g, in X,

* Thanks to Proposition 3.1, forall 7 > 0, S;,(7) is Frechet differentiable on XQAO(/? +9oo) at goo with differential
1
—T(t).
Qoo

« By proposition 2.1, the semigroup (T(t));>0 restricted to Xf* N X is exponentially stable because the growth
bounds does not depend on the Sobolev order space [ENOO].

We conclude with the nonlinear stability by using the result by Desch-Shappacher [DS86].

Corollary 3.1 Still assuming that there is an open set C C X4{* which is Sy, invariant, the stationnary distribution g
is locally exponentially stable under the dynamic described by S4(t) (1) on C' N (goo + X).

Proof. 1t suffices to use the fact that there exists § > 0 such that the mapping A, : go — a(g) with g solution
(1) is C° on a X neighborhood of g, and such that its range is in Beo(o,17) (@00, @oo — 21) (it can be done by a
similar reasoning as done in Lemma 3.1). Then we deduce that Sj,(7,4(t)) = S4(t) and that 7,(¢) > nt which enable
to conclude by using Theorem 3.1.

A Technical lemmas

This two technical lemmas used in the proof of Lemma 3.1, prove that d1F (oo, goo) is a positively inversible on
C°([0,T]) x X¢, where F' = I — F with F the mapping characterizing A, (14) and such that F'(aeo, goo) = 0.

Lemma A.1 There exists two continuous positive kernels K1 (z, ) and Ko(z, T, u) such that

d1F (oo Goo) - / Ky(z,t)h dz+/ / Ko(z,t,u)h(u)dudz

Proof. We split F(a, go) into the sum

F(a,g0) = Fi(a) + Fx(a, go)

= [ f(T—zexp< == )

E(a,go)[f]=/0 fz+7) eXp[ / fz+ud}90( )dz

where

RR n° 8899
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Formal derivation at (@, goo) gives the positive kernels

a’ Ki(s,7) = /OOC Joo(2) f (2 +T)exp(<—aio /OT f(z +u)du> f(z+s)dz
a2 Ky(z,7,8) = exp (—aio /ZT flu— z)du> fls=2)f(Tt—2)

Lemma A.2 diF(ax, goo) is invertible from C°([0, T, R ) into itself.

Proof. The two positive kernels K; and K are continuous and bounded for 7 € [0, T']. Let be M; and M» the two
bounds from above of respectively K;(z,t) and K2(z,t,u) on their compact domains depending on 7'. Let be 7; and
T3 the two linear integral operators associated to 7 and Ko and 7 = 77 + 72. We will show that there exists n > 0
such that 7™ is a contraction on C°([0, 7). Let us show that there exist c,, such that | 7"[h](t)| < c,t"

T < Mathl Tkl < 2|

we can take ¢; = (M; + M>T). By induction assume that |77[h](t)] < c,t”™ then T [h](t) = T™ [h](t) with
|h(t)| < ¢nt™. Simple computations give that |T;[h](t)] < 2t *! and |To[h](t)] < M22l¢mt1. The property

n+1
. , , def n . .
holds by setting ¢, +1 = Ml:i_yﬂwcn = %ch. We deduce that ¢,, = Ani, which tends to O when n — +o0. By Picard

1 .
theorem we deduce that 7 [h] = d1 F (a0, goo) is a invertible. The positiveness property is direct.

Inria



Exponential stability of stationary distributions in some nonlocal transport equations: application to neural dynamics15

References

[Are86] Wolfgang Arendt, editor. One-parameter semigroups of positive operators. Number 1184 in Lecture
notes in mathematics. Springer, Berlin, 1986.

[BAOG] J. Banasiak and Luisa Arlotti. Perturbations of positive semigroups with applications. Springer mono-
graphs in mathematics. Springer, London, 2006.

[DMGLPI15] Anna De Masi, Antonio Galves, Eva Locherbach, and Errico Presutti. Hydrodynamic limit for inter-
acting neurons. Journal of Statistical Physics, 158(4):866-902, February 2015. arXiv: 1401.4264.

[DS86] W. Desch and W. Schappacher. Linearized stability for nonlinear semigroups. In Differential equations
in Banach spaces, pages 61-73. Springer, 1986.

[DVLVGW95] Odo Diekmann, Sjoerd M. Verduyn Lunel, Stephan A. van Gils, and Hanns-Otto Walther. Delay
Equations, volume 110 of Applied Mathematical Sciences. Springer New York, New York, NY, 1995.

[ENOO] Klaus-Jochen Engel and Rainer Nagel. One-parameter semigroups for linear evolution equations,
volume 194. Springer Science & Business Media, 2000.

[FL14] Nicolas Fournier and Eva Locherbach. On a toy model of interacting neurons. arXiv:1410.3263 [math],
October 2014. arXiv: 1410.3263.

[GH90] A. Grabosch and H. J. a. M. Heijmans. Cauchy problems with state-dependent time evolution. Japan
Journal of Applied Mathematics, 7(3):433—457, October 1990.

[GKNP14] Wulfram Gerstner, Werner M. Kistler, Richard Naud, and Liam Paninski. Neuronal dynamics: from
single neurons to networks and models of cognition. Cambridge University Press, Cambridge, United
Kingdom, 2014.

[GM74] Morton E. Gurtin and Richard C. MacCamy. Non-linear age-dependent population dynamics. Archive
for Rational Mechanics and Analysis, 54(3):281-300, 1974.

[Hal14] Jack K Hale. Introduction to functional differential equations. Springer, [S.1.], 2014.

[HG11] Mariana Haragus and Gerard looss. Local Bifurcations, Center Manifolds, and Normal Forms in
Infinite-Dimensional Dynamical Systems. Springer London, London, 2011.

[1zh07] Eugene M. Izhikevich. Dynamical systems in neuroscience: the geometry of excitability and bursting.
Computational neuroscience. MIT Press, Cambridge, Mass, 2007.

[M408] Tamds Matrai. On perturbations preserving the immediate norm continuity of semigroups. Journal of
Mathematical Analysis and Applications, 341(2):961-974, May 2008.

[Paz83] A Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer
New York, New York, NY, 1983.

[Per07] Benoit Perthame. Transport equations in biology. Frontiers in mathematics. Birkhéuser, Basel, 2007.

[Pru83] Jan Pruss. Stability analysis for equilibria in age-specific population dynamics. Nonlinear Analysis:
Theory, Methods & Applications, 7(12):1291-1313, December 1983.

[RT14] Philippe Robert and Jonathan D. Touboul. On the dynamics of random neuronal networks.

RR n° 8899

arXiv:1410.4072 [math, g-bio], October 2014. arXiv: 1410.4072.



16 Drogoul, Veltz

[VF13] Romain Veltz and Olivier Faugeras. A Center Manifold Result for Delayed Neural Fields Equations.
SIAM Journal on Mathematical Analysis, 45(3):1527-1562, January 2013.

[vGIKV12] Stephan A. van Gils, Sebastiaan G. Janssens, Yuri A. Kuznetsov, and Sid Visser. On Local Bifurcations
in Neural Field Models with Transmission Delays. arXiv:1209.2849, September 2012.

[Web85] G. F. Webb. Theory of nonlinear age-dependent population dynamics. Number 89 in Monographs and
textbooks in pure and applied mathematics. M. Dekker, New York, 1985.

Inria



V4

: in[arma!ics,mutheman’cs

RESEARCH CENTRE
SOPHIA ANTIPOLIS - MEDITERRANEE

2004 route des Lucioles - BP 93
06902 Sophia Antipolis Cedex

Publisher

Inria

Domaine de Voluceau - Rocquencourt
BP 105 - 78153 Le Chesnay Cedex
inria.fr

ISSN 0249-6399



	Introduction
	Linear analysis
	Nonlinear stability
	Difficulties and notations
	Time rescaling
	Analysis of the rescaled equation
	Conclusion

	Technical lemmas

