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Uniform convergence of penalized
time-inhomogeneous Markov processes

Nicolas Champagnat!?3, Denis Villemonais!?3

March 17, 2016

Abstract

We provide an original and general sufficient criterion ensuring the ex-
ponential contraction of Feynman-Kac semi-groups of penalized processes.
This criterion is applied to time-inhomogeneous one-dimensional diffu-
sion processes conditioned not to hit 0 and to penalized birth and death
processes evolving in a quenched random environment.

Keywords: Feynman-Kac formula; time-inhomogeneous Markov processes; pe-
nalized processes; one-dimensional diffusions with absorption; birth and death
processes in random environment with killing; asymptotic stability; uniform ex-
ponential mixing; Dobrushin’s ergodic coefficient.
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1 Introduction

In [6], we developed a probabilistic framework to study Markov processes with
absorption conditionned on non-absorption. The main result is a necessary
and sufficient condition for the exponential convergence of conditional distri-
butions to a unique quasi-stationary distribution. Our approach is based on
coupling estimates (Doeblin condition and Dobrushin coefficient) which allow
to use probabilistic methods to check the criteria in various classes of models,
such as one-dimensional diffusions [4, 3], multi-dimensional diffusions [2] or
multi-dimensional birth and death processes [5].
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Because our method is general and only makes use of semi-group properties
and coupling criteria, its extension to the time-inhomogeneous setting is natu-
ral. Actually, it appears that our method naturally extends to the even more gen-
eral setting of the contraction of Feynman-Kac semi-groups of penalized pro-
cesses developed by Del Moral and Miclo [10] and Del Moral and Guionnet [9].
The literature on the topic is vast and closely related to the study of genealogical
and interacting particle systems. For more details, we refer the reader to the two
textbooks [7, 8] and the numerous references therein.

The present paper can be seen as a complement to the results on the con-
traction of Feynman-Kac semi-groups gathered in [8, Chap. 12]. Our results ap-
ply both to the discrete-time and continuous-time cases. To show the novelty
of our criteria and how to apply the methods developed in [6, 4, 3], we pro-
vide a detailed study of two natural classes of models that cannot be directly
treated using previously known criteria: time-inhomogeneous diffusion pro-
cesses with hard obstacles in dimension 1 and time-inhomogeneous penalized
one-dimensional birth and death processes. We also consider the case of birth
and death processes evolving in a quenched random environment, alternating
phases of growth and decay, under very general assumptions on the environ-
ment.

In Section 2, we present the general class of models we consider and state
our main result on the contraction of Feynman-Kac semi-groups in the gen-
eral framework of penalized time-inhomogeneous processes (Theorem 2.1). We
then obtain in Section 3 new results on the limiting behavior of the expectation
of the penalization (Proposition 3.1) with consequences on uniqueness on time-
inhomogeneous stationary evolution problems with growth conditions at infin-
ity, and on the existence and asymptotic mixing of the Markov process penalized
up to infinite time (Theorem 3.3). We apply these results to time-inhomogeneous
diffusions on [0, +oo) absorbed at 0 and conditioned on non-absorption (that is,
with infinite penalization at 0) in Section 4. Section 5 is devoted to the study
of penalized continuous time inhomogeneous birth and death processes in N:
we first give a general criterion in Subection 5.1 and then study the case of birth
and death processes in quenched environment alternating phases of growth and
decay (close to infinity) in Subection 5.2. The proof of Theorem 2.1 is given in
Section 6. Proposition 3.1 and Theorem 3.3 are proved respectively in Sections 7
and 8.



2 Main result

Let (Q, (Fs)o<s<rer,P, (X¢)re1) be a Markov process evolving in a measurable
space (E,&), where the time space is I = [0,+00) or I =N and X can be time-
inhomogeneous, such that X; is %; ,-measurableforalls<t<r.Let Z = {Z; ;0 <
s<t, s te I} be acollection of multiplicative nonnegative random variables
such that, for any s < ¢, Z; ; is a &, ;-measurable random variable and

Esx(Zs)>0 and suplgy(Z;;)<oo Vs<telVxeLE. (2.1)
YeE

By multiplicative, we mean that, forall s<r<tel,
ZsrZrt = Zs,t-

We define the non linear semi-group @ = {®; ;; 0 < s < ¢} on the set M; (E) of
all probability measures on E by setting, for any distribution p € M; (E), @, (1)
as the probability measure on E such that, for any bounded and &-measurable
function f: E — R,

Esu(f(Xe) Zs,1)

(Ds,t(ﬂ)(f)3: E.o(Zoo)
s,ulLs,

) (2.2)

where ((X¢) =5, Ps ;) denotes the Markov process X on [s, +00) starting with ini-
tial distribution u at time s.
Typical examples of penalizations are given by

t
Zoi=1lx,gp Or Zg;=elxwXodu 2.3)

where D c E is some absorbing set for the process X or « is a measurable func-
tion from Ry x E to R. In the first case, @; ,(u) is simply the conditional distri-
bution of X; with distribution p at time s, given it is not absorbed in D at time
t. In the second case, if x(¢,x) = 0 for all £ = 0 and x € E, then —«x (¢, x) can be
interpreted as a killing rate at time ¢ in position x and ®; ;(u) is the conditional
distribution of X, with distribution p at time s, given it is not killed before time ¢.
Note that if « is bounded from above by a finite constant k, then we can replace x
by x —k without modifying @; ,() and hence recover the previous interpretation
of k —« as a killing rate.
Forall s =1 and all x;, x, € E, we define the non-negative measure on E

Vs x,x, = Min q)s—l,s(é‘x )s
i=1,2 !



where the minimum between two measures is understood as usual as the largest
measure smaller than both measures, and the real constant

[Es,vsv,q,x2 (Zs,s+ t)

dys= inf .
tZO,thZEE SuprE [ES,)C (ZS,S+t)

Similarly, we define

vs=min®;_; (6y) (2.4)
xX€E

and the real constant

' —in [ES,VS(Zs,s+t)
s = .
=0 SUP,cg [Es,x (Zs,s+ t)

d (2.5)

Note that v < vy, x, and dj < d;.
Let us define, for all 0 < s < ¢t < T the linear operator Kg ; on the set of
bounded measurable function on E by

Esx (f (X0) Zs 1)

T —
Ks' tf(x) B [Es,x (Zs,T)

(2.6)
We extend as usual this definition to any initial distribution ¢ on E as

K f = fE K f (0 pdx).

Note that K{ , f(x) = @ ;(8.)(f) but uK{ , f # @ (1) (f) in general.

Theorem 2.1. For all probability measures 1, 12 on E and forall0 < s<s+1<
t<Tel, wehave

l[t—s]—1
Ky, — K rvs 11 Q=de)llp —palry 2.7
and
l[t—s]—1
[@s,e(1) = s e (@2) | =2 [ A-di-p), 2.8)
k=0

where || - || Ty denotes the usual total variation distance: for all signed finite mea-
sureponE,

lpllTv = sup p(A) — inf u(A).
A& Ae&



In particular, if limsup,_., d; > 0, there is convergence in (2.7) and (2.8)
when t — +oo, and if infsc; ds > 0, or more generaly if limsup,_, % Y s<tlog(l—
ds) < 0, we have geometric convergence in (2.7) and (2.8). There is also conver-
gence for example if d; = ct~! for ¢ large enough for some ¢ > 0.

Remark 1. Note that, in the definition of v, 4, r, and d;, the time increments of
+1 are not restrictive, since we could change the time-scale in the definition of
the time-inhomogeneous Markov process X and the penalization Z using any
deterministic increasing function. In particular, given s=sp<fp<s; <t <...<
Sn<tp<tinI,wemaydefineforalli=0,...,nandall x;,x; € E,

VS,',[,‘,X],XZ = }I:lilgq)sivti (6)6]')’

and the real constant

Etivs; it 0 (L, ti41)

dS‘ t — lnf .
U 200,x%€E SUP e p By x (Zi40)

Then it is straightforward to extend the proof of Theorem 2.1 (this can be ob-
tained using an appropriate time change to recover vs and d;) to prove that, for
all probability measures p;, o on E and all T = ¢, we have

n
K =Kl oy = TT (1= d) i = p2llrv

and
n
”‘Ds,t(“l) = @y, (12) ” v =2 H (1-ds,n)-
k=0

This remark also applies to the next results (Proposition 3.1 and Theorem 3.3),
where v and d/ can also be modified accordingly.

Note also that our result is optimal in the time-homogeneous setting, in the
sense that the exponential contraction in (2.8) is equivalent to the property dj >
0 (see [6, Thm.2.1]). We leave the extension of this result to the general time-
inhomogeneous case as an open question.

3 Convergence of the expected penalization and penalized
process up to infinite time

In the absorbed time-homogeneous setting of [6], we also obtained comple-
mentary results on the limiting behavior of E,(Z; ;) when ¢ — oo (with Z;; =



1x,¢p asin (2.3)) and on the penalized process conditioned to never be extinct.
Both statements can be extended to the present time-inhomogeneous penalized
framework, as stated in the following two results.

Proposition 3.1. For all y € E and s € I such that d} > 0, there exists a finite
constant Cs, only depending on s and y such that, for all x € E and t,u > s+1
witht<u,

E, . (Z Es o (Z 1 lv=si-1
s,x( s,t) _ s,x( s,u) < oy inf — 1—[ (1_dy—k)- 3.1)
[Es,y(Zs,t) [Es,y(Zs,u) vels+1,1] dy, k=0

In particular, if
lt—s]-1
liminf — [[ (1-dip)=0, (3.2)

tel, t—+o0 ¢ k=0
for all s = 0, there exists a positive bounded functionn : E — (0, +o00) such that

[Es,x(Zs,t) ns(x)
im = ,
l—o0 [Es,y(Zs,t) 775(_)/)

Vx,y€E, 3.3

where, for any fixed y, the convergence holds uniformly in x, and such that, for
allxeEands<tel,

Esx(Zs,im ¢ (Xe)) = 15(x). (3.4)

In addition, the function s — |0« is locally bounded on [0, +00).

Since d; < d;, there is convergence to 0 in (3.1) if limsup d} > 0, and the con-
vergence is geometric if inf;>( d} > 0. There is also convergence to 0 for example
if d} = ct™! for t large enough and for some ¢ > 1.

The last theorem also implies uniqueness results on equation (3.4) and on
associated PDE problems.

Corollary 3.2. Assume that
lt—s]-1
liminf — H (1-di_p) =0,

tel, t—+o0 t k=0

Then the function (s,x) — ns(x) of the last proposition is the unique solution
(s,x) — fs(x), up to a multiplicative constant, of

Es x (Zs,e [t (Xe)) = f5(%) (8.5)



such that fs is bounded for all s = 0 and for some xy € E,
Wla-dep™
Eo,x,(Zo,1)

when t — +o00. Moreover, this unique solution f; of (3.5) can be chosen positive.

IIftIIOOZO(H (3.6)

Remark 2. The last result also gives uniqueness properties for stationary time-
inhomogeneous evolution equations with growth conditions at infinity. Namely,

let us assume that the semigroup Py ; f (x) = Eg x[Zs ; f (X;)] admits as time-inhomogeneous
infinitesimal generator (L;, t = 0) (as defined e.g. in [14, Ch. 5]). We can also de-

fine the (time-homogeneous) semigroup on [0, +00) x E by T f (s, X) = Ps g1 f (s+

t,x). Then (3.5) writes T;yn = n and hence can be interpreted as some form of

weak solution of the evolution equation

0 ft(X)+ L fr(x) =0, V(s,x)€[0,+00) X E, 3.7
for which Proposition 3.1 and Corollary 3.2 give existence and uniqueness under
condition (3.6).

Theorem 3.3. Assume that
1 lt—s]-1
liminf — 1-ds_)=0.
Jmin€ o 11 0-dew
Then, forall s € I, the family (Qs x)se1,xeE Of probability measures on ) defined by

Qsx(A) = lim P (A|T<7g), VA€ Fsy, Yu=s,
T—+o0

is well defined and given by

d@s,x _ Zs,uMu(Xy)
dps,x Fou Es,x[Zs,unu(Xy)] '
and the process (Q, (Fs,¢) =5, (X1) 120, (Qs,x)s,e1,xeE) IS an E-valued time-inhomo-

geneous Markov process. In addition, this process is asymptotically mixing in the
sense that, foranys<telandx€E,

l[t—s]—1
|Qsx(Xe€)=Qsy(Xi€)|pp =2 [ A-dii). (3.8)
k=0

Remark 3. In the case where Z; ;, admits a regular conditional probability given

X, for all s < u (for example if E is a Polish space), the transition kernel of X

under (Qg x)s,x is given by

[Es,x(Zs,u | Xy = _V)nu(_V)
Es x (Zs,unu(Xu))

where p is the transition kernel of the process X under (P x); x-

pls,x;u,dy) = p(s,x;u,dy),



4 One-dimensional diffusions with time-dependent coef-
ficients

Our first example of application of the results of Section 2 deals with the case of
a Markov process conditioned not to hit some absorbing point 9, i.e.

Zst=li<ry

where 75 is the hitting time of 0. This is the setting of [6], but we study here the
time-inhomogeneous case.

More precisely, we consider a time inhomogeneous one-dimensional diffu-
sion process X on [0, +o0) stopped when it hits 0 at time TOX =inf{r=0, X;- =0}
assumed almost surely finite and solution, for all s =0, on [s, T, OX) to

dX;=o0(t,X)dB;, Xpe€ (0,+00), (4.1)

where B is a standard one-dimensional Brownian motion and ¢ is a measurable
function on [0, +oo) x (0,+00) to (0,+0c0). Note that our result could of course
also apply to any time-inhomogeneous diffusions with drift that can be put in
the previous form by a time-dependent change of spatial scale. We assume that

o«(x)<0o(t,x)<o*(x),

for some measurable functions ¢* and o . from (0, +00) to [0, +oo] satisfying

xdx ax
f —— <oo and —— >0, V0<a<b<oo.
(0,4+00) T % (X)? (@b 0% (x)?

Note that the former condition means that the time-homogeneous diffusion
dY; = 0.(Yy)dB; on (0,00) stopped when it hits 0 at time TOY admits +oo as en-
trance boundary (i.e. Y comes down from infinity, as defined in [1]) and that
TOY < oo almost surely (see e.g. [12]).

We also assume that the time-homogeneous diffusion process Y satisfies,
for some constants ; >0and A >0,

Py (< Ty) <Ay, Vy>0. 4.2)

Up to a linear transformation of time (or, equivalently, multiplying o (¢, x) by
some postive constant), we can—and will—assume without loss of generality
that #; < 1. Explicit conditions on o, ensuring the last assumption are given
in [4, Thms 3.4 &3.7]. For instance, these conditions are fulfilled if o, (x) = Cxlogizg
for some constants C >0 and € > 0 in a neighborhood of 0. Note that if € = 0, the
condition [, U’i flx’gz < oo might not be satisfied and hence it is not guaranteed

that the diffusion Y hits 0 in finite time.

1
X




Theorem 4.1. Under the above assumptions,

infd; > 0.

s=1

In particular, we obtain exponential convergence in (2.7), (2.8). Moreover, the
assumptions of Proposition 3.1 and Theorem 3.3 are satisfied.

As far as we know, this is the first result of this kind on time-inhomogeneous
diffusions allowing non-periodic or non-regular or degenerate coefficients. In
particular, this extends significantly the results of [11] in the one-dimensional
case.

Proof of Theorem 4.1. The proof follows the same steps as in [4, Section 5.1],
making use of the next lemma.

Lemma 4.2. There exist constants t, €]0,1[ and A > 0 such that, for all s = 0 and
x>0,

Psx(s+t < T&) < Ax and inf Py (s + 1< &) >0, Vt=0. (4.3)
§=

Moreover, for all t, > 0,

inf P (Ty <s+1)>0, 4.4
§=0,x>0

forall p >0, there exists b, > 0 such that

sup Eg(e?T ™) < 00, 4.5)
§20,x2b,
foralla>0andt=0,
. X
inf Pt +5< Tpip) >0 (4.6)

and for all a,b >0, there exists t, , > 0 such that forall t = t, p,

infPyq(Xsrr = b) >0, 4.7)
§=

We admit for the moment this result and extend the main steps of [4, Sec-
tion 5.1] to our new setting.

Step 1: the conditioned process escapes a neighborhood of 0 in finite time.
The goal of this step is to prove that there exists ¢, ¢ > 0 such that

Pox(Xssr, Zels+1<TX)=c, Vs=0,x>0. 4.8)



To prove this, we first observe that, since X is a local martingale and since
Xisemarx =0onthe event Tj' < (s +u) A T{", forall x € (0, 1),

X =B x (X5 ryarx) = Esx (X(s+t1)/\T1Xl(s+t1)/\ T1X<TOX)

=Pyx(s+ 1 < T)Es (X, arx | s+ < TE) +Ps o (TE < T < s+ 17).

s+1t)

By the Markov property,

X X X
Py (T < T3 = 5+ 10) < Eou | 1px cpngorny Prva (Tg < 5+ 11)

A(s+h

<P (TE<TE) sup Py (T <s+1)
uels,s+1]

<P (TE<TS) sup Py (T <u+t)
ue(s,s+1t]

=Xx sup IPu,l(TOX <su+t).
ue(s,s+t]

The second part of Equation (4.3) of Lemma 4.2 entails that sup ..o Py,1 (T <
u+ t1) <1 and therefore, using the first part of Equation (4.3) of Lemma 4.2,

X 1
s+t1)/\TIX|s+tl<TO)S1__

Esx (1 - X, e
with A’= A/(1-sup uz0Pu1(T, X <u+ f1)). Markov’s inequality then implies that,
forall x€ (0,1),

X 1-1/A 1
st+h<Ty|=< 4.9)

< =1,
1-1/A - 1) 2A'

1
Ps,x (X(S+[1)/\T1X = 2A/ -1

Sete:=1/(2(2A’-1)) and assume, without loss of generality, that A’ is big enough
so that 2¢ € (0, 1). Applying the second part of (4.3) to the diffusion dZ; = 0. (¢, Z;+

€) (which satisfies the above assumptions since f(;’o = ’(Cixx)z < f:o Ux Zﬁz < 00), we
have

infPr 2 (t+6<TX)>o0.
Hence, for all x € (0, 2¢),
Pox(Xssr, 2€) 2P o (T <s+17) infPy, e (t+1<TX)
> P, (X(SHI)ATIX > 25) infP2c (140 < Tp)

Psx(s+0<TY) .
> S P (t+ 1 < T)

10



by (4.9). This ends the proof of (4.8) for x < 2¢. For x = 2¢, standard coupling
arguments entail

Py (Xy, > €11 <15) 2P o (Xp, >€) 2P (1) < TX) 2Py 00 (TX > 1) > 0.

Hence (4.8) is proved.

Step 2: Construction of coupling measures for the unconditioned process.
Set f, = 1—1t; > 0. Our goal is to prove that there exists a constant ¢; > 0 such
that, forall s=0and x = ¢,

Ps,x(Xst1, €°) = c17s(), (4.10)

where
Ts() =Pse(Xsyp, €[S+ < TOX)

Fix s = 0 and x = € and construct two independent diffusions X¥¢ and X so-
lution to (4.1) with initial values at time s given by € and x respectively. Let
0 =inf{r = s: X;”* = X;»*}. By the strong Markov property, the process

$X
Y, =

X" iftre(s,0],
X} ifr>0

has the same law as X**. Since 6 < T;" := inf{t = s: X;”* = 0}, for all ¢ > s,
PO < 1) =P(T,™ < ). Using Equation (4.4) of Lemma 4.2, we have

/ . $,X
c¢;:= inf P (T " <s+1)>0.
1 §=0,y>0 s'y( 0 2

Hence
Psx(Xsir, €) =PV €)2PX, €, To < s+ 1) 2 )Py e (Xsyq, €9).

Therefore, (4.10) is proved with ¢; = ci infi>oPse(s+ 2 < TOX), which is positive
by (4.3) of Lemma 4.2.

Step 3: Proof thatvg = ¢1Cls_141.
Recall that ¢; + f, = 1. Using successively the Markov property, Step 2 and Step 1,
we have forall s=1and x>0

Pso1x(Xs-1404, €1 S—1+ 0+ 1 < T(f() 2P x(Xs€-|s-1+0< T(f()

00
= f Ps—1+t1,y(Xs €IPs 1 x(Xs—14n, €dyls—1+1 < TOX)
€

{o0)
= le W14t OPs_1 x(Xs—14 €dy|s—1+1 < TOX)
£

X
=140 OPs1,x(Xs—144 ZElS—1+ 0 <T§) = 105141, ().

11



This entails v = ¢jcs—144,, Where v is defined in (2.4).

Step 4: Proof thatinfg>, d.. > 0.
We set a = €/2. Using the definition of 7 , we have

ms([a, +ool) = Ps’ga(Té( =s+h|ls+h< TOX)

>Py00(TX = s+ ).

Inequality (4.6) allows us to conclude that inf;> vs([a, +00)) > 0.
We also deduce from (4.7) that, setting 3 = £, 4, there exists p > 0 such that

in(f)Ps,a(Xms >a)=e PB,
§=
From (4.5), one can choose b > a large enough so that

X _
A:= sup [Es,x(e”(Tb S))<oo.
$=0,x=b

Then, defining T[)o( p) @S the first hitting time of [0, b] by the process X and by 6,
the shift operator of time ¢, Markov’s property entails

sup Egy (ep(T[)o(.blc’e'_s_”) <A, (4.11)

$=0,x=b
where, under Py, T[)o( b © 0, is the first hitting time of [0, b] after time s+ ¢ by the
process X. Note that, in particular, T[)o( bl 0f;=s+tif TX<s+t.

Then, setting #4 = £, 3, for all u = s+ 14, defining k as the unique interger such
that s+ k3 + t4 < u < s+ (k+ 1) 3 + t4, we have by Markov’s property

Psa(Xu=b) 2P 0(Xssr, =2 A, Xss26, =Gy Xsskr, = a4, Xy 2 )
—okta »
=e P8 bgglpv,a(Xy+u—s—kt3 > b)

> ce P9

where ¢ > 0 by (4.7). Therefore, for all £ = u = s + 4, making use of the mono-
tonicity of x — Py (£ < TOX),

ce PUIP, Lt < T) <Pso(Xy 2 DPy p(t < T <Psa(t< Ty).  (4.12)

Then, for all x = b and all ¢ = s+ 14, using successively the strong Markov
property, Equation (4.11) with ¢ = #4, (4.12) with u = t, (4.12) with u = s+ 1,

12



and (4.11) again,

t
Pox(t < Tg) <P x(t< Tpy 1 004) +f sup Py, (1 < T9) Py (T 1y 004, € du)
s+14 yel0,b]
t
< Ae PU=s—1) +f Pup(t < Tg) P (T 1y 004, € du)

S+1y

t
<c VAP P, o (t < T + ¢ 'Ps ot < TY) e? U IP (T |, 004, € dw)

S+1y
<2c¢7 1 AePlPg o (t < TY).
In the case where t € [s, S+ t4],
P (s+ 1< TX) P, ,(t < TX)
Poa(t<THsls— 20" 270" v 0

infoPsa(s+ < TX) ~ infmoPsal(s+ta < TX)

We deduce from inequality (4.3) of Lemma 4.2 that there exists a constant C > 0
such that, forall s=0and t = s,

SUpP; (£ < T5) =sup P (£ < T5) < CP; (£ < T5Y).

x>0 x=b
Since infysq Ps (£ < TgY) = Py 4 (¢ < T5) and infs>1 vs([a, +00)) > 0, we obtain

infd, > 0.

s=1
This concludes the proof of Theorem 4.1. O

Proof of Lemma 4.2. We assume in the whole proof that s = 0 and Xj = x. Since
the statements of Lemma 4.2 are obtained from comparisons with time-homo-
geneous diffusions, the result will follow from the study of the case s = 0 only.
Forall t =0, let

b(s) =f o®(u, X,) du.
0

Note that b is continuous and increasing. The equality X; = Wy, for all £ < TOX
defines a Brownian motion W started at W, = x and stopped at its first hitting
time of 0 denoted by T, (}/V = b(T, (f(). This is a classical consequence of Levy’s char-
acterisation of the Brownian motion, see for instance [15]. Note that, since a
one dimensional Brownian motion hits 0 in finite time almost surely, there ex-
ists £ = 0 such that Wy =0 and hence b(TOX ) < oo almost surely.
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Let Y be the time-homogeneous diffusion process stopped at 0 defined as
Y= Wb*(t)r where

S du

bo(D) =inf(s 20, ay(s)= 1}, with “*(S):fo o (W2

And similarly for Z; = Wy-(y, replacing o. by ¢*. In particular, Y,y = Wy,
Zg+(y = Wy, and hence T, = a,(T,") and T = a*(T,"). Note that Y and Z
are solutions of the time-homogeneous SDEs

dY;=0.(Y)dB! and dZ,=o*(Z)dB?, withYy=2Zy=1x,

for some Brownian motions BY and BZ with Yy = Z, = x. The interest of this
construction is that the processes Y and Z are both obtained from a random
time change of X: Y is obtained by a slowing down of X, and Z by a speeding up
of X. In particular, it is easy to check that

a.(b(t)=t and a*b@)=<t Vr=0.

Hence TOZ < TOX < T OY almost surely. Therefore, the first inequality of (4.3) fol-
lows from the same property for Y, as assumed in (4.2). Similarly, the second
inequality in (4.3) and (4.4) follow from the same property for Z and Y, respec-
tively, which are standard properties of time-homogeneous diffusion processes
(see for instance [12]).

Using the previous argument, we also deduce that, T < TX < T almost
surely for all a < x. Hence (4.5) follows from the same property for Y, which
is classical because infinity is an entrance boundary for Y (see for instance [1,
4]). Inequality (4.6) also follows from the same comparison of hitting times and
standard regularity properties of the time-homogeneous diffusion Z.

Finally, if b < a/2 (4.7) follows directly from (4.6), and if b > a/2, we use the
comparison with Y and the fact that P, (T, 21;7 < tg) > 0 for some £y > 0 to see that
X hits 2b before time fy with probability under P , uniformly bounded from
below with respect to s = 0. Next we use the comparison with Z (as we did to
prove the second inequality in (4.3)) to see that, under P », for any ¢ = 0, there
is a uniformly (with respect to s) positive probability that X does not hit a < 2b
before time . Combining these two facts entails (4.7) with £, ; = . O

5 Penalized time-inhomogeneous birth and death proces-
ses

In the previous example, we considered the case of an inhomogeneous Markov
process which is uniformly dominated by a time homogeneous process coming
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down from infinity. This provided uniform mixing, controled by the Dobrushin
coefficient, given by the mass of the measure vg. The goal of this section is to
study a case of inhomogeneous Markov process in continuous time alternating
periods of uniform mixing (i.e. uniform coming down from infinity) and periods
without uniform mixing.

This situation is for example natural for a birth and death process in random
environment, where the environment alternates periods favorable to growth and
periods where the population has a tendency to descrease. The study of quasi-
stationary behavior of such a population can be formulated in two different
ways: the study of convergence of the distribution of the population conditional
on non-extinction 1) when expectations are taken with respect to the law of
the environment and of the birth and death process (so-called annealed quasi-
stationary behavior), and 2) when expectations are taken only with respect to
the law of the birth and death process, for any fixed realization of the envi-
ronment (so-called quenched quasi-stationary behavior). In the case of time-
homogeneous Markov environment dynamics, the joint dynamics of environ-
ment and population is time-homogeneous and hence enters the scope of our
general results for Markov processes of [6]. The case of quenched quasi-stationary
behavior is more delicate since all realizations of the environment must be con-
sidered, even those which are very unlikely when the population is conditioned
on survival. In particular, this requires more stringent irreducibility assump-
tions (see (5.1) and (5.2) below) than what one would expect in the annealed
case.

We also detail in the examples studied in this section how inhomogeneous
penalization can be handled, with some appropriate boundedness assumptions.
Our method can actually be adapted to several Markov processes with similar
penalization. Typical situations include the models studied in [6, 4, 3, 5].

5.1 General result

Let (X;)rer, be a time inhomogeneous birth and death process reflected at 1,
with measurable birth rates b;(f) > 0 and death rates d;(t) =0 at time ¢ > 0 from
state i = 1, such that d;(¢) =0forall t = 0and d;(t) > 0for i = 2. We also consider
the penalization defined by

Zso= efstk(u,Xu)du
where x : R, x {1,2,...} — R is a bounded measurable function. Note that the

study of the distribution of a birth and death process Y on Z, absorbed at 0
(with the same coefficients except d,(t) > 0) and conditioned not to hit 0 (i.e.
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penalized by 1y, xo) enters this setting since

Ex,s (f(Xt)e—fSt dl(”)lxu=1du)

. P

Ex,s(f (YD) [ Y #0) =

Similarly, the case of birth and death processes with catastrophe (i.e. with killing)
occurring at bounded rate depending on the position of the process (see [6, Sec-
tion 4.1]) also enters this setting.

We will need irreducibility and stability assumptions:

Yr:= inf FPs,x(Xs+1 =y)>0, forallfinite FcN (5.1)

$=0, x,y€

and

Ox:= inf [FDs,x(Xu =x)>0, VxeN. (5.2)

§=0, ue(s,s+1]

These two conditions are satisfied for example if, for each n € N, the functions
b, (t) and d,(¢) are uniformly bounded and bounded away from 0.

Theorem 5.1. Assume that (5.1) and (5.2) hold true and that, for some A > ||k || oo+
log(y{_ﬁ), there exists a finite F c N and an unbounded 9~ c R, such that

A:=sup sup Ey . (eMTg_”) < oo, (5.3)

teg xeN

where Tlff is the first hitting time of the set F by X. We also assume that there exists
b = 2 such that the set

%Z={81€LOI—,E|SZEJO—S.I. t0+2582—81St0+b} (5.4)

is unbounded, where

- log A
0= | — |- (5.5)
log(y,;))

Then, there existy > 0 such that, for all probability measures 1, 1tz on N and for
allseNandtzs,

”“1th - ,UZKTt” Ty < €Xp (_Y Nb,s,t) g1 = paliTv

and

”(Ds,t(ﬂl) - (Ds,t(/JZ) " TV = ZeXP (_Y Nb,s,t) ’
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where Ny ;s := Card{k e NN [s, £ — o —2] : TN [k, k + 1) # @}. Moreover, the con-
clusions of Proposition 3.1 and Theorem 3.3 are satisfied, except for (3.1) and (3.8),
which have to be replaced respectively by

[Es,x (Zs, t) _ [Es,x (Zs,u)
[Es,y (Zs,t) [Es,y(Zs,u)

for some constant Cs ), only dependingon s and y, and

[Qsx(X; €)= Qs (Xr €| pyy <2exp (=Y Nps,e), Yx,yeN.

Since 97} is unbounded, we obtain in particular convergence in total vari-
ation in Theorem 5.1. Moreover, the exponential speed of convergence is gov-
erned by the asymptotic density of the set 9. In Subsection 5.2, we apply Theo-
rem 5.1 to the case of a birth and death process evolving in a quenched random
environment.

<Csyexp(-y Nps:), VX, y€E, Vs<t=<u,

Proof. We first notice thatreplacing x by x — ||x[lc does not change the operators
® and K in (2.2) and (2.6), and hence the measures v and the constants d are
not modified. Therefore, we can assume without loss of generality that x is non-
positive. As observed before Theorem 2.1, the penalized process can then be
interpreted as a time-inhomogeneous birth and death process Y with killing.
More precisely, let Y be the time inhomogeneous birth and death process on
7+ with birth and death rates b, (t) and d,(t) at time ¢ from state n = 1, with
additional jump rate —«(t, n) at time ¢ from n = 1 to 0, which is assumed to be
an absorbing point. Then

Qs (W () =Ep,s(f(Y) | Y; #0).

The process Y can be constructed from the paths of X with an additional
killing rate, in which case Tr A Tp < Tlff , where TF is the first hitting time of the
set F by Y, and Ty = Tjp. Therefore, assumption (5.3) implies that, for some
constant A<oo, forall se I,
supl; (eMTF’\TO_S)) < A. (5.6)

xeN

Step 1: Preliminary computations.
Let s<s+1<tand ue[s+]1,t]. For all x € F, by Markov’s property, (5.1)
and (5.2),

_ lu—s]-1 _ -
(e ¥y 1) eIl oIy (1 < T)
<P (Ys=Yop1 == Yy pus—1 = Yuo1 = 1) P11 (Y = 0) Py (£ < Tp)

= Pg1(r < Tp).
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Thus, for C = e”’(”wy{l}/(plyp) andforall ue[s+1,1],
e M9 supP,, (£ < Tp) < CPy 1 (£ < Tp). (5.7)

x€F
Now, for u € [s,s + 1], by (5.2),
e Wleop Py, (£ < Tp) < Py (£ < Tp),
and hence, increasing C if necessary, we obtain that for all u € [s, £],

e M= sup Py x(t < Tp) < CsupPs (1 < Tp). (5.8)

xeF xeF

Step 2: Dobrushin coefficient.
For this step and the next one, we fix s; € 9 and let s, € 9 such that fp+2 <
So— 81 < ty+b. Using (5.6), forall t = s; and x e N,
Py, (Tp < 1) =Py, x(Tp < t A To) 2Py, o (t < Ty) =Py, (£ < Tp A Tp)
> e_”K”oo(t_sl) _Ae_A(t_sl).
Hence, it follows from the definition of fy in (5.5) that there exists a constant
co > 0such that P, (Tr<t)=cop>0forall = s+ .

By assumption (5.1), infs>o, yerPs,y(Ys+1 = 1) = yF >0, thus the Markov prop-
erty entails

— ; — [to] ,=Il% lloo
Psl,x(Ys1+t0+l - 1) = [Esl,x 1TF<51+1’0 lnf Pu,y(YLHl - l)pl 0 e Illooto 2 C1,
u=0, yeF

where the constant ¢; does not depend on s; € 9 and x € N. Since forall x e N
and f:N—R,,
q)51,51+t0+1(6x)(f) = [Esl,x[f(Y81+l’0+l)181+l’0+1<T0] = f(l)l]:DS1,x(Y81+l’0+l = 1))

we deduce that

VS],Sl+t0+1 = I;leir{llq)sh.?]‘i'l’o-f-l((sx) = 6161'

Step 3: Comparison of survival probabilities.
Given any s € 9, using (5.6), Markov’s property and inequality (5.8) twice
(first with # = t and second for all u € [s, t]), we have for all > sand x e N,

Psx(t<Ty) =Psx (t<TrATp) +Px (TrANTp =t < Tp)

t
< Ae M9 +f sup Py, (< To)Ps (T A Ty € du)
s yeFu{0}

t
< AC supPy,,(t < To) + C supPs , (t < Tp) | e*“ P (Tr A To € du)
YeF YeF N

< 2AC supPs, (t < Ty). (5.9)
yeEF
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Recall that we fixed s; € 93, and s, € 9 such that g+ 2 < sy — 51 <ty + b. For
all xe N, if £ = sy, (5.9) and (5.7) entail

lp81+t0+1,x(t< TO) = Z PS]+I0+1,X(YSZ = _V)[Psz,y(t< TO)
yeN

<2AC Z Ps +1+1,x(Ys, = Y)supPs, . (t < Tp)
YEN zeF

< 2ACsupPs, ,(t < Tp)

zeF
= 2AC2 6/1(52_(51"'1'0"’1)) H:D31+t0+1,1(t < TO)

<2A4C?MVP L (1< T).
Since we assumed that the catastrophe rate —« is uniformly bounded, the last
inequality extends to any ¢ € [s1++1, s»] (increasing the constant if necessary).

Step 4: Conclusion
Combining Steps 2 and 3, there exists ¢’ > 0 such that, for all s, € 73,

P+ t9+1,v5y 41001 (£ < To)

! .
;= inf
sp,S1+lp+1 t251+ 1o +1 SUP ey [FDS1+t0+l,x(t < TO)
. P81+l’0+1,1(t < TO) /
>c; inf >

tzs1+1o+1 SUP o eny Py +10+1,x(E < To)
Theorem 2.1 and Remark 1 then imply that there exists y( > 0 such that
||M1ng —NszTt” v <€Xp (=70 Cps,¢) 1 — w2l v
and
|®s,e (k1) = @, (w2) || 7y < 2€xp (=Y0 Chys,t) s
where
Cb,s,t:=sup{k2 l:3ds<sh<b<..<txr<t—ty-1,t€9,, Vi=12,...,k,
fil—1;=to+1,Vi= 1,2,...,k—1}.

Since Ny, ; < (fo+1)Cy 1, this concludes the proof of 5.1 with y = yo/(fo+1). O

5.2 Anexample with alternating favorable and unfavorable periods in
a quenched random environment

To illustrate how the assumptions of Theorem 5.1 can be checked in practice, we
consider the case of alternating phases of favorable and unfavorable birth and
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death rates. By favorable, we mean a process which comes down fast from in-
finity (see Assumption (5.10) below), a criterion which is known to be related to
uniform convergence to quasi-stationary distributions for time-homogeneous
birth and death processes [13, 6]. We study the problem of quenched station-
ary behavior of the birth and death process: we assume that the time length
of the favorable and unfavorable periods are the realizations of a random en-
vironment and we study properties that hold almost surely with respect to the
environment.

More precisely, we consider two sequences (u, j = 0) and (v}, j = 0) of posi-
tive real numbers and a family of sequence of pairs of nonnegative real numbers
{(bn,d Jn=1,j = 0} such that, for all j =0, d] 0, b] >0foralln>1and d] >0
for all n = 2. The sequence (u;, j = 0) (resp. (v j»J = 0)) represents the lengths of
successive unfavorable (resp. favorable) time intervals. Without loss of general-
ity, we assume that the first phase is unfavorable. Therefore, if we set sy =0

0'j=Sj+uj and Sj+1=O'j+l}j, V]EO,

then the unfavorable time intervals are [s 0, j=0 and the favorable time in-
tervals are [0, sj+1), j = 0. During each favorable time interval, we assume that
the birth and death rates satisfy

ba() <D, and d,()=d), Vieloj,sj).

The fact that the process comes down from infinity during favorable time in-
tervals is expressed in the following condition, assumed throughout this section:

sup SJ,
j=0

0, (5.10)

n—-+oo

where

)= Y a)<oo, (5.11)

mzn d] am {zm

with a (Hf 7 ) (]’[[ ) For example, easy computations allow to check

that (5.10) is trueif, forall j = 0, d] >a(n— 1)!*% and bil < aynforsome a;,6 >0
and a, < co. .

We recall that, if S{ is finite for some j, then the time-homogeneous birth
and death process Y/ with birth rates b{ and death rates dlf from state i, comes
down from infinity (see for instance [17]). In addition, the distribution of Y/
starting from oo can be defined and, foralln =1,

Sh=Eeo(T) = Y Erer(T)), (5.12)

l=n
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where T' lf is the first hitting time of i by the process Y.

In particular, Assumption (5.10) means that on each time interval [g , $j+1)
with j = 0, the process X comes down from infinity. Note that we make no as-
sumption on the unfavorable time intervals, except that the process is not ex-
plosive.

Remark 4. We could actually deal with explosive processes by defining our pro-
cess on NU{+o0}, assuming that +oo is absorbing during unfavorable time inter-
vals. This would not change our analysis, but for the construction of the process.

If we think of the time lengths u; and v; as modelling the influence of a
random environment on the previous birth and death process, the next result
shows that the conditions of Theorem 5.1 are almost surely true for quenched
random environments under very general conditions.

Theorem 5.2. Assume that the times (u jvj) are drawn as i.i.d. realizations of a
random couple (U, V), where U and V are positive and E(U) < co. Then, for any
A > 0, there exists a finite F c N and an infinite ] < N such that, for almost all
realization of the random variables (uj, v;) j>o,

Ay :=sup sup Eq; (eMT;(_“f)) <00 (5.13)
jeJ xeN

and for all ty > 0, there exists b = 2 such that the set
]b::{jef,Elke]s.t. t0+2sok—0jsto+b} (5.14)

is infinite. Ifin addition Assumptions (5.1) and (5.2) are satisfied, then the conclu-
sions of Theorem 5.1 hold true for almost all realization of the random variables
(uj, vj) j=o-

Remark 5. Note that, since the random variables (u;, v;) are i.i.d. and because
of the renewal argument of the proof of Lemma 5.4 below, one can check that
the set J, has a positive asymptotic density, in the sense that, for almost all real-
ization of the random variables (1, v}) j>o,

1
liminf—Card{o; < T:je€ Jp} >0.
lim inf - Car {oj J€Jv}
Therefore, under the assumptions of the last theorem, all the convergences in
Theorem 5.1 are exponential. More precisely, exp(—y Ny,s,;) can be replaced ev-
erywhere in Theorem 5.1 by C exp(—y’'(¢—s)) for some constants C,y’ > 0 a priori
dependent on the realization of (u i Vj)j=0-

21



Theorem 5.2 actually holds true under the following more general assump-
tions. We will divide the proof in two steps, first proving this more general result
(Lemma 5.3) and second, checking that its assumptions are implied by those of
Theorem 5.2 (Lemma 5.4).

Given fixed positive numbers ug, u1,... and vy, vy, ..., we set for all j =0 and
A>0

logvjio-1

1 n
Cy,j =sup — Adj g — ——|. (5.15)
/ neN n;:l I 2

We will need the next two assumptions: there exists A > 0 such that
3Jx =N infinite such that (Cy ;, j € J) is bounded (5.16)
and

Vip>0, liminf inf{lox—0;: keJy, k>j,ox—0;>1}<oco.  (5.17)
jelﬂr j—>+00
Lemma5.3. Assume that thereexists A >0 such that (5.16) is satisfied. Then there
exists a finite F c N such that

sup sup gy, (e’“TF_Uf)) < 00. (5.18)
jeJr xeN
Ifin addition (5.17) is satisfied for the same A > 0, then Conditions (5.3) and (5.4)
of Theorem 5.1 are true for this value of A. In particular, if Assumptions (5.1)
and (5.2) are satisfied and A > ||xllo + log(y{‘ﬁ), then the conclusions of Theo-
rem 5.1 hold true.

The next lemma shows that the conditions of Lemma 5.3 are satisfied al-
most surely under the conditions of Theorem 5.2. In particular, Theorem 5.2 is
a straightforward consequence of Lemmata 5.3 and 5.4.

Lemma 5.4. Assume that the times (uj,v;) are drawn as i.i.d. realizations of a
random variable (U, V), where U and V are positive and E(U) < co. Then, for all
A >0, (5.16) and (5.17) are satisfied.

Remark 6. The conditions of Lemma 5.3 can be checked in different situations.
For example, ifforall j =0, v iZ€ for some € > 0, then

loge 1
Cy,j < _ 08¢ +ASup— ) Ujig.
2 n=1 N,

As a consequence (5.16) holds true for any sequence (u}, j = 0) (not necessarily
drawn as an independent sequence) such that

.. 1 &
liminfsup — Z Ujyg <00
J=F00 p=1 Ny
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Proof of Lemma 5.3. For all s, t =0, we define

als, t) =sup Egx (e/l(TF—S)/\t).

xeN
For all j = 0, we have
a(sj,t)<ea(o),1) (5.19)
and, by Markov’s property,
a(oj,f)<sup Eg, x (e’uTF_”f')MlTFSsM) +sup Eg) (eAUfITF>sj+1) a(sj+1,1)
xeN xeN
; ,
< sup Ey (e”F) +sup [Ex(e"TélTj> ) alsj1, 1),
xeN xeN FZYj

where T é is the first hitting time of the set F by the time homogeneous process
Y/ defined above (5.12). Using Cauchy-Schwartz and Markov’s inequalities,

i ; . 1/2

a(oj,t)<sup Ey (e”é) +sup ([Ex (e“Té) IPx(Té > vj)) a(sji1, 1)
xeN xeN

12a(sj41,1)

Vi

It is standard (cf. e.g. [6]) to deduce from (5.10) that, given A > 0, there exists a
finite Fy = {1,2,...,max Fy} < N such that

<sup Ey (e”;) +sup ([Ex (92“;) [Ex(TI{;))l

xeN xeN

j
Ap, = sup [y (eZATFO) < oo.
Jj=0, xeN
Since E, (e“TF) is non-increasing in F, Ar < Ap, for all F o Fy. Given F o F

such that F ={1,2,...,max F}, we deduce from (5.12) that
1/2 a(sj-l-l) t)
VUi

We set e =exp(—C* —1) with C* = SUup ey, Cy,j <oo. We then deduce from (5.10)
that there exists a finite F < N such that

a(0j,1) < AR, + 1/ AR, Sup(Sfay )
k=0

a(sj+1,1)

a(aj,t) <Af +¢€
VVj

(5.20)

Combining (5.19) and (5.20), for all j =0,

alci,H<A +Le’1”f“a(0~ 1)
7 — FO T ]+1r .
v Y]
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A straightforward induction then implies that, for all n = 0,

n k n+1 .
1+ Z eA(uj+1+~~~+uj+k) + e/l(uj+1+...+uj+,,+1) € a(0]+”+1’ 1)

k=1 Vj...vj+k_1

a0}, 1) < Ap,

’

Vj...Vj+n

and hence, since a(s, 1) < e} forall s = 0,

a(oj, 1) <Ap,

+00 k 10 Vi _
1+ ) exp(z AUjyg— M)]
k=1 /=1 2

& logvjir—
P n+l o ]+
+1,11I_I}l&fg exp(/lt+gl/lu]+g — |

Assuming that j belongs to the set J; of Assumption (5.16), by definition of €
and C*, we deduce that

( t) A -'io -k 1 : f At—n-1 AFO
a(oi,b) < e “+liminf e =—,
J Fo k=0 n—+oo 1 - 1/6
Letting t — +o00, we finally obtain
AF,
sup sup Eg . [e’l(TF_”f)] =2 O
e 1-1/e

jeJr xeN

Proof of Lemma 5.4. Given € > 0 such that P(V =€) > 0, we can assume without
loss of generality that V = € > 0 almost surely since, otherwise, we may modify
the sequences (1, j = 0) and (v}, j = 0) by removing all the favorable time inter-
vals such that v; < £ and concatenating them with the surrounding unfavorable
intervals. It is easy to check that this modifies the sequence (u j»Vj)j=0 @s an
i.i.d. sample of a new random couple (U’, V') such that V' = ¢ almost surely, and
EU'=E(U |V 2 e) + BEIVSE < oo

P(V=e)
For all i < j, we introduce

1
Sij=— Wit +...+uj).
i,j j—i( i+1 ])

Since EU < oo, the strong law of large numbers implies that S; ; converges to EU
when j — +oo for all i = 0 and hence sup;; S;,j < co almost surely. Therefore,
there exists A > 0 such that

1
>—, Vi=0.
j>i 2

[P’(supSi,j <A
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Then, for all ky =1,

IP(supS,-,jSAand sup Siik,j<A[>0, Vi=0.

j>i j>itk

For any given f; > 0, we choose ky € N such that koe = #,. There exists a finite
constant C such that

p:=P[supS; ;< A, sup Siip,j<Aandv;+...+Vj1g-1=<C|>0, Vi=0.
j>i j>i+ko
Now, for all i =0 and n =1, define
o {Sii+n>A0rvi+... 4 Vizn_1>C} if n<ky,
b {Si,i+n>AorS,~+koyi+n>Aorv,-+...+v,~+k0_1>C} ifn=ky+1

and consider the following random sequence

Iy +inf{n 2 1s.t. T’y , is satisfied} if Iy < oo,
In=0 and I;;;= ' ]
+00 otherwise.

Since I'; , is measurable with respect to o(u;+1,..., Ui+n, Vi,-.., Vi+n-1), the se-
quence (I, k = 0) is a Markov chain in NuU {+oo} absorbed at +oo, with inde-
pendent increments up to absorption. Moreover, at each step, the probability of
absorption is equal to p > 0. We deduce that

P{Vi=0,supS;;>Aor sup Sjig,j>AOrvi+...4+ Vjiyp-1>C
j>i j>i+k0

<[P((Ix, k = 0) is never absorbed at + oco) = 0.

As a consequence, for any fixed iy = 0,
P[Vi=ip, supS;;j>Aor sup Sjig,j>AO0rvi+...+Vig-1>C|[=0,
j>i j>i+k0
from which we deduce that
PlsupS;;j<A, sup Siik,j <A, Vit...+Vitg-1 < C forinfinitely many i >0 | = 1.
j>i j>i+k0
Since,

Ojtkg =0 =VitUjp1 T Vit1t .o T Vigfg—1 T Uitk
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since Sup Si,j < Aimplies that u; 1 +...+ Ui, < koA and since V = ¢ almost
surely, we deduce that

1 1
P C,L,' <1A- %, C,L,'Jrko <AA- E,

and ko <01, —0; < koA + C for infinitely many i > 0| = 1.

In other words, we proved that there exists A > 0 such that
Ja:=1j=z0:Cy ;< Al
is infinite, and that, for all ¢y > 0, setting ko = /€],

liminf inf{ox—0;: keJy, k>j, op—0;>to} <kgA+C.
jE]A, j—>+OO

This concludes the proof of (5.16) and (5.17) and hence of Lemma 5.4. O

6 Proofof Theorem 2.1

Some parts of the proof are translations of the ideas of [6] in terms of penalized
processes.

Step 1: control of the normalized distribution after a time 1
Let us show that, forall s =0, T = s+1 and x;, x» € E, there exists a measure vfc’ExZ
with mass greater than d;.; such that, for all non-negative measurable function
fiE—-R,,

8 Kis fzvil (), fori=1,2. 6.1)

X1,X2

Fix x1,xp € E, 1 €{1,2}, t = 1 and a measurable non-negative function f : E — R,.
Using the Markov property, we have

[Es,x,- (f(Xs+1)Zs,T) = [Es,x,- (f(Xs+1)Zs,s+1[Es+l,XS+1 (Zs+1,T))
ZVst+l,x,% (f(')[Es+1,-(Zs+1,T)) Es,x; (Zs,s+1),

by definition of V41 x,,x,. Dividing both sides by E; y, (Zs,7), we deduce that

[Es,x,- (Zs,s+1)

6Kl o1 (f) 2 Vs (fOEsi1, (Zssr, 1) .
[Es,x,- (Zs,T)

But we have

[Es,x,- (Zs,T) = [Es,x,- (Zs,s+1) Sug [Es+1,y(Zs+1,T);
ye
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so that
Vs+1,x1,% (f(‘)[Es+1,~(Zs+1,T))
SUPyep Es+1,y(Zs+1,7) '

T
6xi Ks,s+ 1 f =

Now, by definition of d,., the non-negative measure

Vs,x1,%2 (f(')[Es+1,-(Zs+1,T))
SUpycg Es+1,y(Zs+1,7)

T
Vil,xz * f —
has a total mass greater than d;. ;. Therefore (6.1) holds.

Step 2: exponential contraction for Dirac initial distributions and proof of (2.7)
We now prove that, forall x,ye Eand0<s<s+1<¢t<T

lt—s]-1
|6:K5 = 8yKiillpy <2 T] A-di-p). (6.2)
k=0

We deduce from (6.1) that, for all x;, x, € E,

”6)61 §,s+1 6 Ks+1||Tv—||5x1 $,s+1 xl,x2||TV+||6x2 s,s+1 x1x2||TV
<2(1-dy).

It is then standard (see e.g. [6]) to deduce that, for any probability measures p;
and gy on E,

”IJI 5,5+1 — 12K 3+1 ” TV = < (A =dy)lipr — pe2llirv.
Using the semi-group property of (K t) s,-» we deduce that, for any x,y € E,

||5szTt_6stTt”TV ”5)6 thTlt_6 KOt thTlt”TV
5(1_dt)”5x —by K, - 1||TV

l[t—s]—1

<..= ]

k=0
lt—s]—-1
<2 [[ a-di-p).
k=0

One deduces (2.7) with standard arguments as above.

5Kt[ts]

t[t s]

Step 3: exponential contraction for general initial distributions
We prove now that for any pair of initial probability measures p;, 42 on E, for all

O0<s<s+1=<t=<T=0,
‘ [Es,yl (1X,E-Zs,T) _ [Es,uz (1X,€~ZS,T)
[Es,ul (Zs,T) [Es,yz (Zs,T)

lt—s]-1
<2 [ a-dip). (6.3)
TV k=0
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Taking t = T then entails (2.8) and ends the proof of Theorem 2.1.
Let 1y be a probability measure on E and x € E. We have

[ES,M (Ix,e-Zs,1) _ [Es,x(lxze-Zs,T)

[Es,yl (Zs,1) Es x(Zs,1) v
! T
= m “[Es,,ul (1X,€-Z3,T) - [Es,,ul (ZSvT)6sz,t” TV
! T
< m JeE ||[Es,y(]-X,€.Zs,T) - [Es,y (ZS,T)ész,t” TV dﬂl (J/)
= ; [Es,y(Zs,T) ||6J’KSTt_6szTt”TV dui(y)
Esu (Zs,1) JyeE : :
1 lt—s]—-1
<tz ) EyZnz [ a-d-pdmy)
[Es,m (Zs,1) JyeE RAN kl_[:O t Hily

lt—s]—1
<2 [] a-di-p.
k=0

The same computation, replacing 6, by any probability measure, leads to (6.3).

7 Proof of Proposition 3.1 and Corollary 3.2

7.1 Proof of Proposition 3.1

Fix s = 0. Let us first prove (3.1). Note that, if d,’, =0 for all v = s+ 1, there is
nothing to prove, so let us assume the converse. Fix ¢t = s+ 1 such that d} > 0.
Then the measure v, is positive and we define forall x€e Eand u = ¢

Erx (Zt,u)

(x)=———-—=.
Tou Erv, (Zeu)

For all u =t and x, y € E, we have

[Es,x(Zs,u) _ [Es,x (Zs,t[Et,X, (Zt,u))
Esy(Zsu)  Esy(ZsEex,(Zeu))
D1 (62 &y, (Z1) Egx(Zsr)
@ 1(0y)(Er,(Zi) Esy(Zs))
_ q)s,t(6x)(nt,u) [Es,x(Zs,t)
D 4(6,)Me0) Esy(Zsp)
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Therefore
[Es,x(Zs,u) _ [Es,x(Zs,t) _ [Es,x (Zs,t) |q)s,t(5x) (nt,u) _ q)s,t(6y) (nt,u”
[Es,y(Zs,u) [Es,y(Zs,t) [Es,y(Zs,t) q)s,t((sy) (nt,u)
B Il M

- 1-d,y), (7.1
s (Zon) DOy b Adme D

where we used the bound (2.8) of Theorem 2.1 in the last inequality.
Let us first prove that 74, is uniformly bounded and that we have @ (1) (17,,,) =
1 for all positive measure u on E. First, by definition of d}, we have

Evx (Zi,u)
(x) = ——-—=<1/d;. (7.2)
Mo Erv, (Zt,u) !
Second, by Markov’s property,
[Es,,u(Zs,tT] ru(Xp))
() =
st (WM eu) Ex o (Zor)

 Eeu(Zs)

Espu(Zs )y, (Z1w)'

where, using the definition of v/,

Esu(Zsu) = Es [ Zs,i-1E i1, %, (Zi-1,:E ¢, x,(Z1, ) ]
= Eop{ Zo1®@e1,60, ) [Er (Z0) Eer ., (i) |

=Esp [Zs,t—l[Et,v,(Zt,u)[Et—l,XH (Zt—l,t)]
= [Es,,u(Zs,t)[Et,v,(Zt,u)-

Hence,
D, (M) = 1. (7.3)

Now, let t; be the smallest v = s+ 1 such that d;u > (0. Using a similar com-
putation as in the proof of (7.3) above, we have

Esx(Zsu)  EsxlZsn-19-1,600x, ) Er - (Z1,10)80-1,x,, (Zy-1,0)]
[Es,y(Zs,u) B [Es,y[Zs,tl[Etl,le (Ztl,u)]
- Envy (Zow)  Egx(Zsy,)
supeplbys - (Ze u) Esy(Zst)
; Esx(Zs,1)
sup,epEs e (Zsr)’

(7.4)
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where we used the definition of d; in the last inequality. Note that the right-
hand side of (7.4) does not depend on u and y and is positive by (2.1).
Inserting the inequalities (7.2), (7.3) and (7.4) in (7.1), we obtain

Es x(Zsu) _ Es x(Zs,1) - SUp,cg [Es,z(Zs,tl) i Le=si-1

< (I—d—x)
[Es,y(Zs,u) [Es,y (Zs,t) d{j [Es,y(Zs,tl) d; kl:[O !
lt—s]-1
=Cs,y? l_[ (1_dt—k)
t k=0

where C; , only depends on s and y.

To complete the proof of (3.1), it remains to observe that, forany u = t = s+1
(not necessarily such that d; > 0) and for all v € [s+1, t] such that d), > 0, we have
) < v and hence we can apply the last inequality to obtain

[Es,x(Zs,u)_[Es,x(Zs,t) < [Es,x(Zs,u)_[Es,x(Zs,t) [Es,x(Zs,v) _[Es,x(Zs,u)
Esy(Zsw) [Esy(Zs)| |Esy(Zsy) Esy(Zs| [Esy(Zsw) Esy(Zsu)
lv—s]—1
szcs,yi [T a-dp-p.

v k=0

Now, we assume that (3.2) holds true. We fix x; € E. It follows from (3.1) that
X— [E X:; ((ZZXS"[)) converges uniformly when ¢ — +oo to some function 7n,, which is
positi\}e because of (7.4).

Moreover, forall s<t < u,

[Es B (Z [Et,X,(Zt,u)) _ [Es,x(Zs,u)

N By (Zow) ] Erx (Ziw)
Es . (Z E: x,(Zsu)
_ s,x( s,u) s,xo( ot X, tu ) (7.5)
Es,x, (Zs,u) Etxo (Ztu)

For all probability measure p on E, integrating both sides of the equation with
respect to y, letting u — oo and using Lebesgue’s theorem, we deduce that, for
all s < t € I, there exists a positive constant ¢, ; which does not depend on u such
that

[Es,,u(Zs,tnt(Xt))
Cst=— .
ums)

In addition, forall s<t<ue€l,

Es x(Zs, (X)) [Et,,u (Zt,un u(Xy))
ns(x) 1) '

Cs,tCtu =
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Choosing the probability measure p defined by u(f) = %ﬁ:i}f’n for all bounded

measurable f and using Markov’s property, we obtain

Es,x(Zs,¢) [Et,,u (Zt,unu(Xy) _ Esx(Zs,unu(Xw) _
ns(x) ns(x)

Cs,tCtiu = Cs,u-

Because of the last equality, replacing for all s = 0 the function n5(x) by n5(x)/co,s
entails (3.4).

7.2 Proof of Corollary 3.2

Let (f5)s=0 be a solution of (3.5) satisfying (3.6). Fix xy € E and for all s = 0, let
vs = [ x,(Zo,5). Using (3.6) and applying (2.8) with u; = 6 and pp = v, we have
forall s=0, x€ E and for t — +oo,
Eo,x, (Zo,¢ [t (X¢))

[Es,vx (Zs,t) '

Using (3.3) (integrated with respect to v¢(dx)), we deduce

fs (x) = [Es,x(Zs,tft (Xy) ~ [Es,x (Zs,t)

ns(x) Jo(xo)
fs(x) —Vs(ns) [Es,vs(Zs,t) [Es,vs (Zs.1)

- Ns(x)
1o (Xp)

Jo(xo).

Since both sides are independent of ¢, we obtain

_ fo(xo)
*nolxo)’

s

8 Proof of Theorem 3.3

Let us define the probability measure Q; , by

Zs,t

dQ!, =—23L
Qs,x [Es,x(Zs,t)

dPg ., onF;

We have, forall0<s<u<t,
Esx(Zs, | cg.s,u) _ Zsulbux,(Zyr) _ Zs,uNu,r(Xy)
Es x(Zs,1) Esx [Zs,u[Eu,Xu (Zu,)]  Esgx[Zsunu,(Xy)] '
By Proposition 3.1, this converges almost surely when ¢ — co to

_ Zs,uMu(Xy)
Es,x[Zs,unu(Xy)] '

M,
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where E; (M) = 1.

By the penalisation’s theorem of Roynette, Vallois and Yor [16, Theorem 2.1],
these two conditions (almost sure convergence and E; x(M; ;) = 1) imply that
(Ms;, t = s) isamartingale under P, x and that Q § +(Ag ) convergesto g x (M sul Aw)
forall Ag, € &5, when t — oco. This means that Q , is well defined and

Let us now prove that the family (Qg »)se1,xe ¢ defines a time inhomogeneous
Markov process, that is for all s < u < ¢, all x € E and all positive measurable
function f,

Eq, . (f (X)) | Fs,u) = B, x, (f (X0)).
We easily check from the definition of the conditional expectation that

Ms,u[EQS,X (f(Xt) | cg.s,u) = [Es,x (Ms,tf(Xt) | gs,u)
_ [Es,x[Zs,tnt(Xt)f(Xt) | Fs,ul
- Es,x(Zs,im: (X))
_ Zsulbu,x,(Zy,mi(Xy)) Zu, 1M (Xe)
T EexZemi(X)) N\ B, (Zim (X))

Zsubu x, (Zy,m:(Xy)
= 4 Au 3 [E X ’
[Es,x(Zs,ﬂ]t(Xt)) @u,Xu (f( l’))

F(X0)

where we used the Markov property of X under P ., the fact that Z; ; = Z , Z,, ;
and the definition of Q, x,. Using the above equality with f =1, we conclude
that

Zsulbu x, (Zy, e (Xy)) _
Es,x(Zs,tm (X)) St

(we could also use (7.5)). Hence, the Markov property holds for (Qs x)ser1,xeE-
The inequality (3.8) is a direct consequence of (2.7) in Theorem 2.1.
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