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A control delay differential equations model of
evolution of normal and leukemic cell
populations under treatment*
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Abstract. The dynamics and evolution of leukemia is determined by
the interactions between normal and leukemic cells populations at every
phase of the development of hematopoietic cells. For both types of cell
populations, two subpopulations are considered, namely the stem-like
cell population (i.e. with unlimited self-renew ability) and a more ma-
ture, differentiated one, possessing only the capability to undergo limited
reproduction. Treatment effects are included in the model as functions of
time and a cost functional is considered. The optimal control is obtained
using a discretization scheme. Numerical results are discussed in relation
to the medical interpretation.

Keywords: leukemia, asymmetric division, competition, optimal con-
trol, treatment
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1 Introduction

For the description of biological processes implied in hematopoiesis, a mathe-
matical model that includes time delays will be used. It is based on the mass
action principle, in the spirit of [1,2,4,12,16] and [20]. Other authors ([14, 15])
used the more simple model from [18] for the dynamics of hematopoietic stem
cells (HSC).

Chronic Myelogenous Leukemia (CML), also known as Chronic Granulocytic
Leukemia, is a cancer of white blood cells. It is a clonal marrow stem cells dis-
order in which the main characteristic is the proliferation of granulocytes (neu-
trophils, eosinophils and basophils) and of their precursors in the bone marrow
and the accumulation of these cells in the blood. It is a type of myeloprolifera-
tive disease associated to a chromosomal translocation called the Philadelphia
chromosome (see also [6,19]) presenting the oncogene BCR-ABL that encodes
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a tyrosine kinase protein. Tyrosine kinases are enzymes that play an important
role in tumor development by supporting cell growth through phosphorylation
of signaling proteins [11]. Understanding the molecular mechanism of CML per-
mitted the development of specific tyrosine kinase inhibitors (TKIs) as imatinib
(Gleevec), dasatinib or nilotinib. The standard first line therapy is nowadays
imatinib, which acts through competitive inhibition at the ATP-binding site of
the BCR-ABL enzyme, leading to the inhibition of tyrosine phosphorylation of
proteins involved in BCR-ABL signal transduction [7]. The molecular effect of
imatinib is mainly the inhibition of cell proliferation of BCR-ABL—positive cells
but, there are experimental evidences that, in the mature cell lines, the inhibition
of cell proliferation is followed by apoptosis [11]. Although imatinib has a very
good successful rate, there are many experimental evidences attesting it does
not affect quiescent stem cells deep in the bone marrow, and the consequence is
the disease reapers after the treatment is stopped.

In this paper, we study an optimal control delay differential equation model
of four cell populations, namely two healthy and two leukemic. For these classes
of cells, we consider a population of mature cells which lost their self-renew
ability and a population of stem-like cells involving a larger category consisting of
proliferating stem and progenitor cells with self-renew capacity. The emphasis in
this optimal control model is on establishing treatment strategies, considering the
competition of healthy vs. CML cell populations and three types of division that
a stem-like cell can exhibit: self-renew, asymmetric division and differentiation
([4,17,20,21, 24]).

Of course, besides a correct mathematical model for the time evolution of
the studied cell populations, it is very important to model the treatment effect
as accurate as one can. Obviously, different drugs have different effects: some
affect not only leukemic populations but also healthy ones (the cytotoxic ones),
some kill the cells while others only delay or stop the division process (the
cytostatic ones). We take into account here the standard treatment protocol
with imatinib which, as we specified, acts by inhibiting the BCR-ABL signal
transduction. In this way, it restrains the proliferative advantage of the CML
cells and healthy cells regain their advantage. Moreover, it is straightforward
to say that imatinib restores most of the abnormal functions of the CML cells,
and the most important function affected by the drug is the division process of
CML cell population. However, it is uncertain to what extent it affects all three
kinds of division and therefore, we consider here the hypothesis that imatinib
influences self-renew, asymmetric division and differentiation equally.

2 Description of the model

In the present paper, is assumed that the hematopoietic stem cells that are
considered are in the proliferative phase or spend a short time into the resting
phase. These cells are called, following [17], Short-Term Hematopoietic Stem
Cells (ST-HSC). In what follows z; denotes the density of short-term stem-like
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healthy cells , x5 the density of mature healthy cells, x3 the density of short-term
stem-like leukemic cells , x4 the density of mature leukemic cells.

The time necessary for a ST-HSC to complete a cycle of self-renewal, asym-
metric division or differentiation is 71; for leukemic cells and 71, for the healthy
ones, while the time necessary for the maturation of leukocytes is denoted by 7o
in the case of leukemic cells and 7o for the healthy ones.

As we mentioned in the introduction, experimental evidences attest that
the imatinib therapy affects primarily the proliferation rate and secondary, the
apoptosis rate. In view of this fact, we consider the treatment functions f, =

T and fia = (v — Y1) U1, faa = cyonuz, with w,ui,ug : [0,T] — [0,1],
where u(t), uy (t), ua(t) are the treatment effects. The action of treatment on the
proliferation rate will be considered through f, in the function of self-renew f;
and in the function of differentiation or asymmetric division k;. Note that, in
this way, both 8; and k; became decreasing functions of w. If no drug is given
(i.e. u(t) = 0) then Bi((w1 +y1)fu) = Bi(z1 +y1), k(21 +y1) fu) = k(22 + y2)
and also, a maximal effect happens for u(t) = 1 when the process of division
essentially stops (8; = k; = 0).

Treatment will be consider to act only on the leukemic stem cells compart-
ment. The treatment acts on the apoptosis of mature CML cells through fa,
and on the apoptosis of stem-like CML cells through fi,, restoring this rate to
a value closed to the mortality rate of healthy cells. From the law of the mass,
we have fi, = f:ﬁm uy(s)ds.. The optimal control model is

fl(xlax27y17y27zl‘rlhax271h7y17'1h7y271h)
( 25 Llrap ‘r272h,7y272h,)
1)
= fa(
(

= [1(Y2, T2y s Yirays Y2ra; » U2, uTQl)

t7$17x2?y17y2?x17117xZTll)lell)szluulau uTll)

where

fi = —v1nw1 — (mn +nm20)kn(z2 +y2)z1 — (1 —mn — n2n) Bu(21 + y1)21+
+2e70m T (1 — iy = 12m) Br (T 17y, + Y1ry, ) T1m, +
Fmne” Tk (Zary, 4 Yory, ) Tim,

f2 = —y2nT2 + Apkn(T2ry, + Y2ry, ) T1m,

f3=—(vu+fia)y1 — [ + n2) k(w2 + y2) £u) + (1 =11 — 1200 Bi (21 +y1) £)] 1+
+[Qe*b““’*ﬁa(1 = nu —n20)Bi((T 1, + Y1) f“m )+
et ek (a0, + yar,) far )Yin,

fo=— (a1 + f2a) y2 + Atk (P27, + Y2r00) fu,y, ) Y17

subject to minimization of the cost functional

min J(u), (2)
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where

J(u) = ay1 (T) + by=(T) + /0 [uQ(t) + u% (t) + u%(t)] dt

with g(y(T)) = ay1 (T) + by2(T) the weighted sum of the final tumor population
T

and L(u(t)) = [ [u?(t) + u}(t) + u3(t)] dt, the cumulative drug toxicity.

0
In this paper we denote X, = X (¢t — 7), where X = (z1,22,y1,y2). The
history of the state variables is given by

X(0) = ¢(0), 0 € [~Tmax, 0], Tmax = max(T1p, Ton, T11, T21)-

It is not difficult to see that if the initial conditions have all components
positive functions, the solutions of the system will have positive components on
all the interval of existence. Indeed, if z1(f) > 0 for any 6 € [—7,0] and there
exists T > 0 such that z1(7T") = 0 the derivative &1 (T") will be positive and this
leads to a contradiction. The same argument works for the other components,
too.

We assume that: a percentage 71, a = h,l of stem-like cells population
is supposed to undergo asymmetric division; a percentage 124, a = h,l of the
population differentiate symmetrically and the percentage (1—n14—724), @ = h,l
of the population is supposed to self-renew (see also [13]).

Furthermore,it is assumed that homeostatic mechanisms mantain the hematopoi-
etic stem cell population at a constant level. In this respect, the rate of self-
renewal is given by a Hill function

X)= oy =h,l
Ba(X) = BO&W:Q =n,
and the rate of differentiation, through symmetric or asymmetric division is
supposed to be dictated, through a feedback law, by

n

Fa(X) = koo 25
(X) = koo g 5

a=h,l.

Because in this paper we consider competition between healthy and CML cell
populations, both this rates will depend on the sum of stem-like respectively
mature populations (similar approaches on competition were modeled in [23,
22)).

For a = h, [, the other parameter are defined as follows: b1, accounts for the
death rate of stem cells and a positive K, for the loss rate due to differentiation
into other cell lines - the resulting loss rate is denoted as v1o, = Kq + b14; Boa
and ko, represent the maximal rate of self-renewal, respectively of asymmetric
division or differentiation into leukocyte line; 6;, ¢ = 1,2, is the value for which
Ba, respectively k, attains half of their maximum value; 72, is the mortality of
mature cells; A, is an amplification factor of mature cells due to differentiation;
m is the parameter controlling the sensitivity of the mitotic re-entry rate 3, to
changes in the size of Gy and n is the parameter controlling the sensitivity of the
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asymmetric division or differentiation rate k, to changes in the size of mature
population.

Existence of an optimal control The existence of an optimal control
results from transforming the problem into an optimal control problem for a
system of ordinary differential equations (see next section) whose solutions will
be bounded together with their derivatives on compact intervals (see [5]).

3 Discretization of the optimal control problem

In this section, we apply the numerical procedure from Gollmann et al. [10], in
order to solve the delay optimal control problem (1)+4(2) (see also [8,9]). For
that matter, we write the cost functional in the Mayer form

J(u,y) = h(y(T)), y = (y1,92) € R*.

In our case, the reduction of the more general cost functional (2) to Mayer
form, proceeds by the introduction of the additional state variable z through the
delayed equation

2(t) = L(u(t)) so 2(t) = u?(t) +ui(t) +u3(t), z(0)=0.
Then, the cost functional (2) is rewritten as

J(u,y,2) = g(y(T)) + 2(T).

In the following, let 7 > 0 such that 7, = k17, Top = ko7, Ty = k3T, To; = kaT,
ki € N*,i=1,4, T = N7 and use the Euler integration method with a uniform
step size 7 > 0. Of course, 7 can be refined in order to obtain an appropriate
smaller step-size.

Using the grid points t; = i7, i = 0, N and the approximations x; (t;) ~ x1; €
R, zo(t;) ~ x9; € R, y1(ti) ~ y1i € R, yo(ts) ~ y2: € R, u(ty) ~ wi, ui(ts) ~ ugg
and us(t;) =~ ug;, the treatment function f1, becomes Zf; up,_,7 and the delay

control problem (1)4(2) is transformed into the nonlinear programming problem
(NLP)

Minimize J = g(xn,yn) + 2N (3)

subject to

21 — Trit1 + TS @105 265 Yis Y2is Tlivky > T2k s Ylimky> Y2iky) = 0
Zo; — Tai41 + T fo(T2i, T1imky s T2i—ky, Y2i—ky) =0

Y1i — Y1i+1 T+ Tfs(xu, L2i5 Y1i> Y24, Lli—ksg) L2i—ks) Yli—kss> Y2i—kss Wi, Uli, UL,y ULy Uzekg)

Y2i — Y2it1 + 7 fa(y2i, x2i7k4>y1i7k4>y2ifk47u2iauifk4) =0
# = zip1 + 7 (uf +uf; +udy) =0
(4)
—u; <0,u; —1<0, (5)
—uy; < 0,u; —1 <0,
—ug; < 0,u2; —1 <0.

0
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i=0,N— 1.

Herein, the initial value profile ¢1,p2, v3 and ¢4 gives the values

x1_, i =@1(—i7), i =0,k
ZTo_, 1= @a(—iT), i =0, ko
Y1, = @3(—=j7), j=0,k3
Ya_; + = pa(—j7), J =0,k

The variable to be optimized is represented by the vector

_ 8N
w = (Uo,ulmuzm17117172172/11’1121721’-~-,UN-l,U1N,1,U2N,17IlN,ﬂﬁzN,ylmyszN) € R

The numerical procedure described above is applied in the next section and
the graphs for states and control for different sets of parameters are obtained.

4 Numerical results and simulations

In the following figures, we plotted the trajectories of the healthy, respectively
CML cell populations for the competition system, showing a comparison between
the dynamics of a system without treatment and the dynamics of a system
subject to optimal control of treatment. To solve the problem of optimal control
the Matlab solver for NLP problems fmincon was used, selecting the ’interior-
point’ solver.

In all figures, for the healthy cell populations, we choose the same set of pa-
rameters value: 11y = 0.7, 125, = 0.1, 715, = 2,705, = 4,71, = 0.1, 72, = 2.4, A, =
922, Bon = 1.77, kop, = 0.1 , 615, = 0.5 - 10%, By, = 0.36 - 108. For leukemic cell
populations, we consider alteration of the value of the following parameters:

— smaller percent of asymmetric division (7y;);

— bigger percent of self-renewal (1 — 1y, — 19;);

— lower rate of apoptosis of leukemic stem cells (y1;);

— lower rate of apoptosis of leukemic mature cells(yq;);

— enhanced differentiation (A4;).

In the following example (Figures 1, 2) all these features were modified.

If we maintain the configuration of parameters from the previous example
but consider that the percentage of self renewal of leukemic cells is the same
as the percentage of self renewal of healthy cells, we see another manifestation
of the disease, for which the treatment dose is lower than in the previous case
(Figures 3, 4).

Discussion

The plots of optimal controls (Figures 2 and 4) exhibit an optimal control effect
almost constant at 0.5 respectively at 0.25 until the 90th day for all controls.
One can intuitively expect that the treatment effect is proportional with the
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1.Healthy cells parameters: 71, =0.70,772,=0.10,71;,=2.00,72,=4.00,71,=0.10,v1;,=2.40,

kon=0.10,A4,=922

2.Leukemic cells parameters: 7y;=0.10,7%=0.50,7;=2.00,79=4.00,v1;=0.03,v%=0.80,

ko =0.10,A;=1843

100

100

r T
without treatment
with optimal control(

120

100

60

100 (0] 50 100

Fig. 1. Comparison between the dynamics of a system without treatment and with
with optimal control of treatment. The results correspond to the best local minimal
solution obtained for different initial guesses ( the value of cost functinal was improved

from 1597 to 901)

Control: T=100

1.Healthy cells parameters: 171, =0.70,12;,=0.10,71;, =2.00,7%;, =4.00,~v1;, =0.10,v2;, =2.40,

kon=0.10,A,=922

2.Leukemic cells parameters: 771, =0.10,772;=0.50,71; =2.00,7%,=4.00,~v1;=0.03,~v2,=0.80,

ko =0.10,A4,=1843
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Fig. 2. Optimal control of treatment. The controls u, ul, u2 represent the influence of
drug on the proliferation rate and apoptosis. One can observe that the drug influence
is almost constant and the evolution of u, ul and u2 are similar if parameters a an b

of cost functional are 1.



262

States: T=100

I.R. Radulescu, D. Candea, A. Halanay

1.Healthy cells parameters: 17y, =0.70,72,=0.10,7y,=2.00,72,=4.00,v1,=0.10,7v1,=2.40,

kon=0.10,A4,=922

2.Leukemic cells parameters: 71;=0.40,7%=0.40,71;=2.00,79=4.00,v1;=0.03,v2,=0.80,

k=0.10,4,=1843
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Fig. 3. Comparison between the dynamics of a system without treatment and with
with optimal control of treatment. The results correspond to the best local minimal
solution obtained for different initial guesses ( the value of cost functinal was improved

from 641 to 260)

Control: T=100

1.Healthy cells parameters: 11, =0.70,12,=0.10,71;, =2.00,72;,=4.00,7v1;, =0.10,v2;, =2.40,

kon=0.10,A4,=922

2.Leukemic cells parameters: 771, =0.40,772; =0.40,71;=2.00,7%=4.00,7v1;=0.03,~v2,=0.80,

ko =0.10,A4,=1843
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Fig. 4. Optimal control of treatment. The controls u, ul, u2 represent the influence of
drug on the proliferation rate and apoptosis. One can observe that the drug influence
is almost constant and the evolution of u, ul and u2 are similar.
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cell concentration of imatinib; however, in order to study the influence of the
prescribed drug concentration on the population’s time-evolution, imatinib phar-
macokinetics (PK) and pharmacodynamics (PD) need to be taken into account
(see also [20]). Nevertheless, for an optimal effect of treatment, the prescribed
dose should be adapted in view of the disease parameters of a certain patient.
In that respect, a competition model of healthy vs. CML cell population that
takes into account the influence of PK and PD of imatinib, is subject of further
research.
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