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Abstract. The work is devoted to the construction and justification of
the mathematical model of the competitive behaviour of cellular commu-
nication in the form of a system of nonlinear differential equations with
delay time describing the dynamics of changes in the subscriber base of
cellular operators competing for shared resources.
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Competition is essential and most important in many actual processes. Math-
ematical modeling is a basic way to control the agents of competition. It allows
to consider the different factors influencing their interaction dynamics. Actual
agent competitive behavior modeling widely uses nonlinear differential equations
with retarded argument which provides more complex structure dynamic models.
That is why the development of bundled software based on efficient numerical
methods aimed to solve nonlinear dynamics and control problems is an essential
scientific task.
There are many works on nonlinear object control. But the task to determine
optimal control has not been studied for enterprise development dynamic models
with a phase variable lag. The urgent objective here is to find efficient algorithms
of optimal control solutions in such systems as well as to develop the adequate
software. Thus the management of enterprises will be provided with Decision
Support Systems aimed to develop the communication service tariff policy.
There are three cellular operators in Russia. They are: MTS, Beeline and Mega-
fon. There are also many smaller cellular enterprises. The 2004–2010 data of user
base and tariff policy have been used for our model parameter identification. The
research has been carried out based on the interaction of two economic agents.
We divide all the operators into two unequal groups. The first economic agent
(EA1) is one of the leading cellular enterprises. The other economic agent (EA2)
includes all the rival enterprises summing the number of their users in the actual
market.
Assume with no competition the number of customers for each economic agent
grows exponentially, with increment rate εi. Considering the saturation effect
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in the cellular service market as well as competition we describe the develop-
ment dynamics for the two agents user base through the system of differential
equations

ẋi(t) = xi(t)

[
εi −

2∑
k=1

γikxk(t)

]
. (1)

The time lag is to be considered in interaction of economic agents as the time
difference between the moment of managerial decision and the actual changes of
market situation. The user base general dynamics can be expressed through the
system of nonlinear differential equations with retarded argument

ẋi(t) = xi(t)

[
εi −

2∑
k=1

γikxk(t− τ)

]
. (2)

To model the cellular enterprise behavior control we introduce an intensity brack-
ets ui(t), i = 1, 2 thus describing the average minute cost at moment t and
satisfying the restriction

αi ≤ ui(t) ≤ βi, i = 1, 2, t ∈ [0, T ]. (3)

Thus the controllable model of two economic agent interaction in the conditions
of competition for cellular service users can be described through Lotka-Volterra
logistic model with retarded argument

ẋ1(t) = x1(t) [ε1 − γ11x1(t− τ)− γ12x2(t− τ)]− p11u1(t)− p12u2(t),
ẋ2(t) = x2(t) [ε2 − γ21x1(t− τ)− γ22x2(t− τ)]− p21u1(t)− p22u2(t).

(4)

There is a lower boundary of user base volume providing normal operation, as
well as an upper boundary determined by the network performance specifica-
tions. The above are presented through phase variable restrictions

ηi ≤ xi(t) ≤ µi, i = 1, 2. (5)

The number of cellular Operator I users at the initial interval [−τ, 0] is deter-
mined by the functions

xi(t) = ϕi(t), t ∈ [−τ, 0]. (6)

Parameter identification for the system of differential equations is an important
procedure in modeling and solution of optimal control problem. Based on the
method of model setting to the experimentally obtained data, the approach to
the simultaneous identification of system parameters and the value of the lag is
the subject of our research. The parameters are set to minimize the functionals
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characterizing the quality of model settings.
This approach implies multiple monitoring of the dynamic process, considerably
exceeding the dimensionality of the system.
In course of economic agent interaction a company may face different manage-
rial goals expressed in corresponding quality criteria (7) (9). According to the
first economic agents (EA1) development priorities we find the optimal control
solution for each objective functional:

1. user base growth

J1(u1) =

T∫
0

b1x1(t)dt→ max; (7)

2. reaching the aimed user base

J2(u1) = b2 (x1(T )−M)
2 → min, (8)

where M – planning value of the subscriber base EA1;
3. EA1income growth

J3(u1) =

T∫
0

b3x1(t)u1(t)dt→ max . (9)

The problems set above can be classified as optimal control fixed lag prob-
lems. To solve them, in this research we have used Pontryagin’s maximum prin-
ciple for fixed-lag systems. We suggested that the cost value of one EA2 minute
is fixed and can be evaluated by the previous tariff policy dynamics.
The optimal control problem is characterized by: Nonlinearity of the differen-
tial equation system describing the user base dynamics for the two economical
agents; constant lag in the controlled systems state vector. Considering the above
features we obtained the optimality conditions. We based the solution numerical
algorithm on that. The control restrictions in the problem have been considered
due to the gradient projection method, given an arbitrary choice of control ini-
tial approximation.
The use of one numerical method is not always enough to find the solution for
the optimal control problem with the required precision. That is why different
algorithms can be used in the process of solution. One of the approximate meth-
ods used to solve nonlinear object optimal control problems was suggested by
L.I. Shatrovsky. Its based on linearization of a set non-linear system and further
iterative procedure solving a linear problem at each step so approximating the
initial task. As a result we get a control close enough to the optimal. To improve
the calculation reliability solving the optimal control problems we suggest a com-
bined method. It implies the choice of Shatrovsky method allowable control as
the initial approximation in the gradient projection method. This approach to
the choice of control initial approximation allows to avoid the functional in the
local extremum.
Our methods and algorithms have served as the basis for bundled software aimed
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at the search of numerical solution for an optimal control problem, two econom-
ical agents competing for communication users. This software finds the index
values for the parameters and lag by the user base statistics data and the previ-
ous tariff policy. It also proves helpful for communication enterprise managerial
strategies according to development priorities.
Computing experiments have been carried out to examine the efficiency of the
suggested models and algorithms for the major communication operators in the
Russian market.
The conclusion has been made that the introduction of control and lag in the
cellular communication enterprise model improves the values of the objective
functional which substantiates the choice of the controlled system (9)

ẋ1(t) = x1(t) [0.294− 0.0048x1(t)− 0.00089x2(t)]− 1.1681u1(t) + 2.672u2(t),
ẋ2(t) = x2(t) [0.193 + 0.0043x1(t)− 0.0034x2(t)] + 0.105u1(t) + 0.424u2(t).

The established relation is efficient approximating the experimental data,
the difference between calculation data and experimental data being 6,5%. User
base and tariff policy updates are followed up by parameter identification which
enhances modelling precision.
Based on the gradient projection method and combined method we determine
the optimal decision for each objective functional as well as find the correspond-
ing values.
Comparative analysis shows that the control achieved with the use of the sug-
gested combined method is more efficient to increase the EA1 user base.
The EA1 user base values have been calculated for each objective functional at
the end of 30 month forecasting interval. A significant growth of EA1 user base
by this moment proves the efficiency of suggested combined method for solution
of cellular communication enterprise interaction.

Values x1(T ), Values objective functional,
obtained with the use of: obtained ith the use of:

Gradient Combined Gradient Combined
projection method, projection method,
method, million users method, million users

million users million users
User
base 30.768 31.146 127.02 142.35

growth (J1(u1))
Reaching the
aimed user 31.281 31.331 0.169 0.158

base (J2(u1))
Income
growth 30.989 31.002 8.78 9.31
(J3(u1))

Our bundled software has been used by Orenburg branch of ROSTELECOM
controlling their tariff policy.
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The developed models and algorithms can be modified for any economical agents
practical problems in their competitive activity, such as web-site user base or
radio listener base control or TV channel rating etc.
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