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PDE-driven shape optimization:
Numerical investigation of different descent
directions and projections using penalization

and regularization

Peter Philip
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Abstract. We consider shape optimization problems with elliptic par-
tial differential state equations. Using regularization and penalization,
unknown shapes are encoded via shape functions, turning the shape
optimization into optimal control problems for the unknown functions.
The method is designed to allow topological changes in a natural way.
Based on convergence and differentiability results, numerical algorithms
are formulated, using different descent directions and projections. The
algorithms are assessed in a series of numerical experiments, applied to
an elliptic PDE arising from an oil industry application with two un-
known shapes, one giving the region where the PDE is solved, and the
other determining the PDE’s coefficients.

Keywords: shape optimization, optimal control, fixed domain method,
elliptic partial differential equation, numerical simulation

1 Introduction

We study an elliptic shape optimization problem motivated by the oil indus-
try application studied in [12], where one aims at monitoring the interior of a
pipeline. The cross section through the pipeline is modeled by a set D C R2,
consisting of a liquid region (2 (such that D \ {2 represents air) that is part
oil (region O C £2) and part water (§2\ O). The shape optimization needs to
reconstruct the parts O and (2 from given measurements yq of a quantity (e.g.
voltage) taken in a region E adjacent to the boundary of D. Thus, we are led to
the following problem, previously formulated in [5]:

1 1
min g [ —wade + 5 [ 19y -V d, (1a)

subject to

/[alxo+az(1—xO)Wy-de +/ [b1 x0 + b2(1 — x0)] yvda
(] (]

:/fvdx, Vo e Hy(92), (1b)
o)
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— &€ HY (D), (1c)

where the sets £ C O C 2 C D C R? all are bounded and open, D also
connected; yo denotes the characteristic function of O; aj,as2,b1,b0 > 0, f €
L?(D), ya,& € HY(D) all given. In particular, depending on &, (1c) can mean
homogeneous or nonhomogeneous Dirichlet conditions.

The employed method (previously used, e.g., in [4, 5, 8]) is based on the in-
troduction of shape functions g and p, defined on D and encoding the unknown
sets {2 and O, respectively, and on a technique for the approximation and regu-
larization of characteristic functions. Assuming ¢,p : D — R to be continuous,
the corresponding sets are obtained via

2y =int{x € D: g(z) >0}, Op,=int{x € D: p(z) > 0} (2)

(24 and O,, then are open Caratheodory sets, not necessarily connected). En-
forcing the constraints £ C O C (2 translates into the set of admissible pairs

Uad := {(9,p) € C(D) x C(D): g>p on Dandp>0 on E}. (3)

Let H : R — R denote the Heaviside function. Then H(g), H(p) : D — R are
the characteristic functions of {2, and O,, respectively. We use the differentiable
regularization of the Heaviside function given by

1 for r > 0,
2 _ 2
Hc(r) == elrte) 532T(T ) for —e < r <0, (4)
0 for r < —¢,

and obtain the following regularized fixed domain approximation of (1) (with
the abovementioned constraints £ C O C (2):

min /\ysfyd\zdx + = /|Vy5 Vya|? dz, (5a)
(9,p)EVad 2

. [los 80) + a1 = o) V- T+ [ Helo) + a1 = He(o)] o] da

Jr%/D(lfHE(g))ysvdg::/vad:v, Yo € Hy(D), (5Db)

— ¢ e Hy(D). (5¢)

For & > 0 small, the penalty term with the 1/¢ in (5b) forces the state y. to
be close to 0 outside (2, (for precise, rigorous versions of this statement see [5,
Th. 2], [8, Th. 2.2, Th. 3.1]). It is noted that, even though the above-described
method encodes {2, and O,, in fact, as level sets of the functions g, p, respectively,
our method is essentially different from the well-known level set method of [6],
since no time dependence of the functions g,p and no time evolution of the
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corresponding open sets (2;, O, is assumed. In particular, we do not need to
solve any Hamilton-Jacobi equations in the process.
We now consider a triangular finite element partition of D, D = U Th,

Th€Th
h > 0, assuming the grid in D, restricted to E, provides a finite element mesh

in E as well. Let V3, V}, denote the corresponding finite element spaces in D
constructed with piecewise affine continuous functions (with 0 trace on 9D for
elements of V},). Defining

detz{(g,p)evhxffh:gzponDandeO on E}, (6)

the discretized form of (5) reads

min (ghaph / |y6 h — Yd, h| dr + = / |vys h — Vyd h| CLT (7&)
(gn.,pr)EUL

/ [ar H. (pn) + a(1 — H.(p))] Voo - Vo de
D
+ / (b Ho(p) + bo(1 — He(pn))] ye on da
D
1
+2 / (1 — H(gn)) yenondz = / frondz, Yo, €V, CHy(D), (7b)
D D

Yer —En € Vi € Hy (D), (7¢)

where (7b) constitutes the equation for the discretized state y. j € Vh C HY(D),

fn € Vi and &, € Vi, are given suitable approximations of f and &, respectively,
GhsPh € Vh are discretized shape functions corresponding to discretizations of
£2, and O,, respectively, and yq,, is a suitable given continuous and piecewise
affine approximation of yg.

Similar to [5, Prop. 2] and [8, Cor. 5.3], one obtains the directional derivative

of the cost functional (g,p) — j7(g,p) with j as in (7a) at (gn,pn) € Vi, x Vj, in
the direction (wp,up) € Vi x Vj, as

1
*/ H.(gn)wnYe hen dz — / (b1 — b2) H.(ph)unYe ne,n dz
€Jp D
- /D(al — ag)H (pn)unVye nVae ndz,  (8)
where q., € Vi, € H}(D) is the solution to the adjoint equation
/ la1 He(pn) + a2(1 — He(pn))] Ve n - Vop dz
D
1
+ / [b1 He(pr) + b2(1 — He(pn))] ge,pvn dz + - / (1 — He(gn)) ge,nvn dz
D D

= / (Ye,n — Ya,p)vpde + 0 / (Vye,h — Vyan) - Vopda, Vo, €V, 9)
E E
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and the direction of steepest descent (wq,0,uq,0) is given by

wa,0 = — (1/€) H.(gn) Ye e b

10
ua,0 == H.(ppn) (a1 — a2) Vye n - Ve, + HZ(pr) (b1 — b2) Ye ne,p- (10)

While (10) is difficult to use in practise as H.(gn) and H.(py) are typically
nonzero only in a small neighborhood of 02, and 00, , respectively, mul-
tiplication by nonnegative coefficients yields the following alternative descent
directions (wq,1,uq,1) and (wq,2, ua,2), without such support restrictions:

Wq,1 *= —Ye,hqe,hy, Ud1 = ((11 - a2) Vys,h : VQE,h + (bl - b2) Ye,hGe,h> (11)
Wq,2 = Wd,1 XS, Ud,2 = Ud,1 XS, (12)

where xg denotes the characteristic function of

S:={zxeD: wgi(r) >ug1(x)}U{r € E: wq1(x) >0 and uq:(xz) > 0}.
(13)
Using (12) has the advantage of maintaining the conditions ¢ > p on D and
p>0on E.

For the numerical results presented below, we employ four variants of an
algorithm of gradient with projection type making use of (approximations of)
the descent directions (11) and (12). The two variants based on (11) will be
called Ala and Alb, whereas the variants based on (12) will be called A2a and
A2b. Moreover, variants Ala and A2a will use the admissible set U”, of (6),
whereas Alb and A2b will use the modification

Uliy = {(g,p) €Uy : |Vgl,|Vp| < 1}, (14)

enforcing uniformly bounded gradients for the shape functions, a condition sug-
gested by the results of [8, Sec. 5]. Variant Ala was previously considered in [§];
the remaining three variants are new.

The four algorithms are formulated below in Sec. 2.1, with a description of
their implementation in Sec. 2.2. Numerical experiments comparing the perfor-
mance of the four variants are then presented in Sec. 3.

2 Numerical algorithms

2.1 Formulation

In preparation for the numerical experiments of Sec. 3, we formulate the em-
ployed algorithms. As indicated at the end of the Introduction, we use four
variants of the algorithm previously published in [8], built on the earlier version
of [5]. As mentioned above, we denote the four variants by Ala, Alb, A2a, A2b,
where Ala is precisely the algorithm used in [8]. Ala and Alb use the descent
direction (11) for line searches followed by a projection step, whereas A2a and
A2b use (12), which has the advantage of remaining within U”; during the line
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search, avoiding the projection. Variants Alb and A2b project into the smaller
space U;Ld’b of (14) after each line search. The algorithms consist of the following
Steps (1) — (7):

(1): Set n := 0 and choose initial shape functions (gn.0,pn.0) € UM

(2): Compute the solution to the state equation vy, := ¢ 1 (gh.n,Ph.n), Where
Oc.p : Vi, x Vi, = Vj, denotes the control-to-state operator corresponding to (7b),
(7¢); and compute the solution to the corresponding adjoint equation g, :=
és,h(yn), where 9~57h C Vi — Vi, Ye,h > Ge,n, denotes the solution operator
corresponding to (9).

(8): Compute the descent direction (w},u}), where w} = wa,1(Yn, ¢») and ulf =
Ud,1(Yn, qn) according to (11) for Ala and Alb, whereas w! = wq 2(yn,¢,) and
Ul = ud,2(Yn, ¢n) according to (12) for A2a and A2b.

(4): Set gn.n = ghn+An WG and Py 1= Ph,n+A, ulj, where A, > 01is determined
via line search, i.e. as a solution to the minimization problem

Iglzllol J(gnhn + A0S, proon + Auy). (15)

(5): For A2a and A2b, set (éh’mﬁh’n) = (Gh.n,Ph,n) (nO projection is necessary
to obtain (§h7n,ﬁh,n) € UM); for Ala and Alb, set (§h7n,5h7n) = (Gh,n> Phon),s
where 7, denotes the projection 7, : \7h X ‘N/h — Ui‘m obtained by first setting
§hn(x?) := max{0, ghn(xf)} and ﬁh,n(x?) := max{0, ﬁh’n(m?)} for each node
xl of the triangulation 7, such that 2! € E, and second setting 5hn(x?) =
min{py, (z1), éhn(mil)} for every node z! of the triangulation 7y,.

(6): For Ala and A2a, set (gn,nt1,Phnt1) i= (§h7m]§h7n) (no second projection
necessary); for Alb and A2b, set (gnn+1;Phont1) i= Wh’b(éh’mﬁh’n), where 7y, 1,
denotes the projection m,p, : Uty — UP || obtained by dividing g, ,, and p, ,
by «, defined as the max of the max-norms of |Vg| and |Vp|, in case o > 1.
(7): RETURN (gh fins Ph.fin) := (9h.n+1,Pr.n+1) if the change of g,p and/or the
change of j(g,p) are below some prescribed tolerance parameter. Otherwise:
Increment n, i.e. n:=n+ 1 and GO TO (2).

For all the numerical examples discussed below, we stopped the iteration and
returned (gn,fin; Phfin) 7= (Gn,n+1, Pront1) i |59, Phin) = 3(Gnnt1, Prnt1)] <
1075 AND ||ghn — Ghmsillz < 1072 AND |[phn — Phntillz < 1073, where
17(gh,ns Phn) = 3(Gh,nt15 PRt )]/ 7 (9h,nt 15 Phont1)| is used for |j(gh,n, Phn) —
3(ghn+1: Pt 1)| 3 7(gn,n+1,Phnt1)| > 1 and analogous for gy, and ppp.

2.2 Implementation

The state equations as well as the adjoint equations that need to be solved nu-
merically during the above algorithms are discretized linear elliptic PDE with
Dirichlet boundary conditions. The numerical solution is obtained via a finite
volume scheme [7, Sec. 4]. More precisely, the software WIAS-HiTNIHS!, orig-
inally designed for the solution of more general PDE occurring when model-
ing conductive-radiative heat transfer and electromagnetic heating [2], has been

! High Temperature Numerical Induction Heating Simulator.
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adapted for use in the present context. WIAS-HiTNIHS is based on the pro-
gram package pdelib [1], it employs the grid generator Triangle [11] to produce
constrained Delaunay triangulations of the domains, and it uses the sparse ma-
trix solver GSPAR [3] to solve the linear system arising from the finite volume
scheme.

The numerical scheme yields discrete y,, and ¢, (cf. Step (2) of the above
algorithms), defined at each vertex of the triangular discrete grid, interpolated
piecewise affine, i.e. affinely to each triangle of the discrete grid. In consequence,
the shape functions gy, and py , are piecewise affine as well. Where integrals
of these piecewise affine functions need to be computed (e.g. in Step (7) of the
algorithms), they are computed exactly. A golden section search [10, Sect. 10.2] is
used to numerically carry out the minimization (15). Note that the minimization
(15) is typically nonconvex and the golden section search will, in general, only
provide a local min A,,.

For some numerical examples, the stated initial shape functions (g0, o)
are merely piecewise continuous (cf. the Introduction and [9]) and, thus, not
in Uahd. However, the stated (gn,0,pn,0) are only used to determine the values
gn(x), pr(zh), at the nodes ! of the triangulation 7y, and the resulting affinely
interpolated functions are in U;‘d. Moreover, in Step (3) of the algorithms, ap-
proximations of the descent directions are used, as for the gradients nodewise
averages are computed, that are then affinely interpolated, and the conditions
of (13) are enforced nodewise and affinely interpolated. In principle, in might
occur that the approximated direction is no longer a descent direction, but such
a case was not observed during our numerical experiments.

3 Numerical experiments

3.1 Numerical experiments with precomputed optimum

The numerical computations of the present section employ the circular fixed do-
main D := {(z1,22) : 23 + 23 < 1} C R? with fixed subdomain E := {(z1,z2)
€D: |z1] >3, |zo| < 3} € D (note E has two connected components). We use
a fixed triangular grid provided by Triangle [11], consisting of 24458 triangles.
The used regularization parameter is e = 107> (cf. [8,9]). The settings for the
remaining given quantities are a; := 1, ag := 10, by := 1, by := 10, f(x1,22) := 5,
&(x1,22) := 2. The cost functional j as in (7a) depends on the given function
Ya,n- For the first set of numerical results, we precompute yq 5 := y. » numerically
as the solution to the state equation (7b), (7c), using

—1 if (x1,22) ¢ E and ||(z1,22) — (—1,0)|]2 < 0.4,
gr(z1,22) = —1 if (x1,22) ¢ E and ||(z1,72) — (1,0)]]2 < 0.4, (16a)
1 otherwise,

1 inFE,

-1 inD\E. (16)

ph(3717552) = {
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Fig. 1. Precomputed yq,» used in all experiments of Sec. 3.1 (left, isolevels spaced at
0.2), obtained as the solution to the state equation (7b), (7c); with the corresponding
24 (middle) and O, (right).

Fig. 2. Initial state, shapes used in all experiments of Sec. 3.1. Left: State isolevels
spaced at 0.2. Middle: Shape (2,. Right: Shape O,. Cost: j(gn,0,Pn,0) = 19.0.

The computed yq », with the corresponding {2, and O,, is depicted in Fig. 1. Using
the precomputed y4,; has the advantage that we actually know ¥4 5 together
with g, pp as in (16) provides an absolute minimum in the following numerical
examples, employing the cost functional j of (7a) with the precomputed yq
from above. A series of four numerical experiments was conducted, all using the
initial shape functions gp o(z1, z2) := 1, ppo(x1,z2) := 1 (see Fig. 2).

We refer to the experiments as 1:Ala, 1:Alb, 1:A2a, and 1:A2b, depending
on which variant of the the algorithm of Sec. 2.1 was used. The results for 1:A2a
and 1:A2b are shown in Fig. 3. The final state and shapes for 1:Ala and 1:Alb
were very similar to those of 1:A2a, with slightly higher final costs (0.69 and
0.28, respectively). All variants reduce the cost significantly, all resulting local
minima being different and different from the absolute min. Variant A2a gives
the best result, whereas A2b results in the highest final cost, where one also
observes a symmetry breaking due to the discrete grid. Actually, for A2b, after
the first line search, the cost is 0.29 with shapes resembing the final shapes of
the other variants, but the projection of Step (6) can subsequently result in a
cost increase, which occurs in this example.

3.2 Numerical experiments without precomputed optimum

In contrast to the experiments of the previous section, we now consider a setting,
where we are no longer in the situation of a known precomputed optimum. For
the following numerical results, the fixed domain D is still the unit disk as in
Sec. 3.1. However, the fixed subdomain E is now at the bottom of D, defined by
E :={(x1,22) € D: 23 < —0.7} C D. The numerical computations employ a
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Fig. 3. Final state, shapes for shape optimizations 1:A2a (1st row) and 1:A2b (2nd
row) of Sec. 3.1. Left: State isolevels spaced at 0.2. Middle: Shapes {2,. Right: Shapes
O,. Final costs j(gn,fin, Ph,an) are 0.053 for 1:A2a, 1.30 for 1:A2b. Required number of
line searches: 6 for 1:A2a, 29 for 1:A2b.

-

Fig. 4. Initial state, shapes used in all experiments of Sec. 3.2. Left: State isolevels
spaced at 0.2. Middle: Shape £2,. Right: Shape O,. Cost: j(gn,0,Pn,0) = 24.8.

fixed triangular grid provided by Triangle [11], consisting of 24623 triangles. The
parameter settings are as in Sec. 3.1, except for f(x1,x3) := 10(z3 +22%)+5. The
cost functional is as in (7a) with y4 5 (21, z2) := x1+22. A series of four numerical
experiments was conducted, all using the initial shape functions gp o(z1,22) :=

1 if E
Pho(T1,22) 1= { if (w1, 22) € B, (see Fig. 4).

—1 otherwise

We refer to the experiments as 2:Ala, 2:Alb, 2:A2a, and 2:A2b, depending
on which variant of the the algorithm of Sec. 2.1 was used. Results are shown
in Fig. 5, except for 2:A2a, which converged after 10 line searches to a local
min almost identical to the initial condition. All other variants reduce the cost
significantly, all resulting local minima being different. Here, the lowest final cost
is achieved for variant A1lb. One notices significant changes in shapes (including
topology changes) during the optimizations, where very different shapes can
result in nearly identical costs. As in Sec. 3.1, symmetry breaking can occur due
to the discrete grid.
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Fig. 5. Intermediate and final state, shapes for shape optimizations of Sec. 3.2, i.e. for
Experiments 2:Ala (Ist, 2nd row), 2:Alb (3rd, 4th row), and 2:A2b (5th, 6th row).
Left: State isolevels spaced at 0.2. Middle: Shapes 2,. Right: Shapes O,. Costs at
shown intermediate states are 2.64 for 2:Ala, 1.74 for 2:Alb, 1.70 for 2:A2b. Final
costs j(gn, fin, Ph.ain) are 1.72 for 2:Ala, 1.68 for 2:Alb, 1.69 for 2:A2b. Number of line
searches for intermediate and for final state: 8 and 31 for 2:Ala, 2 and 29 for 2:A1b, 3
and 38 for 2:A2b.
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Conclusions

In a series of numerical experiments, we have studied four variants of an algo-
rithm of gradient with projection type for shape optimization problems driven
by elliptic PDE. The variants used different descent directions and different sets
of admissible shape functions. Except in one situation, all variants were effective
in finding local minima of significantly reduced costs. However, it did depend on
both the equation and on the initial condition, which variant showed the best
performance. Thus, further research seems warranted to further evaluate and
improve the different variants.
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