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CONVERGENCE OF A NORMALIZED GRADIENT
ALGORITHM FOR COMPUTING GROUND STATES

ERWAN FAOU AND TIPHAINE JEZEQUEL

ABSTRACT. We consider the approximation of the ground state of the
one-dimensional cubic nonlinear Schrédinger equation by a normalized
gradient algorithm combined with linearly implicit time integrator, and
finite difference space approximation. We show that this method, also
called imaginary time evolution method in the physics literature, is con-
vergent, and we provide error estimates: the algorithm converges ex-
ponentially towards a modified solitons that is a space discretization of
the exact soliton, with error estimates depending on the discretization
parameters.

1. INTRODUCTION

The goal of this paper is to give a convergence proof of a normalized gra-
dient algorithm used to compute numerically ground states of Schrodinger
equations fulfilling symmetry and coercivity conditions as considered in the
seminal works of Weinstein [13] and Grillakis, Shatah and Strauss [10, 11].
This algorithm is also called imaginary time method in the physics literature:
see for instance [8, 1, 2, 7, 5] and the reference therein. Let us describe the
algorithm in the case of the focusing cubic non linear Schrédinger equation

(NLS) N

set on R, where (¢, z) depends on space variables x € R. With this equation
is associated the energy

- 1
(1) H(.5) =7 [ 196 = ui,

that is preserved by the flow of (NLS) for all times. The equation (NLS)
can be written

H

_ 08

o

In the rest of this paper, the notation VH will denote the L? derivative

of the energy H with respect to real functions . Note that we have for a

real function u

i0uh = — 5 A — [y ().

OH 1
VHu) =2—=(u,u) = —=Au — u*
(1) = 25 () = —5Au
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2 ERWAN FAOU AND TIPHAINE JEZEQUEL

the left-hand side denoting the Fréchet derivative of H(u) considered as a
functional acting on real functions. Note that naturally, VH € H~! with
the embedding H~! c L? ¢ H'.

With these notations, the ground state n(z) is defined as the unique real
symmetric minimizer in H' of the problem
(1.2) min  H(v).

¥l ,=1
In the one dimensional cubic case considered in this paper, explicit compu-
tations show that
= Lean (£)
n(z) = 5sech (5 )

We denote by A the Lagrange multiplier associated with this minimization
problem, such that

1
(1.3) VH() = =580 =7’ = —An.

With the ground state 7 is associated the solution 7(t,z) = n(x)e™ of
the time dependent equation (NLS). By using translation and scaling, the
ground state gives rise to a family of explicit solutions of (NLS) that have
the property to be orbitally stabe in H', see [13, 10, 11, 6]. For instance, any
solution starting close to n(x) will remain close to the manifold {en(z —
¢)|a,ec € R} C H', the rotation and translation being natural invariant
group actions of the nonlinear Schrédinger equation (NLS).

In more general situations, 7 is not explicitly known, and one has to rely
on numerical simulations to compute it. To this aim, the imaginary time
method, which is a nonlinear version of the normalized gradient algorithm
is widely used. The goal of the present paper is to analyse the efficiency
of this method in the simple case described above (the results obtained are
in fact valid in more general situations - essentially all situations where the
Grillakis-Shatah-Strauss arguments apply).

The time-discretized algorithm consists in defining a sequence a functions
{¥n }nen as follows:

(i) An intermediate function ¢ is defined as a numerical approximation
of the solution of the parabolic equation

(14) Oup = S + |9 = ~VH(Y)

over a time interval [0, 7], where 7 is a given time step. To compute
., we will see that the best results are given by the linearly implicit
method

(1.5) U = tn = TV H (tn, 07),
where
—VH (b, 05) = 305+ [0
(ii) Then we define the normalized function
v
(e [

(16) wn—i—l -
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Note that the algorithm presented above preserves the real nature of the
function v: if g is real valued, then for all n € N, 1, is real, and that the
same holds true for symmetric functions satisfying v, (—z) = ¥, (x).

Our results can be summarized as follows:

e In the semi-discrete case described above, if the initial data g is
real, symmetric and sufficiently close to 7, then ,, converges expo-
nentially towards 7 in H'.

e In the fully discrete case, where the discretization is space is made
by finite difference in space with mesh h combined with a Dirich-
let cut-off for large values of x (namely z < Kh), then we prove
the exponential convergence towards a modified soliton 7, g that is
O(h + %e‘clKh) close to the exact soliton 7.

The main property explaining the excellent performance of this method
is the fact that the linearly implicit numerical scheme exactly preserves the
ground state: if ¢, = 1, then 1,11 = 7, and the same holds true for discrete
in space ground states satisfying a discrete version of (1.3). This fact is
very general: it holds for any linearly implicit scheme applied to a semi-
linear PDEs. This important feature makes of course this scheme much
more attractive than other possible schemes where the nonlinearity would
be approached by

S 7 N |¥n|?1n  (semi-explicit),
(17) - VH(¢n, wn) - §Awn + { ‘wm2w; (fully—implicit),
despite the fact that fully-implicit schemes enjoy the energy diminishing
property for standard gradient system (see [12]). As we will discuss later,
these schemes still converge, but towards modified ground states n, = n +
O(7). As these results would be weaker for longer detailed proofs, we only
give the main arguments to obtain them, keeping a full detailed convergence
proof for the linearly implicit scheme.

2. THE HAMILTONIAN NEAR THE GROUND STATE
We work in the space V of real symmetric functions of H':

Vi={p e H[R,R)|p(-zx) = p(z)}.

We consider the usual L? and H! norms, and denote by (-,-) the canonical
real scalar product on L? :

(o, ) = /R p(@)(@)ds, llellsa = (0,0, el = llellss + 10l

2.1. Coordinates in the neighborhood of the ground state. We in-
troduce the set of the functions R-close to n

UR) = {p e Vlp=nl, <R},
the set
W= {ueV|{u,n) =0}
and the map y

X:RxW — V
(ryu) — (IL+7)n+u.
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The map x allows to use (r,u) as coordinates in U(R). Observe that x is
smooth with bounded derivatives and so is the inverse Y !, from the explicit
formula

1V = RxW
We will also use the following notations: We define the L? projectors
Pyu = (u,mn and Pyu=1I-PF,),

and we define the function

(2.1) H(r,u) = (H o x)(r,u).

We can verify the following relations:

(2.2) O, H(r,u) = (VH(x(r,u)),m) =~ (P, VH)(x(r,u)) € R,
and

(2.3) VuH(r,u) = P VH(x(ru) e H .

Before collecting some expressions of the Hamiltonian and the gradient
flow in coordinates (r,u), let us introduce the following notations:

Definition 2.1. Let p > 1. We say that R(u) = (9(||u\|?{1) if for all B,
there exists a constant C' such that for all u € H', [ull ;;, < B, we have

IR
We will also use the notation R(u,v) = O(||u, UHI;II) if for all B, there exists

C such that for all u,v € H' satisfying ||ul| ,,, < B and ||v||,,, < B, then
we have

< Cllull -
H!

Hl

1R, 0) |y < C (Il + 1ol )
Finally, a function u = O(r) if HuHHl < Cr for r small enough and a
constant C independent of u.

With these notations and the fact that ¢ = (1 + r)n + u, we compute
using (1.3) that

~VH() = %Aw + ¢
= () )+ g A
(1470 4+ 31+ )0 u+ 3(1 + 7)o
= A+ %Au + 3n°u+ O(r + HU”ip)-

Note that to obtain the bound, we have used the fact that n € H', as well
as the estimate

(2.4) Jwvll g < Cllull g ol g

for two functions v and v. We deduce using (2.2) and (2.3) that
~ 1 2
arH(T,U) = —A- §<u7 A77> _3<7737u> —|—O(T+ Hu”Hl)

2
= —A=2(%u) + O(r + [[ull 1),
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as (u,n) =0 and (n,n) =1, and
VuH(r,u) = —Py(\n+ %Au + 3n%u) + O(r + HuHip)
= S Au 3Pt 200wl + O+ ul ).

2.2. Projection onto the unit L? sphere. Let us define now the function
u > r(u) from W to R by the implicit relation

2
Ix(r(u), w)]l}, = 1.
By explicit computation, we get

(2.5) r(u) = =14+ /1~ |lull?,,

from which we deduce that r(u) is well defined and smooth in a neighborhood
of 0 in H!, and that moreover |r(u)| = (9(||u\|iQ) when v is small enough.

Hence, u — x(r(u),u) is a local parametrization of SNV in a neighborhood
of n, where

si={veviel,.=1}.

Note that in this parametrization, u = 0 corresponds to the ground state 7.
We then define

(2.6) H(u) = H(r(u),u) = Hx(r(u),u)).
The main result in [13], see also [10, 11, 9], is the following:

Proposition 2.2. The point u = 0 is a non degenerate minimum of H:
there exist some positive constants co and py such that

(2.7) Yoe W  d*H(0).(v,v) > collvll’, -
Note that we have
u 3
Vaur(u) = ————=== —u+ O(|Jull};;,)-

2
V1= el

Hence, as r(u) = O(||lu| ,;, ), we have
VuH(u) = OH(r(u),u)Var(u) + (VuH) (r(u), u)
1
= Au— 5 Au = 3n*u+ 2% uyn + O(ull )
1
= P (v — 5Au—3n’u) + O(full?,)-

From the previous proposition, we deduce the following:

Corollary 2.3. The operator A: W — W defined by
(2.8) Au == Py (Au — %Au — 3n%u)
is L? symmetric and positive definite in H': We have
(2.9) cllull e < (u, Au) < Clully,
for some constants ¢ and C, and

ViH(u) = Au+ O(lul3)-
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Let us remark that the coercitivity relation (2.9) combined with Cauchy-
Schwartz inequality implies that

2
cllullfy < (u, Au) < Cllul 5 [[Aull , < Cllull 5, [[Aull

for some constant C. We thus infer the existence of a constant ¢ > 0 such
that

2
(2.10) [Aull » = cllull o and - [[Aull}, = c(u, Au).

3. CONTINUOUS NORMALIZED GRADIENT FLOW

We consider the continuous normalized gradient flow (see for instance [4])

v, v
el e e

which is the projection of the standard gradient flow 0,1) = —V H () onto
the unit L? sphere. The local existence of an H! solution to (3.1) is guar-
anteed by standard argument, using the fact that A defines a semi group in
H', and that H! is an algebra in dimension 1 (see (2.4)).

(3.1) Oy = =VH() + (VH(Y)

3.1. The gradient flow in local variables. We assume for the moment
that v (¢) remains in a ball sufficiently close to 7 so that we can write ¥(t) =
(L4 r(t))n + u(t) with r(t) > —1 and u(t) € W. We have in this case
Py = (1+7)n and Py = u. Note also that

(VH($), ) = (P,VH,Py)+ (PwVH,Pyy)
= (1+7)0H+ (VoH,u)
and that
1ll7, = (1+7)2 + [lull 5,

It turns out that the relation HT/JHiQ = 1 implies that [lul| , < 1. In the
following we will only work with functions u satisfying this condition. Ap-
plying successively the operators P, and Py to the equation (3.1), we obtain
the relation

. 1 2 ~ 1 ~
8,57" = —ar%(T,U)‘i‘ (:_T) D) 67" (2+r) P) <VUH7U’>7
(14 7)2 + [|ull}, (L+7)2+ [ull},
o =~V + —LE 5 (V.Hu).

+
—i—r—i—uLQr + )7+ ull .
147)2 2 147)2 2

As the L? norm of v is preserved, we calculate directely that (1 4 7)2 +
HuHi2 is preserved along the flow of this system (and is constant equals to

one), and that we can solve 7 in terms of u as above (see (2.5)). We thus
obtain the closed equation

(3.2) O =V H(rw),u) + (1 +7rw))udH(r(u),u) + u(VyH,u).
But we have

(Vo ) (r(uw), u) = Vo H(u) + 0, H(r(u), )

u

D) )
V1= lull,
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hence we can write the equation (3.2) as

Ou = =V H(u)+ u(u, V,H(u)) — &»ﬁ(r(u),u) Y -
1= [ull7,
2
_ ~ ul|ul| 7,
/1 — ], 0, H(r (), u) + (9ﬂ-[(r(u),u)¢L2.
1—lull?s
and hence
(3.3) Oru = =V H(u) + u(u, V,H(uw)),

which is the gradient flow in local coordinates (r(u),u) on S. Note that
with the notation of the previous paragraph, we we can write this equation
as follows:

Ou = —Au+ R(u)
with R(u) = O([Jul%,,).

3.2. Convergence of the flow. We prove now that the solution of the
normalized gradient flow (3.1) converges towards the ground state 7 if the
initial value sufficiently close to it.

Theorem 3.1. There exists p > 0 such that if u(t) € W is a solution of

(3.3) with |[uo|l ,, sufficiently small, then we have

lu@®)ll ;< Clug)e™

for all t > 0, and for some constant C(ug) depending on uy.
Hence, if ¢(t) € VNS is a solution of (3.1) such that ||1(0) — 1|

18

small enough, then for all t i
() = nll » < Ce™*
for some constant C and p.
Proof. As A is symmetric, we calculate that
O (u(t), Au(t)) = —2(Au(t), Au(t)) + 2(R(u(t)), Au(t)).
Using (2.10), and the fact that for all w and v in H*, (u, Av) < Cllull ;o 101l 15

we obtain

10:(u(t), Au(t))| < —c(u(t), Au(t)) + 2C| R(u(®)]] g [u@®] 4

for some positive constant ¢ and C. As we have by definition [[R(u(t))| ,, <
Hu(t)”i1 < Cu(t), Au(t)), we infer the estimate
e (u(t), Au(t)] < —eclu(t), Au(t)) + C{ult), Au(t))*.

If (u(t), Au(t)) < B? at t = 0, we check that by continuity argument, we
have the rough estimate

(u(t), Au(t)) < B2e(c=CB)t

The result easily follows by taking B small enough and using (2.9). U
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4. CONVERGENCE RESULT

We consider the scheme described in the introduction: from a function
¥y, of L? norm 1, close enough to 7, we can write ¥, = (1 4 7(un))n + un
with u, € W. We then define 1,11 by the relations (1.5) and (1.6). Note
that as ¢,,1 is of L? norm 1, we can define u, 1 by the formula v, =
(1 4+ 7(ups1)n + tps1 if 41 is close enough to I'. The map w, — up41
satisfies the following relation:

Lemma 4.1. Let R < % be given. There exists 19 such that for all T < 79
the numerical scheme (1.5)-(1.6) is well defined from SNU(R) to SNU(2R)
and is equivalent to an application u, — uny1 satisfying

(4.1)

2
Up+1 = Up + TPW(iAun—H - )\un + 772un+1 + 2772un) + O(THuna un+1HH1)7
which is a time discretization of the equation

1
O = Pw(=Xu+ 5 Au+30"u) + O(full},)
2
corresponding to the normalized gradient flow system (3.1).

Proof. Note that with the assumption on R, we can assume that [ju,|| ,, <
1/2. Let us calculate (7, u)) such that
Un = x(rn,un) = (L4 7m)n + uy,

with w} € W, that is (n,u’) = 0. As r, = r(uy,) = (9(||un||i{1), we have

[Yn|? = n? +2unn+(’)(HunH§{1). Let us assume that |r}| < 1, we can expand
the Hamiltonian term

— T 07) = 5505 + a7
= <1+r:2)<—n3+An)+%Auz+n2u;§+<n3+2unn2)<1+r;§)+0<IIun,umlip),
and hence we find
(4.2)
T (W, 185) = ML) A4 2 (L) 4 O 5%,

By taking the projection P, of the equation (1.5), we obtain

L+7rt =147+ 71+ )X+ 27 (up, ) (1 + 7)) + O (7|, u;qul)

Remark 4.2. At this stage, the same calculations for the implicit explicit of
fully implicit schemes would yield a term depending on 7% in (4.2) which is
not in W nor in Rn. After taking a projection, this term would not vanish,
while the “constant” term An(1+r}) is here orthogonal to W (which reflects
the fact that the ground state is exactly integrated by the linearly implicit
scheme).
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We deduce that for 7 < 75 small enough with respect to R (and \)

1+7r,
1—7X =27 (un, n?)

* 3 2
1+Tn +O(THU7NunHH1)

1 2
= (1+7“n+ (Un,n3>) +O(THUN7UZHH1)7

2T
1—7A 1—7A
and by taking the projection on W, we obtain

2 w2
) + O 1),

Let us now calculate and asymptotic expansion of the L? norm of 17,

2 w2
[l = (L) + [l s -

1
(4.3) uy;, =u,+ TPW(iAu; + n?ul +

We have
(1+r5)? = ! 2(1+7° +2—T<u )% + O(7||un, w1
" 1—7A Tl o
() () ) + Ol )
= T—\ Tn 1—\ Un, T T||Un, Uy, 1l
and

2 2 2
lunllys = llunllpe + O llun, |l 0)-

Hence we calculate that

% ,1 * ¥ 2 71/2
il e = (@ +r? + 1l )

~1/2
2 %112
- (<1 a4 ) 4 unll + 0<T||un,un||H1>)

.
1—7A

1 , . —~1/2
=(1-17)) (1 + A () + O(THumunHHl)>

2
=1—-—7)\— 27—<un,773> + O(THun,uZHHI)

Let us rewrite (4.3) as

* 1 * * 2 %12

1—7
Hence by multiplying by \\1/1;;\\;21 we obtain

1
Un+1 — TPW(iAun—i—l + 772Un+1)
2
= Uy — TAUy + TPy (2unn?) + O(7]|tn, Un 41 1),
which yields the result. O
We can now prove the main result of this section:

Theorem 4.3. There exists constants R, 19, r and C such that if ¢y €
SNU(R), that for all T < 1y the solution of the numerical scheme (1.5)-
(1.6) satisfies

(4.4) Vn o ||, — 77HH1 <Ce ™7,
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Proof. Note that with the previous notations, we have || —n|| ., = O([[ual| ,;,)-
We will prove the following result, which implies (4.4) after a slight change

of constants: There exists B, 7o, r and C such that if [lugl| ,, < B and

7 < 79, then every sequence (uy),>0 defined by (4.1) satisfies the estimate

Vo upll, < Ce™.

We rewrite the system (4.1) as

w1 = tn = T(Ltng1 + Bun) + O(7llun, s [ ),
with
Lu= Py (3Au+n*u) and Bu= Py(—Au+ 2nu).
We know that A = L + B is coercive in H'. Note moreover that B is a
symmetric bounded operator in W. We can write
Up+1 = Up — T(L + B)upt1 + 7B(up — tpt1) + (’)(THun,unHHi{l).

Now for 7 sufficiently small, the operator I + 7B is symmetric, invertible,
positive and bounded from W to itself. Hence we can rewrite the numerical
scheme as

tns1 = tn — (1 + 7B) YL+ Blups1 + O(T|[tn, w1 | 31)-
Setting v, = (I + 7B)Y?u,, we obtain the relation
Vi1 =y — (I +7B)"Y2(L + B)(I + 7B) Y2041 + O(7||vn, v;;nip).
In this new variable v,,, we thus can write the induction relation
(4.5) Upt1 = Up — TA Un 11 + TWwy
with A, = (I +7B)"Y2(L + B)(I + 7B)~'/2,

2

2 2
(4.6)  wp = O([vn, vppall3) and - clfvlly, < (Arv,0) 2 < Cflolf3

for some constants ¢ and C' independent of 7. Note also that the inequality
(2.10) holds for the operators A, uniformly in 7 < 7p sufficiently small.
From (4.5), we can write

(Arvp + TArwy, vy + Twp) 12 = (Arvpyr + TA?.Un+1, Unt1 + TA Up41) 12
= (A Un41, Vpp1) + 27(Ar0ny1, Arvng) o + 72 (A200 41, Arvpg) 2
> (1 + 267—) <A7—vn+1, Un+1>a

using (2.10) and the fact that (A2v,41, A vpy1) 2 > 0.
On the other hand we have
(Arvn + TArwy, vy + Twp) 12 = (Arvn, V) + 27 (A7 v, wy) + T2<A7wn, Wh).

But using an integration by part in the unbounded part of A, we have for
all 7 < 79 sufficiently small, and for any v,w in H'

[{Arv, w)| < Cllvf| o [[wl] 2 -

Using the estimate on w,, we thus see that if (A, v,,v,) and (A; V41, Vnt1)
are bounded by B?, we have

(Arvn + TA Wy, vy + Twy) 2 < (14 CT7B) (Ao, vn) + CTB(A Un41, Unt1)-
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The previous inequalities imply:

1+ CBt
Wrtmst onihie < 73— gy

as long as (A, v, v,) < B? and (A,;v,41,vn41) < B2 If B is small enough
(independently of 7) we have

<ATUn7 Un>L2

1+ CBT
l+er—-—CBT —

for some constant a independent of 7. This implies that

A vy, vp) 12 < B2e™ 7
< ) >L )

e—a’T

for all n, by an induction argument. This shows the result. O

Remark 4.4. If we choose another discretization - implicit explicit or fully
implicit, see (1.7) - then as explained in Remark 4.2 the term in 1 do not
disapear in the equation, and after some manipulations we end up with a
recursion formula of the form

2
Uptl = Up + 779 — TAUp41 + Tpp

with p, = (’)(an,vnHHiIl) and ¢ € W a non zero function. It is rel-
atively easy to prove that in this case, v, converges towards a function
v = 7A- g + O(7?). Indeed, the previous equation if a discretization of
the modified problem
o =719 — Av+ B(v)
whose solution exponentially converges towards the solution of the problem
79— A v+ B(v) =0

which exists by standard implicit function theorem in H'. This shows that
in this case, 1, converges exponentially in H! towards a modified soliton
N =0+ O(7). As the result is weaker than for the linearly implicit scheme,
we do not give more mathematical details.

5. FULLY DISCRETE CASE

The goal of this last section is to show that the previous results carry
over to fully discrete systems. This fact relies essentially on the results in
[3] and [6]: After discretization of the previous system by finite difference
method, there exists a discrete ground state 7, minimizing a discrete convex
functional Hj; which is an approximation of the exact functional H defined
above. Here h denotes the space discretization parameter and ny, is close to n
with an error of order h. Moreover, the same holds true after Dirichlet cut-off
upon adding an exponentially decreasing error term, and it can be proven
that the discrete functionals satisfy the same estimates as the continuous
ones, uniformly with respect to the discretization parameters.

Having fixed a positive parameter h we discretize in space by substituting
the sequence ¢ ~ 1(ht), £ € Z for the function ¢ (z), and the second order
operator of finite difference A; defined by

0 _ ¢2+1 4 1/}671 _ 21/16

(51) (&) o
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for the Laplace operator d,,. We also impose Dirichlet boudary conditions
for [j| > K + 1, and the parabolic equation (1.4) then becomes
(5.2)

d _
Suf = oy 2 P, CeZ, S K,

¢Z - 07 ‘glzi}(_%17
where ¢ +— () = (¢Y'(t))eez is an application from R to R%Z. With this

equation is associated a Hamiltonian function and a discrete L? norm given

by

(53) H _hZ”w_hwj_l

JEL

2 - |¢j|4] and Ny () = hz P2,
2 JEZ
The discrete space of functions is
Vigk ={! e CH|p) =¢7, I =0 for j>K}
equipped with the discrete H' norm

J+1 ]
(5.4) iz =20y S g,

JEZ JEZ

and we also define the scalar product
=h_ vl
JEZL

Following [6, 3], we identify V}, with a finite element subspace of H!(R).
More precisely, defining the function s : R — R by

0 it x| > 1,
(5.5) s(zr)=<z+1 if —1<2z<0,

—rz+1 if 0<z <1,
the identification is done through the map iy, : Vj, — H!(R) defined by

(5.6) Wi} yen = (i) (@) = Y s (7 —3) -
JEZ
The main results in [6] and [3] can expressed as follows:
Theorem 5.1. For h sufficiently small and K sufficiently large, there exists
a unique real minimizer Ny g = (77,]17,?)]'62 € Vi k of the functional Hp(v))
over the set '
{ = W)jez € Vax, Nn(¥) =1},

equipped with the norm (5.4). Moreover, ny i satisfies the equation

(5.7 2w i)+ Ik Pf e = Mg, (=K, K,

M = 0. [0]>K+1,
for some A\, > 0. Moreover, we can define a local coordinate system 1 =
Xh(ru) = (1+7)nn, Kk +u in a vicinity of gy i in Vi i withu € Wy, == {u €
Vi, (unnx)n = 0}, and such that if r,(u) is defined by the implicit rela-
tion Np(xp(rp(u),w))) = 1, then the functional Hp(u) = Hp(xp(rn(u),u)))
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has a unique non degenerate minimum in v = 0 in Vj, i and satisfies a
convexity estimate of the form (2.7) uniformly in h and K.

Finally, the discrete ground state ny g is close to the continuous one in
the sense that

. 1 B
(5.8) linmn,x =1l 1 < c(h e ClhK)7
where C' and Cy do not depend on h, and where iy, is the embedding (5.6).

The fully discrete algorithm corresponding to (1.5)-(1.6) then consists in
the two following steps: From (¢£)]K:_K such that Ny (¢,) =1,

(i) Compute ¥ = (%) jez defined by the relation
W= T (M) e Pe), tez, [0S K,
Pt =0, []>K+1.

(5.9)

(ii) Normalization step:
*,0

/ o n
(5.10) Vi = iy

The equation (5.7) guarantees that this fully discrete algorithm preserves
exactly the discrete ground state 7y, . We can now copy the proof of the
continuous case an adapt it directly to the fully discrete case: We can prove
that

[ton =k, <Ce™", n>0,

for some constants C' and ¢ independent of h, K and 7. By using the previous
estimate, we obtain the following result:

Theorem 5.2. There exist constants B, C, Cy and ¢ such that for h, T
sufficiently small and K sufficiently large, if (o) = (1/)6)5(:7[( satisfies

lintpo —nll ;) < B
then the solution 1, of the fully discrete algorithm (5.9)-(5.10) satisfies

. _ 1
lintin = nll o < € (7 + b+ 5O,
Remark 5.3. Following Remark 4.4, we can prove a similar result for the
implicit-explicit and fully implicit algorithms (1.7), but the fully discrete
schemes will converge towards a discrete ground state 7., x satisfying

. -
lintrn, e =1l o < C(T +h+ e ClhK),

and the previous result has to be modified accordingly in these cases.
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